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ABSTRACT. We investigate which infinite binary sequences (reals) are
effectively random with respect to some continuous (i.e., non-atomic)
probability measure. We prove that for every n, all but countably many
reals are n-random for such a measure, where n indicates the arithmetical
complexity of the Martin-Lof tests allowed. The proof is based on a Borel
determinacy argument and presupposes the existence of infinitely many
iterates of the power set of the natural numbers. In the second part of
the paper we present a metamathematical analysis showing that this
assumption is indeed necessary. More precisely, there exists a computable
function G such that, for any n, the statement “All but countably many
reals are G(n)-random with respect to a continuous probability measure”
cannot be proved in ZFC;,. Here ZFC,, stands for Zermelo-Fraenkel set
theory with the Axiom of Choice, where the Power Set Axiom is replaced
by the existence of n-many iterates of the power set of the natural
numbers. The proof of the latter fact rests on a very general obstruction

to randomness, namely the presence of an internal definability structure.

1. INTRODUCTION

The goal of this paper is study under what circumstances an infinite binary
sequence (real) is random with respect to some probability measure. We use
the framework of Martin-Lof randomness to investigate this question. Given
a measure u, a Martin-Lof test is an effectively presented Gy p-nullset in
which the measure of the open sets converges effectively to zero. As there are
only countably many such tests, only measure-zero many reals can be covered
by a Martin-Lof test for u. The reals that cannot be covered are called
Martin-Lo6f random for . Obviously, if a real X is an atom of a measure p,
then X is random for p. If we rule out this trivial way of being random, the
task becomes harder: Given a real X, does there exist a probability measure
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on the space of all infinite binary sequences such that X is not an atom of p
but X is p-random?

In [41], we were able to show that if a real X is not computable, then
such a measure exists. It is not hard to see that if a real X is computable,
then the only way that X is random with respect to a measure p is for
it to be an atom of u. Hence having non-trivial random content (with
respect to any measure at all) in the sense of Martin-Lof is equivalent
to being non-computable. Besides Martin-Lof randomness, various other
notions of algorithmic randomness have been thoroughly investigated, such as
Schnorr randomness or Kurtz randomness. Two recent books on algorithmic
randomness [9, 36] provide a good overview over the various concepts. They
all have in common that they use algorithmic features to separate non-
randomness from randomness. Moreover, in terms of the arithmetic hierarchy,
the complexities of the underlying test notions usually fall within two or
three quantifiers of each other.

This suggests that in order to study the random content of a real from the
point of view of algorithmic randomness in general, we should look at how
this content behaves when making tests more powerful by giving them access
to oracles (or equivalently, considering nullsets whose definitions are more
complicated). For Martin-Lof tests, this means the test has to be effectively
G5 only in some parameter Z. This enlarges the family of admissible nullsets
and, correspondingly, shrinks the set of random reals. If the parameter Z
is an instance 0™ of the Turing jump, i.e., Z is real that can decide all 3,
statements about arithmetic, we speak of (n + 1)-randomness.

Our goal is to understand the nature of the set of reals that are not
n-random with respect to any continuous probability measure. In particular,
we want to understand how this set behaves as n grows larger (and more
reals will have this property).

The restriction to continuous measures makes sense for the following
reasons. By a result of Haken [17, Theorem 5], if a real is n-random, n > 2,
with respect to some (not necessarily continuous) probability measure and
not an atom of the measure, it is (n — 2)-random with respect to a continuous
probability measure. Thus considering arbitrary probability measures would
only shift the question of how random a real is by a couple of quantifiers.
And the core problem of finding a measure that makes a real random without
making the real an atom of the measure remains. While we ignore features

of randomness for arbitrary measures at lower levels, we develop insights into
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randomness for continuous measures. At the level of 1-randomness, there
is an interesting connection with computability theory: In [41], drawing on
a result of Woodin [47], we showed that if a real X is not hyperarithmetic,
then there exists a continuous probability measure for which X is 1-random.

Our first main result concerns the size of the set of reals that are not
n-random with respect to any continuous measure. The case n = 1 follows

of course from the result in [41] mentioned above.

Theorem 1. For any n € w, all but countably many reals are n-random

with respect to some continuous probability measure.

The proof features a metamathematical argument. Let us denote by NCR,,
the set of all reals that are not n-random with respect to any continuous
probability measure. We show that for each n, NCR,, is contained in a
countable model of a fragment of set theory. More precisely, this fragment is
ZFC, , where ZFC, denotes the axioms of Zermelo-Fraenkel set theory with
the Axiom of Choice, with the power set axiom replaced by a sentence that
assures the existence of n iterates of the power set of the natural numbers.

One may wonder whether this metamathematical argument is really nec-
essary to prove the countability of a set of reals, in particular, whether one
needs the existence of infinitely many iterates of the power set of w to prove
Theorem 1, a result about sets of reals. It turns out that this is indeed the
case. This is the subject of our second main result.

Theorem 2. There exists a computable function G(n) such that for every
n € w, the statement

“There exist only countably many reals that are not G(n)-
random with respect to some continuous probability measure.”

is not provable in ZFC, .

This metamathematical property of NCR is reminiscent of Borel determi-
nacy [32]. Even before Martin proved that every Borel game is determined,
Friedman [11] had shown that any proof of Borel determinacy had to use
uncountably many iterates of the power set of w. Borel determinacy is a
main ingredient in our proof of Theorem 1. Theorem 2 establishes that this
use is, in a certain sense, inevitable.

Theorem 2 is proved via a fine structure analysis of the countable models
used to show NCR,, is countable. These models are certain levels Lg of
Godel’s constructible hierarchy. In these Lg (or rather Jensen’s version, the
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J-hierarchy) we exhibit sequences of non-random reals with Turing degrees
cofinal among those of the model. These reals are master codes [3, 22|, reals
that code initial segments of the J-hierarchy in a way that arithmetically
reflects the strong stratification of L. The main feature of this proof is a
very general principle that manifests itself in various forms: an internal
stratified definability structure forms a strong obstruction to randomness.
This principle works for both iterated Turing jumps as well as certain levels
of the J-hierarchy.

Before we proceed, we make one more comment on the restriction to
continuous measures. Note that Theorem 1 is a stronger statement for
continuous measures than for arbitrary measures. Furthermore, by Haken’s
result [17], Theorem 2 holds for arbitrary measures if we replace G(n) by
G(n) + 2.

The paper is organized as follows. In Section 2, we introduce effective
randomness for arbitrary (continuous) probability measures. We also prove
some fundamental facts on randomness. In particular, we will give various
ways to obtain reals that are random for some continuous measure from
standard Martin-Lof random reals (i.e., random with respect to Lebesgue
measure). We also consider the definability strength of random reals. Section
3 features the proof that for any n, all but countably many reals are n-random
with respect to some continuous measure (Theorem 1). Finally, Section 4 is
devoted to the metamathematical analysis of Theorem 1. In particular, it
contains a proof of Theorem 2.

We expect the reader to have basic knowledge in mathematical logic
and computability theory, including some familiarity with forcing, the con-
structible universe, and the recursion theoretic hierarchies.

Acknowledgments. We would like to thank Sherwood Hachtman, Carl
Jockusch Jr., Alexander Kechris, Donald Martin, and W. Hugh Woodin for
many helpful discussions and suggestions. We would also like to thank the
anonymous referees for their very careful reading of the manuscript and for
their much-needed suggestions on how to improve the paper.

2. RANDOMNESS FOR CONTINUOUS MEASURES
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In this section we review effective randomness on Cantor space 2% for
arbitrary probability measures. We then prove some preliminary facts about
random reals.

The Cantor space 2% is the set of all infinite binary sequences, also called
reals. The topology generated by the cylinder sets

[o] = {z: z[jo)= o},

where o is a finite binary sequence, turns 2* into a compact Polish space.
2<% denotes the set of all finite binary sequences. If o, 7 € 2<%, we use C to
denote the usual prefix partial ordering. This extends in a natural way to
2<¥ U 2¥. Thus, x € [o] if and only if o C z. Finally, given U C 2<% we
write [U] to denote the open set induced by U, i.e. [U] = U,y o]

2.1. Turing functionals. While the concept of a Turing functional is stan-
dard, we will later define a forcing partial order based on it, and for this
purpose we give a rather complete formal definition here. The definition
follows [46], with the one difference that we require Turing functionals to be
recursively enumerable.

