Solutions to Homework 6, Math 55
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6.

10.

16.

22.

28.

36.

38.

There are 4 aces, 13 hearts, and one ace of hearts; thus, by inclusion-exclusion, 4 + 13 — 1 = 16 cards are

aces or hearts. Therefore, the probability a random card is an ace or a heart is % = %.

There are (552) total combinations of cards, out of which (530) contain the two of diamonds and the three of

spades. Therefore, the probability a hand has these two cards is (530) / (552) = zéggggo = %.

For each suit, there are (153) flushes in that suit, so there are 4 - (153) hands which are flushes. Thus, the
. . 13\ /(52\ _ _5148 _ 13
probability of a flush is 4 - () /(%) = 5555055 = Toess-

Out of the 100 positive integers not exceeding 100, L%j = 33 are divisible by 3; thus, the probability such

an integer is divisible by 3 is %.
There are (870) possible tickets; out of these, (171) are winners. Therefore, the probability of winning is
("1 /(%) = 3/28879240.

Alternately, if we treat the ticket as being fixed, then there are (fg) ways for the lottery commissioners to
choose the 11 winning numbers. Out of these, there are (743) ways for them to choose your 7 numbers and
4 others. Therefore, the probability of winning is (743) / (51;(1)) = 3/28879240.

When two dice are rolled, there are 5 ways to get a total of 8; thus, the probability of getting 8 is 35—6.

When three dice are rolled, the number of ways to get a total of 8 is the same as the number of solutions
to x1 4+ 9 + x3 = 5, where z; is one less than the number on the ith die. This is (5+§_1) = (;) = 21, so
the probability of getting a total of 8 is 2t = 12 (Note that since the sum was 5, we didn’t have to worry
about the fact that each z; < 5.) Since 3—?’6 > =5, getting a total of 8 is more likely with two dice than with

three.

(a) We have p(E;) = % = %; p(Es) = %; and p(E1 N Ey) = % = %. Therefore, since i = % : %, FEq and FEo
are independent.
(b) We have p(E1) = 3; p(Ez) = 2/23 = 1; and p(Ey N Ep) = §. Since § = 3 - 3, Ey and E are

independent.
(c) We have p(Ey) = %; p(E2) = 2 = 1; and p(Ey N Ez) = 0. Since 0 # 1 - 1, Fy and E, are not
independent.
40. If you do not change, there is a probability of % that you chose the correct door.
If you do change, then you win by first choosing an incorrect door, then switching to the correct door out of
the two left. The probability of choosing an incorrect door first is %, and then the probability of switching
to the correct door is % Therefore, with this strategy the probability of winning is %.
Section 5.2
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Let p be the probability of getting a 1, so that the probability of getting each number other than 3 is p, and
the probability of getting a 3 is 2p. Then p+p+2p+p+p+p=Tp=1,s0p= % Thus, the probability
1 2

of each number other than 3 is %, and the probability of 3 is =.

Since EC EUF, p(EUF) > p(F)=0.8. On the other hand, by rewriting the inclusion-exclusion rule, we
get p(ENF) =p(E)+p(F)—p(EUF). Since p(EU F) < 1, this means p(FENF) >0.84+0.6 —1=0.4.

First, for n = 1, the statement just says p(E;) > p(F1), which is obvious. For the case n = 2, as in the
previous problem, we have p(Ey N E3) = p(E1) + p(E2) — p(E1 U Es) > p(Er) + p(F2) — 1.



Now, for the inductive step, assume p(E1 N EsN---NE,) > p(E1) +p(Ey) + -+ p(En) — (n — 1). Then

p(E1 ﬂﬂEnOEn+1) Zp(El ﬂﬁEn)+p(En+1) —1
> (p(Er) + -+ p(En) = (n = 1)) + p(Eny1) — 1
=p(Er) + -+ p(Ep) + p(Ent1) —

(Here, for the first step, we used the result of the previous paragraph, and for the second step, we used the
inductive hypothesis.) This completes the induction.

