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RENORMALISATION AND THE BATALIN-VILKOVISKY FORMALISM
KEVIN COSTELLO

ABSTRACT. This paper gives a way to renormalise certain quantum eld t heories
on compact manifolds. Examples include Yang-Mills theory ( in dimension 4 only),

Chern-Simons theory and holomorphic Chern-Simons theory. The method is within

the framework of the Batalin-Vilkovisky formalism. Chern- Simons theory is renor-
malised in a way respecting all symmetries (up to homotopy). This yields an invariant

of smooth manifolds: a certain algebraic structure on the co homology of the manifold

tensored with a Lie algebra, which is a “higher loop” enrichm ent of the natural L;

structure.

1. INTRODUCTION

This paper gives a method for renormalising a class of quantu m eld theories. The
eld theories we are going to consider have space of elds of the form E = (M, E),
where M is a compact manifold and E is a super vector bundle on M. We work
within the Batalin-Vilkovisky formalism, so that E is equipped with an odd symplec-
tic pairing E  E ! C satisfying a certain non-degeneracy conditionfl. E will also be
equipped with a differential Q, which is an odd differential operator Q : E! E which
is skew self adjoint and of square zero. The action functionals in our quantum eld
theory will be of the form

%he, Qe + S(©

where Sis a local functional on the space of elds E, which is at least cubic.
The functional integrals we will renormalise are of the form
z 1 1
Z(S,h,a) = exp —hx,Qxi + =S(x+ a) dx
x2L 2h h

where a2 E and L  E is an isotropic linear subspace, such that the map Q : L !
Im Q is an isomorphism. Such an L is known as a gauge xing condition Z(S, a) is a
formal functional of the variable a 2 E, and can be viewed as a generating function
for certain Green's functions of the theory.

A fairly wide class of theories can be put in the form we use, in cluding pure Yang-
Mills theory in dimension 4, and Chern-Simons theory in any di mension.

This introduction will give a sketch of the results and of the underlying philosophy,
without worrying too much about technical details.

IHere, and throughout, refers to the completed projective tensor product, so that E E =
(M2,E E).
1
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1.1. Our gauge xing conditions are always of the form
L= Im QCF

where QCF : E | E is an odd self adjoint differential operator of square zero, with
the property that the super-commutator

H €'7Q, Q%"
is a positive elliptic operator of second order. The facts th at Q©F is self-adjoint with
respect to the symplectic pairing on E, and that QCF is of square zero, imply that
L = Im QC®Fis an isotropic subspace.

Only certain theories admit gauge xing conditions of this fo rm (this is the main
restriction on the kind of theories the techniques from this paper can treat). In many
examples, Q is a rst order elliptic operator,and QC€F is a Hermitian adjoint of Q.

A basic example to bear in mind is Chern-Simons theory in dime nsion 3. If M is a
compact oriented 3-manifold, and gis a Lie algebra with an invariant non-degenerate
pairing, then

E= (M) 1]
[1] denotes parity shift. The symplectic pairing on E arises from the Poincaré pair-
ingon (M) and the pairing on g. The operator Q is simply the de Rham differential
dpR, and Sis the cubic term in the standard Chern-Simons action. The choice of a met-

ric on M leads to a gauge xing condition QCF = dp. Further examples, including
Chern-Simons theory in other dimensions, will be discussed later.

1.2. Letus write 7
T

P(",T)= (Q°F 1Kdt2E E
where Ky 2 E E is the heat kernel for H = [Q,Q®F]. Here, E E denotes the

completed projective tensor product,
E E=C'(M M,E E).

The propagator of our theory is
Z

P(0,1) = (QCF  1)K.dt.

1
0
Thisis notan elementof E  E, because of the singularities in the heat kernelatt = 0.
Instead, P(0,1 ) is an element of a distributional completion of E E.

Let O(E) denote the algebra of functions on E,

O(E)= O Hom(E ",C)s,
n 0
where, as above, the tensor products are completed projective tensor products, and
Hom denotes continuous linear maps.
Any element P2 E E gives rise to an order two differential operator {p on O(E)
in a standard way.
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Up to a constant factor (the determinant of Q), one can write our functional integral
as

Z(S’ ﬁ, a) = !'ilmo é"_'ﬂP(”,l )eszﬁ (a)

The right hand side is the exponential of a differential oper ator applied to a function
on E, yielding a function on E. This identity is rather formal; in nite dimensions, it
is a simple consequence of integration by parts. Inin nite di mensions we take it as an
attempt at a de nition.

When " > 0, the right hand side of this equation is well-de ned. Howeve ,the " !
0 limit is singular, because P(0,1 ) is not an element of E  E, but has singularities
along the diagonal in M2,

Let us use the notation

(P(",T),S) = Rlog drca)esT

This is an h dependent function on E, thatis, an element of O(E)[[h]]. We will typically
omit the variables a2 E and h from the notation.
The expression we would like to make sense of is

Rlog (S,f.8) = lim (P(",1),).

1.3. An effective actiord at scale " is a function f 2 O(E)[[R]] which describes all
interactions occurring at a scale below “. One can reconstruct the effective action at
any other scale using the effective action at scale” and the propagator. The map
f 71 (P(",T),f) is the operation taking an effective action at scale " to the corre-
sponding effective action at scale T. One can imagine that the scaleT effective action
(P(",T), f) is obtained from the scale " effective action f by allowing particles to
interact according to f, and to propagate a distance between” and T.

(P(",T), f) is the renormalisation group ow from scale " to scaleT applied to f.
This is well-de ned for all those f 2 O(E)[[h]] which are at least cubic modulo h, as
longas0< "< T 1 .We have the semi-group law

(P(T2,T3), (P(T1,T2),f)) = (P(Ty,T3), f).

This equation is a version of the exact renormalisation grou p equation. The operation
f1  (P(",T),f)isinvertible, so that if we know the effective action at any s cale, we
know it at all other scales.

The only part of this renormalisation group ow that is probl ematic is taking an
effective action at scale 0 and turning it into an effective a ction at any positive scale ".
This part of the procedure needs to be renormalised. Thisis to be expected: an effective
action at scale 0 would describe interactions occurring at i n nitely high energy.

2\What | mean by effective action is related to the Wilsonian ef fective action. Ignoring for the moment
considerations of renormalisation, the Wilsonian effecti ve action is obtained by integrating out all the
high-energy elds, i.e. all the eigenspaces of H with high eigenvalues. The effective action considered
here is obtained by averaging over all interactions occurri ng at small scales. More precisely, the effective
action at scale” is the sum over all Feynman graphs of the theory, using the pro pagator P(0,"). Using
the propagator P(0,") amounts to allowing particles to propagate for a distance of between O and .
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One way to phrase the main result we prove is that there is a bij ection between
functionals S 2 O(E)[[R]], satisfying a locality axiom, and systems fSef{(T) j T 2
R og of effective actions at all scalesT > 0, related by the renormalisation group
equation. The effective action S*'f(T) must also satisfy a locality conditionas T! 0.
The original action Splays the role of the scale 0 effective action, and the positive scale
effective actions S°'f(T) are obtained by renormalising the expression (P(0,T),S).
Every such system of effective actions Sff(T) arises from a unique local functional S
in this way.

1.4. In order to renormalise the expression lim- o (P(",T),S), and thus construct
the scale T effective action, we will need a way to extract the “singular part” of ex-
pressions of the form (P(",T),S). This will rely on some results about the small "
asymptotic expansion of (P(",T),S).

It's convenient to represent (P(",T),S) as

(P(",T),9= & A ix(P(",T),9)
i,k O

where ; «(P(",T),S) is homogeneous of degreek as a function of a2 E. This expres-
sion is just the Taylor expansion of (P(",T),S) as a functionof hand a2 E. Interms
of Feynman graphs, ;«(P(", T),S) is the sum over all graphs with rst Bettinumber i
and k external edges.

Let An((0,1 )) be the algebra of analytic functions on (0,1 ), where " is the coor-
dinate on (0,1 ).

Theorem A. There exists a subalgebfa  An((0,1 )) with a countable basis, such that

for all local functionals 2 O(E)[[h]], there exists a smallasymptotic expansion

k(P T)L9) Afi() k(T )
where f 2 A, and |, are certain functions of the variablesT(0,1 ) and a2 E.

A functional S 2 O(E)[[h]] is localif, roughly, its homogeneous components Sy 2
Hom (E ¥ C)s,, which are distributions on the vector bundle E ¥ on M¥, are sup-
ported on the small diagonal, and non-singular in the diagon al directions. We will
denote the space of local functionals by

O(E) O(E).

Let A ¢ A be the subspace of those functions whose"” ! 0 limit exists. In
order to extract the singular part of functions in A , we need to pick a complementary
subspace toA .

1.4.1 De nition. A renormalisation scheme is a subspacA<g A such that
A=A A<

Let us x arenormalisation scheme A.g. Later we will see that things are indepen-
dent in a certain sense of the choice of renormalisation scheme.
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Remark:The functions in A are quite explicit integrals of multi-variable rational fu nc-
tions. The algebra A only depends on the dimension of the manifold M, and not on
the details of the particular theory we are working with.

Remarkinstead of using the algebra A , one could use any larger algebra of functions
on (0,1 ), and obtain the same results. It is technically easier to use an algebra with a
countable basis.

Remark:An alternative regularisatr_ipn scheme, which Jack Morava sug gested to me,
would be to use the propagator 01 t?(QCF  1)K.dt, where z is a complex parame-
ter. If we use this propagator, then integrals attached to Fe ynman graphs converge if
Rez 0. The expressions should admit an analytic continuation to C with poles on
%Z. Unfortunately, | wasn't able to prove the existence of the a nalytic continuation.

1.5. The rst main result of this paper is the following.

Theorem B. Fix a renormalisation schenfe<y A . Then there exists a unique series of
counter-terms _
sSCT(h,",a)= & ﬁ'SﬁkT ", a)
i>0k O
where
(1) each $kT(”,a) is a formal local functional of & E, homogeneous of order k as a
function of a, with values irA <o Thus,

S|C|;r 2 OI(E) Ao
whereO|(E) O(E) is the space of local functionals Bn
(2) the limit
lim (P(",T),S sCT
exists.
These counter-terms are independent of T.

Let me give a brief sketch of the (surprisingly simple) proof of this theorem. As

before, let us write _
(P(",T),S)= a h ix(P(",T),S).
ik 0

The ox(P(",T),S) all have well-dened " ! 0 limits. So the rst counter-term we
need to constructis S{}. Our choice of renormalisation scheme allows us to extract the
singular part of any function of f(") 2 A ; this singular part is simply the projection
of f onto A<g. We de ne

Sﬂ(", a) = singular part of the small " expansion of 1 1(P(",T),S) 2 Aco.

Itis easy to see that ; 1(P(",T),S ﬁ%Tl) is non-singularas "! 0.
The next step is to replace Shy S ﬁ%T, and use this new action to produce the
next counter-term, 8‘132 That is, we de ne

S¢) = singular partof 1(P(",T),S hS{))
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where we understand “singular part” in the same way as before . We continue like
this, tode ne S¢f forall k 1.
The next step is to de ne

1
S54 = singular partof ,o(P(",T),S h@a STx
k=0
Continuing in this manner de nes all the S5/

The dif cult part of the proof is the veri cation that the count  er-terms SICkT are local
functionals. Locality is desirable for many physical and ma thematical reasons. More
practically, we need SICkT to be local in order to apply the procedure at the next in-
ductive step. We only know the existence of a small " asymptotic expansion of the

k(P(",T),S & ﬁ‘SﬁkT) when the counter-terms S are local.

The main step in the proof of locality is showing that the ~SG° are independent of
T. Once we know they are independent of T, we cantakeT ! 0. ;(P(",T),S)is
concentrated near the diagonal in M k if "< T and both ", T are very small. Thus, the
counter-terms become supported on the diagonal, and local.

This theorem allows one to de ne unambiguously the renormali  sed scaleT effective
action

R(P(0,T),S) = !,ilmo (P(",T),S S°N).
Thus, we can de ne the renormalised functional integral

ZR = exp( R(P(0,1),S)=h) = renormalisation of
z

1 .1
szeXp %_hx,Qm + ﬁS(x+ a) dx.

This renormalised partition function is an element of O(E)((h)), that is, a non-local
formal function on the space E of elds.

1.6. Independence of choice of renormalisation scheme. We should interpret the ex-
pression R(P(0,T),S) constructed using Theorem B as the scaleT renormalised ef-
fective action. The renormalisation group equation holds:

(P(T1, T2), R(P(0,T1),9) = R(P(0,Ty),S).

1.6.1 De nition. A system of effective actions on the space of eldg is given by an
effective action

s*T(T) 2 O(E)I[AN
forall T 2 R, g, varying smoothly with T, such that
(1) Each Sff(T) is at least cubic modulo.
(2) The renormalisation group equation is satis ed,

STy = (P(T1, To), SEFi(To)).
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() AsT! 0, Sf(T) must become local, in the following sense. There must exist som
T-dependent local functional (T) such thatlim 11 o Seff(T) (T) = 0. (The
T! O0limit of Sf(T) itself will generally not exist).

The renormalised effective actions R(P(0,T),S) constructed from a local func-
tional Ssatisfy these two axioms. Thus, for any renormalisation scheme A < g, theorem
B provides a map

local functionals S2 O,(E)[[h]]! systems of effective actions
S7'f R(P(0,T),S)jT2Rsqg0.

(The local functionals S must be at least cubic modulo h, as must the effective actions
s#H(T).) .

Theorem C. For any renormalisation scheme. o, this map is a bijection.

This set of systems of effective actions on E is a canonical object associated to
(E, Q, Q%F), independent of the choice of renormalisation scheme. Renormalisation
and regularisation techniques other than those considered should lead to different
ways of parametrising the same set of systems of effective adions. For instance, if
one could make sense of dimensional regularisation on general manifolds, one would
hope to get simply a different parametrisation of this set.

From this point of view, the formalism of counter-terms is si mply a convenient way
to describe this set of systems of effective actions. The cownter-terms themselves, and
the original action S, are not really meaningful in themselves. The main point of i n-
troducing counter-terms is that it is otherwise dif culttop roduce systems of effective
actions. A priori, it is not obvious that there are any non-zero systems of effective
actions at all.

This proposition makes clear in what sense renormalisation is independent of the
choice of renormalisation scheme. To any renormalisation schemeA < g and local funct-
ional S 2 O,(E)[[Rh]] corresponds a “theory”, i.e. a system of effective actions. If
A 9, is another renormalisation scheme, there is a unique local functional Ssuch that
(SCA 2,) gives the same theory as(S, A<y).

This statement can be expressed more formally as follows. Let RS denote the space
of renormalisation schemes, and let EA denote the set of systems of effective actions.
Theorem C implies gives an isomorphism of bre bundles on RS

O(E) RS! EA RS.

Give the right hand side the trivial at connection; this pul Is back to a non-trivial (and
non-linear) at connection on O,(E). This at connection is uniquely characterised by
the property that for any at section S: RS! O/(E) RS, the system of effective
actions f R(P(0,T), S(A<q))g associated to the functional S(A<o) 2 O|(E) is inde-
pendent of the point A<g 2 RS.

We will x once and for all a renormalisation scheme A <. This allows us to always
talk about local functionals, as a convenient proxy for the s et of systems of effective
actions. The choice ofA < is analogous to the choice of a basis in a vector space.
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All statements about a theory should be expressed in terms of the effective actions
R(P(0,T),S), and not directly in terms of the local functional S. This will ensure
everything is independent of the choice of renormalisation scheme.

1.7. Bogoliubov and Parasiuk [BP57], Hepp [Hep66] and Zimme rman [ZIm69] have
given an algorithm for the renormalisation of certain quant um eld theories. Their
algorithm is based on combinatorial manipulations of Feynm an graphs. Recently,
Connes and Kreimer [CKOOQ] have given a beautiful interpretati on of the BPHZ al-
gorithm, in terms of the Birkhoff factorisation of loopsina certain Hopf algebra.

In the approach used in this paper, no graph combinatorics ar e needed; all we use
is a very simple inductive argument, sketched above. The reason that things become
so simple seems to be the particular kind of functional integ rals we consider, which
are always of the form

z
Z(S,h,a) = exp Ziﬁhx,Qxi + %S(x+ a) dx.

x2Im QGF

Thus, the moral of this paper is that if we consider functiona | integrals of this form,
then the problem of renormalisation becomes quite simple, a nd the counter-terms are
unique and automatically local. As we will see shortly, the p articular functional inte-
grals we use also play an important role in the Batalin-Vilko visky formalism.

Another difference between the approach to renormalisatio n described in this paper
and that of Connes-Kreimer and BPHZ is that we do not give nite v alues to individ-
ual Feynman graphs, but only to the sum over all graphs with a x ed number of loops
and external edges. From the point of view of the effective ac tion, the expression at-
tached to an individual graph has no meaning.

If we tried to renormalise different classes of functional i ntegrals the procedure
would not be so simple. For example, if we try to simply renorm alise the integral

z 1 1
exp E_hx,Qm + ﬁS(x) dx,

x2Im QGF

without using the variable a, then there are many possible choices of counter-terms.
If we try to renormalise the functional integral

z
1 .1 1 :
exp E_hx,Qm + ﬁS(x)+ ﬁhx,aj dx,

x2Im QGF

then the terms in the Feynman graph expansion don't t togethe rin the right way to
produce local counter-terms.

This type of functional integral is one which appears more co mmonly in the litera-
ture. A simple change of variables allows one to express this type of functional inte-
gral in terms of the kind considered here, but not conversely . Indeed,ifa= Q ! b,
where s the projection onto Im Q®Fand Q 1:Im Q! Im QC¢Fisthe inverseto Q,
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we can write
z 1 1
— i+ = +
o QGFexp 2h_hx,QX| ﬁS(x a) dx
z 1 1
= XZImQGFexp %_hx aQ(x ai+ ﬁS(x) dx
z 1 1 1
— o habi=h < L4z + = -
e o QGFexp 2h_h><,QX| ﬁS(x) ﬁhx,bl dx

1.8. Batalin-Vilkovisky formalism. The Batalin-Vilkovisky quantum master equa-
tion is the quantum expression of gauge symmetry. It takes th e form

(Q+h )exp(S=h) = 0

where is a certain order 2 differential operator acting on the spac e of functionals
on E. This expression makes perfect sense in the simple situation when the space of
elds E is nite dimensional (i.e. the underlying manifold M is of dimension 0). In the
situation we work in, however, this expressionis in nite. Th isis because Sinvolves
the multiplication of singular distributions, and thus has  the same kind of singularities
as appear in one-loop Feynman diagrams.

This paper gives a de nition of a renormalised quantum master equation that works
in the in nite dimensional situation. There are regularised BV operators ¢, fort > 0,
de ned by

t= Tk

Recall that Ky 2 E  E is the heat kernel for H = [ Q, Q®F], and 1k, is the order two
differential operator on the algebra O(E) of functions on E, associated toK;. The
operators  are thus differential operators on O(E), for all t > 0. The “physical” BV
operatoris o, which is ill-de ned.

1.8.1 Lemma. A function f 2 O(E)[[h]] satis es the - quantum master equation
(Q+h e =0
if and only if
(P(",T). f)
satis es the 1 quantum master equation.
This follows from the fact that
QP("\T)= Kr+K:

so that the differential operator p(- 1) is a chain homotopy between -and .
This lemma motivates the following de nition.

1.8.2 De nition. Alocal functional S2 O,(E)[[h]] satis es the renormalised quantum mas-
ter equation if the renormalised expression

R(P(0,T),S) = lim (P(",T), S S|

satis es the 1 quantum master equation, for some (or equivalently, al§ D.
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Thus, the renormalised QME says that the scale T effective action associated to S
satis es the scale T quantum master equation.

One peculiarity of this renormalised quantum master equati on is that, unlike in the
nite dimensional situation, it depends on the gauge xing con dition Q¢F. We will
see shortly that this dependence is very weak.

In fact, the equation depends also on the renormalisation scheme A<, but only
in an arti cial way. Recall that theorem C says that the choice of a renormalisation
scheme sets up a bijection between local functionals S 2 O,(E)[[h]], and systems of
effective actions. The system of effective actions is givenby f R(P(0,T),S) j T 2
R>0g. The quantum master equation as a statement about the system of effective
actions is independent of the choice of renormalisation scheme.

We will x once and for all a renormalisation scheme, and use it to parametrise
the set of systems of effective actions. If we use a different renormalisation scheme,
everything works the same, except we are parametrising the set of systems of effective
actions in a slightly different way.

1.9. Homotopies of solutions to the renormalised quantum master  equation. Let's
consider the nite dimensional situation again foramoment, with the further assump-
tion that the nite dimensional space of elds V has trivial Q cohomology. Then the
subspacel V is a Lagrangian, and not just isotropic; we have a direct sum d ecom-
position

V=L ImQ.

The importance of the Batalin-Vilkovisky quantum master eq uation comes from the
fact that in this situation, if S satis es the Batalin-Vilkovisky quantum master equa-
tion, then the partition function Z(S,h,a = 0) remains unchanged under continuous
variations of L.

We would like to prove a version of this in the in nite dimensio  nal situation, for
the renormalised quantum master equation. However, things are more delicate in this
situation; the renormalised QME itself depends on the choice of a gauge xing con-
dition. What we will show is that if Q®F(t) is a one-parameter family of gauge xing
conditions, corresponding to the family of isotropic subsp aces ImQC€F(t), then the set
of homotopy classes of solutions to the renormalised QME usin g Q®F(0) is isomor-
phic to the corresponding set using Q®F(1). This result is a corollary of a result about
certain simplicial sets of gauge xing conditions and of solu tions to the renormalised
QME.

Let me explain this picture in more detail. One of the axioms w e need for our gauge
xing conditions is that there is a direct sum decomposition

E=ImQ% KerH ImQ

where H = [ Q®F, Q] so that Ker H is the space of harmonic elements of E. This leads
to the identi cation
H (E,Q) = KerH.