A Turing functional ® is a computably enumerable set of triples (m, k, o)
such that m is a natural number, k is either 0 or 1, and o is a finite binary
sequence. Further, for all m, for all k1 and k9, and for all compatible o7 and
o9, if (m,ky,01) € ® and (m, kg, 02) € @, then k1 = k2 and 01 = 09.

We will refer to a triple (m, k, o) as a computation in ®, and we will say
it is a computation along X when every X is an extension of o.

In the following, we will also assume that Turing functionals & are use-
monotone, which means the following hold.

(1) For all (my,ki,01) and (mg, ke,092) in ®, if o1 is a proper initial
segment of oy, then m; is less than mo.

(2) For all my and ma, ke and o9, if ma > mq and (mag, ko, 02) € ®, then
there are ky and o7 such that o1 C o9 and (mq, k1,01) € P.

We write ®7(m) = k to indicate that there is a 7 such that 7 is an initial
segment of o, possibly equal to o, and (m, k,7) € ®. In this case, we also
write ®7(m) |, as opposed to ®7(m) 71, indicating that for all £ and all 7 C o,
(m,k,7) ¢ ®. If, moreover, (m,k,7) is enumerated into ® by time s, we
write ®7(m) = k.

If X € 2% we write ®X(m) = k (and ® (m) = k, respectively) to indicate
that there is an [ such that ®X[1(m) = k (and this is enumerated by time s,
respectively). This way, for given X € 2%, ®X defines a partial function from
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w to {0,1} (identifying reals with sets of natural numbers). If this function
is total, it defines a real Y, and in this case we write (X ) =Y and say that
Y is Turing reducible to X via &, Y <t X.

By use-monotonicity, if ®7(m) |, then ®7(n) | for all n < m. If we let m
be maximal such that ®7(m) |, ®7 gives rise to a string 7 of length m + 1,

7 =d°(0)... 0" ().

If ®7(n) 1 for all n, we put 7 = @. On the other hand, if ™ does not
exist, then ®7 gives rise to a real Y. We write ®(o) = 7 or ®(0) =Y,
respectively. This way a Turing functional induces a function from 2<%
to 2<% U 2¥ that is monotone, that is, ¢ C 7 implies ®(0) C ®(7). Note
that ®(co) is not necessarily a computable function, but we can effectively
approximate it by prefixes. More precisely, there exists a computable mapping
(0,8) — ®4(0) so that ®4(0) C Psiq(0), Ps(0) C Ps(074) for i € {0,1},
and limg ®4(0) = ®(0).

If, for a real X, lim,, |®(X[,)| = oo, then ®(X) = Y, where Y is the
unique real that extends all ®(X|[,,). In this way, ® also induces a partial,
continuous function from 2% to 2¢. We will use the same symbol ® for the
Turing functional, the monotone function from 2<% to 2<%, and the partial,
continuous function from 2% to 2¢. It will be clear from the context which &
is meant. ® is called total if ®(X) is a real for all X € 2¥. If ® is total and
®(X) =Y, then Y is called truth-table reducible to X, Y <y X.

Turing functionals can be relativized with respect to a parameter Z, by
requiring that ® is r.e. in Z. We call such functionals Turing Z-functionals.
This way we can consider relativized Turing reductions. A real X is Turing
reducible to a real Y relative to a real Z, written X <77 Y, if there exists
a Turing Z-functional ® such that ®(X) =Y.

2.2. Probability measures. By the Carathéodory extension theorem, a
Borel probability measure p on 2% is completely specified by its values on
clopen sets, i.e., on finite unions of basic open cylinders. In particular,
u[2]) = 1, and the additivity of p implies that for all o € 2<%,

(2.1) ulo] = ulo™0] + plo™1].

An additive premeasure is a function 1 : 2<¢ — R2 with (@) = 1 and
n(e) =n(c™0)+n(c"1) for all o € 2<%, Any additive premeasure induces a
Borel probability measure, and if we restrict a Borel probability measure p to
its values on cylinders, we obtain an additive premeasure whose Carathéodory
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extension is p. We can therefore identify a Borel probability measure on 2%
with the additive premeasure it induces. We will exclusively deal with Borel
probability measures and in the following simply write measure to denote a
Borel probability measure on 2%.

The Lebesgue measure A on 2“ is obtained by distributing a unit mass
uniformly along the paths of 2¢, i.e., by setting A[o] = 271°l. A Dirac
measure, on the other hand, is defined by putting a unit mass on a single
real, i.e., for X € 2¥, let

1 ifoCX,

dx[o] =
0 otherwise.
If, for a measure p and X € 2¢, u({X}) > 0, then X is called an atom of p.
Obviously, X is an atom of dx. A measure that does not have any atoms is
called continuous.

2.3. Representation of measures and Martin-L6f randomness. To
incorporate measures into an effective test for randomness we represent them
as reals. This can be done in various ways (for example, identify them
with the underlying premeasure and code that), but in order for the main
arguments in [41] to work, the representation has to reflect some of the
topological properties of the space of probability measures.

Let M(2¥) be the set of all Borel probability measures on 2*. With the
weak-* topology, this becomes a compact Polish space (see [26, Theorem
17.23]). It is possible to choose a countable dense subset D C M(2¥) so
that every measure in M (2%) is the limit of an effectively converging Cauchy
sequence of measures in D. Moreover, the structure of the measures in D is
such that they give rise to a canonical continuous surjection p : 2 — M(2¥)
with the additional property that for every R € 2*, p~1({p(R)}) is H{(R).
For details on the construction of p, see [4, Section 2]|. If p(R) = u, then
R is called a representation of u. A measure may have several distinct
representations with respect to p. If p is given, R, will always denote a
representation of p.

Working with representations, we can apply computability theoretic no-
tions to measures. The following two observations appeared as Proposi-
tions 2.2 and 2.3, respectively, in [41].
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Proposition 2.1. Let R € 2% be a representation of a measure p € M(2%).

Then the relations

plo] <q and plo] >q (0 €2,¢€Q)

are r.e. in R.

It follows that the representation of a measure can effectively approximate
effectively approximate its values on cylinders to arbitrary precision.

Proposition 2.2. Let R € 2% be a representation of a measure p € M(2%).
Then R computes a function g, : 2<% x w — Q such that for all o € 25¥,
new,

lgu(o,n) — plo]| <27

We say a real X is recursive in p if X <t R, for every representation R, of
1. On the other hand, we say a real computes a measure if its computes some
representation of it. A measure does not necessarily have a representation of
least Turing degree [4, Theorem 4.2].

We will later show that the question of whether a real is random with
respect to a continuous measure can be reduced to considering only continuous
dyadic measures. A measure pu is dyadic if every measure of a cylinder is of
the form pfo] = m/2™ with m,n non-negative integers.

For dyadic measures, it makes sense to speak of exact computability:
A dyadic measure pu is ezactly computable if the function o — pfo] is a
computable mapping from 2<% to Q. Note that for exactly computable
measures, the relation ufo] > «, « rational, is decidable, whereas in the
general case for 1 with a computable representation we only know it is V.

If we encode a dyadic measure u by collecting the ternary expansions of
its values on cylinders in a single real Y, we obtain a representation not in
the sense of p, but that is minimal in the following sense: Any real that can
compute an approximation function to p in the sense of Proposition 2.2 can
compute Y.

We can now give the definition of a general Martin-Lof test. The definition
is a generalization of Martin-Lof n-tests and Martin-Lof n-randomness for
Lebesgue measure. We relativize both with respect to a representation of
the measure and an additional parameter.

Definition 2.3. Suppose p is a probability measure on 2, and R is a
representation of pu. Suppose further that Z € 2 and n > 1.
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(1) An (R, Z,n)-test is aset W C wx 2<% which is recursively enumerable
in (R® Z)" Y, the (n — 1)st Turing jump of R & Z such that

> o] <27,

UEWn

where W,, = {o: (n,0) € W}

(2) A real X passes a test W if X & (), [W,]. If X does not pass a test
W, we also say X is covered by W (or (W),,), respectively).

(3) A real X is (R, Z,n)-random if it passes all (R, Z,n)-tests.

(4) A real X is Martin-Léf n-random for p relative to Z, or simply
(i, Z,n)-random if there exists a representation R, such that X is

(R, Z,n)-random. In this case we say R, witnesses the y-randomness
of X.

