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Abstract: We define Hochschild and cyclic (co)homology for simplicial and cyclic modules. The
theory for an algebra A is then obtained from the canonical simplicial /cyclic module C,(A) associated to
this algebra. The definitions are purely algebraic. In the last sections we connect (co)homology theories
and differential calculi of an algebra. Cyclic homology will be seen to be a natural generalization of
de Rham cohomology to non-commutative algebras. As a justification for developing the machinery of
cyclic homology, we give some applications using the generalized Chern character.

Notations: We consider modules and algebras over a commutative ring k with identity. To simplify
statements we assume that Q C k. Throughout this paper, A, A’ denote unital k-algebras, V' a smooth
compact manifold (without boundary), C°°(V') the smooth C-valued functions on V.

Main References: A very readable introduction to the topic is [L0,92]: ”Cyclic Homology” by
Jean-Louis Loday. Other good references are [Co0,94]: ”Noncommutative Geometry” by Alain Connes
(which is available online for free at www.noncommutativegeometry.net) and [FVB,00]: ”Elements of
Noncommutative Geometry” by Joseph C. Varilly, Hector Figueroa and Jose M. Gracia-Bondia.
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0 Preliminaries

We recall some concepts from homological algebra, such as the notion of a bicomplex, which is used to
define cyclic homology.

(0.1) Remark: For a k-algebra A, A° denotes the opposite algebra (where a-b = ba), A° = A® A° is the
enveloping algebra of A. One sets A* = Homg (A, k), A =A@k and if A is unital, A = A/k. By ® is
always meant tensoring over k, i.e. ® = ®. Every A-bimodule (especially A itself) is in a natural way

a A°-module.

(0.2) Definition: A bicomplex C,, (or C for short) is a collection of modules C, 4, p,q € Z with two
differentials d" : C,, — Cp_1,4 and d° : Cp 4 — C, 41, called horizontal and vertical differential,
st. dhd" = dvd¥ = d"d¥ + d'd" = 0. The total complex associated to C is (Tot C,d) where
(Tot C)n = [l,44=n Cpq and d = d" + d” (note that [lpig=nCra = Dpigen Cpg if Cpq # 0 for
only finitely many p + ¢ = n). The homology groups H,.(C) of the bicomplex C are defined to be
H,(C) := H,(Tot C).

d’ d’

< Cp,q+1 W Cp+1)q+1 T P

dh
dv d’

o Cp,q o CerLq <7dh T
d’U d17

(0.3) Definition: A complex (C,d) is called contractible with contracting homotopy h : C,, — C, 41 if
dh 4+ hd =id (i.e. id and 0 are chain homotopic via h). Every contractible complex is acyclic (i.e.
H,.(C)=0)

(0.4) Proposition: [Lo,92] Killing contractible subcomplexes
Let (A, ® A%, d) be a complex with d = (?; ?) CA, @A, — A 1 DA, st (AL, 0) is a contractible
complex with contracting homotopy h : A — Aj ;. Then the following inclusion of complexes is a
quasi-isomorphism (i.e. it induces the identity on homology):

(0.5) Definition: Bar Complex
Let A be an algebra. The bar complex CP¥(A) of A is the complex of A®modules CP2*(A) =
A®"F2 > 0 with boundary map b’ : C2*" — CP¥ b/ (ag, ..., an+1) = Doro(=1) (a0, .., ai@i41, . ..\ Qng1)-
(0.6) Proposition: If A is unital, then CP%(A) is a resolution of A as A°-module. The augmentation
p: CP(A) — A is simply multiplication.

Char(4) L 4 - AL ST ST NN 0
A contracting homotopy is given by s : CP#(A) — CPa% (A), s(ag, -+ ,ant1) = (L,a0, + ,ans1). (ie

st/ +b's =1id ). The map s is also called the extra degeneracy map.
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1 Some Categories

In this section we recall the pre-simplicial and simplicial categories AP™ and A. A contravariant func-
tor from A into the category of k-modules is called a simplicial k-module and is all we need to define
Hochschild (co)homology (which is done in sections 2 and 3). Then, we define the cyclic category A,
which was introduced by Alain Connes. Contravariant functors from A into the category of k-modules
are called cyclic k-modules and are used to define cyclic (co)homology (see sections 4 and 5).