This cohomology group is nite dimensional.
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There is a notion of homotopy of solutions of the quantum mast er equation. Briey,
two solutions Sp, S; of the quantum master equation are homotopic if there exists
St + dts?, for t 2 [0, 1], such that

Q+ dtdg +h dSrasdo g
t

In a similar way, one can de ne a notion of homotopy of solution s of the renormalised
guantum master equation.

Theorem. (1) If S satis es the renormalised quantum master equation, therrestric-
tion of R(P(0,1),S) to H (E, Q) satis es the nite dimensional quantum master
equation. Themap 5 R(P(0,1 ), S) respects homotopies.

(2) Let Q®F(1) E be a smooth one-parameter family of gauge xing conditions, fo
t 2 [0, 1]. Then there exists a natural bijection between the set of toapyaclasses of
solutions of the renormalised quantum master equationgitiie gauge xing condi-
tion Q®F(0) and the corresponding set usind®(1).

(3) Let S, S; be solutions of the renormalised quantum master equatisimsguQ® (0)
and Q°F(1) respectively, which correspond up to homotopy under the lwjecthm-
ing from the family %(t). Then R(P(0,1),Sy) and R(P(0,1),S;) (de ned
using Q®F(0) and Q°F(1) respectively) are homotopic solutions of the quantum mas-
ter equation on H(E, Q).

In fact, this result will be a corollary of a more abstract res ult concerning simplicial
sets of solutions of the quantum master equation.

Theorem. There exist simplicial sets
(1) GF(E, Q) of gauge xing conditions
(2) BV (E, Q) of solutions of the renormalised quantum master equatio& on
(3) BV(H (E,Q)) of solutions to the nite-dimensional quantum master eqaation

H (E.Q)

which tinto a diagram of maps of simplicial sets

R(P(0.1),

BV(E,Q) — " LBy (H (E,Q))

GF(E.Q)

where the vertical arrow is a bration of simplicial sets.

A solution of the renormalised quantum master equation must be with respect
to some gauge xing condition; this de nes the vertical arrow : BV(E,Q) !
GF(E,Q). ThemapBV(E,Q) ! BV(H (E,Q)) is the simplicial version of the map
discussed earlier, which takes a solution S of the renormalised quantum master equa-
tionto R(P(0,1),9)ju (£,0)- This is a solution of the quantum master equation on

H (E.Q).
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One can deduce the previous more concrete result from this abstract statement
about simplicial sets using the simplicial analogs of path a nd homotopy lifting prop-
erties for brations.

1.10. We have seen that the set of systems of effective actioa is a canonical object as-
sociated to (E, Q, Q®F), de ned with out reference to a renormalisation scheme. In a
similar way, we could say that the simplicial set BV (E, Q) is a canonical object associ-
ated to (E, Q) without reference to the choice of gauge xing condition. A ch oice of a
renormalisation scheme and a gauge xing condition gives usa convenient parametri-
sation of this simplicial set, as a set of local functionals satisfying the renormalised
guantum master equation. However, if we choose a different r enormalisation scheme,
we get something canonically isomorphic; and if we choose a d ifferent gauge xing
condition we something canonically homotopy equivalent. ( At least, this is true as
long as the space of natural gauge xing conditions is contrac tible, which it always
seems to be in examples).

If we have a classical action Sy which solves the classical master equation, there is
a simplicial set BV (E, Q, Sp) of quantisations of S, i.e. solutions to the renormalised
guantum master of the form Sp+ hS; + . If the space of natural gauge xing con-
ditions is contractible, then this simplicial set is canoni cally associated to the classical
theory (E, Q, Sp), up to canonical homotopy equivalences.

Thus, there is a homotopy action of the group of symmetries of the classical theory
on the simplicial set BV (E, Q, Sp) of quantisations. One would like to quantise a given
classical theory in a way preserving as many symmetries as possible.

1.11. Quantisation of Chern-Simons theory. The results of this paper allow one to
renormalise a wide variety of quantum eld theories, for exam ple Chern-Simons the-
ory on a compact oriented manifold, or pure Yang-Mills theory on a compact 4-dimen-
sional manifold with a conformal class of metrics. By “renor malisation” | simply mean
the construction of counter-terms.

| would like to distinguish between renormalisation and qua ntisation. By quanti-
sation| mean the replacement of an action Sy by an action S = Sg+ 8;-oh'S; which
satis es the renormalised quantum master equation. The only non-trivial theory we
succeed in quantising in this paper is Chern-Simons theory. In fact, we only quantise
Chern-Simons theory modulo the constant term (constant as a function on the space
of elds).

The quantisation of Chern-Simons theory is based on a generd local-to-global prin-
ciple, which allows one to construct global solutions to the renormalised QME from
local ones. This local-to-global result is stated and proved for a general class of the-
ories in the body of the paper. To keep things simple, I'll onl y discuss Chern-Simons
theory in this introduction.

Chern-Simons theory is a perturbative gauge theory associated to a compact ori-
ented manifold M and a at bundle g of super Lie algebras on M, with an invariant
pairing of parity opposite to that of dim M.

In this situation, let

E= (M, 9I1]
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E is the Batalin-Vilkovisky odd symplectic manifold associa ted to the Chern-Simons
gauge theory of connections with values in g.

A gauge xing condition on E is given by a choice of a metric on M. The space
of metrics is of course contractible,. As we have seen above,the spaces of homotopy
classes of solutions to the renormalised QME for different ga uge xing conditions are
homotopy equivalent. Thus, one can speak about homotopy cla sses of solutions to the
renormalised QME without reference to a metric.

Theorem. Let M, g be as above. Then there is a canonical (up to a contractible chace) g
tisation S of the Chern-Simons actio 81 E, modulo constant terms.

That s, there is a canonical up to homotopy functionad S+ & oh'S, onE, where each
S; is de ned modulo constants (as a function B), which satis es the renormalised quantum
master equation.

I should emphasise that the specic form the S will take is dependent on both
the metric and the renormalisation scheme we choose to work w ith. If we use a
different renormalisation scheme, then the S; will change, but the effective action

R(P(0,T),a h'S) remains unchanged. If we use a different metric, then this ef fec-
tive action changes by a homotopy.

Corollary. There is a canonical, up to homotopy and modulo constants, amcttS on
H (E)=H (M,g)[1]
which satis es the quantum master equation.

As CSiswell-de ned modulo constants,  ©Sis an element of
|

cs2 @ symH (E)- [
k>0

The quantum master equation is
f CS CSyiR CS=g

which must hold modulo constants, that is, modulo  C[[h]].
One can write this identity in more explicit terms. The Hamil tonian vector eld
associated to  ©S has Taylor components which are linear maps

aRlix:H (Mg X1 H (M,g)[R].

where |, is independent of h. The l;x are dened for all i,k 0. Thelyy are the
usual L1 operations, which arise via the homological perturbation| emma. Thel; y for
i > 0 are the new structure. The quantum master equation is encoded in a sequence
of identities of the form
o

a |i1’k1(X1, ce X, |i2’k2(Xj+ [ 1Xj+i1)’xj+i1+ [ ,Xi)

i1+ i2:i
k1+ k2: k 1

o
+ a l; 1’k+2(X1,...,XjO, O,Xj0+1,...,Xj0Q o?onql,...,Xi): 0.
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forall i,k Here,thex,2 H (M,g),and& © 992 H (M,qg) 2is the tensor inverse
to the pairing. The rst term in this identity is the expressio n appearing in the usual
L; equation. This algebraic structure is sometimes called a “quantum L; algebra”.

As we have seen, thelg give the usual L1 structure on H (M, g). TheselL; alge-
bras, for varying g, encode a great deal of the rational homotopy type of M. Thus, the
structure de ned by the the [; for i > 0 can be viewed as a kind of quantisation of the
rational homotopy type.

In the case whenH (E) = 0, Kontsevich [Kon94] and Axelrod-Singer [AS92] AS94]|
(when dim M = 3) have already constructed the perturbative Chern-Simons invari-
ants. In some sense, their construction is orthogonal to the construction in this paper.
Because we work modulo constants, the construction in this p aper doesn't give any-
thing in the case when H (E) = 0. On the other hand, their constructions don't apply
in the situations where our construction gives something no n-trivial.

There seems to be no fundamental reason why a generalisation of the construction
to this paper, including the constant term, should not exist . Such a generalisation
would also generalise the results of Kontsevich and Axelrod- Singer. However, the
problem of constructing such a generalisation does not seem to be amenable to the
techniques used in this paper.

A theory related to the Chern-Simons theory considered here has been treated in
the very interesting recent paper [MneQ6]. The BF theory used by Mnev is the same
as Chern-Simons theory with a special kind of Lie algebra, of the following form. Let
g be any nite dimensional Lie algebra. Then g g is a Lie algebra with an even
invariant pairing, and g g-[1] is a Lie algebra with an odd invariant pairing. The Lie
algebra structure arises from the fact that g- carries a g action. Chern-Simons theory
with Lie algebra g g- (whendim M isodd)or g g-[1] (whendim M is even) is the
same as the BF theory considered by Mnev.

1.12. Construction of the quantisation of Chern-Simons theory. Let me sketch the
proof of the theorem on quantisation of Chern-Simons theory . The proof uses the
homotopical algebra of simplicial presheaves to glue toget her local solutions to the
renormalised quantum master equation to nd a global solutio n.

Recall that a simplicial presheaf G on M is a presheaf of simplicial sets on M; thus,
for each open setU M and each integer n, we have a setG(U, n) of n-simplices of
the simplicial set G(U).

Let Met be the simplicial presheaf such that Met (U, n) is the set of smooth fami-
lies of Riemannian metrics on U, parametrised by ". Let FMet Met be the sub-
simplicial presheaf given by families of at metrics.

It turns out that whether or not an action functional S satis es the renormalised
guantum master equation is a local property. Further, the st atement that S satis es the
renormalised QME on an open set U depends only on the metric gon U. This is true
also in families, parametrised by simplices. Thus, we can arrange the solutions of the
renormalised QME into a simplicial presheafon M.

Theorem. There is a simplicial preshe&V on M, with a mapBV ! Met, whose0-
simplicesBV (U, 0) are given by
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(1) metrics gon U

(2) a quantisation S of the Chern-Simons action on U, modulo comstalhat is, S is a
solution of the renormalised quantum master equation (ndanstants) associated
to g, which moduld is the Chern-Simons actionyS

The one-simpliceBV (U, 1) are homotopies of this data, and so on.

Our ultimate aim is to construct a canonical (up to contracti ble choice) point of
(M,BV). Such a point will consist of a metric g on M and a quantisation of the
Chern-Simons action on E to a solution of the renormalised quantum master equation
associated tog, as always modulo constants.
We can always nd a solution to the renormalised QME locally.

Proposition. Suppose an open subset U M is equipped with a at Riemannian metric.
Then the original Chern-Simons action satis es the renorsaliquantum master equation.

Remark:This proposition is the only result in this subsection which is really special
to Chern-Simons theory. The proof of this proposition relie s heavily on the work of
Kontsevich [Kon94| Kon03]. In particular, we use the compacti ¢ ations of con gura-
tion spaces used in these papers. The quantum master equation is deduced from a
theorem about the vanishing of certain integrals on con gura tion spaces proved by
Kontsevich in [Kon94] when dim M > 2 and in [Kon03] whendim M = 2.

The last proposition shows that we have a map
FMet ! BV

of simplicial presheaves on M.

If G is a simplicial presheaf on M, one can construct its derived global sections
R (M, G), which is a simplicial set. We use a Cech de nitionof R (M,G).If G;! G,
is a map of simplicial presheaves which induces a a weak equiv alence of simplicial sets
Gi1(U) ! Gy(U), for suf ciently small open balls U in M, thenthemap R (M, G,) !
R (M, Gy) is a weak equivalence.

Lemma. For suf ciently small open balls U in MFMet (U) is contractible.

If U is a ball, then FMet (U) is the simplicial set associated to the space of at metrics
on U, which one can show is contractible using a simple rescaling argument.
It follows that R (M, FMet) is contractible.

Theorem D. The map
(M,BV)! R (M,BV)
is a weak equivalence.
This theorem is the heart of the “local-to-global” principl e; it allows one to glue
together local solutions to the renormalised QME to give glob al ones. This result is

stated and proved for a general class of theories in the body of the paper.
We have a diagram

R (M,FMet)! R (M,BV)  (M,BV)
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where the rst arrow comes from the map of simplicial presheav esFMet ! Met
constructed earlier. The space on the left is contractible, and theorem D says that the
arrow on the right is a weak equivalence. Thus, we get the requ ired pointof (M,BV)
up to contractible choice.

1.13. Acknowledgements. This paper bene ted a great deal from conversations with
many people. I'd like to thank Dennis Sullivan for inviting m e to present these results
in his seminar, and for many helpful conversations. Ezra Get zler's help with heat
kernels and simplicial methods was invaluable, and made the paper much clearer. A
conversation with Jack Morava was very helpful early on. Arth ur Greenspoon's com-
ments greatly improved the text. I'm also grateful to Mohamme d Abouzaid, John
Baez, Alberto Cattaneo, Paul Goerss, Dmitry Kaledin, Pavel Mnev, David Nadler,
Vasily Pestun, Jared Wunsch and Eric Zaslow, for their help w ith various aspects of
this work.

2. A CRASH COURSE IN THE BATALIN -VILKOVISKY FORMALISM

This section should probably be skipped by experts; it consi sts of an informal in-
troduction to the Batalin-Vilkovisky approach to quantisi ng gauge theories. The only
thing which may not be standard is a discussion of a version of the BV formalism
where one integrates over isotropic instead of Lagrangian s ubspaces.

In this section, our vector spaces will alwaysbe nite dimensional. Of course, none
of the dif culties of renormalisation are present in this sim ple case. Many of the ex-
pressions we write in the nite dimensional case are ill-de ne d in the in nite dimen-
sional case.

Let us suppose we have a nite dimensional vector space V of elds, a group G
acting on V in a possibly non-linear way, and a G-invariant function f on V such that
0 is a critical point of f.

One is interested in making sense of functional integrals of the form
z

ef =h

V=G
over the quotient space V=G. The starting point in the Batalin-Vilkovisky formalism
is the BRST construction, which says one should try to interp ret this quotient in a
homological fashion. This means we should consider the supe rmanifold

a1 Vv

where [1] refers to a change of degree, sogis in degree 1. The space of functions on
this super-manifold is
O(gl1] V)="g- O(V)

which is the super vector space underlying the Chevalley-Ei lenberg Lie algebra co-
chain complex for g with coef cients in the g-module O(V). The Chevalley-Eilenberg
differential gives an odd derivation of O(g[1] V), which can be thought of as an odd
vector eldon g[1] V. Letus denote this odd vector eld by X.

Recall that this Lie algebra cochain complex computes the homotopy invariants for
the action of g on O(V). Thus, we can view O(g[1] V), with this differential, as a
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“derived” version of the algebra of functions on the quotien t of V by the action of G
(at least, in a formal neighbourhood of the origin, which is a Il we really care about).
The BRST construction says one should replace the integral over V=G by an integral
of the form
z
el
a1 v

This leaves us in a better situation than before, as we are in alinear space, and we
can attempt to make sense of the integral perturbatively. Ho wever, we still have prob-
lems; the quadratic part of the functional f is highly degenerateon g[1] V. Indeed, f
is independent of g[1] and is constant on G-orbits on V. Thus, we cannot compute the
integral above by a perturbation expansion around the criti cal points of the quadratic
part of f.

This is where the Batalin-Vilkovisky formalism comes in. Le t E denote the odd
cotangent bundle of g[1] V, so that

E=d1] Vv Vv-[ 1 o[ 2.

The various summands of E are usually given the following names: g[1] is the space
of ghosts, V is the space of elds, V-[ 1] is the space of antields and g-[ 2] is the
space of antighosts.

The function f on g[1] V pulls back to a function on E, via the projection E !
g[1] V; we continue to call this function f. By naturality, the vector eld X on g[1]

V induces one on E, which we continue to call X. As[X,X]= 0ong[l] V,the same
identity holds on E. As X preserves f on g[1] V, it continues to preserve f on E.

E is an odd symplectic manifold, and X is an odd vector eld preserving the sym-
plectic form. Thus, there exists a unique function hyx on E whose Hamiltonian vector
eld is X, and which vanishes at zero. As X is odd, hy is an even function.

As E is odd symplectic, the space of functions on E has an odd Poisson bracket. The
statementthat [X, X] = 0 translates into the equation f hy, hxg = 0. The statement that
Xf = 0 becomesf hy, fg = 0. And, as f is pulled back from g[1] V, it automatically
satises f f, fg = 0. These identities together tell us that the function f + hy satis es
the Batalin-Vilkovisky classical master equatjon

ff+ hy, f+ hyg= 0.
Let us write
(9 + he(d)= 5 e Qd + S(o

where Q : V' !V is an odd linear map, skew self adjoint for the pairing h i,and S
is a function which is at least cubic. The fact that f + hy satis es the classical master
equation implies that Q2 = 0. Also, the identity

QS+ %fS,Sg: 0

holds as a consequence of the classical master equation forf + hy.



18 KEVIN COSTELLO

Let L  E be a small, generic, Lagrangian perturbation of the zero section g[1]
V  E. The Batalin-Vilkovisky formalism tells us to consider the functional integral
z z

L P+ (@) = EZLexp(ziﬁhe. Qei + £5(8)

As L is generic, the pairing he, Qe will have very little degeneracy on L. In fact, if the
complex (E, Q) has zero cohomology, then the pairing he, Qe is non-degenerate on a
generic Lagrangian L. This means we can perform the above integral perturbativel v,
around the critical point0 2 L.

2.1. Quantum master equation. Let us now turn to a more general situation, where
E is a nite dimensional vector space with an odd symplectic pai ring,and Q :E! E
is an odd operator of square zero which is skew self adjoint fo r the pairing. E is not
necessarily of the form constructed above.

Let x;, ; be a Darboux basis for E, so that x; are even, ; are odd, and hx;, ;i = 1.
Let be the order two differential operator on E given by the formula
= é, ﬂxiﬂ it

This operator is independent of the choice of basis of E.
Let S2 O(E)[[h]] be anh-dependent function on E, which modulo his at least cubic.
The function S satis es the quantum master equatioif

(Q+h )es= 0.

This equation is equivalent to the equation
1
QS+ EfS,Sg+ h S=0.

The key lemma in the Batalin-Vilkovisky formalism is the fol lowing.

2.1.1 Lemma. Let L  E be a Lagrangian on which the pairitng, Qe is non-degenerate.
(Such a Lagrangian exists if and only if KIE, Q) = 0). Suppose that S satis es the quantum
master equation. Then the integral

Z

1 .1

_ + —
oL exp(zh_ he, Qe ﬁS(e))
is unchanged under deformations of L.

The non-degeneracy of the inner product on L, and the fact that Sis at least cubic
modulo h, means that one can compute this integral perturbatively.

Suppose E, Q, h, i, S are obtained as before from a gauge theory. Then S auto-
matically satis es the classical master equation QS+ %f S,Sg = 0. If, in addition,

S = 0, then S satis es the quantum master equation. Thus, we see that we can
guantise the gauge theory in a way independent of the choice of L as long as S sat-
is es the equation S = 0. When S does not satisfy this equation, one looks to re-
place Sby a seriesS°= S+ &;>oh'S; which does satisfy the quantum master equation

QS+ 3O shy+h SP=o.



RENORMALISATION AND THE BATALIN-VILKOVISKY FORMALISM 19

2.2. Geometric interpretation of the quantum master equation. The quantum mas-
ter equation has a geometric interpretation, rst described by Albert Schwarz [Sch93].
| will give a very brief summary; the reader should refer to th is paper for more details.

Let denote the unigue up to scale translation invariant “measur e” on E, that is,
section of the Berezinian. The operator can be interpreted as a kind of divergence
associated to the measure , as follows. As E is an odd symplectic manifold, the
algebra O(E) has an odd Poisson bracket. Every function S2 O(E) has an associated
vector eld Xs, de ned by the formula Xgf = S, fg.

The operator satis es the identity

Lxs =( S

where L x refers to the Lie derivative. In other words,  Sis the in nitesimal change
in volume associated to the vector eld Xs.
Thus, the two equations

fS,Sg= 0
S=0

say that the vector eld Xg has square zero and is measure preserving.

This gives an interpretation of the quantum master equation in the case when S
is independent of h. When S depends on h, the two terms of the quantum master
equation do not necessarily hold independently. In this sit uation, we can interpret
the quantum master equation as follows. Let g be the measure onE de ned by the
formula

s = eS=ﬁ .
We can de ne an operator s on O(E) by the formula
Lx, s=( sf) s

This is the divergence operator associated to the measure g, in the same way that
is the divergence operator associated to the translation invariant measure

Then, a slightly weaker version of the quantum master equati on is equivalent to the
statement

2=0.
Indeed, one can compute that
h sf=fS fg+h f
so that
R* 2f = 1ff S,Sg, fg+ Af S, fg.
Thus, % = Oifand only if %f S,Sg+ h Sis in the centre of the Poisson bracket, that
is, Is constant.

This discussion shows that the quantum master equation is th e statement that the
measuree>™ is compatible in a certain sense with the odd symplectic stru cture on E.
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Remarkin fact it is better to use half-densities rather than densit ies in this picture. A
solution of the quantum master equation is then given by a hal f-density which is com-
patible in a certain sense with the odd symplectic form. As al | of our odd symplectic
manifolds are linear, we can ignore this subtlety.

2.3. Integrating over isotropic subspaces. As we have described it, the BV formalism
only has a chance to work when H (E, Q) = 0. This is because one cannot make sense
of the relevant integrals perturbatively otherwise. Howev er, there is a generalisation
of the BV formalism which works when H (E, Q) 6 0. In this situation, let L  E be
an isotropic subspace such thatQ : L! Im Q is an isomorphism. Let Ann (L) Ebe
the set of vectors which pair to zero with any element of L. Then we can identify

H (E,Q)= Ann(L)\ KerQ.
We thus have a direct sum decomposition
E=L H(EQ) ImQ.

Note that H (E, Q) acquires an odd symplectic pairing from that on E. Thus, there is
a BV operator 1 (g,q) on functions on H (E, Q). We say a function f on H (E, Q)

satis es the quantum master equationif e = 0.
The analog of the “key lemma” of the Batalin-Vilkovisky form alism is the following.
This lemma is well known to experts in the area.