If the underlying measure is Lebesgue measure A, we often drop reference
to the measure and simply say X is (Z,n)-random. We also drop the index
1 in case of (u, Z,1)-randomness and simply speak of p-randomness relative
to Z or p-Z-randomness. If Z = (), on the other hand, we speak of (u,n)- or
p-n-randomness. Note also that if 4 is Z-computable, say R, <t Z, then
(R, Z,n)-randomness is the same as (R, Z("~Y, 1)-randomness.

Remark 2.4. The original definition of n-randomness for Lebesgue measure
A given by Kurtz [29] uses tests based on ¥, classes. However, it is possible
to approximate ¥ classes from outside in measure by open sets. Kurtz [29]
and Kautz [25] showed that such an approximation in measure can be done
effectively for classes of the lightface finite Borel hierarchy, in the sense that
a XU class can be approximated in measure by a E?’Wﬂil) class. Therefore,
while the definitions based on X2 nullsets and on Z?’m(n_l) nullsets do not
give the same notion of test, they yield the same class of random reals (see [9,
Section 6.8] for a complete presentation of this argument).

The proof that the two approaches yield the same notion of n-randomness
relativizes. Moreover, the approximation in measure by open sets is possible
for any Borel probability measure, as any finite Borel measure on a metric
space is regular. Finally, using Proposition 2.1 one can show inductively
that, given a representation R of u, the relations p(S) > ¢ and p(S) < ¢ (for
g rational) are uniformly 9% for any %0 class S. The latter fact is a key
ingredient in the equivalence proof. Therefore, (u, Z, n)-randomness could

alternatively be defined via $ORPZ tests. We prefer the approach given in
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Definition 2.3, because open sets are usually easier to work with, and because

most techniques relativize.

Levin [30] introduced the alternative concept of a uniform test for random-
ness, which is representation-independent (see also [13]). Day and Miller [4,
Theorem 1.6] have shown that for any measure p and for any real X, X
is p-random in the sense of Definition 2.3 if and only if X is y-random for

uniform tests.

Since, for fixed R, Z, and n, there are only countably many (R, Z,n)-
tests, it follows from countable additivity that the set of (u, Z,n)-random
reals for any p and any Z has p-measure 1. Hence there always exist
(i, Z,n)-random reals for any measure p, any real Z, and any n > 1.

However, u, Z, and n put some immediate restrictions on the relative
definability of any (u, Z, n)-random real.

Proposition 2.5. If X is (u, Z,n)-random via a representation R,,, then
X cannot be A%(R, & 7).

Proof. If X is A%(R, ® Z), then X <1 (R, ® Z)"~Y, and we can build a
(1, Z,m)-test covering X by using the cylinders given by its initial segments.
O

It is also immediate from the definition of randomness that any atom of a
measure is random with respect to it. This is a trivial way for a real to be
random. The proposition below (a straightforward relativization of a result
by Levin [48], see also [41, Proposition 3.3]) shows that atoms of a measure
are also computationally trivial (relative to the measure).

Proposition 2.6 (Levin). If for a measure p and a real X, p{X} > 0, then
X <t R, for any representation R, of j.

Since we are interested in randomness for continuous measures, the case

of atomic randomness is excluded a priori.

2.4. Image measures and transformation of randomness. Let f : 2¥ — 2%
be a Borel measurable function. If i is a measure on 2¥ ,the image measure
iy is defined by

p(4) = (£ (A)).
It can be shown that every probability measure is the image measure of
Lebesgue measure A for some f. For continuous measures, Oxtoby [37]
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proved that any continuous, positive measure on 2“ can be transformed into
Lebesgue measure on the set of irrationals in [0, 1] via a homeomorphism.
Here, a measure is positive if ufo] > 0 for o € 2<%,

Levin [48, Theorem 4.3], and independently Kautz [25, Corollary IV.3.18]
(see also [2]) proved an effective version of these results. For a computable
measure p on 2% there exists a Turing functional ® defined on almost every
real such that p is the image measure of A under ®. If u is, moreover,
continuous and positive, then ® has an inverse that transforms p into A.

A consequence of the Levin-Kautz theorem is that every non-recursive
real that is random with respect to a computable probability measure is
Turing equivalent to a A-random real. We will show now that for continuous
measures, this can be strengthened to truth-table equivalence.

Proposition 2.7. Let X be a real. For any Z € 2“ and any n > 1, the

following are equivalent.

(i) X is (u, Z,n)-random for a continuous measure u recursive in Z.
(i) X is (v, Z,n)-random for a continuous, positive, dyadic measure v
exactly computable in Z.
(iii) There exists a Turing Z-functional ® such that ® is an order-
preserving homeomorphism of 2%, and ®(X) is (A, Z,n)-random.

(iv) X is truth-table equivalent relative to Z to a (A, Z,n)-random real.

Here, the order on 2% is the lexicographical order given by
X<Y & X(N)<Y(N) where N =min{n: X(n) #Y(n)}.

Proof. We give a proof for Z = () and n = 1. It is routine to check that the
proof relativizes and generalizes to higher levels of randomness.

(i) = (ii): Let X be p-random, where p is a continuous, computable
measure. We construct a continuous, positive, dyadic, and exactly com-
putable measure v such that X is random with respect to v, too. The
construction is similar to Schnorr’s rationalization of martingales [44] (see
also [9, Proposition 7.1.2]).

We define v by recursion on the full binary tree 2<“. To initialize, let
v*[@] = 2. Now assume v*[o] is defined such that,

ulo] < v*o] < plo] + 27171+
A simple case distinction shows that

max{p[o 0], v*[o]—pu[o"1]-2711} < min{pJo"0]+2717, v [o] —plo 1]}
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As the dyadic rationals are dense in R, there exists a dyadic rational r in this
interval, and by Proposition 2.2 we can find such an r effectively in o. Put

vioeT0]=r, vo"1] =v[o] —r.
Then clearly
v oT0] + v o™ 1] = v*[o],
and by the choice of r,

wle™0] < v* o7 0] < pfoT0] + 2—(|0|)7
plo™1] < v* [oe™1] < po 1] + 27D,

We normalize by letting v = v*/2. By construction of v*, the measure v is
dyadic and exactly computable. It is also clear from the construction that
for all o, ufo] < 2v[o]. In particular, v is positive. Finally, if (V},) is a test
for v, by letting W,, = V,, 11 we obtain a pu-test that covers every real covered
by (V,,). Hence if X is p-random, then X is also v-random.

(ii) = (iii): Suppose v is an exactly computable, continuous, positive,
dyadic measure. Since v is continuous and 2“ is compact, for every m there
exists a least l,,, € w such that whenever |o| > [,,,, then v[o] < 27™. Without
loss of generality, we can assume that [, < l,,1+1. As v is exactly computable,
the mapping m — [,,, is computable.

We define inductively a mapping ¢ : 2<% — 2<% that will induce the
desired homeomorphism. In order to do so, we first define, for every 7 € 2<%,
an auxiliary finite, non-empty set E, C 2<¥. It will hold that

(a) all strings in E; are of the same length, and this length depends only
on the length of ;

(b) if 0 C 7, then every string in E. is an extension of some string in Ey;

(c) if o and 7 are incomparable, then E, and E, are disjoint; moreover,
if |o| = |7| and o is lexicographically less than 7, then all strings in
E, are lexicographically less than any string in ET;

(d) for all n, U1, [E-] = 2%

(e) for all 7, 0 < v[E,] < 27I7l(2 — 2=I7]),

Put Eyz = {@}. Suppose now that E. is defined for all strings 7 of length
at most n, and that for these sets E7, (a)-(e) are satisfied.
Given any 7 of length n, let

F; = {0 :|o] = ly(n41) & o extends some string in E;}.
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Find the least (with respect to the usual lexicographic ordering) o € F; such
that

> vnl > v[E-] /2.

n<c
nekF-

Let E;~¢g = {n € F;: n < o} and put the remaining strings of F into E 1.
This ensures that E,~¢ and E.~; satisfy (a), (b), (c¢), and (d). Moreover,
by the choice of the length of strings in F,, and property (e) for E;, both
E.~o and E.~; are non-empty. As v is positive, this implies v[E.~;] > 0
for each i € {0,1}. Moreover, for each i € {0,1}, we can use the induction
hypothesis for Fo and deduce that

V[Er~i] < v[E,]/2+ 27271
< 2—\T|—1(2 _ 2—|T|) + 22(7+1)
= 27171712 — 2= I7I=1y,

which yields the bound in (d).