1.1 The Pre-Simplicial Category AP*®

(1.1) Definition: The pre-simplicial category AP is the small category of finite, totally ordered sets and
increasing functions. That means:
o Theobjectsare [n]={0<1<...<n} n=0,1,...
o Moraeee([m],[n]) ={ f:[m] = [n] | f(0) < f(1) <...< [f(m)}
In Morapere([n], [n 4 1]) one has the special elements é; (i = 0,...,n+1), called face maps, These maps
are characterized by ”skipping” the i-th element, i.e. ¢ ¢ im(J;):
T Jif o <
o Gi:[n]—[n+1] d(x)= {334_1 Jif e >

(1.2) Proposition: The face maps fulfill the following relation:
(1.2.1) 6j6i = §i5j,1 if i < J
Further, if m > n, then Morapre ([m], [n]) = 0. If m < n and f € Moraer([m], [n]), then there are unique
it <...<d, st m=n+rand f =4, ...0; (if r =0, this is understood to be id f,,}). This means
that the §; give a presentation of AP,

1.2 The Simplicial Category A

(1.3) Definition: The simplicial category A is the small category of finite, totally ordered sets and non-
decreasing functions. That means:

o Theobjectsare [n]={0<1<...<n} nzOl
e Mora(fml.[nl) = { J < [m] = [n] | £(0) < F(1) <... < f(m) }
Besides the face maps ¢; from (1.1) one has in Mora ([n], [n— ]) the special elements ¢; (j =0,...,n—1),

called degeneracy maps. These maps are characterized by "repeating” (only) the j-th element once,

ie. 0;(j)=0;(j+1):
o opill—ln-1 oj<x>{

T Jife <j
z—1 Jifx>j

(1.4) Proposition: The face and degeneracy maps fulfill the following relations:
(1.4.1) 96, =0;0;—1 ifi<y
(1.42) ojo; =0i0541 ifi<jy
dioj—1 Lifi <y
(1.4.3) 050 =qid, Lifi=jori=j+1
0i—10j Lifi>j+1
If f € Mora([m],[n]), then there are unique i; < ... < ipj1 < ... < js st. m = n+r — s and
f=20i ...94.04 ...05,. This means that the d;,0; give a presentation of A.



1.3 The Cyclic Category A

(1.5) Definition: The cyclic category A is a small category with objects the finite, totally ordered sets [n].
The maps are defined as follows [C0,94]: Identify Z,1 with the (n 4 1)-th roots of unity in S'. We fix
an orientation on S'. This gives the notion of a non-decreasing function f : S* — S*. Maps from [m)]
to [n] are defined as homotopy classes of continuous non-decreasing functions f : S — St of degree 1
with f(Zmy1) C Zny1.
One might need some time to get acquainted with this definition. There are helpful pictures in
section IT1.A.05 of [Connes,94]. When we interpret the elements of Mor ([m], [n]) as maps [m] — [n],
then A is a subcategory of A. But besides the face and degeneracy maps from (1.1) and (1.3) one has
in Mory ([n], [n]) the special elements 7,,, called cyclic maps :

o 7niln] —[n] Tn(x){

r—1 ,ifx>1

n Jifx =0

(1.6) Proposition: The face, degeneracy and cyclic maps fulfill the following relations:

(1.6.1)
(1.6.2)

(1.6.3)

(1.6.4)
(1.6.5)
(1.6.6)

050; = 8;61 ifi<j
0j0; = 03041 ifi <j
dioj—1 Lifi <y
00; = id [ Jdfi=jori=j+1
0i—10; Lifi>j+1
T =011 f1<i<n Tl = 0
TnO; = 0i—1Tpy1 1 <i<n ThOo = oanLH
TT?'H = id [n]

If f € Mory ([m], [n]), then there are unique f € Mora([m],[n]) and e € Zy, 41 s.t. f = f75,. This means
that A can be ”decomposed” into A and a collection of cyclic groups Z, 41 being the automorphisms
(on each [n]). One writes A = AC to indicate this decomposition.

(1.7) Remark: One can generalize this idea and form other categories AG, where G stands for a sequence
of groups G,,, each being the automorphism group of [n]. It is required that each morphism in AG
can be written uniquely as an element of A and an element of GG,,. One calls G a crossed simplicial
group, and defines (co)homology theories for it. There is a complete classification of crossed simplicial
groups, among them are the families of trivial, cyclic, dihedral and quaternionic groups, giving rise to
Hochschild, cyclic, dihedral and quaternionic homology. See [FLo,91] and section 6.3 of [Lo,92].

1.4 Simplicial and Cyclic Modules

(1.8) Definition: Let C be a category. A pre-simplicial (simplicial, cyclic) object in C is a contravariant
functor X : AP*® - C (X :A—C, X:A—C). A pre-simplicial (simplicial, cyclic) set (space) is
such an object in the category of sets (spaces).

