A SPLITTING THEOREM FOR n - REA DEGREES
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ABSTRACT. We prove that, for any D, A and U with D >p A® U and r.e.
in A® U, there are pairs Xo, X1 and Yp, Y1 such that D =p Xo ® X1; D =7
Yo @ Y1; and, for any ¢ and j from {0,1} and any set B, if X; ® A >r B and
Y; ® A >7 B then A > B. We then deduce that for any degrees d, a, and
b such that a and b are recursive in d, a 2?7 b, and d isn — REA in a, d
can be split over a avoiding b. This shows that the Main Theorem of Cooper
[1990] and [1993] is false.

1. INTRODUCTION

The basic formal definitions of computable sets and functions were proposed
independently, and in various equivalent forms, in the 30s by many researchers. The
standard model now is that of the Turing machine. Turing [1939] also introduced
the notion of relative computability to capture the idea of one set A being easier
to compute than another B in the sense that if we knew how to settle membership
questions in B we could do the same for A. The model here consists of Turing
machines with oracles, i.e. black boxes that supply the required answers about B.
We say that A is computable from (or recursive in) B if there is a Turing machine
which, when equipped with an oracle for B, computes (the characteristic function
of) A, i.e. for some e, ¥ = A. (Here we are assuming a standard listing ¢ of
the Turing machines with oracles for B.) We denote this relation by A <p B
which we read as A is (Turing) reducible to B or A is recursive (computable) in B.
This relation is transitive and reflexive and so induces an equivalence relation =p
(A=r Be A<y BAB <p A) and a partial order also denoted by <7 on the
equivalence classes. These equivalence classes are called (Turing) degrees and the
equivalence class of a set A C w is called its degree. It is typically denoted by a or
deg(A).

The structure D of these degrees has been the object of extensive study over
the past fifty or sixty years. (A survey from the early 80s is Shore [1985]. Current
ones can be found in Griffor [1999].) At first, attention focused on basic structural
questions about D such as determining which partial orders or lattices can be
embedded in D and characterizing its initial segments. For the past twenty years
a considerable amount of attention has been paid to more global issues such as
automorphisms of, and definability in, D. Of course, some of the vast store of
structural information discovered earlier on played important roles in these later
investigations. Particularly important examples in the early work on global issues
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include some of the results on initial segments and Spector’s exact pair theorem
that says that every countable ideal is the intersection of two principle ideals. More
specific local structural results that have played central roles in definability results
for D include ones revolving around density, or the lack thereof, and the interactions
between certain special subclasses of degrees related to recursive enumerability and
all of the degrees. (A degree b is recursively enumerable relative to (or in) a degree
a if there is a set B € b which can be enumerated by a function recursive in an
A € a, i.e. B is the range of some ¢2.)

In particular, Jockusch and Shore [1984] used two such facts due to Sacks [1963]
and an analysis of operators corresponding to iterations of recursive enumerability
and ones corresponding to sets which are effective Boolean combinations of r.e. ones
to show that the class A of degrees of arithmetic sets (those definable in arithmetic)
is definable in D. The basic structural facts needed were that no r.e. degree a can
be a minimal cover of any degree b, i.e. if b < a and a is r.e. then there is always
a degree c strictly between b and a and that every degree b has a minimal cover
a which is the degree of a set which is an effective Boolean combination of sets r.e.
in B of a particular form.

In a similar vein, Cooper proposed an approach to defining 0, the degree of the
halting problem, and so the jump operator taking a to a’. (Here a’ is the degree
of the halting problem for machines with an oracle for A, i.e. a’ = deg(A’) where
A’ = {e|the computation of ¢ (e) eventually halts}.) The structural property he
considered was considerably more complicated than the nonminimality one of r.e.
degrees used by Jockusch and Shore but was also based, in one direction, on an old
result of Sacks’. Here is Cooper’s property, some associated classes of degrees and
the relevant theorem of Sacks corresponding to the nonminimality results for r.e.
degrees.

Definition 1.1. d is splittable over a avoiding b if either a,b £d or b <a or
there are dg,dy; such that a <r dg,d; <r d, dgvd; =d and b ﬁTdo,dL Ci =
{c|Va,b(aV c is splittable over a avoiding b}. C; = {d|3c €C1(d <rc)}.

Theorem 1.2. (Sacks [1963]) Every r.e. degree d is in C;.