Now we define the mapping ¢: Put ¢(@) = &. Suppose now (o) is
defined for all 7 of length less than or equal to n. Given 7 of length n, map
all strings in E~¢ to 770, and all strings in E~; to 771. To make ¢
defined on all strings, map any string that extends some string in E, but is
a true prefix of some string in F; to 7.

It is clear from the construction that ¢ induces a total, order preserving
mapping P : 2 — 2% by letting

(X) = li7rlncp(X [n).
® is onto since for every o, F, is not empty. We claim that & is also one-one.
Suppose ®(X) = ®(Y). This implies that for all n, o(X[,) = (Y [,), that
is, for all n, X[, and Y[, belong to the same E,. Since v is positive, the
diameter of the E, goes to 0 along any path. Hence X =Y.

It remains to show that ®(X) is Martin-Lof random. Suppose not, then
there exists an A-test (W),,) that covers ®(X). Let

Vo= |J Eo
c€EWn 42

Then (V,,) covers X. Furthermore, the (V},) are uniformly enumerable since
the mapping o — E, is computable by the construction of the F,. Finally,

Z v[r] = Z v[E,] < Z 9-lol+2 < 9—n

TEV, oc€EWn 42 c€EWn 42
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thus X is not v-random, contradiction.
(iii) = (iv): This is immediate.
(iv) = (i): This follows from Theorem 5.7 in [41]
O

The result also suggests that if we are only interested in whether a real
is random with respect to a continuous measure, representational issues do
not really arise. We can restrict ourselves to dyadic measures, which have a

minimal representation.

Remark 2.8. We will henceforth, unless explicitly noted, assume that any
measure is a dyadic measure. We drop reference to the representation and
write p instead of R,,.

2.5. Continuous randomness via Turing reductions. While Proposi-
tion 2.7 gives a necessary and sufficient criterion for reals being random for
a continuous measure, we will later need further techniques to show that a
given real is random with respect to a continuous measure. As many of our
arguments will involve arithmetic definability, it will be helpful to know to
what extend randomness for continuous measures can be “transfered” via
Turing reductions instead of truth-table reductions. The key ingredients are
a theorem by Demuth [6] and a result by Kurtz [29].

Demuth [6, Theorem 17] showed that every non-recursive real truth-table
below a Martin-Lof random real measure is Turing equivalent to a Martin-
Lof-random real. The proof relativizes (as can be seen from the presentation
in [9, Theorems 6.12.9 and 8.6.1]) and yields the next proposition.

Recall that we only consider dyadic measures and hence drop reference to a
representation. Nevertheless, the results in this section are not dependent on

the existence of a minimal representation and can be reformulated accordingly.

Proposition 2.9 (Demuth). Suppose Y is (u, Z,n)-random (n > 1) and X
is truth-table reducible to Y relative to (u ® Z)*) for some k <n —1 (i.e.,
X <i(uoz)®) Y). Further suppose X is not recursive in (u @ Z)*). Then
X is Turing equivalent relative to (u @ Z)*) to a (A, p ® Z,n)-random real.

Kurtz [29, Theorem 4.3] observed that 2-random reals are ()'-dominated.
More precisely, there exists a (/-computable function dominating every
function computable from a 2-random real.

The proof is based on the following idea (see [36, Proposition 5.6.28]):
Given a Turing functional ®, (' can decide, given rational ¢ and n € w,
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whether
MY ®(Y)(k) is defined for all k < n} > q.

For each n, let ¢, be maximal of the form -2~ so that the above holds, and
let t,, be such that ® converges on at least measure g,-many strings of length
tn, by time t,. Construct a function f <t () such that f(n) dominates all
function values ®(Y') computed with use ¢,, and within ¢,, steps. Then the
set of all Y for which ®(Y") is total and not dominated by f has Lebesgue
measure 0 and can be captured by a ('-Martin-Lof-test. The argument
relativizes to other measures and parameters, and we obtain the following.

Proposition 2.10 (Kurtz). Given a measure u and a real Z, there ex-
ists a function f <t (u® Z)" such that for every (u,Z,2)-random X, if
9 <1(zep X, then g is dominated by f.

Together with Proposition 2.9 this yields a sufficient criterion for continuous

randomness.

Lemma 2.11. Suppose n > 3 and Y is (p, Z,n)-random. If X <pez) Y
and X is not recursive in (u® Z)', then X is (v, (u ® Z)",n — 2)-random
for some continuous measure v <t (uu H Z)".
Proof. We assume Z = () to keep notation simple. Suppose X <t Y viaa
Turing reduction ®. By Proposition 2.10, the use and the convergence time
of ® on Y are dominated by some function recursive in y'. We can modify ®
to ® such that ® is a truth-table reduction relative to 1/ and ®(Y) = X.
By Proposition 2.9, X is Turing equivalent relative to p’ to a (\, u,n)-
random real L. Any (), u, n)-random real is also (A, i/, n — 1)-random, and
so we can apply Proposition 2.10 to X and L to conclude that they are
truth-table equivalent relative to x”. This in turn means that X is truth-
table equivalent relative to p” to a (A, u”,n — 2)-random real, which by
Proposition 2.7 implies that X is (v,u”,n — 2)-random for a continuous
measure recursive in p”. O

2.6. The definability strength of randomness. Lemma 2.11 shows that
sufficiently high randomness for continuous measures propagates downward
under Turing reductions (losing some of the randomness strength, however).
This result was partly based on the fact that, for n > 2, n-random reals
cannot compute fast-growing functions (beyond what is computable by ().
There is further evidence that the computational strength of n-random reals
is rather limited.
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For example, random reals are generalized low (relative to the measure).
This is a generalization of a result due to Kautz [25, Theorem III.2.1].

Proposition 2.12 (Kautz). Let p be a continuous measure, and suppose X
is p-(n + 1)-random, where n > 1. Then

(X e M)(”) =7 X st N(n)

The generalization works for the same reasons that n-randomness can be
defined equivalently in terms of OF_tests or E(l)’“ (nil)—tests: Borel probability
measures are regular, and the relations ;(.S) > ¢ and p(S) < ¢ (for g rational)
are uniformly S0* for any ¥0 class S.

Furthermore, one can generalize a result of Downey, Nies, Weber, and
Yu [8], who show that every weakly 2-random real forms a minimal pair
with 0. This will be of central importance in Section 4. For our purposes, it
suffices to consider randomness instead of weak randomness, which we do in

the following lemma.

Lemma 2.13. Suppose p is a continuous measure and Y is p-n-random,
n>2. If X <y u(”*l) and X <1Y @ u, then X <1 p.

The structure of the proof is as follows: Following Downey, Nies, Weber,
and Yu, we first show that the upper cone by ® is II9 (relative to p("=2)).
Next, we argue that the upper cone has cannot have measure zero since it
contains a random real. Finally, one uses this fact to isolate X as a path in
a p-r.e. tree. The last step is a generalized version of the result that if the
Turing upper cone of a real has positive Lebesgue measure, then the real

must be computable [5, 42]. Our presentation follows [36].

Proof of Lemma 2.13. Suppose X <71 Y @ u via a Turing functional ¢ and
Y <7 u™ Y. Note that Y is A relative to u(®=2). Let Y (n, s) be a u("=2)-
recursive approximation of Y, i.e., limgsY(n,s) = Y(n). Given i,s € w,
put
A . X®p N _ ;
Uis ={X: 3t >s (0, V(i) =Y (i,1)) }.

The set U, s is E(l)’“(n_m uniformly in 4, s and hence P = ﬂi’s Uss is Hg’“(n_m.
Note that P is the upper cone of X under @,

P={A: 3(4) = X}.

P cannot have py-measure 0: If it had then, since Borel probability mea-
sures on 2“ are regular, for the sequence of open sets (V)ge, given by

Vie = Ni,5)<k Ui,s» we have pVi ™\, 0. Since each Vj is E?’“mim, (=1 can
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decide whether pV; < 27! for given I. Hence, we can convert (V}) into a
(i, n)-test. Since (), Vi = P and P contains Y, this contradicts the fact that
Y is py-n-random.

Hence pick r rational such that uP > r > 0, where r is rational. Define a
tree T by letting

ceT & p{r:®(rdp) 20} >,

and closing under initial segments. T is r.e. in y and X is an infinite path
through T'.

Since i is a probability measure, any antichain in T contains at most
[1/7] strings. Choose o = X[, such that no 7 O ¢ incompatible with X is in
T. Such o exists for otherwise we could find an antichain of more than [1/7]
strings branching off X. To compute X [,, from p, it suffices to enumerate
T above ¢ until a long enough extension shows up. ([

We will later need the following relativization of the previous lemma. The

proof is similar.