18. (a) There are 72 possibilities for which days of the week the two people were born, out of which 7 have

them born on the same day. Therefore, the probability they were born on the same day of the week is
71

7T
(b) There are 7™ possibilities for which days the n people were born; out of these, P(7,n) have them all
born on different days. Therefore, 7" — P(7,n) of the possibilities have at least two born on the same

day of the week, so the probability this happens is 1 — P(7,n)/7™.
223

¢) We calculate the probability for n = 1is 0; for n = 2 is L; for n = 3 is 12; and for n = 4 is 223, So 4
7 49 343"
people are needed to make the probability greater than l.

24. The probability that the first flip is tails is 5. The probabilility that the ﬁrst flip is tails and that exactly

four heads appear is =5. Therefore, the de51red conditional probability is 32 % = 116

28. (a) There are (}) = 10 ways to get three boys, and the probability of each is (0.51)3(0.49)%. Thus, the
probability is 10(0.51)3(0.49)% ~ 0.318.
(b) The probability of getting 5 girls is (0.49)%; thus, the probability of getting at least one boy is 1 —
(0.49)° ~ 0.972.
(c) The probability of getting 5 boys is (0.51)%; thus, the probability of getting at least one girl is 1 —
(0.51)% ~ 0.965.
(d) The answer is (0.51)° + (0.49)% ~ 0.063.

38. (a) There are 6 ways for the first die to be 6, 6 ways for the second die to be 6, and 1 way for both to be
6. Thus, the probability that at least one die is 6 is S£6=1 — 3 . On the other hand, the probablhty

36
that the total is 7 and at least one die is 6 is = Therefore the condltlonal probability is 36 éé = 121

(b) Again, the probablhty of getting at least one 5 is 36, and the probablhty that the total is 7 and at
least one die is 5 is %, so the desired conditional probability is ﬁ.
(In another interpretation, the question could possibly be saying that the observer tells you that at
least one die is 6, and that at least one die is 5. In this case, we know the total is 11, so the conditional
probability would be 0.)

Section 5.3

6. The probability of winning is 1 50 = 1/15890700. Thus the probability that the value is 0 is 12820699
15890700

and the probability that the value is $10 000, 000 is 683 . We thus calculate that the expected value of
the ticket is 0 - }ggggggg + 10000000 - Tez95755 = To899900 ~ $0 63. (This means that the expected loss from

buying a ticket is about 37 cents.)

16. We have, for example, that p(X = 0) = i, and p(Y = 0) = i. However, p(X =0AY =0) =0 # %
Thus, X and Y are not independent.

24. Let X; = 1if a 6 appears on the ith roll, and X; = 0 otherwise; then we need to calculate V(X7 +-- -+ X0).
However, it is easy to see that the X; are pairwise independent, so the answer is equal to V(X1)+ V(X3) +
-+ V(X10).
Now for each i, we have E(X;) is the probability that a 6 appears on the ith roll, which is % On the other
hand, F(X?) = 12 5% +0%- 3 =1 50 V(X;) = E(X?) — E(X;)? = : — & = . Therefore, the desired
answer is 10 - 3—56 = ?—8.
(This is just a concrete example of the reasoning in example 18 on page 390. The result of that example

directly gives the answer as 10 - % . %)



26. Suppose, for example, that X =Y but X is not a constant random variable, so V(X) # 0. Then V(X +4Y) =
V(2X) = E(4X2) — E(2X)2 = 4E(X2) — 4E(X)2 =4V (X) #2V(X) =V (X)) + V(Y).

32. The total probability that z is in the list is Y ;- , n(niJrl) = n(n1+1) . ”(";'1) = % Thus, the probability that

x is not in the list is % In this case, according to example 8 on page 384, the linear search uses 2n + 2

comparisons; otherwise, if x is the ith element of the list, then the linear search uses 2i + 1 comparisons.

Thus, the average number of comparisons is
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