2.3.1 Lemma. Let S2 O(E)[[h]] be anh-dependent function on E which satis es the quan-
tum master equation. Then the function on ¢E, Q) de ned by
Z

a7! hlog e2Lexp(ziﬁha Qe + %S(e+ a))

(where we think of H(E, Q) as a subspace of E) satis es the quantum master equation.
Further, if we perturb the isotropic subspace L a small ampotir@n this solution of the
QME on H (E, Q) is changed to a homotopic solution of the QME.

Note that since Qa = 0, we can write the exponential in the integrand in the equiva -
lent way (ziﬁhe+ a,Q(e+ a)i + %S(e+ a)). Thus, there is no real need here to separate
out quadratic and higher terms. However, in the in nite dimen sional situation we
will discuss later, it will be essential to write the integra nd as (5 he Qei + £S(e+ a)),
because we will take a eld awhich is not closed.

This integral is an explicit way of writing the homological p erturbation lemma for
BV algebras, which transfers a solution of the quantum maste r equation at chain level
to a corresponding solution on cohomology. From this observ ation it's clear (at least
philosophically) why the lemma should be true; the choice of the Lagrangian L is
essentially the same as the choice of symplectic homotopy equivalence between E and
its cohomology. I'll omit a formal proof for now, as a proof of a more general statement
will be given later.

Let me explain what a “homotopy” of a solution of the QME is. The re is a gen-
eral concept of homotopy equivalence of algebraic objects, which | learned from the
work of Deligne, Grif ths, Morgan and Sullivan [DGMS75]. Two al gebraic objects are
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homotopic if they are connected by a family of such objects pa rametrised by the com-
mutative differential algebra ([0, 1]). In our context, this means that two solutions
fo, f1 to the quantum master equation on H (E, Q) are homotopic if there exists an el-
ementF 2 O(H (E,Q)) ([0, 1))[[h]] which satis es the quantum master equation

(dpr+h (E,Q))eF:ﬁ: 0

and which restricts to fg and f; when we evaluate at 0 and 1. Here dpg refers to the
de Rham differential on ([0,1)).
The quantum master equation imposed on F is equivalent to the equation

dprF+ %fF,Fg+ h F=0.

If we write F(t,dt) = A(t) + dtB(t), thenthe QME imposed on F becomes the system
of equations

%fA(t),A(t)g+ R A(t)= 0

%A(t)+ fA(t),B(t)g+ h B(t) = 0.
The rst equation says that A(t) satis es the ordinary QME for all t, and the second
says that the family A(t) is tangent at every pointto an orbit of a certain “gauge group ”
acting on the space of solutions to the QME.

3. EXAMPLE : CHERN-SIMONS THEORY

| want to discuss a class of quantum eld theories in the Batali n-Vilkovisky formal-
ism. The general de nition of the kind of quantum eld theory | w  ant to consider
is a little technical, so | will start by discussing a simple e xample in detail, namely
Chern-Simons theory on a 3-manifold. (Later we will discuss Chern-Simons theory
on a manifold of any dimension). Most of the features of more ge neral theories are
already evident in this example.

Let M be a compact oriented 3-manifold. Let g be a at bundle of complexB Lie
algebras with a complex valued invariant pairing on M. For example, g could be
the adjoint bundle associated to a at principal SL(n,C) bundle, equipped with the
Killing form.

We want to quantise the Chern-Simons gauge theory associated to g. This is the
theory whose space of elds V is the space (M, g), which we think of as being the
space ofg-valued connections. The Lie algebra of the gauge group is

G= °M,q).

This Lie algebra acts on the space of elds in the usual way that in nitesimal bundle
automorphisms act on connections.
The Chern-Simons action functional is the function on V given by

% hv, dvi + % hv, [v, v]i

3Everything works if we take a real Lie algebra and work over R throughout.



22 KEVIN COSTELLO

whered: 1(g)! 2(qg) is the operator obtained by coupling the at connection on
g to the de Rham differential.

Applying the Batalin-Vilkovisky construction, as describ ed in section [2, yields an
odd symplectic vector space

E=G[] V V-[ 1 G[ 2.

If we interpret the duals of the in nite dimensional vector sp aces appropriately, we
nd that

E= (M, 9I1]

This is simply because 2(M,g) has a natural non-degenerate pairing with V =
1(M,g),and 3(M,g) has a natural non-degenerate pairing with  °(M,g) = G.
The differential Q : E ! E (constructed as in section[2) is simply the de Rham

differential, coupled to the at connection on g. The odd pairing on E is given by
z

X, 0 x0=(C i~ OxXO
M 9

where , 92 (M) and X,X%2 g. The notation h, ig refers to the invariant pairing
ong.
The action functional Sis given by the formula
z

S i x)= &( pliarndey Lo XXX
i ik

3.1. Gauge xing and functional integrals.  As we saw in section ] the next step in
the Batalin-Vilkovisky formalism is the choice of a gauge xi ng condition. This is an
isotropic subspacelL E suchthatQ:L! Im Q isanisomorphism.

Picking a metric on M gives an operatord : (M) ! T 1(M). This extends to
an operator Q®F: E ! E, de ned (locally) by

Q°F(r A)=(d!) A
where A is a at section of the bundle g. Our gauge xing condition will be
L= Im Q°®F.

The functional integral we will construct is
z
exp(i he Qe + }S(e+ a))
21m QGF 2h h '
Thus, the Chern-Simons gauge theory in the BV formalism is en coded in the fol-
lowing data.

(1) A vector spaceE, which is the space of global sections of a super vector bundle
on a compact manifold M.

(2) An odd anti-symmetric pairing on E, satisfying a certain non-degeneracy con-
dition.

(3) A skew self adjoint operator Q : E! E, of square zero.
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(4) An even functional S: E ! C which is “local”, meaning roughly that it has
a Taylor expansion in terms of continuous linear maps E X | C which are
distributions on M¥X, supported on the small diagonal, and non-singular in the
diagonal directions. (A precise de nition will be given soon ).

(5) An auxiliary operator QGF: E ! E, which is a self adjoint elliptic operator of
square zero.

(6) The super-commutator [Q, Q®F] must be an elliptic operator of order 2 with
some positivity conditions.

4. BATALIN -VILKOVISKY FORMALISM IN INFINITE DIMENSIONS

Now we will de ne the type of quantum eld theory we will conside r. The de -
nition consists essentially of abstracting the data we encountered above in the case of
Chern-Simons theory.

4.1. Functionals. If M, N are smooth manifolds and F, G are super vector bundles on
M, N respectively, we will use the notation
(M,F)  (N,G)

to denote the space (M N,F G) of smooth sections of F  G. In other words,
refers to the completed projective tensor product where app ropriate.

Let E be a super vector bundle over C on a compact manifold M. Let E denote the
space of global sections ofE.

4.1.1 De nition. LetO(E) be the algebra
Oo(E)= O Hom(E ",C)s,
n 0

whereHom denotes the space of continuous linear maps, and the subsgmj@n8tes taking
S, coinvariants.
Direct product of distributions make&3(E) into an algebra.

We can view O(E) as the algebra of formal functions at 0 2 E which have Taylor
expansions of the form
f(e=a file)
where each
fi:E 'l C
is a continuous linear map (i.e. a distribution).

4.1.2 De nition. Let X be an auxiliary manifold. De ne
O(E,C! (X)) = O Hom(E ".C* (X))s,
n 0
where, as before, we take the space of continuous linear maps.

Thus, O(E, C! (X)) is a certain completed tensor product of O(E) and C! (X). Let
h be a formal parameter. Let

O(E, C[[A]]) = lim O(E) C[R]=h".
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Similarly, let O(E,C! (X) CJ[h]]) be the inverse limit im O(E,C! (X)) C[h]=h".
4.2. Local functionals.

4.2.1 De nition. Let Diff (E, E9 denote the in nite rank vector bundle on M of differential
operators between two vector bundles E aRdrEM. Let

PolyDiff ( (E) ", (E%) = (M,Diff(E,C) " E% Hom( (E) ", (EY)

whereC denotes the trivial vector bundle of rafik All tensor products in this expression are
brewise tensor products of vector bundles on M.

It is clear that PolyDiff ( (E) ", (E9) is the space of sections of an in nite rank
vector bundle on M. If Fis a super vector bundle on another manifold N, let

PolyDiff ( (E) ", (E9)  (F)
denote the completed projective tensor product, as usual, so that
PolyDiff ( (E) ", (E%) (F)= (M N,(Diff(E,C) " EY F).

If X is a manifold, we can think of PolyDiff ( (E) ", (E9) C! (X) as the space of
smooth families of polydifferential operators parametris ed by X.
One can give an equivalent de nition of polydifferential ope rators in terms of local
trivialisations fag,fe?g of E and EY and local coordinates y1,...,y; on M. A map
(E) "1 (EY is a polydifferential operator if, locally, it is a nite sum o f operators
of the form

e, fie, 7V & | (i y)(Dy f) (D, f)
i

i1 in

where ijl...in(yl’ ...,Y1) are smooth functions of the y;, the I, are multi-indices, and
the operators D, are the corresponding partial derivatives with respecttot hey;.

4.2.2 De nition. Let

O(E) O(E)= O Hom(E ",C)s,
n O
be the space of formal functionals Bneach of whose Taylor series terms: fE "! C

factors as e

E "! Densities(M)!" C
where the rst map is a polydifferential operator.
Elements oD, (E) will be calledocal functionals onE.
If X is another manifold (possibly with corners), and F is aesupector bundle on X, let

O(E, (X,F)) O(E, (X,F)= O Hom(E ", (X,P)s,
n O

be the subspace of those functions each of whose terms factors as
R

E "! Densities(M) (X,F)!'" (X,F)
where the rst map is inPolyDiff (E ", Densities(M)) (X, F).
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Elements of O,(E, C! (X)) are smooth families of local functionals parametrised by
a manifold X. We will use a similar notation when we want to take functiona Is with
values in C[[R]]. Let
Oi(E,C[[A]]) = lim O/(E) C[h]=h".

We can de ne O,(E,C! (X) C[[R]]) as an inverse limit in the same way.

Remark:The spaceOQ,(E) is not an algebra; the product of two local functionals is not
local.

If f 2 O(E) is a local functional, then the i-th term of its Taylor expansion f; :

E ! Cisassumed to factor throughamap E ' | Densities(M). Note that there
will in general exist many such factorisations. However, we have
4.2.3 Lemma. If

E "l C

is a map which factorises through a polydifferential opergto? ! Densities(M), there is
a unique polydifferential operator

'E " 11 (E-) @ (m) Densities(M)
such that Z
(er €n) = Mh (ed € 1), 6ni .

Proof. This is an easy calculation in local coordinates.
4.3. Batalin-Vilkovisky formalism.

4.3.1 De nition. An odd symplectic structure ok is a map
h,iy:E E! Densitiesy

of graded vector bundles on M, which is odd, antisymmetric, aottdegenerate, in the sense
that the associated map!E E- Densitiesy is an isomorphism.

Such an odd symplectic structure induces an odd pairing
h,i:E ¢cE! C
onE.

4.3.2 Lemma. An odd symplectic structure o& induces an odd Poisson bracket on the space
O, (E) of local functionals. Further, if 2 O,(E) is local and 2 O(E) is possibly non-local,
the Poisson brackétf, gg is well-de ned.

Proof. This is an immediate corollary of Lemma 4.2.3] Indeed, this | emma shows that
any local functional on E can be replaced by something which has a Taylor expansion
in terms of polydifferential operators E " ! E. Here we are using the identi cation
of Ewith (E-) 1 (m)Densities(M) given by the odd symplectic form.

Something with a Taylor expansioninterms ofmaps E "! E can be considered to
be a formal vector eld on E. This yields the Hamiltonian vector eld on E associated
to a local functional. The usual formula for the action of vec tor elds on functions
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de nes the Poisson bracket f f,ggif f 2 O/(E) and g 2 O(E). Since this formula
amounts to inserting the outputofthemap E "! Eintotheinputofamap E k! C,
everything is well-de ned.

In general, the Poisson bracket of two non-local functional s may be ill-de ned.
Letus x, for the rest of the paper, the following data:
(1) A compact manifold M with a complex super vector bundle E on M, whose
algebra of global sections is denoted (as above) byE.
(2) An odd linear elliptic differential operator Q : E ! E, which is self adjoint
and satis es [Q, Q] = 0. Q induces a differential on all the spaces associated to
E, such asOQ,(E) and O(E).
A local functional S 2 O,(E), which is at least cubic, satis es the classical master
equation if

QS+ %fS,Sg: 0.

We will try to quantise, within the Batalin-Vilkovisky form  alism, eld theories whose
action functionals are of the form

%he, Qe + S(©

where S 2 O,(E) satis es the classical master equation. A wide class of quantum eld
theories of physical and mathematical interest, including for instance pure Yang-Mills
theory, appear in this way.

4.3.3 De nition. Let(M,E,Q,h, i) be as above. A gauge xing condition is an odd linear
differential operator
QCF:E! E
such that
(1) QCFis skew self adjoint with respect to the odd symplectic paimg .
(2) QCFis an operator of order 1.
(3) [Q°F,Q%F]= 0.
(4) the operator
H :=[Q,Q%]
is a second order elliptic operator, which is a generalisethtiap in the sense of
[BGV92]. This means that the symbol

(HY2 (M,Sym?’TM EndE)

is a positive de nite metric on TM, tensored with the identity map E E.
(5) There is a direct sum decomposition

E=ImQ ImQ®" KerH.

The fourth condition is a little restrictive. Even so, many i nteresting quantum eld
theories admit a natural collection of such gauge xing condi tions. This condition
is imposed because | need to use the asymptotic expansion of the heat kernel of H
proved in [BGV92].
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5. EXAMPLES

5.1. “theory. The #theory is a standard simple example of a quantum eld the-
ory. The Batalin-Vilkovisky formalism does not say anythin g interesting about the
theory, because it is a simple bosonic eld theory with no gaug e symmetries.

In our setting, the  “ theory works as follows. We take M to be a compact Riemann-
ian manifold. Let

4

E=€E®° E'=ct(M,C) c'(M,Q)

where  refers to parity reversal. Let &g 2 E° e 2 E?! be the elements which cor-
respond to the identity function on M. The odd symplectic pairing on E is de ned

by ~
h e, eli=
where , 2 C! (M,C) and the integration is taken using the measure associated to

the Riemannian metric.
The operator Q is de ned by

Ql )=( +m? e
Q( e)=0

where m 2 Rsq is a “mass” parameter, and s the Laplacian on C' (M) associated
to the Riemannian metric.

The action Sis de ned by
4

S( @+ €)= ..
M

Then L 7
Eh a)!Q a)|+S( ):

which is the usual action for the  # theory.
The gauge xing operator QCFon E is de ned by

Q°F( &)= &
Q°F( &)= 0.
The operator H = [ Q®F, Q] is given by
H(e)=( +m )e
for i = 0, 1. Asrequired, this is a generalised Laplacian. Also,
E=KerH ImQ®F ImOQ.

Note that these axioms would not be satis edif m = 0, because KertH \ Im Q®Fwould
not be zero.
The functional integral we will construct is
z z

exp h!
x2CL (M) M

2 2, 4

NI =

1
M 2

NI =
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Of course, this construction works if we use any polynomial o f which is at least
cubic in place of 4.

Because the space of elds is concentrated in degrees 0 and 1, ay local functional
which is homogeneous of degree 0 satis es the renormalised qu antum master equa-
tion.

5.2. Yang-Mills theory. We will use a certain rst order formulation of Yang-Mills
theory, well-known in the physics literature [MZ96, Wit04]. | This was studied in the
Batalin-Vilkovisky formalism in [Cos06].] | don't see how to t the standard formu-
lation of Yang-Mills theory into the framework of this paper; the problem is that I
don't see how to construct gauge xing conditions of the type w e need. | will refer to
[Cos0€] for details of this construction.

Let M be a compact oriented 4 manifold, and let V be a vector bundle on M with a
connection A satisfying the Yang-Mills equation

daF(A)s = 0.

In [Cos06] a certain differential graded algebra B was constructed from (M,V, A),
which looks like

O(End(V, degree 0
dy A, ]
&
1(End(Vma% 2 (End(V)) degree 1
[F(A)+WM Id@ﬂ
da+ da
&
2 (End( 3(End(V)) degree 2
A+ ] d
A
&
4(End(V)) degree 3

The arrows describe the differential Q in B . The algebraB also has a trace of degree
3, which comes from trace over V and integration over M. This trace induces an odd
symmetric pairing Tr abon B .
Let E = B[ 1] be B shifted by one, with differential Q inherited from B . The
pairing on B induces a symplectic pairing on E. De ne a functional Son E by

S(e) = Tra’.

It was observed in section 3.3 of [Cos06] that E, with this action functional, is the
Batalin-Vilkovisky odd symplectic space associated with t he rst order formulation
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of pure Yang-Mills gauge theory, as studied in for instance [MZ _96,/Wit04]. Indeed,
E 1= Bisthe space of ghosts,E? = B lis the space of elds, E* = B 2 is the space
of anti elds, and E? = B 3 is the space of antighosts.

The choice of a metric on M and a Hermitian metric on the vector bundle V leads
to a Hermitian metric on B . The operator Q®F is the Hermitian adjoint to Q. This
operator satis es the axioms of a gauge xing condition.

5.3. Holomorphic Chern-Simons. Let M be a Calabi-Yau manifold of odd complex
dimension. Fix a holomorphic volume form . 0n M. Let g be a complex Lie algebra
with a non-degenerate , symmetric, invariant pairing h, i. Let

E= %(M) co

E has an odd symplectic pairing, de ned by
X, 0 xO=C gt 0 X XO
M

where 2 9 (M)and X 2 g.

Dene S2 O|(E) by
Z

S& i X)= A ( DEEDIATD A XX
i ik M
This is the holomorphic Chern-Simons action funq)tional.
Picking a metric on M leads to an operator § on %, and so on E. This is the

gauge xing operator. The operator H = [T, ﬁ?] is a generalised Laplacian.
The functional integral we will renormalise is
z 1D _E
— + = +
exp o X, X ﬁS(x a)

This theory can be generalised in several directions. Firstly, we can take g to be a
non-trivial holomorphic vector bundle on M with a Lie algebra structure (i.e. a sheaf
of Lie algebras over the sheaf of holomorphic functions on M). In that case, to get a
gauge xing condition would require the choice of bothametri con M and a Hermitian
metric on the vector bundle.

If M is of even complex dimension, one can take g to be a super-Lie algebra with an
odd invariant pairing (see [AKSZ97]). Of course, there is a ve rsion of this where we
take a sheaf of such super-Lie algebras.

Yet another direction is to use L, rather than Lie algebras. In that case the action
Sis no longer purely cubic, but has higher-order contributio ns from the higher L;
operations. Such theories are also discussed in[[AKSZ97].

=2
x2Im

5.4. Higher dimensional Chern-Simons. We have already discussed Chern-Simons
theory in dimension three. One can readily generalise this t heory to manifolds of
arbitrary dimension, just as with holomorphic Chern-Simon s theory.

For odd-dimensional manifolds, one takes a complex Lie alge bra g with an invariant
pairing, and sets E = (M) g[1]. The Chern-Simons action is given by essentially
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the same formula as in the 3-dimensional case:
L. .. Z
o o G i+ j+v
S i Xx)=a(nty J ik X [X X

i ik M
where ; 2 (M) and X; 2 g. The operator Q is de ned to be the de Rham differ-
ential d. If we pick a metricon M then we can de ne QCF to be the adjoint operator
d?.

As with holomorphic Chern-Simons theory, this can be genera lised in various di-
rections. Firstly, we could replace g by a locally trivial sheaf of Lie algebras. Or, we
could use a sheaf of L; algebras instead Lie algebras.

In the case when M is even-dimensional, we can take gto be an L; algebra with an
odd invariant pairing, or a locally trivial sheaf of such.

A particularly interesting case occurs when dim M = 2. Two dimensional Chern-
Simons theory (introduced in [AKSZ97]) is essentially the sa me as the Poisson sigma
model. This theory is used in the proof of Kontsevich's formal ity theorem [Kon03,
CFO01].

If gis an L, algebra with an odd invariant pairing, then we can identify g¢Vé" =
(g°99h—[1]. Thus, if we let V = g°4q1], so that V is a purely even vector space, then

gl]l= T V.

The L; structure on g is described by a function f on g[1] = T V, satisfying the
classical master equationf f, fg = 0.
We can identify functions on T V with polyvector eldson V, thatis,

o( TV)= ATV O(V).

The Poisson bracket onO( T V) corresponds to the Schouten bracket on polyvector
elds.

Thus, the L1 structure on g de nes a generalised Poisson structure on V. If this L;
structure is purely quadratic in the g¢°'[1] variables, then we nd a Poisson structure
in the classical sense onV.

The space

E= (M) od]
can be identi ed with the supermanifold of maps ™™ ! T V, leading to the sigma
model interpretation of the theory.

6. DIFFERENTIAL OPERATORS

6.1. Functor of points approach to formal super geometry.  In order to clarify sign is-
sues, we will use the “functor of points” approach to formal s uper geometry. A formal
super-space is viewed as a functor from the category of nilpo tent local commutative
super-algebras to the category of sets. For example, the fomal super-space A™" sends
R7! (R ™ Rodd "

If

V = Ve Vodd

is a Z=2-graded vector space, the formal super-spaceV sendsR 7! (V R)®.
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An even formal function on V is then a natural transformation of functors V! ALO
and an odd formal function on V is a natural transformation to V ! A%l More
explicitly, an even formal function f onV is a collection of maps

fr:(V R)®! R,

natural with respect to morphisms R ! RP of nilpotent local commutative super-
algebras.

Let us denote by O{V) the Z=2-graded algebra of all formal functions on V. We
can identify this algebra with the inverse limit

oYV) = lim Sym V-=Sym "V-.

In particular, if E as above is the global sections of some super vector bundle E
on M, we can think of E as an in nite dimensional formal super-space. The algebra
O(E) is a subalgebra of the algebraO%E). An element of OYE) is in O(E) whenever
its Taylor expansion is in terms of continuous linear mapson E ".