Lemma 2.14. Suppose p is a continuous measure and Z is p-(k+n)-random,
E>0,n>2 IfY <p p* 47D and Y <t Z & u® | then Y <7 pb.

One interpretation of Lemmas 2.13 and 2.14 is that y-random reals are
not helpful in computing (defining) reals arithmetic in p. For example, if a
real is properly A9 relative to a measure j, then it cannot be Ag relative to
1@ X where k <n and X is pu-(n + 1)-random.

In Section 4, we will also need a result similar to the previous lemmas
regarding initial segments of linear orders, namely, that random reals are
not helpful in the recognizing well-founded initial segments. The following
lemma may appear technical at this point, but its importance will become
clear towards the end of Section 4, in the proof of Theorem 4.50.

Lemma 2.15. Let j > 0. Suppose p is a continuous measure and < is a
linear order on a subset of w such that the relation < and the field of < are
both recursive in ). Suppose further X is (j + 5)-random relative to p,
and I C w is the longest well-founded initial segment of <. If I is recursive
in (X @ u)), then I is recursive in pU+%.

Proof. Suppose I <t (X @ u)¥), X is (j 4 5)-random relative to p, but
I £7 pU+9. By Lemma 2.11 (where X, 17,5, T are substituted for Y, Z,n, X
in the statement of the Lemma, respectively), there is a continuous measure
pr <t pU%2) such that I is (ur, pU%?),3)-random.
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For given a € Field(<), let Z(a) be the set of all reals Z C w such that
Z is an initial segment of <, and all elements of Z are bounded by a. Z(a)
is a TI9(u9)) class. Let T, be a tree recursive in u) such that [T,] = Z(a).
Given n € w, let T, [,= {0 € Ty: || = n} be the n-th level of T,. We have
Z(a) = M ITTal.

Now, if a € I, then Z(a) is countable (since in this case each element of
Z(a) is an initial segment of the well-founded part of < and there are at most
countably many such initial segments). Since p is continuous, it follows
that Z(a) has pj-measure zero.

If, on the other hand, a ¢ I, then I € Z(a). Since I is (us, n9*2), 3)-
random and Z(a) is TI9(49)), Z(a) does not have pj-measure zero: Oth-
erwise we could recursively in u(j+2), compute a sequence (l,,) such that
pr[Tal;,] < 27" This would be a (g, p*2), 1)-test that covers I, but I is
(1, p972) | 3)-random.

We obtain the following characterization of I.

acl < Vndl (ﬂ][[Ta [lﬂ < 2—n)

Since py <t pl9+?), the property on the right hand side is Hg(u(j+2)), hence
I is recursive in U4 contradicting our initial assumption. ([

We conclude this section by establishing that Turing jumps cannot be
u-n-random, n > 2, for any measure y. While strictly speaking the following
two results are not needed later, they are prototypical for a type of argument
that will be important in Section 4, where we construct long sequences of
reals with an internal definability hierarchy that are not random with respect

to any continuous measure.

Proposition 2.16. For any k > 0, if X =1 0%, then X is not 2-random
with respect to any continuous measure.

Proof. The case k = 0 is clear, so assume k > 0. Suppose X =1 (K
is p-2-random for some pu. Then (Y <t X and also (Y <t u'. It follows
from Lemma 2.13 that (/' is recursive in pu. Applying the same argument
inductively to 0, i < k, yields 0 < p, in particular X =1 0*) <¢ g,
which is impossible if X is p-2-random. O

It may be helpful to picture the preceding argument as a “stair trainer
machine”: Using the supposedly random X, each step, that is, Turing jump,
“sinks down” to u, and eventually, X <t u, yielding a contradiction.

The non-randomness property of the jumps extends to infinite jumps, too.
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Proposition 2.17. If X =1 0, then X is not 3-random with respect to a

continuous measure.

Proof. Assume for a contradiction that X is p-3-random for continuous .
By the inductive argument of the previous proof, 0%) <r u for all k € w.
By a result of Enderton and Putnam [10], if Y is a <p-upper bound for
{O(k): k € w}, then 0«) <1 Y”. Therefore, X <7 p, contradicting that X
is p-3-random. O

3. THE COUNTABILITY THEOREM

In this section we will prove Theorem 1, which we restate here for conve-

nience.

Theorem 1. Let n € w. Then the set
NCR,, = {X €2¥: X is not n-random for any continuous measure}

1s countable.

As mentioned in the introduction, the case n = 1 was proved in [41]. The
basic outline for the proof for n > 1 is as follows. We first show that the set
of reals that are n-random for some continuous measure contains an upper
cone in the Turing degrees. The argument uses Martin’s result [31] that
every Turing invariant Borel set that is cofinal in the partial ordering of the
Turing degrees contains an upper cone with respect to Turing reducibility.
The base of the cone is given by the winning strategy in a certain Borel
game G(B). The constructive nature of Martin’s proof of Borel determinacy
yields that winning strategy is contained in a countable level Lg, ,, of the
constructible hierarchy. We use a forcing notion due to Kumabe and Slaman
(see [46]) to show that given X ¢ Lg, ., there exists a forcing extension
Lg, ,,[G] in which every real is Turing reducible to X (relative to the generic
G). In particular, X is in the upper cone of random reals above the winning
strategy for the game G(B) (in Lg, ,[G]). Finally, we argue that the winning
strategy is absolute and thus makes X random with respect a continuous

measure.

3.1. A cone of continuously random reals. In this section we will prove
the existence of an upper cone of random reals.

Definition 3.1. A set A C 2¥ is Turing-invariant if X € Aand Y =p X
implies that Y € A. A upper Turing cone is a Turing invariant set A C 2%
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of the form
{Ye2?: X <rY}

for some X € 2%,

Borel-Turing determinacy ([31, 32]). If A C 2¥ is a Turing invariant
Borel set, then there exists a real Y such that either A or 2°\ A contains an

upper Turing cone.

Lemma 3.2. For everyn > 1, there exists a real X such that for allY >7 X,

Y is n-random with respect to some continuous measure.

Proof. Suppose X =1(z) R where R is (n + 2)-random relative to Z. By
Lemma 2.11 X is n-random with respect to some continuous measure.
Let B C 2¥ be the set

{Ye2¥:3Z3R(Y=rZ®R & Ris (Z,n+ 2)-random)}

Clearly, B is Turing invariant. To see that B is Borel, note that the set can
be defined in the form

Jde,d (e, d are indices of Turing functionals such that ®4(®.(Y)) =Y
and one half of ®.(Y) is (n + 2)-random relative to the other half).

As observed above, every real in B is n-random for a continuous measure
(note that Y € B cannot be recursive in Z’ since R is (Z,n + 2)-random).
Furthermore, B is cofinal in the Turing degrees, i.e., if S is any real, then
there exists an Y >7 S such that Y € B, since we can always find a real R
that is (n 4 1)-random relative to S and put Y =1 S & R.
By Borel-Turing determinacy, B contains an upper Turing cone, because
B is cofinal in the Turing degrees. ([

3.2. From upper cone to co-countably many. The determinacy argu-
ment of the previous subsection yields the existence of an upper cone of
n-random reals. Martin’s proof of Borel-Turing determinacy yields that the
base of the cone is given by a winning strategy for a certain Borel game.
Although Martin’s proof of Borel Determinacy [32] is of a constructive
nature, its meta-mathematical complexity is high, in the sense that it makes
inductive use of the power set operation: The higher the level of a Borel set,
the more iterates of the power set of w one needs to construct a winning
strategy, in form of trees whose nodes are trees whose nodes are trees etc.
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Friedman [11] showed that this is in fact an intrinsic feature of Borel
determinacy. As we will see in the next section, this supplements Theorem 1
with an interesting metamathematical twist.

Nevertheless, Martin’s proof of Borel determinacy is constructive. There-
fore, it is not hard to locate a winning strategy within the constructible
hierarchy.

Definition 3.3. Given n € w, ZFC, denotes the axiom of ZFC, where the
power set axiom is replaced by the sentence

“There exist n-many iterates of the power set of w”.

Hence, in ZFCy, for instance, we have the existence of the set of all natural
numbers (since the Axiom of Infinity holds and w is absolute), and various
other subsets of w as given by applications of separation or replacement, but
we lack the guaranteed existence of the set of all such subsets.