(1.9) Definition: A simplicial (cyclic) k-module is a family of k-modules C,,, n > 0 together with k-linear

face maps d;

: 0, — Cp—1,i=0,--- ,n, degeneracy maps s; : ¢, = Cp41,j5 = 0,---,n, and for cyclic

modules also cyclic maps t,, : C,, — C,, that fulfill the relations (i)-(iii) for a simplicial module and
(i)-(vi) for a cyclic module:

(1.9.i)
(1.9.ii)

(1.9.iii)

(1.9.iv)
(1.9.v)
(1.9.v1)

did; = dj_1d; ifi<j

5i8j = 8j4+15i ifi<j
sjad; Lifi<j

disj =qid ¢, Sifi=jori=j+1
sjdi—1 ,ifi>j74+1

ditn = 7tn_1di_1 if 1 S 7 S n dotn = (71)ndn
Sitn = —tn+18i,1 if 1 S ) é n 8()tn = (—1)nt721+18n
t;LH_l =id ¢,



(1.10) Remark: Notice that a simplicial module is equivalent to a contravariant functor from A into k-
modules. The formulas (1.9.1)-(1.9.iii) are just a restatement of (1.4.1)-(1.4.3) for d; = (6;)*,s; = (0;)*.
But a cyclic module is not equivalent to a contravariant functor from A into k-modules, since the cyclic
maps have signs. In fact, the formulas in (1.9) can be obtained from the formulas in (1.6) by setting
tn = (=1)"(7n)*.

2 Hochschild Homology

Assumptions: Throughout this section M denotes an A-bimodule, C a simplicial k-module.

We first define Hochschild homology H.(C) for a simplicial k-module C. Given an algebra A and a
A-bimodule M, we then define the simplicial k-module C,(A, M), whose homology H.(A, M) is the
Hochschild homology of A with coefficients in M.

(2.1) Definition: Let C be a simplicial module. Define b : C,, — C,,_1 as:
o b=l o(-1)d
This defines a boundary map on C (i.e. b*> = 0). The complex (Cj,b) is called the Hochschild com-
plex (associated to C'). Its homology H,,(C\y,b) is called the Hochschild homology of C.

(2.2) Definition: For an algebra A (algebras are assumed to be unital throughout the paper) and an A-
bimodule M we define C,,(A, M) := M ® A®™ and let:

o do(myay,...,an) = (Mmay,as,...,a,)

o dilm,ai,...,an) = (m,a1,...,0;0;11,-.,0p) g=1,...,n—1
o dy(m,ar,...,an) = (apm,a1,...,an_1)

o sij(m,ai,...,an) =(m,a1,...,a;,1,a;41,...,a,) ,j=0,....,n

This makes C, (A4, M) into a simplicial module (i.e. the formulas (1.8.i) to (1.8.iii) are fulfilled), called
the simplical module associated to a A. The Hochschild homology H.(A, M) of A with coeffi-
cients in M is now defined to be the homology of C,(A, M). We let HH,(A) := H.(A, A).

(2.3) Remark: One can define Hochschild homology using the tensored bar complex M ® 4 CP*(A). The
boundary map of M ® 4« CP*(A) is understood as 1,7 ®b'. Since the tensoring over A® kills the leftmost
and rightmost occurrence of A, we have M ® 4 CP2*(A) = C,,(A, M), and under this identification b of
C.(A, M) corresponds to 1 ® b’ of M ®4c CP2*(A). So H, (A, M) = H,,(M ® . CP**(A)).

(2.4) Proposition: Let us quickly give some basic properties of Hochschild homology:
1. The Hochschild homology of the underlying ring k& can be computed as:

k ,n=20
24.1) HH,(k)= ’

(241) HH, (k) {O .

2. The 0-st Hochschild homology group is the symmetrization of M, i.e. the biggest quotient of M that
is a symmetric bimodule:

(24.2) Hyo(A, M) = M/{am —mala € A,m € M)
Thus, if M is symmetric, then Hy(A, M) = M. We also get HHy(A) = A/[A, A] = Agp.
3. If A is commutative, then there is a canonical isomorphism
(2.4.3) Hi(A,M)=M®4 QL (A)
where !, (A) is the module of 1-forms, defined in (6.14). See also (6.18) for a generalization.
4. If A is projective, then CP2*(A) is a projective resolution of A, and remark (2.3) shows:

(2.4.4)  H,(A, M) = Tora" (M, A)
5. For the product of two unital algebras A, A’ we get:
(2.45) HH.(Ax A)>HH,(A)® HH.(A)

6. Hochschild homology is functorial, i.e. H.(A, M) is a covariant functor in M, and HH,(A) is a
covariant functor in A.



One important property of Hochschild and cyclic (co)homology is their Morita invariance, i.e. they
cannot distinguish two Morita equivalent algebras. The precise statement is as follows:

(2.5) Theorem: Let A, A’ be unital k-algebras that are Morita equivalent via the (A, A’)-bimodule P and
the (A’, A)-bimodule @, and let M be an A-bimodule. Then:

(2.5.1) H.(AM)2H(A,Q®sM®®4 P)
For the case of matrices we get: Let M,.(A) (resp. M, (M)) denote the (r,r)-matrices over A (resp.
M) (r=1,2,...,00). Then A and M, (A) are Morita equivalent, so

(25.2) H.(AM)=2H (M. (A),M.(M)) r=1,2,...,00

This isomorphism is induced by the trace and inclusion map (they induce maps inverse to each other).
See also section 1.2 of [Lo,92].

