Math 55: Midterm #2 Solutions, 29 October 1998

Solution 1:

(a) The inclusion-exclusion formula reads

IPUQUR|=I|P|+|Q|+|R|—|PNQ|—|PNR|—|QNR|+|PNQNR|.

(b) Define
P={1<n<pgr]|pn}

and similarly for @ and R. Then |P| = |pgr/p| = qr, while |Q| = pr and
|R| = pq. Similarly |P N Q| = |pgr/pq| = r since p, ¢ and r are all distinct
primes, and [PNR| = ¢, |Q N R| = p. Finally |[PNQ N R| = 1 so we can
apply inclusion-exclusion:

{1 <n<pgr| ged(n,pgr) =1} = pgr— {1 <n <pgr|pnVqnVrn}
= pgr — |[PUQUR|

= pqgr —qr—pr—pg+r+q+p—1.

(c) Putting p =2, ¢ = 3, r = 5 gives 8 numbers 1, 7, 11, 13, 17, 19, 23, 29
between 1 and pgr = 30 inclusive and relatively prime to 30. Our formula
gives

pgr —qr—pr—pq+r+q+p—-1=30—-15-10—-6+5+3+2—-1=38.

Solution 2:

(a) Since F is all of S except for 11, 33, 55, 77, 99, it has cardinality 45 and
p(F) = 45/50 = 9/10 = 0.9.

(b) Since expectation is linear, E(f) = E(dy) + E(d;). Since the digits
are equally probable, E(dz) = (0+1+2+---+9)/10 = 4.5 and E(d;) =
(1+3+5+7+9)/5=5. Summing up, E(f) = 9.5.

(c) If f(n) =10 then n is one of the 5 numbers 19, 37, 55, 73 and 91. Only
55 is not in F', so

_pGNF) 450 4
P(GIF) = p(F)  45/50 45

Solution 3:

(a) For n = 1, there are three 1-letter strings, and none of them have two
consecutive As. Thus a; = 3. For n = 2, there are 32 = 9 2-letter strings, so
excluding AA we find a; = 8. For n = 3, there are 3% = 27 3-letter strings,
of which we must exclude 3 strings of the form AAx and three of the form
xAA where x is A, B or C. Howver, this excludes AAA twice, so adding it
back we get a3 =27 -3 -3+ 1 = 22.

(b) A string in Y,, must begin with either AB, AC, B or C and continue
without consecutive As, so

a, = |{zizazs...z,}|
= |{ABzszy...zp}| + |[{ACz324... 2 }| + |[{Bzazs ... 2o} + [{Cxozs ... 2, }|



and a, = 2(a, 1+ an_2).

(c) Our relation gives ay = 2(a; +ap) =2(3+1) =8 and a3 = 2(az + a1) =
2(8 + 3) = 22, which checks.

(d) The characteristic equation is 72 — 2r — 2 = 0 and its roots are

_2+£44+8 1443
B 2 2

sor; = 1++/3 and 7, = 1 — /3. Thus a, is a linear combination srf + try
determined by the initial conditions

s+t=1, sr1 + tro = 3.

Solving these equations gives

and a, = (% + %) ( \/_) (% %) (1 — \/§)n Checking, we get

ay = (1+13> (1+v3)° ( \%)(1—\@)2
2+ 35)

4+2f (2 %) (4—2\/5)2:

Solution 4:

(a) This procedure computes the number s; of nonnegative integer solutions
of
$1+l’2+$3+l’4+$5:832,

which is the number of ways to choose 832 objects of 5 kinds. By stars and

bars, the number is
832+5—-1)\ [ 836
5—-1 N 4 |-

(b) Now we are imposing the constraints

and 0 < x5 < 3. The first four constraints can be handled by selecting j
objects of kind j for 1 < j < 4, leaving 822 objects of 5 kinds to select subject
to the constraint on 5. There are two ways to count these possibilities, and
they give

825 824 823 822 826 821
() (5 )+ (55 )+ (55 ) = (55 )~ 55" ) — soasacsss.