Models of ZFC,, will play an important role throughout this paper. In
particular, we are interested in models inside the constructible universe. As
usual, L will denote the constructible universe, the limit of the cumulative
hierarchy of sets obtained by iterating the power set operation restricted
to definable subsets. For any ordinal «, L, denotes the a-th level of the
hierarchy. A key property of this hierarchy is that |L,| = |«|. For more
background on L, see [21, Chapter 13] or [28, Chapters V,VI]. For an in-depth
account, see [7].

Definition 3.4. Given n € w, let 3, be the least ordinal such that
Lg, = ZFC,,.

By the Lowenheim-Skolem theorem and the Godel condensation lemma,
Lg, , and hence f3,, is countable.

Lemma 3.5. If A C 2% is X0 then the Borel game G(A) with winning set
A has a winning strategy S in Lg, .

The proof given by Martin [33] is inductive. A key concept is the unraveling
of a game. Simply speaking, a tree T' over some set B unravels G(A) if there
exists a continuous mapping 7: [T] — 2% such that 7=1(A) is clopen in
[T], and there is a continuous correspondence between strategies on T and
strategies on 2<%,

Martin first shows that I1{ games can be unraveled. The argument is
completely constructive, hence can be carried out in L. The unraveling tree
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T is given by the legal moves of some auxiliary game whose moves correspond
to strategies in the original game on 2<%, that is, reals. To be able to collect
all these legal moves requires the existence of the power set of w.

The inductive step then shows how to unravel a given X! set A. Suppose
A = |JA;, where each A; is Hg_l. By induction hypothesis, each A; can
be unraveled by some T; via some mapping ;. Martin proves that the
unravelings 7T; can be combined into a single one, Ti,, that unravels each
A; via some Ts. Since each of the sets 7 !(A;) is clopen, their union
Url(A) = ml(A) is open, and can in turn be unraveled by some T.
Again, the proof is constructive. The last step in the construction (unraveling

-1
oo

over T,,. Hence one more iterate of the power set of w is introduced.

T (A)) passes to a tree of higher type — its nodes correspond to strategies

Therefore, $¥ determinacy is provable in ZFC;,, and Martin’s proof con-
structs a winning strategy in Lg, , relative to Lg,. By Mostowski’s absolute-
ness theorem (see [21, Theorem 25.4]), this is also a winning strategy in V/
(see also Subsection 3.4).

In order to complete the proof of Theorem 1, it we need to prove a
Posner-Robinson style theorem for reals not contained in Lg, and use an
absoluteness argument. We state Lemma 3.6 only in the case that n is greater
than zero. Under this restriction, we can avoid class forcing and reduce to
standard facts about set forcing. The case n equals zero is not needed for

our argument.

Lemma 3.6. Suppose that n is a natural number greater than zero and X
is a real number not in Lg, . Then there exists a model Lg,|G] of ZFC,, such
that every real in Lg, [G] is Turing reducible to X & G.

3.3. Kumabe-Slaman forcing. This subsection is devoted to proving
Lemma 3.6. We construct G by means of a notion of forcing due to Kumabe
and Slaman. The forcing was an essential ingredient in the proof of the defin-
ability of the Turing jump by Shore and Slaman [46]. It allows for extending
the Posner-Robinson Theorem to iterated applications of the Turing jump.
It is based on the following partial order. The construction of the generic G
follows [46] rather closely. We have to ensure, however, that forcing has the
desired set theoretic properties.

In the following, we use the conventions and vocabulary of Section 2.1.

Definition 3.7. Let P be the following partial order.
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(1) The elements p of P are pairs (®), Zp) in which ®, is a finite, use-
monotone Turing functional and Zp is a finite collection of subsets of

w. As usual, we identify subsets of w with elements of 2.

(2) If p and g are elements of P, then p > ¢ if and only if
(a) (i) ®p C P, and
(ii) for all (zq,yq,0q4) € ®¢\ P and all (z,,yp, 0p) € P, the
length of o, is greater than the length oy,
(b) Zp C Zy,

(c) for every z, y, and X € Zp, if &,(x, X) =y then ®,(z, X) = v.

In short, a stronger condition than p can add computations to ®,, provided
that they are longer than any computation in @, and that they do not apply
to any element of Zp.

Let IP,, denote the partial order P as defined in Lg,. By standard arguments,
we show that if G C IP,, is a generic filter in the sense of Lg,, then Lg, [G] is
a model of ZF, . By inspection of P,,, any such G naturally gives rise to a
functional ®¢ = [J{®, : p € G}. To prove Theorem 3.6, given X not in Lg,_,
we will exhibit a particular G so that G is P,,-generic over Lg, and so that
every element in Lg [G] is computable from G & X.

Definition 3.8 (Definition II1.3.3, [28]). Let P* be a partially ordered set.
Then, p,q € P* are compatible iff then have a common extension. An
antichain is a subset of P* whose elements are are pairwise incompatible. P*

has the countable chain condition (ccc) iff, in P* every antichain is countable.

Lemma 3.9. Let n be a natural number greater than zero.

(1) P, is an element of Lg, .
(2) Lg, =Py, has the ccc.

Proof. Since n > 1, Lg, satisfies the statement that there is at least one
uncountable cardinal. By usual structure theory for initial segments of L, the
power set of w as defined in Lg, is a set in Lg,. Since P is defined directly
from w, P, is a set in Lg,.

If p and ¢ are incompatible elements of P, then ®, and ®, must be
different. Since there are only countably many possibilities for ®, and ®,,
any antichain in [P, must be countable in Lg, . U

Definition 3.10. Let G be a subset of P,,.
(1) G is a filter on P, iff
(a) G is not empty.
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(b) Vp,q € GIre Glp>r and ¢ > 7].
(¢) Vp,q € Glif p > q and q € G, then p € G].
(2) G is Py-generic over Lg, iff for all D such that D C IP,, is dense and
D is definable from parameters in Lg,, G N D is not empty. Here, D
is dense iff for every p € P, there is a ¢ € D such that p > q.

Lemma 3.11. If G is P,-generic over Lg,, then Lg, [G] = ZFC,,.

Proof. By Lemma IV.2.26 of [28], it follows that if G is P, generic over Lg,,
then Lg, [G] satisfies the axioms of ZF~ except for possibly Replacement.
It remains only to observe that Lg, [G] satisfies Replacement, Choice and
that there are n-many uncountable cardinals. The verification that Lg, [G]
satisfies Replacement is the same as given in Theorem IV.2.27 of [28]. That
Lg, |G] satisfies Choice follows from Replacement and the usual proof that the
order of constructibility is a Lg,-definable well-order of Lg, applies relative
to G. Finally, that Lg, [G] has the same uncountable cardinals as Lg, does
follows from IP,,’s having the ccc in Lg, by the argument given in the proof
of Theorem IV.3.4 of [28]. Although this theorem is stated for models of
ZFC, its proof does not invoke the power set axiom. Given that Lg, [G] has
n many uncountable cardinals, the Godel Condensation Lemma relative to
G ensures that it has n-many iterates of the power set of w. (|

Next, we show that every dense set in Lg, can be met via an extension
adding no computations along X. This is crucial for the construction in [46].

Lemma 3.12. Let D € Lg, be dense in P, and suppose X ¢ Lg, . For any
p € Py, there exists a ¢ < p such that ¢ € D and ®, does not add any new

computation along X.

Proof. Suppose p = (P, Zp) is in IP,,. We say a string 7 is essential for (p, D)
if, whenever ¢ < p and ¢ € D, there exists a triple (z,y,0) € ®,\ ®, such
that ¢ is compatible with 7. In other words, whenever one meets D by an
extension of p, a computation relative to some string compatible with 7 is
added. Note that 7’s being essential for (p, D) is definable in Lg, .

If 7 is a binary sequence and 7y is an initial segment of 7, then any
sequence o which is compatible with 7 is also compatible with 3. Thus,

being essential is closed under taking initial segments. So,
T(p,D) = {7: 7 essential for (p, D) }

is a binary tree in Lg, .
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Assume now for a contradiction that a ¢ as postulated above does not
exist. This means that for any r < p, either r ¢ D or &, adds a computation
along X. It follows that every initial segment 7 C X is essential for (p, D).
Thus T'(p, D) is infinite. Since Lg, satisfies Kénig’s Lemma (equivalently,
compactness of the Cantor set), there exists a real Y € 2“ N Lg, such that
Y is an infinite path through T'(p, D).