3 Hochschild Cohomology

Assumptions: Throughout this section M, M’ denote A-bimodules, C' a simplicial k-module.

The definition of Hochschild cohomology is now straightforward. We define it first for simplicial mod-
ules, and then for algebras with coefficients in a bimodule.

(3.1) Definition: The Hochschild cohomology H*(C) of a simplicial module C is defined to be the coho-
mology of Homy (C,, k) where (Cy,b) is the Hochschild complex associated to C'.

(3.2) Definition: The Hochschild cohomology of A with coefficients in M is not defined as cohomology of
Hom(C, (A, M), k) but as follows: Define C™(A, M) := Homy(A®", M) and let: (for f: A®" — M)
. (ﬁf)(al,...,anﬂ) = alf(ag,...,an+1)—|—Z?:l(—l)if(al,...,aiaHl,...,an+1)+
+(=1)"f(a1,--.,an)an41
The Hochschild cohomology of A with coefficients in M is defined to be H™(C*(A4, M), 3). We let
C"(A) := C"(A, A*) =2 Homy (A®" L k) and HH"(A) := H"(A, A*).

(3.3) Remark: As in (2.3), one can define Hochschild cohomology using the bar complex of A. An A°-
linear map ¢ : CP¥(A) = A®"*2 — M can be identified with a k-linear map f : A®" — M via
#(ag, ... ans1) = apf(ar,...,an)ans1. So C*(A, M) = Hom.(CP¥(A), M). The coboundary maps
correspond and we have H"(A, M) = H"(Hom s (CP®*(A), M)).

(3.4) Proposition: Let us collect basic properties of Hochschild cohomology:
1. The Hochschild cohomology of the underlying ring k is:

niis o JE sm=0
(3.4.1) HH"(k) = {0 .
2. The 0-st Hochschild cohomology group is :
(3.4.2) HY(A,M) = (am —mala € A,m € M)
3. The first Hochschild cohomology group is exactly the group of outer derivations of A in M (see (6.2)):
(3.4.3) HY(A,M) = Der(A, M)/Der’ (A, M)
4. Tf A is projective, then CP?"(A) is a projective resolution of A, and remark (3.3) shows:
(3.4.4) H"™(A,M) = Ext’i.(M, A)
6. Hochschild cohomology is functorial, i.e. H*(A, M) is a covariant functor in M, and HH*(A) is a
covariant functor in A.
7. Hochschild cohomology is Morita invariant.



4 Cyclic Homology

Assumptions: Throughout this section C' denotes a cyclic k-module.

As for Hochschild homology, we first work in a rather abstract setting (namely for a cyclic k-module
C). We define three complexes CC,., BC,, and C7, that all give the same homology, called cyclic
homology. Then, we associate to an algebra A a cyclic k-module A%, whose homology is the cyclic
homology HC,(A) of A.

(4.1) Definition: Let C be a cyclic module. The associated cyclic bicomplex CC is:

b Y b Y
Co< 2 N Co<— C2 N
b — b Y
GG N <G N
b —v b —y
Co<—Co N Co<—Co N

where b : C,, — Cpo1,b = Y0 (=1)'d;, b« Cpy — Cpoy, b = Z?':_Ol(—l)idi,]\f : Cp — Cyp,N =
Yoo th. Its homology H.(CC) := H.(Tot CC) is called the cyclic homology of C' and denoted
HC,(C). That CC is a bicomplex means that N(1 —¢) = (1 —¢)N = 0 (which is obvious) and also
b2 =0b%=0,(1 —t)b = b(1 —t) (which needs some formal calculations).

(4.2) Definition: The complex (C2,b) where C)) := C,,/(1—t,) is called Connes’s complex. The boundary
map is well-defined since (1 —¢,_1)b’ = b(1 — t,,). The homology of this complex is denoted H(C).

b b
C’A : A CTAL C,rAl_l

*

b .. b

o

(4.3) Proposition: Let CC{!} denote the first column of the bicomplex CC. Let further p : Tot CC —
CcC} /(1 —t) = C2 be the map which is zero on all columns except the first one, where it is the quotient
map CCH — CCt} /(1 —t). Then p is a quasi-isomorphism, i.e. H})(C) 2 HC,(C) canonically.