The analog of the Sacks’ minimal cover theorem in Cooper’s work was his Main
Theorem that there is a set C' which is d — r.e., i.e. the set-difference of two r.e.
sets, (and so a corresponding operator) such that there are a and b such that
c =7 deg(C) is not splittable over a avoiding b. Together with a general theorem
on the range of such operators and their interaction under join with degrees not
below 0’, this result would have sufficed to define 0’ and so, by relativization, the
jump operator itself. Cooper [1990] proposed to argue for the existence of such a set
with a 0" priority construction similar to that proving the Nonsplitting Theorem
of Lachlan [1975] for the recursively enumerable degrees. In this paper, we prove a
splitting theorem (Theorem 2.3) a special case of which shows that there is no such
set C' and so Cooper’s proposed property does not define the jump. In Shore and
Slaman [2000] we provide a very different definition of 0’ and the jump operator.

2. THE SPLITTING THEOREM

We begin with the definition of the iteration of recursive enumerability basic to
the work of both Jockusch and Shore and Cooper.
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Definition 2.1. A set W is 1 — REA relative to, or in, A if it is r.e. in A and
above it in Turing degree. W is (n+ 1) — REA in A if it is 1 — REA relative to
some U which isn — REA in A. A degree w is n — RE A relative to, or in, a if it
contains a set W which is n — REA relative to some set A € a . If a=0, we just
say that W and w are n — REA.

As Lachlan has shown that every d — r.e. set is of 2 — RE A degree (see Jockusch
and Shore [1984] for a proof of a more general fact), it suffices to prove that every
2 — RE A degree d is splittable over every a avoiding any b to show that there is no
d — r.e. set as claimed in the Main Theorem of Cooper [1990], [1993]. In fact, we
prove this for every n — REA degree d. The proof is not uniform in the sense that
given D, A and B we do not construct a splitting (Dg, D1) of D that lies above A
and not above B in such a way as to effectively produce indices for the D; from
those of the given sets. Instead, we produce various candidates some pair of which
constitute the desired splitting. The case for n = 1 is the Sacks splitting theorem
(Theorem 1.2). We begin with a result that suffices for the case n = 2 and then
use it in an induction argument to get the full result.

Theorem 2.2. Let D, A and U be given so that D >7 A® U and D is recursively
enumerable in A @ U. Then there are pairs Xg, X1 and Yy, Y1 with the following
properties.

(1) DETXo@Xl andDETYO@Yl.
(2) For anyi,j € {0,1}, and any set B, if X; ® A >p B andY; § A >r B
then A >1 B.

The desired splitting theorem for n — REA degrees is an easy corollary of The-
orem 2.2.

Theorem 2.3. Suppose that d, a, and b are given and d is n — REA in a. Then
d can be split over a avoiding b.

Proof. Without loss of generality we may assume that a and b are recursive in d
and a 21 b. We deduce Theorem 2.3 from Theorem 2.2 by an induction on n. Let
D, A, and B be representatives of d, a, and b, respectively.

When n is equal to 1, D is recursively enumerable in A. By the Sacks Splitting
Theorem (Theorem 1.2) relativized to A, d can be split over a avoiding b.

Now assume that n is greater than 1 and assume that Theorem 2.3 holds for all
numbers less than n. Since d is n — REA in a, there is a set U such that U is
(n — 1) — REA relative to A, U is recursive in D and D is recursively enumerable
inU.

First, if D is recursive in U, then D has the same degree as U and the inductive
hypothesis verifies the claim of Theorem 2.3. So, assume D is not recursive in U.
Then D >7 A @ U and is recursively enumerable in A & U. Thus we can apply
Theorem 2.2 to get Xy, X1 and Yy, Y; as indicated in its conclusion. If neither
A ® Xg nor A X; computes B, then the degrees of A & Xy and A & X; form
a splitting of d over a avoiding b. Otherwise, B is recursive in either A & X or
A & X;. By the second condition in Theorem 2.2, B cannot be recursive in either
APYy or A®Y;. Consequently, the degrees of A@® Yy and A @ Y; form a splitting
of d over a avoiding b. Thus, in either case, d can be split over a avoiding b as
required. [
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The remainder of this paper is devoted to proving Theorem 2.2. As in the
statement of Theorem 2.2, let D, A and U be given so that D > A@® U and D is
recursively enumerable relative to A @ U. We construct pairs Xy, X; and Yy, Y7 to
satisfy the conclusions of the theorem.

In the following, we will identify sets with their characteristic functions. For
example, D(n) = 0 is synonymous with n & D, and D(n) = 1 is synonymous with
n € D. We first describe the requirements that we need to satisfy and then provide
the construction of the desired sets from D and finally the verifications that the
requirements are satisfied..

2.1. Join requirements. We directly ensure that Xy @ X; and Yy @ Y7 compute
D by enforcing the following conditions.

(2.1) (Vn)[n € D if and only if Xo(n) = X;1(n)]
(2.2) (Vn)[n € D if and only if Yy(n) = Y1(n)].