Now consider the condition p; = (®p, Z,U{Y}). As®, = &, and Y € Lg,,
we trivially have p; < p in P,,. Since every initial segment of Y is essential
for (p, D), any extension of p in D must add a computation along Y. Since
no extension of p; can add a computation along Y and every extension of p;
is an extension of p, no extension of p; is in D. This contradicts the density
of D. O

We can now finish the proof of Theorem 3.6. It is sufficient to construct a
IP,-filter G that is generic over Lg, such that for every A:w — 2 in Lg, [G]
there is a k such that for all m, ®% ((k,m)) = A(m). The construction of such
a G follows [46]. We fix countings of the set of terms in the forcing language
for functions from w to 2 in Lg, and of the dense subsets D of IP,, which are
definable over Lg,. We proceed by recursion to define G. At stage n, we
will have determined for each 7 less than n, an integer k; and we will ensure
that for all m, ®X((k;,m)) will have the same value as the interpretation of
the i-th term does at m in Lg,. By Lemma 3.12, we can meet dense sets
and decide values of terms without adding any new values to CI%( . We can
then extend ®¢ so that ®X ((k;,m)) takes the values equal to those already
decided for the relevant terms. Finally, we can determine a value for k,
that is greater than any argument for any computation mentioned in the
construction so far.

We conclude by observing that the set ®¢ satisfies the two conclusions
of Theorem 3.6. First, Lg, [®g] is model of ZFC, since ®g € Lg,[G] and
Lg,[G] is a model of ZFC,,. Second, for each Z : w — 2, if Z € Lg [®¢] then
it is the denotation in L[G] of some term in the forcing language for P,,, and
so there is a k such that for all n, Z(n) = ®X ((k,n)).

3.4. Completing the proof of Theorem 1. We now put the pieces to-
gether to show that every real outside of Lg,, is n-random with respect to
a continuous probability measure. As Lg, ., is countable, this will complete
the proof of Theorem 1.
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Given X ¢ Lg, 5, choose G as in Lemma 3.6. Consider the game defined
in the proof of Lemma 3.2. Its winning set is

B={Xe€2¥: 3Z3R(X=r Z®& R & Ris (Z,n+ 2)-random)},

which is ¥9 5.

Now relativize to G and denote the relativized winning set by BE. Since
ZFC,, 3 proves PIY 13 determinacy, Lg,  ,[G] contains a winning strategy for
the relativized game G(BY) played inside Lg, ,[G].

The property of being a winning strategy for a given Borel game is II}.
By Mostowski’s absoluteness theorem (see [21, Theorem 25.4]), this means
that a winning strategy in Lg, ,[G] is actually a winning strategy “in the
real world”, i.e., it wins on all plays, not just the ones in Lg, ,[G].

Hence, following the proof of Lemma 3.2, every real in the upper cone
(relative to G) of the winning strategy is (u, G, n)-random for some continuous
measure p. By Lemma 3.6, X is (relative to (i) in every upper cone with base
in Lg, ,|G], X (i, G,n)-random for some continuous measure p. Finally,
note that every (i, G,n)-random real is (u, n)-random.

We have shown that every real not contained in Lg, ,, is n-random for
a continuous measure. As (,43 is countable, this completes the proof of
Theorem 1.

4. THE METAMATHEMATICS OF RANDOMNESS

In this section, we will show that the metamathematical ingredients used
to prove the countability of NCR,, are necessary. More precisely, we will
prove the Theorem 2, which we restate here for convenience.

Theorem 2. There exists a computable function G(n) such that for every
n e w,
ZFC, ¥ “NCRg(y,) is countable.”

Before starting the proof, we outline its basic idea. For given n, we will
show that in the model Lg, of ZFC, ', NCRg(y,) is not countable. To this end,
we find a sequence (Y,) of reals that satisfies

(1) (Ya) is cofinal in the Turing degrees of Lg,, hence not countable in
Lﬁn 5
(2) no Y, is G(n)-random for a continuous measure in Lg, .
As we have seen in Propositions 2.16 and 2.17, iterating the Turing

produces an increasing sequence of non-random reals. It makes sense therefore
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to look for a set-theoretic analogue of the jump hierarchy. This analogue is
given by the master codes of the constructible hierarchy. Just as instances of
the jump code levels of arithmetically definable subsets of w, master codes
code levels of the constructible universe. The master codes for a higher level
of L can be obtained from codes for lower levels by iterating definability.
This will be crucial for our proof, since it allows for applying the “Stair
Trainer”-argument of Propositions 2.16 and 2.17 in this setting.

In order to define this sequence, we have to present a few more facts on L.
In particular, we are interested how at each step new sets are added to L.
This is the heart of the fine structure theory of L due to Jensen [22]. We will
give a brief review of the core concepts and results. Readers familiar with
fine structure theory can skip ahead to Subsection 4.3.

4.1. Fine structure and Jensen’s J-hierarchy. Fine structure provides
a level-by-level, quantifier-by-quantifier analysis of how new sets are gener-
ated in L. Jensen defines the new constructible hierarchy, the J-hierarchy
(Jo)acora that has all the important properties of the L-hierarchy (in particu-
lar, L = |, Ja). In addition to this, each level .J,, has closure properties (such
as under pairing functions) that L, may be lacking. While it is not strictly
necessary for this paper to work with J, (we could work with (Lya)acord),
the J-hierarchy is the established framework for fine structure analysis, and
we will adopt its basic concepts and terminology.

The sets J, are obtained by closing under a scheme of rudimentary
functions. In contrast to Lat1, Jat+1 contains sets of rank up to w(a + 1),
not just subsets of J,, e.g. ordered pairs. The rudimentary functions are
essentially a scheme of primitive set recursion [23].

For transitive X, rud(X) denotes the smallest set Y that contains X U{X}
and is closed under rudimentary functions (rud closed). The inclusion of { X'}
when taking the rudimentary closure guarantees that new sets are introduced
even if X is closed under rudimentary functions.

The J-hierarchy is introduced as a cumulative hierarchy induced by the

rud-operation:

Jo=10
Jot1 =rud(Jy)
Jy = U Jo  for X limit.

a<<
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A fine analysis of the rudimentary functions reveals that the rud-operation

can be completed by iterating some or all of nine basic rudimentary functions.

Proposition 4.1 (Jensen [22]). Every rudimentary function is a composition
of the following nine functions:

Fo(z,y) = {z,y},

Fi(z,y) =z \y,

Fy(z,y) =z Xy,

F5(z,y) = {(u,z,v): z €z A (u,v) € y},
Fy(z,y) ={(u,v,2): z €z A (u,v) € y},
F5(z,y) = UUC,

Fg(z,y) = dom(z),

Fr(z,y) =€n(zxx),

Fy(z,y) = {{z(2)}: 2 € y}.

The S-operator is defined as taking a one-step application of any of the
basic functions,

(4.1) S(X) = [X U{X}U

8
U Flxu{x H] :
=0

For transitive X, it holds that [22, Corollary 1.10]
rud(X) = | J $™(X).
new
The S-hierarchy is defined as the cumulative hierarchy induced by the S-

operator and refines the J-hierarchy.

Sb::®7
SOéJrl - S(Sa)a
S\ = U S, for A limit.
a<

We obviously have
Jo= ) 95 =Sua-
B<wa
We list a few basic properties of the sets J,. For details and proofs, see [22]
or [7].
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e Fach J, is transitive and and is a model of a sufficiently large fragment
of set theory (more precisely, it is a model of KP-set theory without
Yo-collection).

e The hierarchy is cumulative, i.e., o < B implies J, C Jp.

e rank(J,41) = rank(J, ) +w. Each successor step adds w new ordinals.
Jo N Ord = wa, in particular, J; =V, and J; N Ord = w.

¢ (Ja)acora and (Lqa)acord generate the same universe: L =, Ja.
Moreover, L, C Jo, C Ly, and J, = L, if and only if wa = a.
Finally, Jo+1 NP (Ja) = Pporr(Ja), that is, Jy41 contains precisely
those subsets of J, that are first order definable over J,,.

e The X, -satisfaction relation over J,, ):?:, is X,,-definable over J,,
uniformly in «.

e The mapping 8 — Jg (f < a) is ¥i-definable over any J,.

e There is a Iy formula ¢y—| such that for any transitive set M,

M)ZQD\/:L < da M =J,.

The J-hierarchy shares all important metamathematical features with the
L-hierarchy. We cite the two most important facts. The L-versions of the
two propositions together constitute the core of Godel’s proof that GCH and
AC hold in L.