(4.4) The bicomplex BC: In CC, the columns with vertical differential &’ are contractible. The contracting
homotopy is s = sp41 : Cr, — Cpy1, s = (—1)"t,8,. (ie. sb/ +b's = id ) This map is called extra
degeneracy. Applying proposition (0.4) to each of these columns we get the bicomplex on the left, with
B = (1—-1t)sN. After rearranging, we get the bicomplex BC on the right side:

b b b b \Lb \Lb
CQ CQ 02 C2 T Cl <~ CO
b\ b\ b b \Lb
B B
Ch Ch Ch Ch ~5 Co
b\ b\ b b
B B
Cy Co Co Co



B is called Connes’ boundary map and fulfills bB + Bb = 0 (so BC really is a bicomplex). From
(0.4) we get that CC and BC have the same homology:

(4.4.1) H,(BC) = H,(Tot BC,,) = HC,,(C) = H,(Tot CC,,)

Let CC{?} denote the bicomplex consisting of the first two columns of CC, and CC[2,0] the shifted
bicomplex with (CC[2,0])p,q = CCpia,4. Then we get a short exact sequence of bicomplexes:

00— o L= cc—3co2,00 —=0

Since the second column is contractible, we have H,(CC%?}) = HH,(C). This shows:

(4.5) Theorem: There are natural long exact sequences, called Connes’ Periodicity Exact Sequences:

i —> HC,_1(C) -2~ HH,(C) —> HC,(C) —2> HC,,_5(C) -2~ HH,,_,(C) —— - --

1R

p

1R

p =1p

i H) 4 (O) — = HH,(C) —> H)(C) —2> H)_,(C) — 2> HH,, 1 (C) — -+

I is induced by inclusion, B is Connes’ boundary map, S is called periodicity map.

(4.6) Proposition: There is a formula for the periodicity map S : C} — C2_,. First, let b2l : C,, — C,,_»
be given by:
o 0P:= Zogiqgn(_l)iﬂdidj
Then S : H)C) — H) ,(C) is induced by:
(46.1) C,>z+— ﬁb[z] () € Cp—a

(4.7) Corollary: Let C,C’ be two cyclic modules. From (4.5) and the Five-Lemma we get:
(4.71) HH.(C)® HH,.(C") < HC.(C) = HC.(C")

(4.8) Definition: The simplicial module C,(A) can be equipped with cyclic maps ¢,, defined as follows:
o tp(ag,...,an) = (=1)"(an,a0,...,an-1)

This makes C,(A) into a cyclic module, called the cyclic module associated to A, which is denoted
by A% The cyclic homology HC,(A) of the algebra A is defined to be the cyclic homology of the

cyclic module A",

Let C}(A) := A®"*1/(1 —t). The Hochschild boundary map b : C,(A4) — C,_1(A) drops to b :
C)MA) — C_1(A). In (4.3) we have shown that H)(A) := H, (C}(A),b) is isomorphic to HC,(A).
Defining cyclic homology this way is sometimes called Connes’ approach.

(4.9) Explicit Formulas: The map I : HH, (A) — H)(A) is simply induced by the projection A®"+! —
A®nF1/(1 —t). From the definition B = (1 — t)sN we compute B : A®"T1 — A®+2 g

(4.91) Blao,---,an) = S0 ()" (1, a4, ., an, a0, - -, ai—1)—
—(—l)n(iil) (a,i_l, 17 AiyeenyQp,y Aoy .. 7ai_2))
This induces maps HH, (A) — HH,1(A), as well as H)(A) — HH,1(A) (all denoted by B). To
define S : H)(A) — H)_,(A) use formula (4.6.1).

(4.10) Proposition: The basic properties of cyclic homology are:
1. The cyclic homology of the underlying ring k can be computed as:

k ,n even

0 ,nodd

2. The 0-st cyclic homology group equals the 0-st Hochschild homology group:
(4.10.2) HCy(A) = HHo(A) = A/[A Al = Aw

(4.10.1)  HC, (k) = {



3. If A is commutative, then there is a canonical isomorphism
(4.10.3) HC1(A) =0l (A)/(dA)
where 2}, (A) is the module of 1-forms, defined in (6.14). See also (6.19) for a generalization.

4. Cyclic homology is Morita invariant.
5. For the product of two unital algebras A, A’ we get:

(4.104) HC.(Ax A" = HC,(A) & HC,(A')

5 Cyclic Cohomology

Assumptions: Throughout this section C' denotes a cyclic k-module.

The definition of cyclic cohomology is as expected. We define it first for simplicial modules, and then
for algebras.

(5.1) Definition: Let C be a cyclic module. We dualize the cyclic bicomplex CC\. to get a bicomplex of
cochains CC** with CCP? := Homy (CC,, 4, k) = Homy (Cy, k). The differentials are b*, 0™, (1 —¢)* and
N*. The cohomology HC"(C) := H™(Tot CC**) of this bicomplex is called the cyclic cohomology
of C.

(5.2) The bicomplex B**C: We dualize BC to get the bicomplex B**C with differentials b* and B*. As in
(4.4) we get:
(5.2.1) H™(B*C) = H"(Tot B**C) =2 HC"(C) = H"(Tot CC*¥)

CQLCQL)CO

1ozl R
CC** - cl 1=y ol N~ 01(1*0* B**C - Ccl B ol
0 (1-1)" 0 N* Co(l—t)* 0o

(5.3) Definition: The cyclic cohomology HC*(A) of A is defined to be the cohomology of A%. We also con-
struct a complex C5(A) (a subcomplex of C*(A)) as follows: A cochain f € C"(A) = Homy, (A®" 1 k)
is said to be cyclic if: (¥ ag,...,a, € A)
(5.31)  f(ao,-..,an) = (=1)"f(an,a0,--.,an-1)
Then 3 = b* is a coboundary on C}(A) and its cohomology is denoted H}(A). We get H} (A) & HC*(A)
canonically induced by inclusion.