In the case when M is a point, so that E is simply a nite dimensional super vector
space, thenO(E) and OYE) coincide.

6.2. Derivations. The functor of points way of looking at things is useful (for i n-
stance) when thinking about derivations of the algebra O(E). Everything we do could
also be written more explicitly, but the advantage of the fun ctor of points formalism is
that it allows one to essentially forget about signs.

Let " be an odd parameter. One can de ne the derivation Q of O(E) by the formula

fix+"Qx) = f(x)+ "(QF)(x).

The left hand side is de ned using the language of the functor o f points, as follows.
For each nilpotent local commutative superalgebra R as above, f gives a map

(R C["]evif fiseven

frocr (B ROCID™ o cppyoddit £ is odd.

fx2 (E R)®, thenx+ "Qxisin (E R C['])® Thus, f(x+ "Qx) 2 (R C["]).
The coefcient of "in f(x+ "Qx) givesamap (E R)®to R (if f is odd), or to R°Yd
(if f is even), and so a formal functional on E of parity opposite to that of f. This is
de nedto be Qf.

A priori, this construction only yields a derivation of OYE), but one can check
easily that this derivation preserves the subalgebra O(E). In more explicit terms, if
we identify

O(E)= O Hom(E ",C)s,,

then the derivation Q preserves each factor Hom(E ",C)s,. On each such factor, Q
is simply the usual tensor product differential on each E ", which we then transfer to
the dual space and to the space ofS, coinvariants.

To compute the commutator of derivations in terms of the func tor of points is very
simple. Let D1, D, be derivations of O{V), where D; is given by an automorphism
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of OqV) C["i]1=("?), which modulo "; is the identity. The parameter "; has the same
parity as D;. We can compute the commutator by

(1+ "1Dg)(1+ "2D2)(1 "1Dg)(1 "2D2) = 1+ "1"2[Dg, D3]

Let e 2 E. Differentiation with respect to eis an operator J¢ : O4E) ! OYE)
de ned by the formula

f(x+ ") = f(x)+ "Tef
where " is an auxiliary parameter of the same parity as e, and of square 0.
It is easy to see that this derivation preserves O(E). Indeed, if we identify O(E) =
OHom(E ",C)s,, then the derivation Y is (up to sign) the map
Hom(E ",C)s,! Hom(E " %,C)s ,

given by contraction with e
One can compute easily that

[Te. Q] = Toe

6.3. Convolution operators. If K2 E E, deneaconvolutionmap K?:E! E by
the formula

K?e=( 193 K°> K%e
where K = 8§ K9 K% The reason for the choice of sign in the de nition of the convo -
lution is that

(QK) ?e=[Q,K?]e

The rst Q in this formula denotes the tensor product differentialon E E.

6.3.1 Lemma. An element K2 E  E is symmetric if and only if the map Kis self adjoint,
and is antisymmetric if and only if R is skew self adjoint.

6.4. Order two differential operators.  Let
=3 ° % sym’E.

Associated to  we have an order two differential operator  on O(E), given by the
formula

1 = %éﬂ of] 0= %é( 1)j 9 O?ﬂ of oa

Even though the sum may be in nite, this expression is well de n ed; up to sign, |
comes from the map

Hom(E ",C)s,! Hom(E " 2,C)s, ,

given by contraction with
The differential operators { mutually super-commute, and

[1.Q]= 1o -

If e2 E,lete- : E! C be the continuous linear functional given by e-(€’) = hé’ d.
Note that e- 2 O(E), so there is an associated left multiplication map O(E) ! O(E).
The following lemma will be useful later.
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6.4.1 Lemma.If 2 Sym?E is even, then
[ﬂ 1e—] = ﬂ e
Proof. In the language we are using for formal functions, if R is an auxiliary nilpotent
ring,and r 2 R, 2 E are elements of the same parity, then by de nition
e(r)=h ,e=rh,a.
Therefore, in particular,
foe- = e

forall €2 E.

We can assume
- 0 oo+( 1)] 95 %9 o0 0

Then
T =19 off o
Then
[1.,e]= C%e T oot( 1) 9(jg+1) g 1 o
whereas

2e=( 1) g 04 q1)ig+i BT 00g O
The lemma follows from these two equations.

6.5. Heat kernels. A heat kernel for the operator H : E! E is an element
Ki2 E 2= (M%E E),
de nedfor t 2 R-g, such that
Ki?e= e MHe
for all e2 E. BecauseH is a generalised Laplacian, the results of [BGV92] imply that
it admits a unique heat kernel K, which is also smooth as a function of t.
Let
L= (Q®F 1K

so that L is the kernel representing the operator Q®Fe ™. This is a smoothing opera-
torforO <t 1 ,sothatL;{2 E E forsucht.

Observe that
(Q 1+1 Q)Ki=0
d
aKt-'-(Q 1+1 Q)LtZO
These formulae together say that the expression
K + dtL;
is a closed element ofE E (R> o), where we give this space the tensor product
differential.
Let

P(",T)=  Ldt= (Q%F 1Kt
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Note thatfor0 < "< T 1 ,P(",T)isinE E. Thisisclearif0< "< T< 1 .If
T = 1 , one needs to check that

1
7! QCFe M dt

is a smoothing operator for any t > 0. The only problems that could occur would
be on the 0 eigenspace ofH, but Q®F annihilates this eigenspace. This is one of the
axioms of a gauge xing condition.

The reason the kernelsP(", T) are important comes from the following lemma.

6.5.1 Lemma. The operator
Im Q! IZm QCF

1
7! QCFe M dt
0

is the inverse to the isomorphism:Qm Q¢F! Im Q.
Thus, the singular kernel P(0,1 ) representsQ .

Proof. Indeed,
Z, Z, Zy
QCFe MQ dt= Q QCFe™ dt+ He M dt.
0 0 0

Since(Q®F)2=0,and 2 Im QCF, the rstterm on the right hand side is zero. Thus,
Z, Z1 g
Q%Fe MQ dt = —e M dt=
o dt
where :E ! KerH isthe projection onto the zero eigenspace ofH.
Since KerH \ Im Q®F = 0, and Im Q®F is a direct sum of H eigenspaces, we see
that = 0, so that 7

1
QGFe tHQ dt =

0

as desired.

6.6. Functional integrals in terms of differential operators. When M is a point, we
will be able to express certain integrals over the nite dimen sional vector spaceE in
terms of the differential operators on O(E) introduced above. When dim M > 0,
so that E is in nite dimensional, we will attempt to take this as a de nit  ion of the
functional integral.

6.6.1 De nition. Let 2 Sym?E be any even element, and2SO(E, C[[R]]) be an even
element, which modull is at least cubic. De ne

(.S) = hlog (exp(hf ) exp(S=h)) 2 O(E, C[[h]]).

It is easy to check that this expression is well de ned. Howeve r, if S was not at
least cubic, but contained a quadratic term, this expression would contain some non-
convergent in nite sums.
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Let us assume for a moment that M is a point. Let Im QCF r be a real slice of

Im QGF  E, with the property that the quadratic form hx, Qxi is negative de nite on
Im QCF . Then the integral
z

exp 3hx,Qxi =h+ S(x+ a)=h d
x2(Im QGF)

is well de ned as a formal series in the variables hand a2 E. We use anh-dependent
Lebesgue measure d normalised so that
Z

exp 1hx,Qxi=h d = 1.
x2(Im QR P2 Q

6.6.2 Lemma. If M is a point,

(P(0,1),9S)(a) = hlog exp 3hx,Qxi =h+ S(x+ a=h d .
x2(Im QGF)4

Proof. It suf ces to show that for ar%y polynomial f 2 O(E)
exp(Rlpo1)) f = exp 3hx,Qxi=h f(x+ a).

(Im QGF)R

Both sides are functions of a2 E.

Letv2 ImQ®F , E. Denealinear function I, =(Qv)-on Im Q®F ., sothat

lv(x) = hx, Qvi .

Then

v hx, Qxi = 2l (x).
We can integrate by parts, to nd

A
exp 3hx, Qxi=h I,(x+ a)f(x+ a)
(Im QGF)R z
=h Tvexp 3hx,Qxi =h f(x+ a)
(Im QGF)R 7
+ 1,(a) exp 3hx, Qxi=h f(x+ a))
z (Im QGF)R
= h exp 3hx,Qxi=h T,f(x+ a)
(Im Q%P)g 7
+ 1y(a) exp 3hx, Qxi=h f(x+ a))
(Im QGF)R

A similar identity holds for exp (hfp 4 ) f, namely
exp(hfipo1))Ivf = hexp(hfp1 ) Tvf + 1v(a) exp(hlpp1 ) f-
This follows from the equation
[Teo1 ) V] = [Te01 ), (QV)-1 = Tp01 )2(0v) = Tv-
The last equation holds becauseP(0,1 )?is the operator Q 1:Im Q! Im QC¢F.
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These identities allow us to use induction to reduce to the ca se when f is constant.
The normalisation in the measure on Im QGF r takes care of this initial case.

7. REGULARISATION

7.1. Regularisation. One can write the formal equality
Z
hlog exp(% he, Qe =h+ S(e+ a)=h) = lim (P(",1),9)
€2 (Im Q%M "o

where as above,
(P(",1),5) = hlog exp(hfp- 1)) exp(S=h)

When dim M = 0, this equality was proved in Lemma 6.6.2] When dim M > 0, we
will take this equality as an attempt to de ne the functional i ntegral over (Im Q®F)g.

When dim M > 0, although the expression (P(",1),S) is well de ned for all
"> 0, thelimitlim - o (P(",1),S) isdivergent. This is becauseP(0,1 ) is a distribu-
tional section of the vector bundle E  E on M?, with singularities on the diagonal. The
expression exp(hTp(o 1 y) €xp(S=h) involves multiplication of the distribution  P(0,1 )
with distributions with support along the diagonal. In othe r words, it involves inte-
grals over products of M where the integrand has singularities on the diagonal. This
is the problem of ultraviolet singularities.

As | explained in the introduction, we will renormalise the | imit by subtracting
certain counter-terms from the action S. In order to do this, we need some control
over the small " asymptotics of (P(",1),S).

Let us write

(P T),9)= a R ixP("T),9)
i 0k 0O
where ;«(P(",T),S) is homogeneous of order k as a formal functional of e2 E. This
expression is the Taylor expansion of in the variables hand e2 E.

We will construct a small " asymptotic expansion for each ;«(P(",T),S). This ex-
pansion will take values in a certain subalgebra A of the algebra of analytic functions
on"2 (0,1).

7.1.1 De nition. LetA  C! ((0,1)) be the subalgebra spanned o@eby functions of’
of the form

Z _
F(ty,...,th) 2
f(") = dty...dt
) U an Gy, L tn)E2 f
and functions of the form
Z — 1=2
(") = A, W=7 g,

u (on 1G(tq,... tp = )12
where
Q) FG2 Z g[ty,...,ty] nf0Og; n can take on any value.
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(2) the region of integration U is an open subset cut out by nitelamy equations of the
formt > t;,for12 Z.

“Spanned” means in the non-topological sense; we only allow nite sums. Thus, A
has a countable basis, and every element is written as a nite sum of basis elements.
We give A the trivial topology, where all subspaces are closed.

The details in the de nition of A aren't all that important; we could always use a
larger algebra containing A .

Theorem A. (1) For eachiandk, there exist functionsZX A ,r 2 Z g, such that there
is a small" asymptotic expansion of the form
WP T), S )9 & fi(") «(T.9
r 0

where € E, and each , isin O(E,C! ((0,1))).
(2) The ((T,e€) have a small T asymptotic expansion

(T, €) = é. 9o(T) qr(®

where the ¢ 2 O;(E) are local functionals of e, and(d’) are certain smooth func-

tions of T.
(3) If k > 0, so g, is a non-constant function ofe, then we can speak of the germ
of each ¢, near a point x2 M. This germ only depends on the germ of the data

(E,h, i,Q,Q°F, S) near x.

Remark:The last point is a little delicate. For instance, for any t > 0, the germ of the
heat kernel K; near a point (x, x) in M2 depends on the globalbehaviour of the elliptic
operator H. Only the t ! 0 asymptotics of the germ of K; depends on the germ of H.

The appendix contains a proof of a more general version of thi s theorem, as well as
a precise statement of what | mean by small * asymptotic expansion.

8. RENORMALISATION

The next step in constructing the quantum eld theory is renormalisation This
amounts to replacing our action functional S2 O,(E, C[[h]]) by a series

'R = s sT(RM=s & Rs{().
i>0k O

The SlckT are known as counter-terms; they are "-dependent local functionals on E,

homogeneous of degreek. This renormalised action functional SR is required to be
such thatthe " ! Olimitof (P(",T),SR(")) exists. Recall that
Zq
P(",T)=  (Q%F 1Kt

sothat lim-, o (P(",T), SR(")) will be our renormalised effective action.
In order to perform this renormalisation, we need to pick are normalisation scheme.
LetA o A bethe subspace of those functionsf such that lim - ¢ f exists.
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8.0.2 De nition. A renormalisation scheme is a subspacA<gto A ¢ such that
A = A<0 A 0-
Note that a renormalisation scheme exists, simply because A is a vector space with
a countable basis.

The choice of a renormalisation scheme allows us to extract the singular part of
functions f 2 A . The singular part of f is simply the projection of f onto A<y.

Theorem B. Let S2 O,(E, C[[h]]) be an even functional which, moddipis at least cubic.
Then there exists a unique series

sTm= & RS

i 1k 0
such that
(1) each SkT(") is an element dD,(E, A <o) which is homogeneous of degree k as a func-
tion onE;

(2) the limitlim« ¢ (P(",T),S S°T) exists.
If k > 0, the germ of the counter-ternf§ at x 2 M depends only on the germ of the data
(E,h, i,Q,QCF S) near x.

We use the notation
R(P(0,T),S) = lim (P(",T),S sCT).

R(P(0,1 ), S) is a renormalised functional integral.

Proof. Before | begin the proof, let us introduce some notation. Let us give the set
Z o Z o the lexicographic ordering, so that (i,k) < (i°k%if i < i% orif i = i®and
k< KO

Let A 2 O(E,C[[h]]) be any (not necessarily local) functional. As before, we wil |
write

A= é ﬁiAi,k
where A 2 O(E) is a homogeneous functional of degree k. Let us write
A k= a FRA

(k) (1,K)

The proof of this theorem is actually very simple; no graph co mbinatorics are re-
quired. All we need to do is to construct the SICkT inductively using the lexicographic
orderingon Z o Z q. '

So, let us suppose, by induction, that we have constructed

Si(,:l;r(",T) 2 O|(E,A<0 ct (R>0))

forall (i,k) < (1,K),which are homogeneous of degreek as a function of 2 E. Here,
Rs o has coordinate T.
Let _
SSL,K) = a ~n SFII
(i,K)< (1,K)
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We can write

(P(",T),S SS-(I—I,K)): a i i(P(.T). S SSL’K))
ik 0

Let us make the following further induction assumptions :
(1) the limitlim = ¢ ;(P(",T),S SSL,K)) exists, for all (i,k) < (I,K).
(2) eachS{y is independent of T if (i,k) < (I,K).

Now simply let
SCk = Singular partof | x(P(",T),S SS-(I—I,K))'

By “singular part” | mean the following. We take the small " expansion of the right
hand side, of the form & f.(") (T,a) where f,(") 2 A . The singular part is obtained
by replacing each f; by its projection onto A«g.

Note that

ik(P("T),S Sl ST = ik(P(.T).S SIfix) it kkSik

if (i,k) (I1,K). Itfollowsthat ;. (P(",T),S SET SCk) is non-singular (i.e. has

< (1,K)
awell-dened "! Olimit)if (i,k) (I,K).
To prove the result, it remains to prove the following.

(1) Sfk isindependent of T.
(2) Sfx is alocal functional.
) Sg} = 0 (that is, there are no tree-level counter-terms).

8.0.3 Lemma. S{ is independent of T.

Proof. Observe that

Z to
P(",TY P(",T)= P(T, TY = TT(QGF 1)Kdt

isin E E (thatis, it has no singularities). Let

A(",h) 2 O(E,A o CI[h]])

be any (not necessarily local) functional. Non-singularit y of P(T, T9 implies that

a0 (P(T, TY, A", R))

is non-singular (i.e., has awell-de ned "! 0 limit).
We know by induction that ~ (; ,,(P(", T), S SCII’K)(",T)) is non-singular. It fol-
lows that

ik PTTY, ax P(WT),S S 0(nT)
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is non-singular. But,
ik PMTY ax PCLT)LS SO 0(hT)
= (l,K) P(",T(b, S SCTI K)(" T)

= ax PCUTYS SC oW TY SEi ()

(where we are using the induction assumption that SSL,K)("’ T9 = SSL,K)("’ ).
This makes it clear that

IK)(" T) = Singular partof  y P(",T9,S S<(| K (", 79

CT n
Stk T

as desired.
8.0.4 Lemma. SFE is local, so that
SCk 2 O/(E,A<p).

Proof. This follows immediately from the fact that SCT is independent of T, and from
the T ! 0 asymptotic expansion of the singular part of k(P(",T),S SSL K))
proved in theorem A.

8.0.5 Lemma. SCT 0.

Proof. All we need to show is that o x(P(", T), S) is regular, for all k. This is an easy

corollary of Lemma £2.3] Namely, if we write S= & h'S; \ as usual, then Lemmal4.2.3
implies that the functionals Sy are of the form
D

Sox( )= (¢,

for some polydifferential operator

E

GE KT E
and 2 E. The tree-level terms oy (P(",T),S) of (P(",T),S) are obtained by com-
posing these polydifferential operators | with each other and with the operator
P(", T):E! E

constructed by convolution with the kernel P(”, T). Note that
z

:
P(",T)? = QSFe™

. . . R .
Thisoperatorisamap E! E,evenwhen” = 0. Thatis, oTe tH takes smooth sections
of the vector bundle E on M to smooth sections of E. This implies that all tree-level
operators are non-singular, as desired.

This completes the proof.
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9. RENORMALISATION GROUP FLOW AND CONVERSE TO THEOREM B

Let S 2 O(E)[[R]] be a local functional. The expression R(P(0,T), S) constructed
using theorem B should be interpreted as the scale T renormalised effective action.

9.0.6 Lemma. The renormalisation group equation holds:
R(P(0,T9,9) = (P(T,T), *(P(0,T),9)).

Proof. This follows from the fact that the counter-terms SlckT are independent of T, and
the identity

(P(T,TY, (P(".T),s ST)= (P(",T9,s s°7).

Thus we have seen that to any local functional S2 O(E)[[h]], we can associate a sys-
tem of effective actions R(P(0,T), S) satisfying the renormalisation group equation.
In a moment we will see that a converse holds: all such systems of effective actions
satisfying a certain locality condition arise in this way.

9.0.7 De nition. A system of effective actions on the space of eldg is given by an
effective action

s°'(T) 2 O(E, CI[AI)
for each T2 Rs g, which are all at least cubic moduig and such that
(1) The renormalisation group equation is satis ed,
S M(To) = (P(T1, T2), 27 (Tw).

(2) AsT! 0, S(T) must become local, in the following sense. There must exist som
T-dependent local functional

2 O(E,C* (0,1) CI[[AID
where T is the coordinate ¢0,1 ), such that
R eff -
%mo ST (T) 0.
(The T!  0Olimit of Sef(T) itself will generally not exist).

The effective actions de ned by R(P(0,T),S) for S 2 O,(E,C[[h]]) satisfy these
axioms.
Fix any renormalisation scheme A <. Then theorem B provides a map

S 2 O;(E)[[h]] which is at least cubic modulo h! systems of effective actions
s7'f R(P(0,T),S)jT2Rs0g
Theorem C. For any renormalisation schene. o, this map is a bijection.

This set of systems of effective actions is a canonical objetassociated to(E, Q, Q®F),
independent of the choice of renormalisation scheme. Renormalisation and regu-
larisation techniques other than those considered should | ead to different ways of
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parametrising the same set of systems of effective actions. For instance, if one could
make sense of dimensional regularisation on general manifolds, one would hope to
get simply a different parametrisation of this set.

From this point of view, the formalism of counter-terms is si mply a convenient way
to describe this set of systems of effective actions. The cownter-terms themselves, and
the original action S, are not really meaningful in themselves.

Proof of theorem CThe proof is very simple. Let fS*ff(T)g be a system of effective

actions. We want to construct a corresponding local functio nal S 2 O,(E)[[h]] such
that

STy = R(P(0,7),9).
Suppose, by induction, that we have constructed S. (| ) such that

ff
Siwo(M = Fy(P0,T), Sc(1k))

for all (i,k) < (I,K). The initial case iswheni = 0and k = 2. Then, S(egfz)(T) =0=
S(0,2) so the identity automatically holds.
Assume (1,K) (0, 3). The renormalisation group equation says that

eff
S(I,K)(T)

(1P T), S ()

= S+ (P T), 82 ()

= S?If,If()(”)-'- . (P(", T), 5(|,K)(P(O'")vs<(|,}<)))

= S () 1w (PCT)L R0 (PO),Scai) (P07, Sciiy)

S+ (PO Scii)  fio(P0."),Sc (1))

The left hand side is independent of ", so the right hand side is also. Thus,

it . "
S((ELK)( ) (R|,K)(P(01 )’ S<(I,K)))
is independent of “. This allows us to de ne

ff ,u "
St = ST R (PO, Sequ).

With this de nition, we automatically have

S?If':()(T) = R(P(0,T),S (1.K))-

It remains to show that S k) is local. This is an immediate consequence of the local-
ity axiom for Stff("). There exists ("), an " dependent local functional, such that
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lim« o SeFi(") (") = 0. Thus,

ff ,u "
St = ST R (PO, Sequi)

=Sl OF ) foPO) S0

!,i!m0 SE’If,f()(") (" +!,i!m0 (") Fr(PO,"),Scqk))

!,imO " (Ff,K)(P(O,"), S<(1.k)))

This last quantity is local, because (") is local and (Ff’K)(P(O,"), S< (1)) has a small
" asymptotic expansion in terms of local functionals.

