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Randomness

There are at least as many views of effective T
randomness as there are viewers, and not one of then
IS completely satisfactory.

We will discuss and compare features of the two most
prominent of them, measure theoretic randomness an
algorithmic randomness.
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Randomness
~

Points of comparison: T

o The class of random reals.

» Natural examples and recursively enumerable
reals.

» Dependence on the underlying measure.

o |
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Randomness
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Definition 1 X* Is the set of finite binary sequences
andX® the set of infinite ones. IA C X* then AX®
IS the open set of extensions Af
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Randomness: Measure
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Definition 2 1. A Martin-Lof testis a uniformly
recursively enumerable sequen@g : n > 1) of
subsets of 2 such that for each,
n(Ax?) < 1/2"

2. Fora € ¥*, a I1s Martin-Lof randomiff for every
Martin-Lof test(A, : N > 1), o € Np=1 A Z°.

3. A Martin-Lof test isuniversaliff for every «, If
@ € Np=1AnZ? thena is Martin-Lof random.
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Randomness: Complexity
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Definition 3 For f a partial function fromz* to X*,
f Is self-delimitingiff the domain off is an antichain.

We obtain natural examples of self-delimiting
functions onX* from recursive functions ox® by
considering the uses of their convergent computations

f (a) | Indicates thah is in the domain off .
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Randomness: Complexity
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Definition 4 (Levin, Chaitin) Suppose that Is a
self-delimiting recursive function.

1. If bisin the range off then thef-complexity of
b is the leasta| where f (a) = b. Otherwise, the
f -complexity ofb is co. We write H¢ (b) for the
f -complexity ofb.

2. Thehalting probabilityof f is )¢, 1/2.

The halting probabillity off is a real number 0, 1].
L ldentify such reals as elements®f. J
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Randomness: Complexity
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Definition 5 (Chaitin) A recursive functioru Is
Chaitin-universaiff the following conditions hold:

1. uis self-delimiting.

2. For any self-delimiting recursive functiointhere
IS a constan€C such that for alh,
Hy(a) < H¢(a) + C.

Theorem 6 (Chaitin) There is a Chaitin-universal
function.

o |
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Randomness: Complexity
o N

Definition 7 (Chaitin) Fora € ¥*, a IS
Chaitin-randomff there is a Chaitin-universal
functionu and a constan® such that for alh,
Hu(e [ n) > n— C. (A similar notion is due to
Kolmogorov.)

One could say that Chaitin-random realare
iIncompressible. It takes roughtyitems of data to
describex | n. In other words, up to a constant, the
string complexity okx | n (namely,H,(x | n)) isn.

o |
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Randomness: Complexity
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Chaitin provided a class of natural examples of
Chaitin-random reals.

Definition 8 (Chaitin) An Q-numberis the halting
probability of a Chaitin-universal function.

Theorem 9 (Chaitin) EveryQ2-number is
Chaitin-random.
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Randomness: Equivalence
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It Is straightforward to check that Martinaf-random
reals are Chaitin-random. Schnorr proved the

converse.

Theorem 10 (Schnorr) For everye € X, if a IS
Chaitin-random then is Martin-Lof random.

Henceforth, we will simply say that is random.

o |
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Recursive Enumerability
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Definition 11 Fora € X%, a IS recursively
enumerable Iff there Is a lexicographically
nondecreasing recursive sequel&e: n € w) such

that lim,_, &, = «.

For example, th€-numbers are recursively
enumerable.
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Recursive Enumerability
o N

Definition 12 (Solovay) Let (a, : n > 1) and

(b, : n > 1) be recursive lexicographically
nondecreasing sequenceiii which converge tor
andg, respectively.

1. (a, : n>1)dominatesb, : n > 1) Iff there is a
positive constant such that for alh,
C(a —ay) > (B — by, viewed In[0, 1].

2. (& : n > 1) isuniversalif it dominates every
such recursive seguence.

o |
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RE: Complexity
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Definition 13 « Is Q-like If it Is the limit of a
universal recursive seguence.

Theorem 14 (Solovay)If a Is Q2-like theno Is
random.

Theorem 15 (Calude, Hertling, Khoussainov and Wan
If a Is Q-like thena Is anS2-number
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RE: Complexity

Theorem 16 (KuCera and Slaman) If « Is
recursively enumerable and random theis 2-like
and, hence, af2-number.

The more structural theorem is that every recursively
random real 1£2-like. This is the dynamic property
which characterizes randomness among recursively
enmerable reals.

-

|
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RE: Measure

The measure theoretic treatment of effective
randomness provides a second class of natural
examples, the measures of the sets appearing
universal Martin-lof tests.

Theorem 17 on the next slide combines results of
KucCera and Slaman and results of Merkle, Mihai@vi
and Slaman.

-

|
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RE: Measure
B

Theorem 17 Suppose thai, :n > 1) is a uniformlyT
recursively enumerable sequence of reals such that fo
alln, an, < 1/2". The following are equivalent.

1. For eachn, ay IS random.

2. There is a universal Martindf test(A, : n > 1)
such that for alh, u(Ay) = an.
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Measures
—

Lebesque measuyfeis the natural uniform measure
on [0, 1]. But it is not the only finitely additive
measure worth considering. In the last few slides, we
consider the ways in which these aspects of
randomness change as the underlying measure does.

In the following, 1 * will denote a finitely additive
probability measure of0, 1].
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Measures: Continuity
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Definition 18 ©* is continuousff for all «* € X,
w*({a*}) = 0.

Remark 19 If u* Is continuous and* Is u*-random
(in the sense of Martin-@f), then there is a
Martin-Lof random realkr such thatx™ > «.
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Measures: Continuity
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Corollary 20 If u* Is continuous and* Is
w*-random, then there is a nondecreasing,
nonconstant, recursive functigysuch that for alh,
the string complexity o&* | g(n) Is greater than or
equal ton. In other words, the compressibility af is
bounded by a recursive function.
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Measures: Discontinuity
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Finally, we consider discontinuous probability
measures. In a some sensegyifconcentrates on*
thena™ Is u*-random. However, this only occurs
trivially.

Remark 21 If u* is recursive angh*({a*}) # O then
a™ IS recursive.

Of course, Initial segments of recursive reals have no
string complexity.

o |
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Measures: Discontinuity

o N

Theorem 22 (Reimann and Slaman)There is a
recursive probability measuge” and a nonrecursive
reala™* such that the following conditions hold.

1. o* Is u*-random.

2. For every recursive functiag there is am such
that the string complexity af* | g(n) has string
complexity less than or equal to

The connection between measure theoretic and
L algorithmic randomness is a feature of continuity. J
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