(5.4) Theorem: Connes’ Periodicity Exact Sequence
As in (4.5) we get natural long exact sequences (the dualized maps are still denoted I, B, S) :

. ——> HC™(A) —> HH"(A) —Z> HC"1(A) —2> HC"Y(A) —> HH" 1 (A) —> - --

IR

P > p =\ p

(A) —> HH"(A) —Z> HP 1 (4) —X—> HP T (A4) — > HH"™(A) — -

o H

>3

(5.5) Proposition: Basic Properties of Cyclic Cohomology
(5.5.1) HC>(k) =k, HO? (k) = 0
(5.5.2) HC°(A)={f:A— k| f(ab) = f(ba)} = traces on A
(5.5.3) Cyclic Cohomology is Morita invariant



6 Differential Calculus

We begin the discussion of differential calculus with the notion of a derivation. Every derivation gives
rise to a differential calculus. In particular, the universal derivation Q!(A) of an algebra A is used to
construct the universal differential calculus Q*(A) of A. The non-commutative de Rham complex is the
abelianization of Q*(A), and non-commutative de Rham homology HDR,(A) is the homology of that
complex. We show the connection to the other homology theories of A. If A is smooth (which includes
being commutative), we have a canonical isomorphism HC,,(A) = Q1 (A)/(dQU5"(A)) & HiR*(A) @
HjZ*(A)@...® Hp(A) where I =0 or 1. This is the reason, why cyclic homology is considered to be
the generalization of de Rham cohomology to non-commutative algebras.

6.1 Derivations

Assumptions: Throughout this section M denotes an A-bimodule.

(6.1) Definition: A derivation from A into M is a k-linear map D : A — M s.t.: (V a,b € A)
(6.1i) D(ab) = a(Db) + (Da)b
We denote by Der(A, M) the set of all derivations from A into M, and let Der(A) := Der(A, A). For

each m € M we define the derivation ad(m) : A — M by ad(m)a = ma — am. These are called inner
derivations. We denote by Der’(A, M) the set of all inner derivations from A into M.

(6.2) Remark: Der(A, M) is a k-module, Der’(A, M) a submodule. Der(A) has a natural Lie-algebra and
A-module structure. M is called symmetric iff Der’(A, M) = 0. (i.e. if am =ma V a € A,m € M). If
A is commutative, Der(A4, M) and Der’(A, M) have natural A-bimodule structures.

(6.3) Definition: A universal derivation (for A) is an A-bimodule Q!'(A) together with a derivation
d: A — QA) s.t. every derivation of A factors uniquely through Q'(A), i.e. for every derivation
D : A — M there exists a unique A-bimodule map ip : Q'(A) — M s.t. D =ip od.

(6.4) Proposition: The universal derivation of A is unique (up to isomorphism) and is denoted by Q!(A)
(or Q4). Tt can be constructed as follows: (recall A = A/k)
(1) QYA) = A® A with A-bimodule structure given by
r(a®b) =ra®b, (a@B)y=a®by —ab®7y
d:a—1®a, or:
(2) QYA)=T:=ker(m: A® A— A) < A® A, where m is just multiplication and the A-bimodule
structure is the natural one; d:a— 1®a—a® 1

One often writes agda; for the element ag ® a; € A® A (resp. a®@b—ab® 1 € I).

6.2 The Differential Envelope and non-commutative de Rham Homology

We now turn to the notion of a differential calculus over an algebra A. For the case A = C*°(V) (V
a smooth compact manifold) there is the well-known differential calculus of p-forms AP(V) on V with
exterior derivative d. We generalize that to:

(6.5) Definition: A differential graded algebra (also DG-algebra) (R*,d) is a graded algebra R* =
@kzo RF with graded product and graded differential 6 of degree +1, i.e.
(6.5i) RFR! C R
(6.5.ii1) &:RF — Rk 62 =0
(6.5.ii1)  §(wrn) = (bwr)n + (=1)*wpdén  (wr € R*,n € R)
A differential calculus over A is a DG-algebra over A, i.e. a DG-algebra R* together with a homo-
morphism v : A — RC.