As | explained in the introduction, this result elucidates h ow the renormalisation
procedure depends on the choice of renormalisation scheme. For the rest of the paper,
we will x one renormalisation scheme A<g. When we talk about local functionals,
we are in some sense really talking about systems of effective actions, but using our
xed renormalisation scheme to identify these two sets. Thus , as long as all the state-
ments we make are about the effective action R(P(0,T), S), and not directly about the
local functional S, everything we do is independent of the choice of renormalis ation
scheme.

10. QUANTUM MASTER EQUATION

10.1. Quantum master equation in nite dimensions. Recall that to each element

2 Sym?E we have associated (in section[8) an order two differential o perator
on O(E). Let

7= Tkqe
When T > 0, this is a differential operator on O(E). When T = 0, becauseKj is no
longer an element of Sym?E but of some distributional completion, the operator ¢
is ill-de ned. The operators 1 are odd, second-order differential operators on O(E),
which satisfy the equation

2=0.

Thus, each 1 endows the algebra O(E) with the structure of a Batalin-Vilkovisky
algebra. The ill-de ned operator g is the “physical” Batalin-Vilkovisky operator.

Let us assume for a moment that M is a point, so that E is simply a nite dimen-
sional super vector space. Then, the operator ¢ is perfectly well de ned. In this
situation, g is the Batalin-Vilkovisky odd Laplacian, as described in se ction 2l The
operator Ky is simply the kernel representing the identity map on E. In terms of a
Darboux basis x;, j of V, where x; are even, ; are odd, and hx;, i = jj, then

Ko = é(xi it i X)
|

and
0= Tk, = a W7,
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Still in the situation when dim M = 0, the Poisson bracket on the algebraO(E) can
be written in terms of  (, using the equation

ff.gg= o(fg) o(f)g ( DIf o(g).
When dim M > 0, this Poisson bracket is ill-de ned on O(E). However, as we have
seen, the Poisson bracket of an element ofO,(E) with an element of O(E) is well-
de ned.
A functional S2 O(E, C[[h]]) satis es the BV quantum master equation if

(Q+ h o) exp(S=h) = 0.
Again, this makes sense when dim M = 0, but the left hand side of this equation is
ill-de ned when dim M > 0. This equation can be re-expressed as

QS+ 3fS,Sg+ h (S= 0.

10.2. The quantum master equation and the renormalisation group ow. Letusre-
turn to the situation wheredim M 0.
Recall that 7 7
T

.
P(".T)=  Ldt= (Q°F 1)Kdt.

10.2.1 Lemma.
QP =  Ki+ K-
where Q denotes the tensor product differentiabon E.

Proof. Indeed, our sign conventions are such that QP(", T) is the kernel for the opera-

tor
z Z

T

71 Q QGFe tH + QGFe tHQ
VA T

= He™

= e ™™ +e'H |

Thus, the operator associated to QP(", T) is the same as that associated to Ky +
Ke.

10.2.2 Lemma. Let S2 O(E, C[[h]]). Then S satis es the 1, quantum master equation

(Q+h r)exp(S=) = 0
if and only if (P(Ty, T2), S) satis es the 1, quantum master equation

(Q+h 1,)exp( (P(T1,T2),5)=h) = 0.

Proof. Indeed,

et QI = oty = Ty Tk, = 10 T
This implies that
[Q, exp(Ter, )] = exp(Toer, ) 71 T)-
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Thus,

(Q+h 1,)exp( (P(T1, T2),9)=h) =(Q+h 1,)exp(hfp(t, 1,)) €XP(S=N)
= exp(hfp(r, 1,))(Q+ h 1,) exp(S=h).
The converse follows because the operator exd(hfp(t, 1,)) is invertible.

Suppose we have an effective action S#'f(T;) 2 O(E, C[[R]]) at scale T;. Then
(P(Ty1,Ty), Sef(Ty)) is the effective action at scale T,. What we see is that if the
effective action S°'f(T;) satis es the scale T; quantum master equation, then the ef-
fective action Seff(T,) at scaleT, satis es the scale T, quantum master equation, and
conversely.

10.3. Renormalised quantum master equation. We know, using the renormalisation
techniques we have discussed so far, how to make sense of the gpression (P(0,T),S)
if S2 O,(E,C[[h]]) is a local functional which is at least cubic modulo "h. The renor-
malised scale T effective action is

R(P(0,T),S) &' lim (P(",T), S%)

where SR=§ SCT,

We would like to de ne a renormalised quantum master equation , which is a re-
placement for the ill-de ned equation

(Q+h "= 0.

When dim M = 0, soE is nite dimensional, this equation is well-de ned and is
equivalent to the equation

(Q+h t)exp h ! (P(0,T),S) =o0.

In the in nite dimensional situation, we will take this secon d equation as a de nition,
where we use the renormalised version R(P(0,T),S) of (P(0,T),S). Thus,

10.3.1 De nition. S 2 O,(E, C[[h]]) satis es the renormalised quantum master equation if

(Q+h t)exp h ! R(P(0,T),S) = 0.

Theorems B and C show that there is a bijection between the set of local func-
tionals S 2 O,(E,C[[h]]) and the set of systems of effective actions, sending S to
f R(P(0,T),S)j T 2 Rsqg. The renormalised QME is thus just saying that the scale
T effective action satis es the scale T QME.

It is immediate from Lemma 10.2.Z2]that this condition is inde pendent of T. That
is, if Ssatis es the renormalised QME for one value of T, then it does so for all other
values of T.

It seems to me that a successful quantisation of the quantum e Id theory with clas-
sical action Sy consists of replacing Sy by a solution S = Sy + &;sh'S of the renor-
malised quantum master equation. Equivalently, a quantisa tion of a classical action S
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is given by replacing Sy by a system of effective actions f S**f(T) j T 2 Rs (g, which
satisfy the quantum master equation, and which, modulo h, convergeto SpasT! O.

10.3.2 Lemma. Suppose that 2 O,(E, C[[h]]) satis es the renormalised quantum master
equation. Then

R(P(O,l )v S) jKerH
satis es the quantum master equation on the nite dimensioredtor space

KerH = H (E, Q).

Proof. This is immediate from the fact that the heat kernel K; isthe element of Ker H
KerH E E which (as a kernel on Ker H) represents the identity map Ker H !
Ker H.

Recall that R(P(0,1 ), S)(a) is a renormalised version of the functional integral
z

hlo exp = hx,Qxi + £S(x+ a) .
g <2(Im Q%) p /M Q 7 S( )
If we take ato be in Ker H = H (E, Q), then this functional integral is the Wilsonian
effective action in the Batalin-Vilkovisky formalism, obt ained by integrating over a

Lagrangian Im Q®Fin the space ImQ®F Im Q of positive eigenvalues of the Hamil-
tonian H.

11. HOMOTOPIES OF SOLUTIONS OF THE QUANTUM MASTER EQUATION

In the usual nite-dimensional Batalin-Vilkovisky formali  sm [Sch93] AKSZ97], one
reason the quantum master equation is so important is that it implies that the func-
tional integral is independent of the choice of gauge xing co ndition (usually, a La-
grangian or isotropic subspace in the space of elds).

We would like to prove a version of this in the in nite dimensio  nal situation, for
the renormalised quantum master equation. However, things are more delicate in
this situation; the renormalised QME itself depends on the ch oice of a gauge xing
condition. What we will show is that if Q€F(t) is a one-parameter family of gauge
xing conditions, then the set of homotopy classes of solutio ns to the renormalised
QME using Q®F(0) is isomorphic to the corresponding set using Q€F(1). This result
is a corollary of a result about certain simplicial sets of ga uge xing conditions and of
solutions to the renormalised QME.

As | explained earlier, we are xing a renormalisation scheme throughout the paper,
which allows us to identify the set of local functionals S 2 O,(E)[[h]] with the set of
systems of effective actions. Everything we say should be in terms of the effective
action R(P(0,T), S) and not directly in terms of the local functional S. As long as we
stick to this, everything we do will be independent of the cho ice of renormalisation
scheme.

11.1. Families and simplicial sets of gauge xing conditions. Let us denote the n-
simplexby .
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11.1.1 De nition. A family of gauge xing conditions parametrised by’ is a rst order
differential operator

QGFZE Cl(n)! E Cl(n)
which is C (") linear, and which satis es a family version of the axioms fomage xing
condition. Namely,

(1) the operator g=[Q 1,QCF] must be a smooth family of generalised Laplacians in
the sense gBGV92], section 9.5.
(2) there is a direct sum decomposition (df C ") modules)

E C'(™M=Imm(@Q 1) ImQ®" KerHo.

We will normally just write  Q for the operator Q 1onE (™), and similarly
we will write d pgr for 1 dpgr. The operator QCF extends in a unique  ( ")-linear
way to E (™. Let us use the notation

H=[Q+ dpr,Q°F]:E ("' E (M.

It is easy to see thatH is  ( ")-linear. If Hy = [dpgr, Q®F], then H = Hg+ H; and
H, is an order 1 differential operator. Thus, the symbol of H is the same as that ofHg,
and, by assumption, the symbol of Hg is given by a smooth family of metrics on M,
times the identity on the vector bundle E on M. Thus, we can think of H as a smooth
family of generalised Laplacians on E parametrised by the supermanifold " R°".
The results of [BGV92] imply that there exists a unique heat k ernel for H,

Ki2E E (M.

Let us denote by GF[n] the set of families of gauge xing conditions parametrised
by "I NI M is a smooth map (for instance, the inclusion of a face) then there
is an induced map : GF[m] ! GF[n]. In this way, the sets GF[n] form a simplicial
set, which we denote GF.

11.2. Simplicial sets of solutions to the renormalised QME. Let

S2 O(E, ( MIhm

be a family of functionals on E, which, as always, is at least cubic modulo h. As before,
fP2E E ( "), onecandene

(P, S) = hlog (exp(hfp) exp(S=h)) 2 O(E,  ( "IAID.

Let us suppose, as above, that we have a smooth family of gauge xing conditions
QCF parametrised by ". Let H and K; be as above. This allows us to construct the

propagator we use, .

P(",T) = ”T(QGF 1) Kdt.

Thus, one can de ne the family version of the renormalisation group ow, which
sends

f20(E, ( MIhD! (P("T).H)20(E, ( "IAD.
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11.2.1 De nition. A family of systems of effective actions Brmparametrised by the super-
manifold " RO%" s given by an effective action

()2 O(E, ( MR
forall T 2 Rs g, such that
(1) The renormalisation group equation is satis ed,
(T = (P(To, T2), S°M(T1)).

(2) AsT! 0, ST(T) must become local, in the following sense. There must exist som
T-dependent local functional

20(E, (™ c'(o1) C[m
where T is the coordinate ¢0,1 ), such that

; eff —
lim (M) (M) =o.
(The T! Olimit of Sef(T) itself will generally not exist).

Theorems A, B and C apply in this situation. Indeed, theorem A is stated and
proved in this generality in the appendix, and the proofs of t he family version of the-
orems B and C is identical to the proof we gave earlier. Thus, w e can de ne

R(P(0,T),S) = lim (P(".T),S s 20(E, (™ CIh.

This map gives us a bijection between the set of local functionals S2 O;(E, ( ")
CI[[h]]), and the set of families of systems of effective actions parametrised by "
RO This bijection depends on the choice of renormalisation scheme, which we x
throughout the paper.

We say that S satis es the renormalised quantum master equation if

(dor+ Q+h 7)exp(h * R(P(0,T),9) = 0.
This condition, as before, is independent of T.

11.2.2 De nition. De ne a simplicial seBV g by saying thatBV g[n] is the set of triples
(1) Q%F 2 GF[n]
(2) S 2 O(E, ( MIR]]) which is at least cubic module, and which satis es the
renormalised quantum master equation corresponding €.Q

Similarly, de ne a simplicial seBV ; (g q), by sayingBV (g o)[n] is the set of functions
S2 O(H (E,Q)) (' M[[h]] which satisfy the quantum master equation

(dor+ Py (£)e "= 0.

An equivalent (and more natural) de nition of the simplicial setBVg would be to
say that BV g[n] is the set of families of systems of effective actions, parametrised by
N ROM such that the scaleT effective action S¢Tf(T) satis es the scale T QME,

(Q+ dpr+ i 1) (MF= g
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Of course, the choice of renormalisation scheme (which we are xing throughout the
paper) leads to an equivalence between the two de nitions.

11.2.3 Lemma. There is a map
BVe[n]! BVy (g,qln]
of simplicial sets, which sends
S7! R(P(0,1),9) jn (0 -
This extends to a map of simplicial sets
BVe[n]! BVy (g,qln]
in the natural way.

11.3. Fibration property. Let Q®F be a gauge xing condition on E. Let BVEe qor
denote the simplicial set of solutions to the renormalised g uantum master equation
with xed gauge xing condition  QCF. In other words, BV geristhe bre of BV over

the point Q®F 2 GF[0], under the natural map BVg ! GF.

Theset o BVg qer is the set of homotopy classes of solutions to the renormalised
quantum master equation. The fact that the map BVg qger ! BV (g ) is @ map of
simplicial sets tells us that there is an induced map

(y) 0 BVE’QGF ' 0 BVH (E,Q)
We would like to show that the set O(BVE’QGF), and the map @, are in some sense

independent of Q©F.. This will follow from an abstract result.

11.3.1 Theorem. The map
BVeg! GF
is a bration of simplicial sets.

We will prove this later.

11.3.2 Corollary. Let Q®F(t) is a smooth families of gauge xing conditions parametrised by
[0,1]. Then the sets o(BVg qcr(g)): o(BVg qgery)) are canonically isomorphic. Further,
the diagram

—1/ 0 BVE’QGF(]_)

MM

o BV (g0

0 BVE’QGF(O)

commutes.

Proof. This follows immediately from the path and homotopy lifting  properties for
brations of simplicial sets.
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12. ALOCAL OBSTRUCTION TO SOLVING THE RENORMALISED QUANTUM MAST ER
EQUATION

We will prove Theorem 11.3.1]using obstruction theory. In th is section we will con-
struct the required obstructions to solving the renormalis ed QME.

Let us x a smooth family QCF of gauge xing conditions parametrised by  ". Let
S20O(E, ( ") CJh]]) be, as always, at least cubic moduloh. One way to write
the renormalised quantum master equation for Sis the equation

!.i,mo(Q +dpr+ 1) exp(Rfp- 1)) exp(S*=h) = 0.

One can re-express this using the following identity:
(12.0.1) P(",T)+ - S+ QSR+ dprSt =

Alog (1+ Q+ dpr+  1)exp(Afp 1)) exp(ST=h)
where is an odd parameter. This identity is a corollary of the factt hat

[Te¢'m), Q+ dprl= 7

Thus, we have an equivalent expression of the renormalised quantum master equa-
tion; the renormalised QME holds if and only if
D E

. d
(y) !;lmod— P(", T)+ - S+ QSR+ dprS? =o0.
Recall that our choice of renormalisation scheme gives us a subspace
A< 0 A

which is complementary to the subspace A . Let
A og=A, C A.
If we denote by A g the space of functions whose ” ! 0 limit exists and is equal to
zero, we have a direct sum decomposition
A=A Aso

12.0.3 Proposition. 1) Lets2 O(E, (™ C[[h]]) be an even element. Then
there exists a unique odd element

O(S) 2 O(E.A o (" Clh

such that
E

!,ilmodi P(", T)+ -, S+ QSR+ dprSt+ 0O(S)

exists, and has valug
(2) O k)(S) depends only on §, k), and
Ok (Sciky + 1) Si.ky) = ﬁlQS(|,K) + ﬁldDRS(|,K) + Ok (S<(1.k))-

(3) Further, if k> 0, the germ of @(S) at x 2 M depends only on the germ of the data
(E,h,i,Q,QCFfSjk> 0g) nearx M.
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Thus, Ssatis es the renormalised quantum master equation if and onl yif O(S) = 0.

Proof. The proof is very similar to that of theorem B.
Suppose we've constructed O y(S) 2 O(E, (") A o) forall (i,k) < (I,K),
which are independent of T, and which are such that
D E
d
4 <K P(",T)+ S+ QS®+ dprSt+ OL(11(9)

is regular at " = 0 with value 0.
De ne

O k(S T)= projectiononto A ¢ of

d D E

PR P(",T)+ S+ QS+ dprSt+ O (1 (9

The second clause of the proposition is immediate from this d e nition. What remains
to be shown is that O, (S, T) is independent of T, and so (by the same argument as
in the proof of theorem B) local.

It follows from the de nition of O, ky(S, T) that

im = x PCLT)+ A SR+ QSR+ dprSt+ OL(1)(S)+ R' O (S,T)
exists, and this limit is independent of . Thus, the same holds for
i PMTY an PO+ ST+ QST dprs?
+ Oc(1x)(S)+ 1) Ouk)(ST)
Observe that
ax P(TTY, aw PC.T)+ - SR+ QSR+ dprst
+ Oc(i(S)+ R O (ST
= ax PC.TY9+ ., S+ QSR+ dprS®
+ Oc(1x)(9)+ 1) Ouk)(ST)
= ax PC.TY9+ . S+ QSR+ dprS®
+ Oc(1x)(9) + R O k(S T).

As we have seen, the rst line in this expression has an " ! 0 limit which is inde-
pendent of . The same is therefore true for the last line; it follows that O(,,K)(S, T) =

O(1x(S. T9, and s0 O ) (S) = Oy k) (S, T) is local as desired.

We would like to use an inductive, term-by-term method to con struct solutions to
the renormalised QME. The following lemma allows us to do so.
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12.0.4 Lemma.Let S2 O(E, ( ™ CJ[h]]) be a local action functional such that
O<(1,k)(S) = 0. (In other words, S satis es the QME up to ordgr, K)). Then:

)
!,ilmo O(1,k)(S)
exists. This implies that Q )(S) is independent df, and so is an element

Oux(S)20(E, ().

2
(Q+ dpr)O( k) (S) = 0.

Remark:This lemma implies that if S solves the < (I,K) renormalised QME, that is,
O<(1x)(S) = 0, thenlifting Sto a solutiontothe (I, K) renormalised QME amounts
to nding some S°2 O,(E, ( ")), homogeneous of degreeK as a function on E,
with (Q+ dpr)S°= O(1.k)(S). The desired solution of the renormalised QME will

be S+ h'SC
Proof. By de nition,

O@k)(S) = projectiononto A  of
d D E
PR P(",T)+ - S*+ QS+ dprS¥+ OL(1 (9

Equation (12.0.1) says that
P(",T)+ - S*+ QS*+ dprS®
= hlog (1+ Q+ dpr+ 7)exp(Rfp 1)) exp(S*=h)
Since O (; k)(S) = 0, it follows that

Ok (S) = projectiononto A ¢ of
Alog (1+ Q+ dpr+ 1)exp(Rfp 1)) exp(St=h)

It follows thatthe "! Olimitof O x)(S) exists. This implies that O, x)(S) is constant
as a function of ".
The equation O k)(S) = 0 implies that

h'Ok(S) = leading term of
d D E
!'ilmod_ Alog (1+ Q+ dpr+ T 1)exp(Afpe 1)) exp(St=h)
where “leading term” means the rst non-zero term in the expan sion labelled by (i, k),

where the (i, k) term, as always, is R' times a homogeneous function of degree k on E.
We use the lexicographical ordering on the labels (i, k).
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It follows that

RO, k(S)= leading term of
1k(S) g b £

(Q+ dpr+ T 7) !'i!mo exp(Afp(- 1)) exp(S°=h)
so that
R'(Q+ dpr)O1k(S) = leading term of 5
(Q+ dpr+ T T)z!,i!mo exp(Aflp(- 1)) exp(SF=h)
=0

E

as desired.

13. PROOF OF THEOREM

Now we can prove Theorem [1.3.7], that the map BVe ! GFis a bration of sim-
plicial sets.

13.1. Preliminary de nitions.  Sending " to (™ de nes a simplicial algebra,
which we denote . If X is a simplicial set, let  (X) denote the space of maps
X! of simplicial sets. Concretely, an element of  (X) is something which as-
signs to an n-simplex of X an elementof ("), in away compatible with the natural
maps between simplices.

The spaces

OE, (M)

assemble into a simplicial object in the category of chain complexes, which we denote
O/(E, ). Forany simplicial set X, let O;(E, (X)) denote the space of mapsX !
O/(E, ). More concretely, we can view an element of O;(E, (X)) as being an
elementof O|(E, ( ")) for each n-simplex of X, compatible with the natural maps
between simplices.

Earlier we de ned a map

O(E, (") CIhD! O(EA o (") CImh
S7! O(9).
This gives a map of simplicial sets

G (E, CIhI) ! O(E.A o CI[hID).

For each X, we get an obstruction map

O:0(E, (X) CIhD! O(E.A o (X)  CI[hl]).

S2 O(E, (X) CJ[h]]) satis es the renormalised QME if and only if O(S) = 0.
BV is the simplicial set whose n-simplices are elementsS 2 O,(E, ( ")) such
that O(S) = 0.
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13.1.1 De nition. LetBVg ( ky be the simplicial set whose n-simplices are given by pairs

(Q°F,s)
where F are smooth families of gauge xing conditions, and
S20(E, (")

issuchthat § g = 0if (i,k) > (I,K) and O (| (S) = 0.

Similarly, de ne BV < (; k) to be the simplicial set whose n-simplices are pERst, S)
where (FF are as before, and B O|(E, ( ")) issuchthat g, = 0if (i,k)  (I,K)
and O<(|’K)(S) = 0.

Suppose X is equipped with amap X ! GF. Then a lift of this to a map X !
BVe (k) isgivenby S2 O(E, (X)) suchthatS, k)= 0andO (;x(S)= 0. A
similar description holds for mapsto BVg < k)-

The following lemma is an immediate corollary of Lemma 1P2.0. 4.

13.1.2 Lemma. Let f : X !  BVg (k) be a map. Then the obstruction;Q)(X) to
lifting f toamap X! BVg (k) Isindependent of the parametgrand so is an element of
O(E, (X)). Thisis closed,Q + dpr)Oy k)(X) = 0.

Aliftof f toamap X! BVg (k) is given by an element®@ O,(E, (X)), homoge-
neous of degree K as a functionBnwith

(Q+ dpr)S°= O(1,k)(X).