Note that we can specify X; or Y; arbitrarily and still define X;_; or Y7_;, respec-
tively, to satisfy Equations 2.1 and 2.2.

2.2. Infima requirements. We ensure that our sets satisfy the second claim in
Theorem 2.2 by a priority construction. We consider requirements P of the following
form, in which i and j belong to {0,1}, ® and ¥ are Turing functionals, and B is
a free variable.

(2.3) If &(X; ® A) = U(Y; @ A) = B, then A > B.

Let (P; : i € N) be a recursive enumeration of all requirements of the above form.
To fix our notation, let P be the requirement

(2.4) If q)k(sz (&5) A) = q’k(}/gk (&) A) = By, then A >7 By.

We organize our construction so that for all Py, either one of ®4(X;, & A) or
U (Y;, @ A) is not total, they are not equal, or their common value is recursive
in A. During the construction, we search for an argument at which we can make
O, (X, ® A) and ¥, (Y;, & A) unequal. If no such opportunity appears and both
functions are total, then we conclude that their common value must be recursive
in A.

2.3. Constructing the X;’s and Y}’s recursively in D.

Definition 2.4. (1) A finite condition on one of the X;’s or Y;’s is a 0-1
valued function whose domain is a finite initial segment of N. That is,
a finite condition on a set is a specification of a finite initial segment of
the values of that set. Two conditions are compatible if they agree on the
domain they have in common.

(2) A Pp-split over A consists of a natural number n, a pair of finite conditions
po and p1, and a pair of computations in P, and Vi of lengths less than
the domains of po and py such that ®i(n,po ® A) and Vi(n,p1 & A) are
defined by these computations and have different values.

(3) We say that Xo | ¢, X1 | z, Yy | 2, and Y1 | = extend the conditions in
the above Py-split if X;, extends po and Y}, extends p;.

(4) We say that Xo [ , Xy [z, Yo | , and Y1 | © are compatible with the
conditions in the above Py-split if X;, and py are compatible and Y;, and
p1 are compatible.
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Note, if Xo [z, X1 [ x, Yo [ x, and Y; [ x extend the conditions in a Pj-split,
then @ (X;, & A) and ¥, (Y;,  A) take different values at the number n mentioned
in that split.

In the following, we assume we have a universal enumeration over all & of all Py
splits over A.

Definition 2.5. (1) Let D[s] denote the set of numbers less than or equal to
s which are enumerated in D relative to A @ U by computations of length
less than or equal to s.
(2) For each x € N, let s, be the least stage s such that D[s] and D are equal
on all numbers less than or equal to x, that is D[s] [z ®1=D |2 & 1.

We now compute the X;’s and Y}’s from D by recursion as follows.

(1) To compute these sets at argument z, first compute their restrictions to all
numbers less than . If x is 0, then these restrictions are null functions.
(2) Compute s,.
(3) Say that k requires attention at x if k is less than or equal to z and the
following conditions hold.
(a) Xo [z, X1 [, Yo [ 2, and Y7 [ = do not extend the conditions in any
Pi-split enumerated at or before stage s, (of our fixed enumeration
for the Py splits over A).
(b) There is a Pg-split enumerated at or before stage s, such that X [ z,
X1 Jx, Yy | x,and Y7 |  are compatible with the conditions in that
split.

If there is no k which requires attention at x, then let Xo(x) and Yy (z)
both equal 1 and let X;(z) and Y;(z) both equal D(x). Thus, Xo(z) =
X1 (z) if and only if Yy(x) = Y1 () if and only if D(x) = 1.

If there is a k which requires attention at x, then let py and p; be the
conditions mentioned in the Py-split which appeared first in our universal
enumeration of splits among those Pg-splits of highest priority, i.e. with
the smallest k, which are compatible with Xy [ =, X7 [ «, Yy [ =, and
Y1 | . Define X;, (x) and Yj, (z) to equal po(x) and p1(x), respectively,
where those are defined. This leaves at least one of each pair { Xy, X1} and
{Y0,Y1} undefined at x. Define the sets whose values at « have not yet
been determined to ensure the equivalences Xo(z) = X;(z) if and only if
Yo(x) = Yi(2) if and only if D(z) = 1.

Here is a short summary of the algorithm. Use the enumeration of D relative
to A@ U to produce a finite set of splits for various Py’s, and then define the X;’s
and Y;’s at x compatibly with the split for the highest priority requirement which
requires attention.

Remark 2.6. The function mapping D | x to sp—1, Xo [z, X1 [z, Yy | x, and
Y1 | x is recursive in A® U.