(6.6) Remark: Every derivation D : A — M gives rise to a differential calculus Q},(A) over A as follows:

Let Q1,(A4) :=im D (a k-submodule of M) and:
o O%(A):=A _
Q3 (A) := (Q3,(A)) (the A-subbimodule of M generated by Qj,(A))
Q1 (A) = Q4 (A) @, Q4 (A) @k ... @k Q3 (A)  ((n-1)-times Q},(4)) ,;n>2
From (6.1.i) we see that Q7,(A4) = QL (4) ®4 ... ®4 Q},(A) (n-times). To shorten notation write
ap ® Da; ® ... ® Da, as apDaj ... Da,. We make Q},(A) into a DG-algebra by defining:
D(aopDay ... Day,) = 1DagDay ... Da,
z(apDay ... Day) = (zag)Day ... Day,
(aoDas ... Day)y = apDay ... D(ayy) + Z?;ll(—l)”*iaoDal ...D(a;a;41) ... Da,+
+(—1)"apa1Das ... Da,
[ (aoDal N D@n)(bQDbl N Dbn> = ((aODa1 ce Dan)bo)Dbl ce Dbn

(6.7) Definition: A universal DG-algebra over A is a DG-algebra (2*(A), d) over A with Q°(A) = A4, s.t.

(6.8)

every DG-algebra (R*,J) over A gives rise to a unique map 1 : Q*(A) — R* of degree 0 intertwining d
and J that extends the given ¢ : A = Q°(A4) — RC.

Proposition: The universal DG-algebra over A is unique (up to isomorphism). It is called the dif-
ferential envelope of A and is denoted by Q*(A) (or Q(A), ©%). It can be constructed by applying
the method in (6.9) to the universal derivation Q'(A). We get Q"(A4) := QY (A) ®4 ... @4 Q1 (A) =
A A®...® A. We write an element of Q"(A) as agda; .. .da,. It is universal because for another
DG-algebra (R*,§) over A we can set ¢(agday ...day,) := ¥(ag)d(¥(ay))...6(¢¥(ay)). The elements of
O"(A) are called non-commutative n-forms on A.

Proposition: If A can be decomposed as A = A @ k (for example if k is a field), then h : Q"(A) =
AR AP — Q" HA) 2 AR A (ap+ N ®a1 ® ... R a, — Mg ®az @ ... R ay, is a contracting
homotopy for d and the cohomology of the differential envelope is:

(6.9.1) Hi(Q*(A%d):{s ii?

Thus, the following is an exact sequence:

d d d

0— >k —=£ A =0%4) Ql(4) Q" (A) QL (A) — -

where € : k — A is given by ¢ +— cl 4.

We want to define the non-commutative de Rham homology of A. The previous proposition shows that
the complex (2*(A), d) is unsuitable. We use the abelianized differential envelope instead:

(6.10) Definition: Let 7, (A) := Q*(A)/[Q*(A), 2*(A)] be the quotient of Q*(A) by all graded commuta-

tors [wg,w;] = wiw; + (—1)*wjwy. Since d is a graded differential, it is well-defined on 2, (A). The
non-commutative de Rham homology of A is HDR,,(A) := H"(Q},(A),d).

(6.11) Remark: There is a nice connection between HDR,(A), HH,.(A) and HC,(A). The non-commutative

de Rham homology HDR,,(A) is essentially the kernel of the map B : HC,,(A) — HHy41(A) from (4.5)
(or equivalently the image of S : HC,12(A) — HCp(A)). The precise statements need the notion of
reduced homology theories and can be found in [L0,92], theorem 2.6.7 and [Ro,94] theorem 6.1.40.

(6.12) Remark: In the literature one often finds another definition of the universal differential calculus over

an algebra. One defines Q"(A) := A ® A®", where A = A @ k is obtained from A by adjoining a unit
(even if A is already unital). The advantage of this construction is that it works for non-unital algebras.
The difference in the unital case is that d14 = 0 in Q*(A) while d14 # 0 in Q*(A). This comes down to
the question of wether 14 has to act as identity on A-(bi)modules. In A* (A) we do not assume that, so
that in some sense this differential calculus is more universal than Q*(A).



6.3 The Commutative Case

Assumptions: Throughout this section, A denotes a commutative k-algebra, M an A-module.

We now turn to the case that A is commutative. The notion of derivation and differential calculus is es-
sentially the same as in the non-commutative case. But we consider A-modules instead of A-bimodules.
Therefore the universal differential calculus is smaller than in the non-commutative setting. We define
de Rham cohomology, which is not the same as non-commutative de Rham homology. For the class of
smooth algebras we state some nice results that connect differential calculus and homology theories.

(6.13) Definition: If A is commutative, then any A-module is in a natural way an A-bimodule. Thus, we
can define derivations from A into M as in (6.1). They are k-linear maps D : A — M s.t. (V a,b€ A)

(6.13.i) D(ab) = a(Db) + b(Da)

Every A-bimodule N is also a module over A. In that case we have two different notions of a derivation
from A into M, namely in the sense of (6.1) or (6.13). If confusion is possible, one calls a derivation as
in (6.13) also a commutative derivation.

(6.14) Definition: We define a universal derivation in the commutative case as in (6.3): as an A-module
Q! (A) together with a (commutative) derivation d : A — QL (A) s.t. every (commutative) derivation
of A factors uniquely through 0!, (A) (via a unique A-module map).