13.2. Completion of proof. Note that BVg (9 is GF. Thus, to prove Theorem
[11.3.3, it suf ces to show that

13.2.1 Proposition. The map

BVE, 1! BVe<(k

is a bration.
Proof. Let " " denote an n-horn, obtained by removing any face from  ". Sup-
pose we have amap " ! BVg (g, and an extension of this to a map " !

BVE <(1.k)- We need to show that there exists amap " ! BVg (k) such that the
diagram

n—IBVE (k)
u--

u
u
u

u
n — IBVE <k

commutes. There is an obstruction
Ok( M20(E, (M.

to the existence of this lift.
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Thereisamap "! BVg (k). The obstruction to the lift of thistoamap !
BVe, (k) isanelement
Ok( M20(E, ().
Because we are given alift "! BVg ( k), we are given an element

Lik(C M20(E, (")

suchthat (Q+ dpr)Lik( ") = Orx( M.
Under the natural map

O, ("M! OE (M)
the restriction of Oy x( ") is O x( ").

The spacesO;(E, ( ")) form a simplicial abelian group. All simplicial groups
are Kan complexes; see[[May92]. This implies that this restriction map is surjective. It
is also a quasi-isomorphism. (This argument was explained t o me by Ezra Getzler).

It follows immediately that there existsan Lix( ") 2 O(E, ( ")) which satis es
(Q+ dpr)Lik( ")= O;k( ™), andwhichrestrictsto L; x( "). The choice of such an
Lik( ") is precisely the choice of aliftof "! BVg (k) toBVg (. The fact that
Lik( ") restrictsto L, x( ") implies that the above diagram commutes.

14. ALOCAL TO GLOBAL PRINCIPLE

14.1. Simplicial presheaves and the Cech complex. Let sSets denote the category of
simplicial sets. Recall that a simplicial presheaf on a topological space is simply a
presheaf of simplicial sets. Let U be an open cover of M, so that U is a topological
space with a surjective openmap U! M which, on every connected component of U,
is an open embedding. Let

U,=U M M U
where U appearsn + 1 times on the right hand side. As usual, we can associate toU a
simplicial space, whose space ofn-simplices is Up.

Every connected component of Uy, is an open subset of X. Let G be a simplicial
presheaf on M, and let
G(Un) = @) G(V).

V a connected component of Uy,
The simplicial sets G(U,) form a cosimplicial simplicial set. In other words, if de-
notes the category of totally ordered nite sets, there is a fu nctor

Gy: | sSets
Gy[n] = G(Un)
where [n] 2 Ob isthe setf0,1,... ng.
Next we will de ne a simplicial set C(U, G) which is the Cech complex for the open

cover U, with coef cientsin  G.
For any simplicial sets X, Y, let us denote by

Hom (X,Y)
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the simplicial set of maps X ! Y, sothat
Hom (X,Y)[n] = Hom (X nY)

Foreachfacemap : , 1! N there are maps

Hom ( ",G(Un))! Hom ( n 1,G(Un))  Hom ( n 1,G(Un 1)).

The rst arrow is simply composition with Id, and the second arrow comes from
the cosimplicial set structure on the simplicial sets G(Up).
Let

cU,G) OHom ( ",G(Upn)
be the sub-simplicial set of those elemnents which are compatible with the face maps.
More precisely, an element f 2 C(U, G)[m] is a sequence of elements
fn 2 Hom( " M G(Un))
foreachn 0, suchthatforeachfacemap : , 1! n
fa=  fn 12 Hom( , 1 m G(Up)).

Note that we do notrequire compatibility with degeneracy maps. The simplicia | set
C(U, G) is a version of the total complex of the cosimplicial simplic ial set de ned by
G(Up) (see [BK72)).

Similarly, let
N
C n(U,G) O Hom ( ",G(Un))
n=0
be the sub-simplicial set of those elements compatible with face maps , 1! n, for

al0 n N. Note that
C(U,G) = lim C n(U,G)
N

The simplicial set C(U, G) is the non-linear Cech complex for the open cover U, with
values in the simplicial presheaf G. As with ordinary Cech cohomology, we will de ne
the simplicial set of derived global sections of G as a limit over all open covers. That
is, let

R (M,G) = colimy C(U, G).

14.1.1 De nition. A simplicial presheaf G iwcally brant if for there exists an open cover
fU;g of M, such that for all i and all open sets W U;, G(W) is a Kan complex (i.e. a brant
simplicial set).

We will now see that our de nition of R (M, G) is well-behaved as long as G is
locally brant.

14.1.2 Lemma. If G is locally brant, then the map
C nU,G)! Cn 1(U,G)

is a bration for suf ciently ne open coverd).
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Proof. We can assume thatG(W) is brant for all open sets W contained inside some
element of the cover U.

Supposewe haveamap "! C y 1(U,G),andamap "! C y(U,QG) liftingthe
composition "I "1 C y 1(U,G). We need to constructalit "! C N(U,G).

Such a liftis given byamap " ! Hom ( n,G(Uy)), in other words, a map

N "1 G(Uy). This map is knownon 1 "andon " Indeed, the
de nition of C N(U, G) implies that for each face y 1! N, this map must restrict
tothegivenmap "! Hom ( N 1,G(Uy 1). On g N this map must restrict
tothegivenmap "! Hom ( n,G(Uy)).

Thus, we are left with nding an extension of a map

(M~ Mag, » v "1 G(Un)
to a map
NP G(UN).
The map
(1T Ndg, » N ooy "
is a co bration and a weak equivalence. Since G(Uy) is brant, the desired extension
exists.

14.1.3 Lemma. Let G, G%be a locally brant simplicial presheaves on M, and letbe a
suf ciently ne open cover of M. Let @ GPbe a map of simplicial presheaves such that the
maps QU,) !  GYU,) are all weak equivalence.
Then the map
C(U,G)! C(u,GY
is a weak equivalence.

Remark:This lemma is standard in the theory of cosimplicial spaces, see [BK72].

Proof. The long exact sequence for the homotopy groups of a brationi mplies that the
maps C n(U,G) ! C n(U,GY are weak equivalences for all N. The result follows
easily from this.

14.1.4 Lemma. Let G, G%be locally brant simplicial presheaves on M. Let!G GPbe a
map of simplicial presheaves such that, for all suf ciently $rapén balls B in M, the map
G(B)! GYB) is a weak equivalence.

Thenthe maR (M,G)! R (M,GY is a weak equivalence.

Proof. Recall that a good covepof M is a cover all of whose iterated intersections are
open balls. Every cover of M has a re nement by a good cover.

If U! M is a sufciently ne good cover, then C(U,G) ! C(U,GY is a weak
equivalence, by the previous lemma.

The colimit over open covers U we usetodene R (M, G) is a Itered colimit. Ho-
motopy groups commute with ltered colimits. It follows imme  diately that the map
R (M,G)! R (M,GY isaweak equivalence.

14.1.5 Corollary. Let G be a simplicial presheaf such that for all suf ciently sroakn balls
Uin M, G (U) is contractible. ThelR (M, G) is contractible.
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Proof. The hypothesis, together with Lemma [4.1.3, implies thatthe mapR (M, G) !
R (M, )is aweak equivalence, where isthe constant simplicial presheaf on M with
value a point. For any open cover Uof M,C(U, )= ,soR (U, )=

14.2. Simplicial presheaf of gauge xing conditions. In order to construct a simpli-
cial presheaf of gauge xing conditions, we need some extra da ta, which is typically
present in applications.

The extra data consists of:

(1) A smooth, locally trivial bre bundle Fover M, whose bres are diffeomorphic
to RX for some k.

(2) Amap D : F! Diff (E) of bre bundles over M.

(3) Iff:U! Fjyisanylocal section, de ned over some open set U in M, then

D(f): (U,E)! (U,E)

must be an odd operator of square zero, which is self adjoint w ith respect to the
symplectic pairing, and which is such that [Q, D(f)] is a generalised Laplacian.
Here . denotes sections with compact support.

(4) If f: M ! Fisaglobal section of F, then D(f) satis es the axioms of a gauge
xing condition: in addition to the properties already menti  oned, this means
that there is a direct sum decomposition

E= (M,E)= ImQ Ker[D(f),Q] Im D(f).

Itis a little ad hodo require the existence of such a bundle F. It would be better to
construct a bundle of local gauge xing conditions directly f rom the data (E, Q, h, i).
However, | couldn't see a clean way of doing this. In all examp les, one is naturally
given an F satisfying these properties.

For example, in Chern-Simons theory, F will be the bundle of metrics on the tangent
bundle of M. This satis es these conditions. Once we x some metric, we can identify
the bre of the bundle of metrics on the tangent bundle is GL(n)=SO(n), which is
diffeomorphic to RN+ 1)=2,

Associated to the bundle F we have a simplicial presheaf F on M, such that

F(U)[n] = smooth sections of Fjy "1u n.
There is a map
(M,F)! GF.
The simplicial presheaf F has the following properties.

14.2.1 Lemma. (1) Fislocally brant.
(2) Both (M,F) andR (M, F) are contractible.
(3) The sheaves of setsl¥ F(U)[n] are soft.

Recall that a soft sheafG is one such that for all closed setsC M, the map G(M) !
G(C) is surjective.

Proof. | will give a proof of the rst statement, that F is locally brant. The other
assertions are straightforward to prove. It suf ces to show t hat for all open subsets
U M onwhich the bundle Fis trivial, the simplicial set F(U) is brant.
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Trivialising F on U gives a diffeomorphism F ju= U RK. Thus, the simplicial
presheaf F is isomorphic to the simplicial presheaf whose n-simplices, on an open set
U, are smooth maps U N1 RK Therefore the simplicial set F(U) admits the struc-
ture of simplicial abelian groups. All simplicial abelian g roups are Kan complexes,
thus F(U) is a Kan complex.

14.3. The sheaf of local functionals. We want to talk about sheaves of solutions to the
renormalised quantum master equation. In order to do this, w e need to rst de ne
sheaves of local functionals. Throughout this section, we w ill work with functions
modulo constants

14.3.1 De nition. LetO(E) denote the presheaf on M whose value on an open set U is

(U,0(E)) = O Hom( (U,E) ",C)s,.
n 1

Here, we work with functions modulo constants, so we take h. Hom denotes continuous
linear maps, the subscript,Qlenotes coinvariants, and the subscript ¢ denotes sectiohs wit
compact support.

Thus,
(M,0(E)) = O(E)=C.
In a similar way, if X is an auxiliary manifold, there is a presheaf O(E,C! (X)) on M,
such that

(U,0(E,C* (X)) = O Hom( o(U,E) ",C* (X))s,.
n 1

Recall that polydifferential operators E " ! Densities(M) can be identi ed with
global sections of the in nite rank vector bundle

Diff (E,C) " Densities(M)

on M. Here C denotes the trivial bundle, Diff is the sheaf of differentia | operators
between two vector bundles, and tensor products are brewise tensor products of
vector bundles.

14.3.2 De nition. LetOQ,(E) O(E) be the sub-presheaf given locally by the image of
R
O (U,Diff(E,C) " Densitiesy) O Hom( (U,E) ",C! (X))s,.
n 1 n 1
Thus,
(M,0(E)) = O(E)=C.

In a similar way, we can de ne the sheaf O,(E,C! (X)) of local functionals with values
in Ct (X),orin  (X),if X is an auxiliary manifold (with corners).

14.3.3 Lemma. The preshedd|(E, (X)) is a soft sheaf.
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14.4. Simplicial presheaf of solutions to the renormalised QME. Proposition 12.0.3
shows that if we have S 2 O(E, ( ") CJ[[h]]), and a smooth family of gauge
xing conditions QCF, parametrised by ", then there are obstructions

O k(S Q%F) 2 O(E,A o ()

to Ssatisfying the renormalised quantum master equation. Thes e obstructions are ho-
mogeneous of order K; thus, if K > 0, they are elements of (M, O,(E,A ¢ «m).
It is easy to see that theO(,,K), when K > 0, don't depend on the constant term of S.
Thus, the obstructions give us maps

Of%": (MO(E, (" CIA) Fn)! (MO(EA o (")

14.4.1 Lemma. For all 1 0, K> 0Oandn 0, there are unique maps of simplicial
presheaves

Ouky:O(E, (™ CIhl) Fnl! O(EA o ()]
such that the diagram

global
i)

(M,O(E, (") C[h]) FIn]) T(M,O(EA o )

(U, O(E, (™ CI[hl]) F[n])OL)(U)’(U,Ol(E,A 0 (GY)))
commutes, for all open sets U M.

Proof. The sheafO,(E, ( ") CJ[h]]) F[n]is soft. This implies that for all open
setsU M, andallsections(S,f) 2 (U,O(E, ( ™ C[[h]]) F[n]),there exists
an open cover of U by sets fV;g, and global sections (S, f;), such that (S, fi) jv,=
(S, ) jvi-

This implies uniqueness. For existence, we need to show that O?I'ﬁga'(si, fi) jv, only
depends on (Sj, fi) j V. This follows from the third clause of Proposition 12.0.3.

1442 Llemma.Let S2 (U,O(E, ( ") C[[h]]) F[n]) be suchthat@,(S) = 0
for all (i,k) < (1,K). Then

(1) O k(9) isindependent df, so itis a section & (E, ( ")).

(2)

(Q+ dpr)O( k) (S) = 0.
(3) 1fs°2 (U,0(E, ( M) is homogeneous of degree K, then
Oy (S+R'SY = 0 )(S)+(Q+ dpr)S°

Proof. The proof is identical to that of Lemma 12.0.4.

14.4.3 De nition. LetBV be the simplicial presheaf on M such thgt, BV [n]) is the set
of

(s.f)2 (U.O(E (" CIh) Fn)
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such that
O(|’K)(S, f)=10
foralll 0,K> 0.
LetBV (; k) be the simplicial presheaf such th@u, BV [n]) is the set

(s,f)2 (U,O(E, (") CIhl) Fn)
such that
(1) Sk = 0if (i,k) > (I,K), where, as usual, §, is the part homogeneous of degree
(i,k) as a function ofh,e2 (U, E)).
(2) Oi(S, ) = 0for(i,k) (I,K).

LetBV < (; k) be the simplicial presheaf such th@u, BV [n]) is the set
(s,f)2 (U,O(E (") CIhl) Fn)
such that
(1) Siw = 0if (i,k)  (1,K).
(2) Oi (S, f) = Ofor(i,k) < (I,K).

14.4.4 Lemma. BVis alocally brant simplicial presheaf.

Proof. It suf ces to show that (U,BV) is a brant simplicial set, for all open subsets
U of M on which the bundle Fis trivial. Since we know (U, F) is brant, it suf ces to
show thatthe map (U,BV)! (U,F)is a bration. The proof is identical to that of
Theorem 11.3.1.

This implies that our de nition of R (M, BV) is well-behaved.

14.4.5 De nition. The operator Q on the sheaf of sections of E is dalledyular if E admits
a decomposition as a direct sum of vector bundles

E= Eo E]_ En
such that the operator Q takes sectionsabEsections of j-E;.

Theorem D. Suppose Q is triangular. Then the natural map
(M,BV)! R (M,BV)
is a weak equivalence.
This theorem | will call the “local to global principle”. Thi s result allows one to
construct global solutions to the quantum master equation f rom local local solutions.

The local solutions will typically be constructed in explic it model cases, like R" with
the at metric, as we will see below for the case of Chern-Simo ns theory.

14.5. Proof of theorem D. There is a simplicial presheaf on M whose presheaf of n-
simplices is

(U,O(E ().
Let us denote this simplicial presheaf by O, (E). Note that

BV O (E) F
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is a sub-simplicial presheaf.
14.5.1 Lemma. Let X be a simplicial set, and letxS: X ! R (M, BV<(,,K)) be a map.
Then there is an obstruction

O(Sx) 2 Hom(X,R (M, 0, (E)))

which is closed(Q + dpr)O(Sx) = 0, and homogeneous of degree K. The simplicial set of
lifts X I R (M,BV (k) is isomorphic to the presheaf of mags:X ! R (M,0, (B),
homogeneous of degree K, satisfying

(Q+ dpr) Sy = O(X).

Proof. Fix an open cover U of M. First, we will prove the corresponding statement for
lifts of maps

Sy : X! C(U,BV<(|’K)).
Such a map is given by maps
S X " (Un,BV(k)

for all n, which are compatible with the face maps ™! "Un! Up form< n.
The obstructions to lifting S§ to BV ( k) are elements

O(Sx,Un) : X " (Un, O (E)).
Naturality of these obstructions implies that they ttogeth erinto an element
O(Sx,U) : X! C(U,O (E)).

There is a bijection between lifts of each S} and ways of making the obstruction
O(Sx,Up) exact. Thus, there is a corresponding bijection between lifts of Sy and
ways of making the total obstruction O(Sx,U) exact. Of course, the mapS%: X !

C(U, O, (E)) making O(Sx, U) exact must be homogeneous of degreeK.
The obstruction O(Sy, U) is natural with respect to restrictions to ner open covers
V. Thus, taking the direct limit, we get an element

O(Sx) = |im O(Sx,U) 2 |im C(U,Q, (E)) = R (M, 0, (E)).
‘U ‘U
Again, naturality of the obstruction implies thatlifts X ! R (M,BF  k)) correspond
to ways of making O(Sx) exact.
14.5.2 Proposition. The map
R (M,BV (|'K)) I R (M,BV<(|’K))
is a bration.

Proof. The proof is exactly the same as that of Proposition 13.2.1, wsing the obstruction
to lifting mapsto R (M,BV.( x)) tomapsto R (M,BV (),

Now we will prove the theorem by induction. The starting poin  tin the induction is
the statement that the map

(M,BV(og)! R (M,BV(q)
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is a weak equivalence. Note that BV o = F. Lemma 14.2.1 implies that the map
(M,F)! R (M,F) is aweak equivalence.
We will assume by induction that the map

(M,BV.k)! R (M,BV.(k)

is a weak equivalence.
Consider the diagram

(M,BV (1) —/R (M,BV ()
R
(M,BV.(1k) —/R (M,BV.( ).

By Proposition 13.2.1, the map is a bration, and we have just seen that R is also
a bration. By induction, the bottom horizontal arrow is a wea k equivalence. By
considering the long exact sequence of homotopy groups of a b ration, it suf ces to
show thatthe bres of and of R are weakly homotopy equivalent.
Thus, x a base point

X02 (M,BV<(|’K))[0]

It remains to show that the map
(x)!' R *(xo)

is a weak equivalence.
There is an obstruction
O k)(x0) 2 (M,0(E))

to lifting xoto (M,BV (k). Thisis a closed element,QOy, ky(Xo) = O.
We can identify  1(xg) with the simplicial set whose n-simplices are elements of

2 (M,Q (B)In]= (M,O(E, (")
which are homogeneous of degree K as functionals on (M, E), and which satisfy
(Q+ dpr) = O ky(xo0).
Similarly, we can identify R (xg) with the simplicial set whose n-simplices are
2R (M,Q (BE))In]
which are homogeneous of degree K and satisfy (Q + dpr) = O ky(Xo)-
14.5.3 Lemma. The natural map of chain complexes
( (M,0(E),Q) ! (R (M,0 (E)[0],Q+ dpr)
is a quasi-isomarphism.
Proof. It suf ces to show that for all open covers U of M, the natural map

( (M,0(E)),Q) ! (C(U,G (E)IA]Q + dpr)

is an isomorphism.
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The triangular nature of the differential Q on E implies that the complex of sheaves
O/(E) on M admits a grading, labelled by non-negative integers, such that Q is of
strictly negative degree. This grading is inherited by all a uxiliary complexes, such as
C(U,0, (E))[0] and (M,O(E)). It follows from a spectral sequence argument that it
suf ces to show that the map of complexes

( (M,0(E)),0) ! (C(U,0 (E)LO], dor)

is a quasi-isomorphism, where the complex on the left hand si de now has zero differ-
ential.
The complex C(U, O, (E))[0], with the differential d pr, is quasi-isomorphic to the

ordinary Cech complex with coef cients in sheaf O;(E) (with zero differential). This
sheaf is soft. Thus, its Cech cohomology is the same as its global sections, which is the
statement that the map above is a quasi-isomorphism.

14.5.4 Corollary.  1(xg) is empty if and only iR 1(xg) is empty.

Proof. Indeed,  1(xo) is empty if and only if the cohomology class

[ 12H ((M,0(E),Q)

is non-zero, and similarly for R 1(xg).

Let us use the temporary notation O, c(E)  O,(E) for the sub-sheaf of functionals
which are homogeneous of degree K. Also let O, ((E) O, (E) be the sub-simplicial
presheaf of O, (E) consisting of those functionals which are homogeneous of de gree
K. Thus, a section of the presheaf ofn-simplices of O, \ (E) is given by an element of

(U, Ok(E, (™)) O «(E) is asimplicial presheaf of Z=2-graded complexes, with
differential Q + dpg.

Let us suppose that  1(xq) is non-empty. (Otherwise, we are done, as R 1(xo)
will also be empty). Then by picking a base point in Y(xo), we canidentify  1(xq)
with the simplicial setwhose n-simplices are closed, even elements of (M, O, \ (E))[n].
Let us denote this simplicial setby (M, O,  (E))closeeven

By taking the corresponding base pointin R %(xg), we canidentify R %(xg) with
the simplicial set whose n-simplices are closed even elements ofR (M, O, \ (E))[n].
Let us denote this simplicial setby R (M, O, (E))closeceven

Thus, to complete the proof of the theorem, it suf ces to showt hat the map

(|\/| ’ OI,K(E)) closecbven! R (|\/| ’ OI,K(E)) closeceven

is a weak equivalence. This will follow from the following le mma, combined with
Lemma 14.5.3.
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14.5.5 Lemma. The homotopy groups of the simplicial set¥!, O, , (E)) €'°s¢®¥enandR (M, O, , (E)) closeceven
are given by

n (M, 0 ((E))close®ven = Hin( (M, 0x), Q)
n R (M,0 ((E))close®ven = HiN(R (M,0 )[0],Q + dpR).

On the right hand side we are usiré=2-graded cohomology groups. These equations are true
foralln O.

