Math 128a, Section 3 — Midterm Solutions — October 25, 2001

Problem 1 Suppose that a numerical integration rule
1 n

fﬂ flz)dz =Y w; f(w:)
=1

with points 2; € [0, 1] is exact for polynomials of degree d. Suppose that a function
f can be approximated by a polynomial p of degree d to accuracy € on the interval
10,1

fax |f(@) —p(@) < e
Show that the error in the numerical integration rule applied to integrate f is bounded
by

|} S~ Syl < 0

where N
i=1

Solution: Choose a polynomial p which approximates f within ¢ on the interval
i0, 1]. Since the rule is exact for p, we have
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Problem 2 (a) Write out the Lagrange form of the quadratic polynomial p(z) inter-
polating values fi, f> and f3 at points x, x; and x3.
Solution:

_ (z—x)(z—x3) {z —z1)(z — 23) (z — z1 )}z — 22)
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= p{z)f1 +@e(z)fo+ ws(z) fs

(b) Give a formula for the error f(zx) - p(z) in terms of f and the z;’s.
Solution:
9K

flz) — plz) = T(ﬂf — 1) (z — T2)(T — x3)

(c) Assume IEEE standard floating-point arithmetic with machine precision ¢ <
1/200. Assume that the values f; are nonzero. Show that evaluating p at any point
z gives the exact value at = of the quadratic polynomial $ which interpolates values
Ji satisfying .

|fi - f'ti S 406,

| /il




at points #1, 22 and z3. You may use the fact that

n

[Ta+é&)y=1+A

i=1
where |A| < ne/(1 — ne) if each §; <, each o; = %1, and ne < 1.
Solution: In floating-point arithmetic, the ith operation commits relative error &;
bounded by the machine precision ¢, so

_ (x — 22} (1 + 81 )z — 23} (1 + 62 }(1 + &3)
ip(z) = (((501 - w:)(l + 5411)(% - -’23)(1 + ;5)(1 + gﬁ) A+ o)A +d)
(z — 21 }(1 + 8 ){z — z3)(1 + S10)(1 + 11)
(22 — z1)(1 + S12)(z2 — 3)(1 + S13)(1 + d14)
(x — 21 )(1 + 818} (x — z2) (1 + d19) (1 + o0)
(&~ 2 E) (@~ 2n)(1 F da)(1 £ 330+ 031+ )1+ )
= (@)1l 4+ A1) + o) fo (1 + Ag) + ps(z) fa(1 + Ag)

where each |A;| < 10¢/(1—10¢) < 20e. Defining f; = f;(1+A;) gives the result (with
a factor of 2 to spare).

(14 815) f2(1 + S16))(1 + b17)

Problem 3 (a) Find a numerical integration rule of the form

[ ie)is = 07©) +b51) + /@)

which is exact whenever f is a polynomial of degree 2. Note that the upper limit of
integration is 3, not 2.

Solution: If f(x)} is a polynomial of degree 2, then its quadratic interpolant p at the
points 0, 1 and 2 is exactly equal to f. Thus

[ 1o = [ ex(@)£0) +62() £0) + (@) (2)do = af(0) + b(1) + cF2)

where
@ = /cpl(xd:cf[:((z d —;; —3%%2@;3:%
b= /‘”(” fas ((? 0)(1— d“'g_ 11 ; i 2" g =0
o = [loam= [ g =5(5$3‘§$2”3:?1

Note that a+b+¢ = 3 as a check: the constant function 1 integrates to 3 as it should.
Since this rule integrates quadratics exactly, its error must be bounded by

3
| [ F@)ds - af(0) — bf (1) - cf(@)| < CMy
for some constant C, whenever |f®(z)| < M, for all .
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(b) Assume we know the a, b and ¢ from part (a) Find weights wg, wy and ws such
that the absolute error E{h) in the approximation

./[)Sh g(z)dz = iwig(ih) + E{h)

=0

is of order E(h) = O(h%). -
Solution: Let f(t) = g{ht) where 0 <t < 3. Then we know from part (a) that

[ 10t =af(0) +55(1) +¢f(2) + CFO(C).
On the other hand,

/ ® He)dt = /03 g(ht)dt = % / " o(z)dz

ff(t) — hg’(ht), f”(t) — hzg”(ht), fm(t) — hag"’(ht).
Thus multiplying through by h gives

and

joah g(z)dz = hag(0) + hbg(h) + heg(2h) + O{Ch*Ms)

and
wg = ha = 3h/4, uy = hb =10, we = he = 9h /4.

Extra Credit Problem 4 Let p{z) be the polynomial of degree n — 1 which inter-
polates f(z) at n points z;. Show that the derivatives satisfy

Pz — p(m)——ﬂf‘“)(ﬁ)l;l( i — ) | -

(for some unknown point £ in the interval [min; 2;, max; 2;]) at each interpolation
point ;.
Solution: We know that the error in polynomial interpolation is given by

{n)
LA

z—Zg) (T — Tn)

flz) —plz) =
where ¢, depends continuously on z. Thus the definition of the derivative gives

Flws + b) — (=) — p(ms + B) + p(:)

f@)—plz) = lim

R0 h
(n) ) o
= limI—M)(ﬂ:i"‘h_ﬁl)"'M'"($i+h_$n)
k—rD h
— —f(n) (G )H(mz — ;)
J#i

as h—0.
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