(6.15) Proposition: The universal derivation !, (A) of A is unique (up to isomorphism). It is universal for
fewer objects (namely only for A-modules, instead of A-bimodules) and therefore smaller than Q'(A).
We can construct Q1 (A) from Q'(A) as QL (A) = QY(A)/{am — mala € A,m € Q(A)) which can be
shown to equal Q'(A4)/(Q2(A))?. The elements of 2}, (A) are called Kéhler differentials. Specifically
we get:
(1) QL (A)=1I/I? where ] =ker(m: A® A — A) < A® A, and m is just multiplication
dia—1®a—a®1+1?

Note that the Q},(A) is the same as in (6.10), so the notation is not in conflict.

(6.16) Definition: Let Q9,(A) := A, Q75(A4) == QL,(A) Aa ... Aa QL (A) (n-times exterior product) for
n > 1. We get a complex (2};(A),d), called de Rham complex of A:

* d n d n
QdR(A) : A= QSR(A) - QtliR(A) - T QdR(A) - Qd;zrl(A) -

Its homology Hjjr(A) := H™(Q}z(A)) is called de Rham cohomology of A. The elements of Q7 ,(A)
are called n-forms on A.

For the case of a smooth, compact manifold V', the de Rham complex Q},(C>(V)) can be identified
with the well-known de Rham complex A*(V') of differential forms on V. For a commutative A, the de
Rham cohomology Hj,(A) is not isomorphic to the non-commutative de Rham homology HDR,(A),
as defined in (6.10). To understand the connection between the two we need first to define the notion
of a smooth algebra:

(6.17) Definition: [Cu, 00] A commutative algebra A is smooth if any homomorphism « : A — B/N
where B is a commutative algebra and N an ideal in B with N? = 0 can be lifted to a homomorphism

&: A — Bst. mod =« for the quotient map 7 : B — B/N.

There are several other equivalent definitions of smoothness, see [L0,92] proposition 3.4.2. For our pur-
poses it is enough to know that the algebra C*° (V') of smooth functions on a compact manifold is smooth.

We can now state the Hochschild-Kostant-Rosenberg theorem. It expresses the Hochschild homology of
a smooth algebra as its de Rham complex.
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(6.18) Theorem: Hochschild-Kostant-Rosenberg (HKR) Theorem:

For a smooth algebra A we get a canonical isomorphism of graded algebras:
(6.18.1) HH.(A)=Q4x(A)

(6.19) Theorem: For a smooth algebra we get isomorphisms:

(7.1)

(619.1)  HCzo(A) 2 Q23(A)/(dQ2% () & H2y 2(A) & B2y H(A) & -+ & Hp(A)
(619.2)  HCayu1(A) = Q27 (4)/(d02(A)) @ Hipy ' (A) @ Hay 3(A) @ - © Hip(A)
(619.3) HDRy,(A) = HIH(A) @ Hapy 2(A) & - ® Hip(A) @ (Hip(A)/k)
(6.19.4) HDRoyi1(A) 2 Hpt (A) @ Hip "(A) @ - & Hip(A) & Hip(A)
For a proof of this theorem and the HKR-theorem see [L0,92] section 3.4. Alain Connes proved in
[Co,82] the HKR-theorem for the case A = C>(V).

7 A generalized Chern character

In this section we give some applications using the generalized Chern character. We do not make that
explicit or precise. It is just meant as a justification for developing cyclic (co)homology.

Let X be a compact space. Then, to each vector bundle over X one can assign elements (called
Chern classes) in the de Rham homology of X. This extends to a ring homomorphism ch : K°(X) =
Ko(C(X)) — HS%(C(X)) := 11,50 H32(C(X)), called the classical Chern character. One can general-
ize this to the case of general commutative, unital algebras, and gets ch : Ko(A) — HS%(A).

One can generalize this further. Assume A is non-commutative. The domain Ky(A) of ch is still de-
fined. The target HSR(A) is not defined anymore, but we see from (6.19) that we should substitute
[I,50 HC2,(A) for it. And in fact one can define (non-trivial) maps:

L] Chn : Ko(A) — Han(A)
that have the nice property:

(7.0.5) Soch,=chyp_
where S : HCy,(A) — HC5;,_2(A) is as in (4.5).

Using the generalized Chern character, one can prove a deep statement about idempotents in the re-
duced group C*-algebra of free groups:

Theorem: Let F), denote the free group with n generators (n = 1,2,...,00), then C}(F},) has no
idempotents other than 0 and 1.

This was an unsolved problem for a long time. It was first solved by Pimsner and Voiculescu, but the
proof using Chern characters is much easier compared to their proof. (see [Co,82])

Another application can be found in [Ri,87]. There, Marc Rieffel characterizes and constructs (finitely

generated) projective modules over non-rational non-commutative tori Ay using the generalized Chern
character.
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