This is just a Z=2-graded version of the Dold-Kan correspondence.

Proof. The n-simplices of (M, O, \(E))¢°s*®venare closed and even elements of the
complex (") (M, O, k(E)), where we are using a completed tensor product.
Similarly, the n-simplices of R (M, O, , (E)) closedevengre given by closed even elements
of (" R (M,O(I’K))[O], where we are using, again, an appropriate completed
tensor product.

Let (V,dy) be one of these two Z=2-graded complexes, so

(
( (M,0k(E), Q)
(R (M,O(LK))[O],Q"' dDR)

LetV be the simplicial setwhose n-simplices are closed even elements ofV (m,
where we use an appropriate completed tensor product. We nee d to calculate the ho-
motopy groups of V .

As V is a Kan complex, we can calculate these homotopy groups as homotopy
classes of maps from spheres toV . Let us take 0 as a base pointinV . Let S" be a
simplicial set representing the n sphere, and let p 2 S" be a base point. A base point
preservingmap f :S"! V s given by an even element

1¢2V (S", p).

(V1 dV) =

which is closed, (dy + dpr)! = 0.
Thus, ! ¢ gives a class

[ 12 HO(V (S",p)) = HIN(V).

(Here we are using Z=2-graded cohomology groups).

We need to show that if the map f : S"! V changes by a homotopy, then the
class[! ¢] remains unchanged, and conversely, if we change ! ¢ to something coho-
mologous, then the corresponding map S"! V changes by a homotopy.

If f,g:S"! V arebase point preserving maps, a base point preserving homotopy

between them is given by an element 2 V (S" [0,1,p [0,1]), whichiseven
and closed, and which restrictsto !  and ! gat 0 and 1.
Since

H (Vv (" [0,1,p [0,1)= HiN(V)
the existence of such a homotopy implies that [! ] =[! ¢].



66 KEVIN COSTELLO

Conversely, suppose 2 V (S", p) is an odd element such that
(dy+dpr) =1!¢ !g
Then if we let
=li+t(lyg )+ dt2V (S" [0,1,p [0, 1)

then is an even element satisfying (dy + dpr) = 0, so de nes a homotopy be-
tween f and g.

This completes the proof of theorem D.

15. LOCAL COMPUTATIONS IN CHERN-SIMONS THEORY

We will apply the theory developed in the previous sectionto construct a canonical
up to homotopy solution of the renormalised quantum master e quation in the case of
Chern-Simons theory.

In this section, therefore, let M be a manifold of dimension

dmM=n 2.

Let g be a locally trivial sheaf of Lie algebras # over C on M, with a non-degenerate
invariant symmetric pairing of the opposite parity to n, with values in the constant
sheafC.

Let

E= (M, 9I1]

Let E denote the corresponding vector bundle on M,so (M,E) = E. Let Scs2 O,(E)
denote the Chern-Simons action.

15.0.6 Theorem. There is a canonical, up to a contractible choice, element

S2 O(E, C[[h])=C[[h]]

which solves the renormalised quantum master equation roamristants, and is of the form

S= Scs+ hsV + R2S +

The proof was sketched in the introduction; the idea is to sho w that locally, in a at
metric, Scs satis es the renormalised QME. These local solutions together will give a
global solution in a curved metric.

“We could also use L1 algebras, and the construction works in more or less the same way.
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15.1. Simplicial presheaves of metrics. The bundle on M playing the role of F in
section 14 is the bundle Met ! M, whose bres are metrics on the tangent space of
M. Asin section 14, we have a simplicial presheaf associated b Met, de ned by saying
(U, Met[d]) is the set of smooth family of metrics on U parametrised by 9.
Let FMet  Met be the sub-simplicial presheaf given by families of at metr ics on
u.

15.1.1 Lemma. If U is a ball in M, then (U, FMet) is contractible.

Proof. Pick an isomorphism between U and fx 2 R" j kxk < 1g. The standard at
metric on the ball in R" gives a metric on U, which we call ¢°.

Let x4, ...,Xn denote our coordinates on U. If gis a smooth family of at metrics on
U, parametrised by 9, then, in these coordinates, we can write g as

a gj(x, )dx dx;.
1i,jn
Here gij(x, ) is smooth in the variables, and smooth in the x variables. To show
that the simplicial set of such g is contractible, it suf ces to construct a simplicial map

(U,FMet) 1! (U,FMet),

which is a simplicial homotopy between the identityon (U, FMet) and the projection
onto the at metric g° = &dx; dx;. A d-simplexin (U,FMet) 1 Is of course a
d-simplex in (U,FMet) and a d-simplex on ;. A d-simplexin i is given by a non-
decreasing map of setsf0,1,...,dg ! f 0, 1g. Such ad-simplex yields an af ne linear
map 9! 4.

Let A (U, FMet) denote the simplicial set of constant metrics, i.e. those for
which g;;(x, ) isindependentof x 2 U. Of course, this is just the simplicial set whose
0-simplices are positive-de nite inner products on the vect or space R", and whose
d-simplices are smooth families of such.

First we construct a deformation retraction of (U, FMet) onto A. This is given by
amap : (U,FMet) 1! (U,FMet), de ned as follows. Suppose we have a d-
simplexin (U, FMet) 1, correspondingto g 2 (U, FMet)[d] and an af ne linear
mapp: 9! 1. If, as above,g = & g;;(x, )dx; dxj,wedene (g,p) by

(0.p)= & gj(p( )x, )dx; dx;.

is easily seen to give the required homotopy; when we restrict to (U, FMet)
fig (U, FMet) 1, isthe identity, and when we restrictto (U,FMet) f 0g,

is a projection onto A.

Next we need to show that the simplicial set A is contractible. Note that the space
of positive-de nite inner products on R" is GL(n,R)=0(n.R). A simplex in Ais a
continuous map 9! GL(n,R)=0(n,R), which is smooth on the top simplices of
some barycentric subdivision of d Thus, to show A is contractible, it suf ces to
construct a smooth homotopy equivalence between GL (n,R)=0(n,R) and a point.
This is easy to do using (for instance) the Gram-Schmidt proc edure.
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The simplicial presheaf FMet is not necessarily locally brant. Thus, our de nition
of R is not well-behaved when applied to FMet. Therefore, we will instead consider
R applied to a modi cation of FMet.

Let Ex! denote Kan's brant replacement functor for simplicial sets. If X is a sim-
plicial set, then Ex! (X) is a brant simplicial set equipped with amap to X which is
a weak equivalence. De ne Ex! FMet by saying that

(U,Ext* FMet) = Ex! (U,FMet).

Since EX FMet is locally brant, R (M, Ex' FMet) is well-behaved. This is the cor-
rect version of derived global sections of FMet.

15.1.2 Corollary. R (M, Ex* FMet) is contractible.

This is immediate from Corollary 14.1.5 and Lemma 15.1.1.

We apply our local to global principle as follows. We would li ke to construct a
homotopy point of (M,BV). Any map FMet | BV of simplicial presheaves would
yield such a homotopy point; indeed, such a map induces a map

R (M,Ex* FMet)! R (M,Ex! BV).

We know that R (M, Ex! FMet) is contractible. Also, (M, BV) is weakly equivalent
to R (M,BV), and therefore to R (M, Ext BF). Thus, a map FMet ! BV yields a
point (up to contractible choice) of (M,BV).

15.1.3 Theorem. LetU M be an open subset, and let
g2 (U,FMet[d])

be a smooth family of at metrics on U parametrised by the dema 9. Then the usual
Chern-Simons action & satis es the renormalised quantum master equation on U, and s
de nes an element

Scs2 (U,BVI[d]).

This theorem gives a map
FMet ! BV

of simplicial presheaves. Thus, once we have proved this result, we will have proved
Theorem 15.0.6.

15.2. Proof of Theorem 15.1.3. We want to show that, locally in a at metric, all the
obstructions O, ky(Scs) vanish, for I 0,K > 0.

Since everything is local, it suf ces to work with small open s etsU in M, with a
smooth family of at metrics parametrised by 9.

Let us trivialise our at bundle of Lie algebras g on U. The space of elds is the

( 9-module

(V) (%9 g
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with the differential d BR + dDdR, and the gauge xing conditiond . The operator d
depends on the coordinates in 9. The Hamiltonian H is

d
H=[dpg+ dpg.d 1.

Recall that n = dim M. Let us give R" the standard at metric. It is easy to check
that one can nd an open subset V R" d and an isomorphism U a1 v,
such that the diagram

commutes, and which is compatible with the metrics along the bres of the projection
mapsto 9.
The isomorphism chosen above gives an isomorphism

(V) (9 g= )

of differential graded ( 9-modules. The differential on both sides is simply the
de Rham differential on U d or on V. Because the metric along the bres of the
map U d1  dcorresponds to that along the bres ofthe map V ! 9, this
isomorphism also takes the operator d on the left hand side to the corresponding one
on the right hand side.

The propagator is constructed from the de Rham differential on U d and the
operator d . Thus, it suf ces to show that the obstructions O, ky(Scs) vanish when

we work with V instead of U d. Since the obstruction is local, it suf ces to work in
R d

We have reduced to the case ofR" with the constant family of at metrics. Thus, it
suf ces to show the following.

15.2.1 Theorem. Let S5 be the usual Chern-Simons action BRA with the at metric. Then

(1) There are no counter-terms.
(2) Scssatis es the renormalised quantum master equation.

This result implies, in particular, that the construction i s independent of the choice
of renormalisation scheme. The choice of renormalisation scheme is only involved
in constructing the bijection between the set of local funct ionals S 2 O,(E, C[[h]])
and the set of systems of effective actions satisfying the renormalisation group equa-
tion. However, because there are no counter-terms, the system of effective actions
f (P(0,T), Scs)g associated to the Chern-Simons action Scg is independent of the
choice of renormalisation scheme.

The proof of this theorem will follow closely the results of Ko ntsevich [Kon94,
KonO03]. In particular, we make use of the compacti cations of ¢ on guration spaces
used in these papers, and we rely on a certain vanishing theorem proved by Kontse-
vich in [Kon94]when n 3, and in [Kon03] when n = 2.



70 KEVIN COSTELLO

Let Conf,(R") denote the space ofm distinct ordered pointsin R". There is a partial
compacti cation Conf,(R") of Confy(R") with the following properties.

(1) Confy(R") is the real blow-up along the diagonal of R" R".
(2) Conf,(R") admits a proper map to R"™ such that the diagram

Confm(R") ——/Confm(R")

an
commutes.
Foranyi,jwithl i,] mandi & |,thereis a projection map
3) C with . di 6 i therei o
ij:Confp(R") ! R

given by forgetting all factors except i and j. This map lifts to Conf,(R").

The partial compacti cation we use was constructed in [Kon94, Kon03]. This is the
real version of the Fulton-MacPherson compacti cation of con guration spaces of al-
gebraic varieties [FM94].
Let
E= (R") 1]

be the space of elds, and let
Ec= (R") ofl]
be the space of compactly supported elds.

Let z
T
P(",T) = d Kidt2 E E.
15.2.2 Lemma. Up to an overall constant, |
z kx yk2=4” _ .
P(",T) = u"=2 le Udu Volg 1 g
kx yk?=4T
where
1)

: Confy(R") 1 S 1
is the projection
(x,y) ! (x y)=kx yk.
(2) Volg 1 is the standard volume form or'St, given by the formula

n .
Volg 1= kzk "§ ( 1)'zdzy &z dz,.
i=1
3
29 ¢
is the tensor dual to the pairing am
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Proof. The proof is an explicit calculation. The sign conventions w e are using imply
that the heat kernel is
Ke= Ct "2e K Y=g (x,  y) A A d(xe Yn) g

where C is a certain normalising constant. It follows that

— 2_ n .
d K= Ck M2 le ROWKEG ()i y)d(xa y1)  d(ki i)
i=1
d(xn Yyn) g
where CPis a constant. Now,
Z7 Z kx yiP=4r

— 2_ —
t n=2 1e kx yk —4tdt - CO(kX yk n un—2 1e udu
' kx yk2=4T

for some constant C% This follows from the change of variables u = kx yk2 =4t.

15.2.3 Corollary. The form K0,T) 2 (Confy(R") g 2 extends to a smooth form in
(Confa(R") g 2

Proof. The map : Confy(R") ! S" !extendstoamap Conf,(R") ! S" 1 which
implies that the form Vol & 1 extends to a smooth form on Conf,(R"). It remains to

.. R 2gn
showthatthe " ! Olimitof ¢ YK=
kx yk“=4T

Note that this " ! 0 limit is the incomplete gamma function
Z,

u"=2 e Uduis asmooth function on Conf,(R").

u"2 le Ydu= (n=2,kx yk*=4T).
kx yk?=4T

The function t ! (n=2,t2) is smooth, and the function kx yk : Confo(R") ! Ris
smooth, which implies that  (n=2,kx  yk?=4T) is smooth.
15.2.4 Lemma. The differential of PO, T) on Conf,(R") is K.

Proof. If we think of P(0,T) as a de Rham currentonR" R", we know its differential
is the delta current on the diagonal, minus Ky. Since P(0,T) is a smooth form on

Conf,y(R"), its differential must be smooth, and is determined by its re striction to
Confy(R"), whereitis equalto K.

As before, we can attempt to de ne

(P(", T), Scs)

as an element of O(E., C[[h]]), the space of functionals on the compactly supported
elds. Itis not completely obvious that this is well de ned. Ho  wever,

15.2.5 Proposition. Fix0< T< 1 andi 0,k> 0. Then ((P(",T), Scs) is a well-

de ned continuous linear functiondt, ¥ ! C. Further, the limitlim «, Gl (P(", T), Scs)
exists.

This proposition implies that all the counter-terms vanish .
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Proof. Let 2 E, X. Standard Feynman graph techniques allow one to write

io(PCT).Se)( )= & ——w (T, )

Aut( )
where the sum is over connected trivalent graphs , whose rst Betti numberis i, with
k external edges. The weightw attached to each graph is a certain integral; we will
show that these integrals converge absolutely, even when we set” = 0.

Let be such a trivalent graph, and let V( ), E( ) denote the sets of vertices and
edges of . Vertices are all trivalent; the end points of the external e dges are not con-
sidered vertices. Also, the external edges are not elementsof E( ).

We will de ne a differential form ! (", T, ) on the spaceConfy ,(R"). I'l ignore
signs, as we only want to show convergence. (Technically, the form ! is associated
to a trivalent graph with a certain orientation).

Only graphs with no loops (i.e. edges joining a vertex to itse If) appear in the sum.
The weights of graphs with loops vanish, because the propagator P(",T) (which is
formon R" R")is zero when restricted to the diagonal.

For each edgee2 E( ), let

e: Confy(y(R") ! Conf,(R")

be the projection correspond to the two vertices attached to e
Let
: Confy(y(R") | R"™
be the projection corresponding to the k vertices of which are attached to external

edges.
The form attached to the graph is

(T )= wav) T "Nee() eP("T)
Let me explain this notation. The expression inside the bracket is an element
Neoe() eP(".T)2  (Confy(y(R") g HO),

where H( ) is the set of half-edges (or germs of edges) of . Half-edges include exter-
nal edges. LetH(v) denote the set of 3 half-edges at a vertexv. For eachv, there is a
trace map
Trg:g "MW1 C
de ned by hX,[Y,Z]i. Thus,
vv()Trd:g HOr ¢
so that
I (T, )2 (Confy()(R").

The weight attached to  is
4

w (", T, )= — roeT, ).
onv()
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We have to show that this integral converges absolutely, for all * Oandall0< T <
1.

The problems that could occur would be if some of the points in the con guration
space wentto 1l . However, we are putting a compactly supported form at the ve rtices
which are attached to external edges, and (sincek > 0) there is at least one such vertex.
If the two points in  R" attached to the end points of an edge ebecome very far apart,
then .P(",T) decays exponentially. If the pointin R" attached to one of the vertices
goes to 1 , and another point is constrained to lie in a compact set because of the
compactly supported form, then we must have an edge e whose end points are far
apart. Thus, if any of the points in R" attached to vertices tend to 1 , the integrand
decays exponentially. This implies that the integral conve rges absolutely.

This proposition implies that

(P(0,T), Scs) 2 O(E, C[[h]])=C[[h]]

is well-de ned. Note that we are working modulo the ring of con  stants.
To prove our result, it remains to show that the appropriate g uantum master equa-
tion is satis ed.

15.2.6 Proposition.
(dpor+ h 1) exp( (P(0,T),Scg)=h) = 0

modulo constants.

Proof. We can re-express the quantum master equation as

dpr (P(0,T),Scs) + f (P(0,T),Scs), (P(0,T),Scs)gr + h 1 (P(0,T),Scs) = 0

where f g7 is a certain bracket on the space of functionals. Up to sign, if f,g2 O(E)
are functionals,and Kt = & ©  9then

o Tf 1
ff.gor=a Wﬂ—goo

Working modulo constants amounts to ignoring the terms  h 1 (; »(P(0,T), Scs) for
any i, and f (ill)(P(O,T), Scs), (J’l)(P(O,T), SCS)gT for any i, ]

In the proof of Proposition 15.2.5 we showed how to express (; y(P(0,T), Scs)( )
as a sum over trivalent graphs, with k external edges, and rst Betti number i. The
weight attached to each trivalent graph  is

0 1
z A

w (0T, )= Ly TH@ <P(0,T)A
Confv() eZE( )

Here 2 E, ¥is the input, which we put at the external edges.
By de nition,

dpr (i (P(0,T), Scs)( ) = (iw(P(0,T),Scs)(dpr )-
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Stokes' theorem implies that

0 1
Z A
w (0,T,dpr )= _ vv()Tri@ ¢P(0, T)A
ﬂConfv( ) eZE( )
Z A !
o
ta N v2V( )Tl’g A e(KT) eP(O1T)
eZE( ) Confv( ) eﬁﬁe
In the second line, we are using the fact thatd pgrP(0,T) =  Kj.
The terms in the sum |
Z A :
é N v2V( )TY% A e(KT) eP(OaT)
eZE( ) Confv( ) e(se

where eis a separating edge cancel with terms in the graphical expansion of

f (P(0,T),Scs), (P(0,T), Scs)gr-
The terms where eis a non-separating edge cancel with terms in the graphical e xpan-
sionofh 1 (P(0,T), Scs).
Thus, it remains to show that 0 1
z A
vv() T @ P(0O,T)A = 0.
e2E( )
This has been proved by Kontsevich in [Kon94] when n 3, and in [Kon03] when n =
2. Indeed, lemma 2.1 of [Kon94] implies that when n 3, the only boundary strata of
Confy, y which could contribute are those where precisely two points collide. The rst
lemma in section 6 of [Kon03] proves the same statement when n = 2. The boundary
strata where only two points collide are taken care of by the J acobi identity.

o

ﬂCOnfv( )

APPENDIX
This appendix contains the proof of a generalised version of theorem A.

15.3. Statement of results. Let E be a super vector bundle on a compact manifold M,
whose space of global sections is denoted byE. As always, suppose E has an odd
symplectic structure. Let

Ho:E CY( 9! E cCr( 9
be a smooth family of generalised Laplacians, parametrised by . Thus, Hg is a

C! (9 linear map, which is an order two differential operator with  respect to M.
The symbol of Hy is a section

(Ho): (T M 9 EndE).

The statement that Hg is a family of generalised Laplacians says that (Hg) is a smooth
family of metricson T M, parametrised by 9, times the identity in End E.
Let

d

H.:E (H! E (9
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beaneven ( 9) linear map, which is a rst order differential operator withr  espect
to M. Then
H= Hg+ H;
is a smooth family of generalised Laplacians parametrised b y the super-manifold
ROd,
The results of [BGV92], appendix to chapter 9, imply that the re is a unigue heat
kernel

d

Ki2E E (9
for the operator H.
Let
D:E (H! E (9
beanyodd ( 9 linear differential operator, commuting with H.

As before, let
z

HZU:’RD DKdt2 E E (9

be the propagator.

15.3.1 Theorem. Let
S20(E, (9 A CIh
be a function which, moduly, is at least cubic. More explicitly, S has a Taylor series esipan
S= 4 Sk i)
ik 0

where $i 1 E ! (9 is alocal functional, homogeneous of degree k, apfl') 2 A .

Then we can form

(P T).9)= a R ixP("T),9)
i 0k O

as before.

(1) There exist functions,f2 A and ;2 O(E, ( 9 <C!(0,1)),forr2 Z o,
such that there is a smallasymptotic expansion
(P, T),S)(9 " & fr(") «(&T)

foralle2 E.
(2) Each (e T) has a small T asymptotic expansion

o

(eT)" a rs(8gs(T)
where the functions s are local functionals of e, that is,

rs 2 O|(E, ( d))
The g(T) are certain smooth functions of 2 (0,1 ).

(3) We can view the coef cients, s as linear map& * ! (9. Thus, we can speak
of the germ of | s near a point x. This germ only depends on the germ of the apsrat
H,D, S near x
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Remark:At one stage in the paper, we need a slight generalisation of t his result, which
involves a propagator K- where is an odd parameter of square zero. The proof
given below incorporates this case also.

RemarkRecall that A C! ((0,1)) is the sub-algebra spanned over C by functions

of " of the form 5

F(tq,...,th)¥?
f(" = dt dt
) u (o G(ty, ... th) 12 ! n
and functions of the form
Z — 1=2
f(") - F(tlv LRI .tn ) dtl dtn 1

u n tG(ty,...,th = ")172
where

1) FG2 Z g[ty,...,tn] nT0Og; n can take on any value.
(2) the region of integration U is an open subset cut out by nitely many equations
of the form t! > t;, for | 2 Z.

Let me explain more precisely what | mean by small " asymptotic expansion. Let

k K " be the C' norm on the space  ( 9), so thatk! K, "is the supremum over 9 of
the sum of all order | derivatives of ! .

Let us consider ;(P(",T),S) as alinear mapE X! (9 cCl(fo< "< Tg).
The precise statement is that for all R,1 2 Z ¢ and compact subsetsKk (0,1 ), there
existsm2 Z g such that

d

R
sup ix(P(",T),9( ) & f(") «(T, ) <"®Ik k,
T2K % |

for all T suf ciently small. Here k k., denotes the C™ norm on the space E K,
The small T asymptotic expansion in part (2) has a similar de nition.