Proof. Suppose we are given D | x and by induction have computed Xy [  — 2,
Xi11z—-2,Y [x—2,and Y7 [ £ —2. We can run the enumeration of D relative to
A @ U until the stage s,_1 at which each element of D [ = has been enumerated.
The universal enumeration of Py splits over A is recursive in A, and so we can
compute the set of splits enumerated at or before stage s,—1 using A @& U. The
values of the X;’s and Y};’s at o — 1 are effectively determined from this collection of
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splits and the value of D at x — 1, data which is now seen to be available to A ® U
from D | x. [

Definition 2.7. Let Xo[s|, X1[s], Yo[s], and Yi[s] be the sets computed from D|s]
in the way that we specified that D computes Xg, X1, Yy, and Y7.

2.4. Satisfaction of the requirements.

Lemma 2.8. For each k, there are only finitely many x such that Py requires
attention at x.

Proof. We verify Lemma 2.8 by a Friedberg-style priority argument. By induction
on k, choose x( so that for all x greater than xy no requirement of index less than
k requires attention at x. Suppose that Py requires attention at some i greater
than zg. Then the values of X;, and Y}, at z will be defined so that X;, [ x®1 and
Y, | * @1 are compatible with the conditions in the first Pj-split for which this
is possible. Since no requirement of lower index can require attention, the same
Pr-split will be used during subsequent stages until reaching an x5 such that the
X;’s and Y;’s restrictions to x extend that Pg-split. But then P, cannot require
attention for any argument greater than x,. U

Lemma 2.9. Suppose that Oy (X;, & A) = Uy (Y;, ®A) and their common value By,
is not recursive in A. Then for all x there is an s greater than x with the following
properties.
(1) s> s;.
(2) There is a Py-split which is enumerated at or before stage s such that Xo | z,
X1, Yo [z, and Y1 | x are compatible with the conditions in that split.

Proof. For a contradiction, fix x so that there is no s which satisfies the conclusions
of Lemma 2.9.

Then every t greater than s, satisfies the first property specified in the conclusion
of Lemma 2.9, so there cannot be any Pg-split such that Xy [ =, X7 [ z, Y) [ =,
and Y] [ z are compatible with the conditions in that split.

Consider any conditions py and p{ extending X;, | z. If there were an n such
that ®r(n,po ® A) and P (n,p§ ® A) are defined and give incompatible values,
then one of them could be paired with the initial segment of Y;, used to compute
Uy(n,Y; @ A) to produce a Pj-split.

Now, conclude that By, is recursive in A: Given n, find py extending X, [ = such
that @ (n,po ® A) is defined. The value of Py (n,py & A) must equal Bi(n), since
it must equal ®x(n, X;, ® A). Thus, A >p By, for the desired contradiction. O

Lemma 2.10. For all k, if ®1(X;, @ A) = Ui (Y;, ® A), then their common value
is recursive in A.

Proof. For a contradiction, suppose that ®,(X;, ®A) = Ui (Y;, & A) and that their
common value is not recursive in A. We will show that D is recursive in A & U.
By Lemma 2.8, fix tg so that for all k* less than or equal to k and all x greater
than tg, Pr~ does not require attention at .
Take D | ty as a given finite amount of data. We compute the value of D at
arguments x > ty using the already computed D [ x as follows.

(1) Compute s,—1, Xo [ 2, X1 [ 2, Yo | @, and Y7 | . (See Remark 2.6 and
text proceeding it for the effectiveness of this step relative to A ® U.)
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(2) Compute the least ¢ such that the following conditions are satisfied.
(a) t is greater than the maximum of z and s,_1.
(b) There is a Py-split which is enumerated at or before stage ¢ such that
Xo Tz, X1 |2, Yy [ 2, and Y7 | x are compatible with the conditions
in that split.
We let t, denote this t.
(3) Return the value of D[t;] at = as the value of D at x.

By Lemma 2.9, there is a stage ¢t and a Pj-split which is enumerated at or
before stage ¢ such that Xy [ =, X7 [ =, Yy [ =, and Y7 [ = are compatible with
the conditions in that split. Thus, the above procedure will find some ¢, and will
return some value for D at z.

We chose t; so that no strategy with index less than or equal to k requires
attention after stage tg. In particular, P, cannot require attention at x. But
then, the Pjg-split which is enumerated before or during stage ¢, can not have
been enumerated before or during stage s,. Consequently, s, is less than ¢, and
D(xz) = Dl[ty](x). Thus, the calculation relative to A @ U correctly returns the
value of D at x.

The conclusion that D is recursive in A @ U is the desired contradiction, which
proves Lemma 2.10 and so Theorem 2.2. O
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