15.4. Expressions in terms of integrals attached to graphs. Standard Feynman graph
techniques allow one to represent each ; (P(",T), S) as a nite sum

L W)

(P T),9( )= & AT

where 2 E K and the sum is over certain graphs . The graphs that appear in
the sum are connected graphs, with k legs (or external lines). Each vertex is assigned
adegree inZ o, corresponding to the power of h attached to the vertex. Degree zero
vertices are at least trivalent, and the sum of the degrees of the vertices, plus the rst
Betti number of the graph, must be equal to i. There are a nite number of such graphs.
To each graph is attached a certain integral, whose value isw ( ).

| won't describe in detail the formula for the particular gra ph integrals appearing
in the expansion of (;,n(P(",T),S). Instead, | will describe a very general class of
graph integrals, which include those appearing in the sum ab ove. The theorem will
be proved for this general class of graph integrals.
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15.5. Asymptotics of graph integrals.

15.5.1 De nition. A labelled graph is a connected graphwith some number of legs (or
external edges).

For each vertex v of, let H(v) denote the set of half edges (or germs of edges) emanating
from v; a leg attached at v counts as a half edge.

Also, has an ordering on the sets of vertices, edges, legs and at tidalf edges attached
to each vertex.

Each vertex v of is labelled by an element

S, 2 PolyDiff (E "), Dens(M)) (9.

S, is a smooth family of polydifferential operators pararsettiby 9. Let O(v) denote the
order of S.

Let L( ) denote the setof legsof . Fix 2 E Y) and x te 2 (0,1 ) for each
e2 E( ). De ne afunction f (te, ) as follows.

Let H( ) denote the set of half edges of , soH( ) = [ \2v( yH(Vv). By putting K,
at each edge of ,and atthe legs, we get an element

o) K 2 E HO),
On the other hand, the polydifferential operators S, at the vertices de ne a map

Z R

MVO) S/ :E "O)1 Dens(m) VO) (OO

Let 7

f(te )= o) S o) Kie 2 ( 9.

The graph integrals w which appear in the expansion of ;(P(",T), S) can be re-
alised as nite sums of functions of the form

f (te, 18\/)
for certain local functionals S,. Terms in the sum can be multiplied by elements of A .

15.5.2 Theorem. The integral .

F ( ,T, ) = tez("’T)E( y f (te, ) O dte

has an asymptotic expansion‘as 0 of the form

FO,T) A () «(T)
where f 2 A, and the | are continuous linear maps

E 001 ct(o,1)) (9

where T is the coordinate ¢0,1 ).
Further, each (T, ) has a small T asymptotic expansion
Z

(T )" & o) L, o)
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where
.k 2 PolyDiff (E “(), Densities(M)) (9.
and g are smooth functions of Z (0,1 ).

The phrase “asymptotic expansion” is to be interpreted in th e same sense as before.

Remark:There is a variant of this result, which incorporates a propa gator of the form
P(",T)+ K-, where isan odd parameter of square zero. In this case, the graphs we
use may have one special edge, on which we put K- instead of K;,. Thus, instead of
integrating over the parameter t. for this edge, we specialise to ".

15.6. Asymptotics of heat kernels. The proof is based on the asymptotic expansion
of the heat kernels of generalised Laplacians, proved in [BGV92]. The operator

H:E (91 E (9

is a smooth family of generalised Laplacians parametrised by the supermanifold with
corners 9 RO4. A generalised Laplacian on the vector bundle E on M (whose global
sections isE) is speci ed by a metric on M, a connection on E and a potential F 2

(M, End(E)). A smooth family of generalised Laplacians is a family where this data
varies smoothly; this is equivalent to saying that the opera tor varies smoothly. We
are dealing with a smooth family parametrised by the super-m anifold ¢ R?4. The
metric on M will be independent of the odd coordinates R%9, but the parameters for
the connection and the potential will both involve Grassman n variables. (I'm very
grateful to Ezra Getzler for explaining this point of viewto me.)

Let x 2 M. LetU M d denote the open subset of points (y, ) where

d (x,y) < ". Normal coordinates on U gives an isomorphism

U= 8" d

where B" is the ball of radius "in R", and n = dim M.
Thus, we get an isomorphism

ct(u R%=c!@U) Cldty,...,dtg = C* (B (9
of ( 9) algebras.
The vector bundle E becomes a vector bundle (still called E) on B", and we nd
(U,E) C[dty,...,dtg] = (B",E) (9.
The following is a variant of a result proved in [BGV92], foll owing [MP49, BGM71,
MS67].

15.6.1 Theorem. There exists a small t asymptotic expansion pfMich, in these coordi-
nates, is of the form
K,' t dimM=2g kx yk®=t é_ ti :
i 0
where xy denote coordinates on the two copies'hfadd

i2 (B"E) (B"E) (9.
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If we denote
N
. _ 2 .
KtN =t dimM=24 kx yk“=t é tl i
i=0
thenforalll2 Z ¢
K KN — O tN dim M=2 | .
¢ K& =0 )

Herek k, denotes the Ghorm on the space’((B") C! (B") (9.

This precise statement is not proved in [BGV92], as they do not use Grassmann
parameters. But, as Ezra Getzler explained to me, the proof in [BGV92] goes through
mutatis mutandis

15.7. Proof of Theorem 15.5.2. In this proof, | will often avoid mention of the param-

eter space 9 RO99. Thus, if f is some expression which depends on this parameter

space, | will often abuse notation and write jfj for the C' norm of f as a function of the
d RO variables, for somel.

Let us enumerate the edges of asey,...,&. Lett; = tg, and let us consider the
region where t; > t, > > ty. (Of course we have to consider all orderings of the
edges of ).

For a function | : E( ) = f1,...kg! Z o, letjlj = &I(i). Lett' = C)til(i).
Similarly, if n2 Z, lett" = Ot
Let

o()= & o).
v2V( )

ForR> 1let
Art (0, T)EC)

be the region where tR < t; for all i, j. This means that the t; are all of a similar size.

15.7.1 Proposition. Forallr 0, there exist

1) K,G 2 Z g[ty,... tynfOgforl i c,

(2) polydifferential operators

i 2 PolyDiff (E “(), Dens(M)) (9
forl i ¢,

such that
g F(ty,... 12 z
i—1Gi(ty, ... .42 ™

for all fty,...,t,g 2 Art with t; > t, > > t, and t; sufciently small. In this
expression, () is the Euler characteristic of the graph.

f(te,... 1) i( ) K Kq (ydim M=2+o( )EC )+ 1) t

Proof. As above, let

KN(x,y) = t GmM=2 (x yye kx K=t 8 i (x y)
i=0
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be the approximation to the heat kernel to order tN. This expression is written in
normal coordinates near the diagonal in M?2. The ;(x,y) are sections ofE E de ned
near the diagonal on M?. (x,y) is a cut-off function, which is 1 when kx yk < "
and O when kx yk > 2",

We have the bound

Ki(xy)  Ki(xy) = O(t" dim M=2 1y,

The rst step is to replace each K, by Kt'?' on each edge of the graph. Thus, let

fN(ti, ) be the function constructed like f (t;, ) exceptusing K{' in place of K.

Each time we replace Ky, by Kt'?', we get a contribution of tiN OC) dmM=2 trom the

edgeeg, timesthe O( ) norm of the contribution of the remaining edges, times k ko( )

The O( ) norm of the contribution of the remaining edges is Ojg t, o() dimM=2

We are thus left with the bound
f(t, ) N, ) < ct O0) dmM=2pie k-

where C is a constant. (Recall our notation : t" denotes O t[').
In particular, if the t; are in Agr 1, we nd that

if tj 2 Agr T and t; are all suf ciently small.

Next, we construct a small t; asymptotic expansion of fN(t;, ). Recall that fN(t;, )
is de ned as an integral over a small neighbourhood of the smal | diagonal in MV( ).
Let

n=dm M.
By using a partition of unity we can consider fN(t;, ) as an integral over a small
neighbourhood of zero in R"V( ). This allows us to express fN(t;, ) asa nite sum of
integrals over R"( ) of the following form.

For each vertexv of , we have a coordinate map x, : RWV()i 1 R" Fixany "> 0,
andlet :[0,1)! [O,1] beasmooth functionwith (x) = 1lifx< ",and (x)= 0

if x> 2". Letus de ne a cut-off function ~ on R"V( ) by the formula

0 1
2

= (A% ) @8 xeo V()i * & x A.
ve2v( ) v2V( )

Thus, is zero unless all points x, are near their centre of massjV( )j *& x,, and
is zero when this centre of mass is too far from the origin.
Foreachl i Kk let Q; be the quadratic for on RMV( )i de ned by
(

Qi(x) = 0 if the edge g is aloop, i.e. is attached to only one vertex
! Kxy, Xy, K® if V1, Vo are the vertices attached to the edgeg
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We can write fN as a nite sum of integrals of the form
VA
e éQi:ti é tl dim M=2 O( )

WO IkTkx -
R 1K

In this expression,
The sumisover | : E( ) ! Z o, withall I(e N+ O( )+ 1, and multi-
indicesK:V( ) f 1,...,ng! Z o, with & K(v,i) O( ). The notation Yk x
denotes
Tkx = @) %
v2V( )1 i nﬂXV’i '

In this notation, we are pretending (by trivialising the vec tor bundle E on
some small open sets inM) that is a function on R"V( ),
The | k are smooth functions on R™V (),

Next, we will use Wick's lemma to compute the asymptotics of t his integral. Let
c= (1=jV( )j) & xv be the centre of mass function R™( ) I R". We can perform the
integral in two steps, rst integrating over the coordinates y, = Xy ¢, and secondly
by integrating over the variable c. (Of course, there arejV( )j 1 independent vy,
coordinates). The quadratic form & Q;=t; on R"V( ) is non-degenerate on the subspace
of R"( ) of vectors with a xed centre of mass, forall t; 2 (0,1 ). Thus, the integral
over the variables y, can be approximated with the help of Wick's lemma.

Let us order the set V( ) of vertices as vy, Vva,...,vm. We will use the coordinates
yl,.z. Ym 1 andzc on R"™( ). Then fN is a nite sum of integrals of the form

(iwi®) (& kyk*)e BQWTZ ¢! O0) dmM=Z gy,
w2Rn Yi,-0Ym 12RN
Here we are using the same notation as before, in these new coadinates.

To get an approximation to the inner integral, we take a Taylo r expansion of the
functions and | around the point fy; = 0,wg, only expanding in the variables ;.
We take the expansion to order N. We nd, as an approximation to the inner integral,
an expression of the form
e AQUW g ¢! dmM=2 o)yKe, @ T T

K,1,L FIRRTIY
Yirym 12R0 Thyi Tew g
where the sum is over a nite number of multi-indices |, K, L, and ¢« |, are constants.

We can calculate each such integral by Wick's lemma. The application of Wick's
lemma involves inverting the quadratic form & Q;(y)=tj. Let A = A(t;) denote the
matrix of the quadratic form & Q;(y)=t;; this is a square matrix of size (dim M) jV( )j,

whose entries are sums oft, . Note that &K ,ti A has polynomial entries.
Let [

X :
P (ti) = det O ti A
i=1

This is the graph polynomial associated to  (see [BEKO06]). One important property
of P is that it is a sum of monomials, each with a non-negative inte ger coef cient.
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We can write
A't=P'B
where the entries of B are polynomial in the t;. Note also that
detA = pt @mM)(GV()j D=2

(The expansion from Wick's lemma gives an overall factor of (det A) 2.
Thus, we nd, using Wick's lemma, an approximation of the fgrm

fN(ti)- P 1=2 é_ p lt! dimM=2 O() y |,|( )
| 0:E()! 3Z o
where the |, are polydifferential operators
1 E Y01 Densities(M)

and the sum is nite (i.e. all but nitely many of the || are zero).
This expansion is of the desired form; it remains to bound the error term.

15.7.2 Lemma. The error term in this expansion is bounded by

R(N+ 1+( dim M =2 jE( )jo

tl( *+1+(dim M) ()=2 JE()IO( ) o kN+1+O()
for N suf ciently large and t suf ciently small. Here ( ) is the Euler characteristic of the
graph.

Proof. The error in this expansion arises from the error in the Taylo r expansion of the
functions , |k around 0O, and from the fact that we are neglecting the cut-off func-
tion. Thus, if N is suf ciently large, the magnitude of the error in the expans ion can
be bounded by an expression of the form

4 4

¢ dimM=2 O( ) (w) Qe 200 Y Ty,
K

w2Rn Yi,-..¥m 12R" ¢

Here, the sum is over multi-indices K for the variables y;, w, each g is homogeneous
of order N + 1 as a function of the variables y;, and jKj N+ 1+ O( ), so we are
differentiating  at most this number of times.

This integral only decreases if we decrease eacht;. Sincet; > t?, we nd we can
bound the integral by the corresponding integral using the g uadratic form & Qi(y):ti*.
Thus, we nd a bound of

VA VA
. i(di — o~ 2 . = o
¢, FIECi(dim =2+0( ) (w) Oe 22 lkumy,
w2Rn Yi-¥m 12R" ¢ K
Wick's lemma bounds this integral by
o =2, R(N+1 jE( )j(dim M=2+0O
det(a Qi(Y):th) ! 2'[1( "L RO POk kN+1+O( )

Also, ‘ _ _
det(§ Qi(y)=t]) == cm VO
where Cis a constant, to yield the desired bound.
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A subgraph %of a graph s given by the set of edgesE( 9  E( ). The vertices
of the subgraph Care the ones that adjoin edges inE( 9. The legs of %are the half-

edges of , which adjoint vertices of 9 but which are not part of any edge of ©
Let us x a proper subgraph  C and let us enumerate the edges of ase,...,q,
where ey, ..., 2 E( Y and@+q,...,602 E( )nE( 9. Lett; = tq.
Let z
, 0(t|+1,...,tk) = f (tl,...,tk)dtl dt|

ty, 012t T)
15.7.3 Lemma. Let R 0 be suf ciently large. Then for all » 0, there exist m2 Z o,

a nite numberofg 2 A, K,G 2 Z o[tj+1,...,tx] nT0g, and continuous linear maps
i tE L0 ( 9 C'((0,1)) suchthat

F(tisq, ... .t)Y?

Gi(tj+1,..., 1) (T ) <Kk 0

r I+ 1

Cotier, o t) A Gi(tien)

for all tj4 1 > >t > Owith tR | < ty, and {1 suf ciently small.

Further, the ; admit small T asymptotic expansions
Z

o

(T, ) a ixT) y ik( )

where
i« 2 PolyDiff (E (), Densities(M)) (9
and ;(T) are smooth functions of T.

Proof. We can write

f (tl,...,tk, ) = f 0(t|+1,...,tk, Ktl Kt|)-
The right hand side of this equation denotes the graph integr al for Pwith inputs being
tensor products of the heat kernels K, for1 i |, and

The starting point of the proof is Proposition 15.7.1 applie d to each connected com-
ponent of the graph  © This proposition implies that we can approximate the con-
tribution of each such connected component by a local functi onal applied to the legs
of that connected component. If we approximate the contribu tion of each connected
component in this way, we are left with a graph integral - ofty,...,t, ) for the
quotient graph = © with certain local functionals at the vertices of = ©

More formally, Proposition 15.7.1 implies that there exists a nite number of F,G; 2
Z olti+1,....t ]nf0g, and ' _ (ts,....t;, ), which are graphintegralsfor = © such
that

o I:I(t|+ 1s--- 1tk)1:2
Gi(tj+1,...,t)1?2

<ek K

f(ty,... bt ) ot )

1 Kt|kr+1 ( )dim M=2+0O( )(JE( )j+1)

forall tq,... tywith tj.1> ...> ty, tﬁl < ty, and t;+ 1 suf ciently small.
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We are only interested in the region where tiR > t+1if1 i |. Notethat

- ( () DdimM=2r 1 O( )(JE( )i+ 1)
thikr+1 ( )dim M=2+0O( )(JE( )j+1) — O(ti )

O(tR X () Ddmm=2 r 1 0()GE( )i+ )

Since we can takeR as large as we like, this contribution is small, and we nd,

o F(tisq, ... t)t?2
G|(t|+ 1y v ,tk):l':2

f(t,. .t ) ot oty ) <t VK kg,

I+1
for some m;, 0.

We want to integrate over the variables t, ... ,t,, in the region (t
z

1=-R

1+1» 1). Theintegral

'ty .., )dty  dt

ty, 012 (e T)
is approximated (by induction) using Theorem 15.5.2, appli ed to the graph = © with

tllfT playing the role of ". Itis easy to see that this yields the desired approximation of
, 0(t|+ 1y v v ,tk, )

Let ©  be asubgraph. LetAR(’)T (0, T)E() be the open subset where

tR> toife2 E( )nE( Yand 2 E( 9
tR < toif g2 E( 9.

This means that the lengths of the edges of the subgraph Care all around the same
size, and are all much smaller than the lengths of the other ed ges.

15.7.4 Lemma.Fix R 0,and0< T < 1 . Then the closures of the regionséZAT, where

0 k JjE()jand © is non-empty, cove(0, T)E( ). (The regions A1 appear as
ARZK’T, where is considered as a subgraph of itself).

Proof. Let fteg 2 (0,T)E( ). As before, label the elements of E( ) by f1,2,... kg, in
suchawaythatt; t, t.

Either th ti forall j < k or, there is a smallestiy < ksuchthatt}  t. Inthe rst

case, we are done, as therfteg 2 AR(’)T where Cis the subgraph with the single edge
corresponding to ty.
Suppose the second possibility holds. Then either for all | < iq, th tj,, or there

exists a smallesti, < i with t}  t;,. Inthe rst case, we're done, as we are in AROT
where Ois the subgraph whose edges correspond ot ti+1,.. ..t

Again, let's suppose the second possibility holds. Then tiFf tiFj tx. Either, for
al j < iy, th2 ti,, and then we are in ARZT
correspond to ti,, tj,+ 1, ...,k

Otherwise, there is some smallestiz < i, with tiRS2 ti,. Then tiR: tx. And so forth.

where 9is the subgraph whose edges
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. . . . 0
We eventually end up either nding ourselvesin one of the regi ons ARzk o for some
. ,

non-empty proper subgraph
A

, orwe nd some i1 = 1, sowearein ARsz =

Rk T

15.7.5 De nition. An open subset U of0, T)E( ) is calledgood if it is a subset of some
0
Ay which is cut out by a nite number of inequalitie§”t > to, Where 12 Z ¢ and both

e 2 E( 9.
15.7.6 Lemma. The intersection of any two good regions is good.

Now, we have seen that (", T)E( ) is covered by the closures of a nite number of

good regions. Thus, we can write
z

F("T, )= f (te, A dt
(107 f ) O

as an alternating sum of integrals of f (te¢) over U\ (”, T)E( ), where U is a good

subset of (0, T)E( ). Thus, in order to understand the small " asymptotic expansions
of F (", T, ), it sufcesto consider the integrals of f over such regions.

15.7.7 Lemma. Let us x R to be a (suf ciently large) integer.

LetU (0,T)E() be a good subset. Then the integral
z

Fo("T, )= f(te, ) €) dt
,U( ) U\ (" T)EC) (e )QCE)() e

admits a small' asymptotic expansion
Fo"T.)" & (") «(T.)
where ;2 A and ,:E ()1 ( 9 C!((0,T)) are continuous maps.
Each (T, ) admits a small T asymptotic expansion
Z

(T, ) égk(T) " k()

where g is a smooth function of T, and, 2 PolyDiff (E (), Densities(M)) ( 9.

Proof. This follows from Proposition 15.7.1 and Lemma 15.7.3.
Indeed, we can assume (without loss of generality) that

U f oty tjth>tegforalll 0 1, ter> teo> >t th < g

is an open subset cut out by a nite number of inequalities of th e form t? > t;, where
a2Zspandl+1 i,j k

Then let
z

(te1,T, )= f(ty,... e )dty  dt.;  dte
(tr,...1)2U

Here, we're integrating over all variables except t+ 1.
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Then Proposition 15.7.1 (if | = 0) or Lemma 15.7.3 (ifl > 0) imply that (tj+1, T, )
has a nicet,; 1 asymptotic expansion. More precisely, forall r 2 Z. o, there existm; 2
Zs o, and a nite number of functions g;(t;+1), (T, ), such that

) .
(e T ) & Gilted) (T ) <tk Ky,
(2) the ;are continuous linearmaps ;:E ()1 ( 9 c((0,1)),which
admit a small T asymptotic expansion

o

i(T, ) a k) y i( )
where
i« 2 PolyDiff (E (), Densities(M)) (9
and ;«(T) are smooth functions of T.
3 7,
CGi(te)dts 2 A
(The third part follows from the particular form of the terms  of the expansions proved

in Proposition 15.7.1 and Lemma 15.7.3.)
Now, it remains to integrate out the variable t;; ;. Let

r(t|+1’T’ ): égi(tl+1) i(T1 )

be the approximation to order t/;1to (t+q, T, ).
Then
Z Z Z zZ,
dtj+1 0 ( r)dtie g+ 1 rdtje g + ., dtieg < "2k kmr'
Thus, s r z,
0 ( r)dtj g+ . fdtiert pdtieg

gives the desired small " asymptotic expansion. Note that the integral in the rst
term converges. The rst two terms are independent of ", and the third term is in
A  Hom(E O ( 9 C1((0,1))), as desired.

It's easy to check that the small T asymptotic expansion of the approximation above
is in terms of local functionals of , as desired.

This completes the proof of Theorem 15.5.2.

The proof of the variant result, when we include a propagator of the form P(", T) +
K-, is identical, except that instead of integrating over the s mallest variable t,, we
specialiset, = ". In our de nition of the algebra A , we included functions of " of the
form 7
f(") - F(tl, Caes ,tk = ")1:2
u ("pk1t G(tl, otk = ")122
where FG 2 Z [ty,...,t] and U is cut out by equations of the form t! > t;, for

i, ] < k. Functions of this kind arise when we have a K- term in the propagator.

dt;  dty 1
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