Proposition 4.2. There exists a X1-definable well-ordering <j; of L and
for any o > 1, the restriction of <j to Jy is uniformly X1 -definable over J,.

Proposition 4.3 (The condensation lemma for J). For any o, if X <x, Ja,
then there is an ordinal 3 and an isomorphism m between X and Jg. Both 3
and 7 are uniquely determined.

For proofs of these results for the J-hierarchy again refer to [22] or [7].

4.2. Projecta and master codes. The definable well-ordering < ; together
with the definability of the satisfaction relation can be used to show that
each J, has definable Skolem functions, essentially by selecting the < j-least
witness that satisfies an existential formula. The definable Skolem functions
can in turn be used to define a canonical indexing of J, [22, Lemma 2.10].

Proposition 4.4 (Jensen [22]). For each «, there exists a ¥1(Jy)-definable

surjection from wa onto J,.

While a simple cardinality argument yields that |J,| = |wal, Jensen’s
result shows that an wa-counting of J,, already exists in J,41. The indexing
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is obtained by taking (essentially) the Skolem hull of wa under the canonical
>1-Skolem function. The resulting set X is a 3j-elementary substructure
of J,, hence by the condensation lemma is isomorphic to some Jg. The
isomorphism taking X to Jg is the identity on all ordinals below wa, and
one can show that this in turn implies that the isomorphism must be the
identity on X, ie., X = Jg.

Boolos and Putnam [3] first observed that if a new real is defined in Lq41,
ie., if

P(w) N (La+1 \ La) # 0,

then the strong absoluteness properties of L can be used to get a definable
w-counting of L, (instead of just an a-counting as above). Because, if a new
subset Z of w is constructed in Lyy1 \ La, one can take the Skolem hull of w
instead of wa. The resulting X = Lg is still equal to L, since the definition
of the new real applies in the elementary substructure Lg. If § < «, then
this would contradict the fact that Z ¢ L.

Proposition 4.5 (Boolos and Putnam [3]). If P(w) N (La+1 \ La) # 0, then
there exists a surjection f :w — Lq in Layq.

Of course, at some stages no new reals are constructed. Boolos and
Putnam [3] showed that the first such stage is precisely the ordinal fy, i.e.,
the least ordinal § such that Lg = ZF~. By Gddel’s work, on the other hand,
we know that no new real is constructed after stage wf.

Jensen [22] vastly extended these ideas into the framework of projecta and

master codes, which form the core concepts of fine structure theory.

Definition 4.6. For natural numbers n > 0 and ordinals « > 0, the X,,-
projectum p is equal to the least v < « such that P(wy) N (X, (Jo) \ Ja) # 0.

We put pO = a. Hence 1 < p < « for all n. As p? is non-increasing in n,
we can also define

po=minp” and n, =min{k: p£ = p,}.
n

Jensen [22, Theorem 3.2] proved that the projectum p? is equal to the
least 6 < « such that there exists a function f that is ¥,,(J,)-definable over
Jo such that f(D) = J, for some D C wd, establishing the analogy with
the Boolos-Putnam result. From this it follows that if p} < «, it must be a
cardinal in J,, for all n.

Jensen gave another characterization of the projectum, which in fact he
used as his original definition in [22]. Suppose (M, €) is a set-theoretic
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structure. We can extend this structure by adding an additional relation
A C M. If we do this, we would like the structure to satisfy some basic
set theoretic closure properties. For instance, we would like our universe to
satisfy the comprehension axiom with respect to the new relation, that is,
whenever we pick an x € M, the collection of elements in = that satisfy A
should be in M. Such structures are called amenable.

Definition 4.7. Given A C M, the structure (M, A) is called amenable, if
M is an amenable set and

Vee M [xNAe M.
Jensen [22, Theorem 3.2] showed that
pr, = the largest ordinal v < « such that
(Jy, A) is amenable for any A C J, that is in X,,(J4).

This means the projectum p[, identifies the “stable” core of .J, with respect
to X, definability over J,.

Being amenable with rud-closed domain can also be characterized via
relative rud-closedness. This will be important later.

Definition 4.8 (Jensen [22]). A function f is A-rud if it can be obtained
as a combination of the basis functions Fi, ..., Fg and the function

Fa(z,y) =zNA.
A structure (M, A) is rud closed if f[M™] C M for all A-rud functions f.

Proposition 4.9 (Jensen [22]). A structure (M, A), A C M, is rud closed
if and only if M is rud closed and (M, A) is amenable.

The existence of a definable surjection between (a subset of) wpl and
Y0 (Jo) allows for coding %,,(J,) into its projectum. One way this can be
implemented is via so-called master codes.

Definition 4.10. A X,, master code for J, is a set A C J,n that is 3,,(Ja),
such that for any m > 1,

Entm(Ja) NP () = Zm(<‘]p3"4>)-

A 3, master code does two things:

(1) It “accelerates” definitions of new subsets of J,» by n quantifiers.
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(2) It replaces parameters from .J, in the definition of these new sets by
parameters from .J,» (and the use of A as an “oracle”).

The existence of master codes follows rather easily from the existence of a
Y (Jo)-mapping from wp? onto J,. However, for n > 1, this mapping is not
uniform. Jensen exhibited a uniform, canonical way to define master codes,
by iterating >1-definability.
Put
AL =0, P =0.
Assuming that A7 is a ¥, master code, it is not hard to see that every

set @ € Jyn is Yi-definable over (Jy, A7) with parameters from J n+1 and

n+1

one parameter from J,» (used to define a surjection from wp,

onto J,n ).
Hence we can put

pZH = the <j-least p € Jyn such that every u € Jyn is 31 definable

over (Jyn, Ag) with parameters from J n+1 U{p} .

The p? are called the standard parameters.
Using p2*!, we can code the ¥; elementary diagram of the structure

(Jon, AL) into a set At
A= {(im)ri€w Az € Jpn A (T, A2) ol (2, p0 )},

where (%(k)) is a standard Godel numbering of all ¥ formulas with & free
variables. It is not hard to verify that AZH is a 3,41 master code for J,.
Furthermore, the structure (Jyn, A7) is amenable for each o > 1, n > 0. We

will call the structure (Jyn, A7) the standard X, J-structure for J,.

Definition 4.11. We denote the standard J-structure over J, at the ‘ulti-

mate’ projectum n, by
(Jpos Aa) = <Jpga7AZa>.

One consequence of the A}, being master codes is that we can obtain the
sequence of projecta of an ordinal by iterating taking >:;-projecta relative
to (Jpn, Az). Given an amenable structure (Jo, A), the 3, -projectum pg, 4
of (Ju, A) is defined to be the largest ordinal p < o such that (J,, B) is
amenable for any B C J, that is in 3, ((Ja, 4)).

Proposition 4.12 (Jensen [22]). For o > 1,n >0,

n+l _ 1
Pa' = Ppr,An-
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In particular, the standard X,; J-structure for J, = (J,,d) is the
standard X; J-structure for (Jyn, A7).

4.3. w-Copies of J-structures. We later want to apply the recursion theo-
retic techniques of Section 2 to countable J-structures. We therefore have to
code them as subsets of w. If the projectum p? is equal to 1, all set-theoretic
information about the J-structure (J,n, A7) is contained in the master code
A7, which is simply a real, and hence lends itself directly to recursion theo-
retic analysis. Starting with the work by Boolos and Putnam [3], this has
been studied in a number of papers (e.g. [24], [19]).

In this subsection we give a recursion theoretic analysis of the internal
workings of a countable presentation of a J-structure.

Definition 4.13. Let X C w. The relational structure induced by X is
(Fx, Ex), where
zExy < (z,y) € X
and
Fx =Field(Ex) = {z: Jy (rExy or yExz)}.

The idea is that a number x represents a code for the set whose codes are
the numbers y with yFxz,

Setx(z) ={y: yExx}.
The relational structure (Fx, Ex) is extensional if
Vr,y € Fx [(VzzExz & zExy) = x =y,

that is
Vz,y € Fx (x # y = Setx(z) # Setx(y)).

Mostowski’s Collapsing Theorem states that if (Fiy, Ex) is extensional and
well-founded, it is isomorphic to a unique structure (M, €), where M is
a transitive set. In this sense we can speak of a countable set theoretic
structure coded by X. If p(v1,...,v,) is a formula in the language of the set
theory, we can interpret it over (Fy, Ex) and write

X Eplay, ..., an]

for (Fx,Ex) = ¢la1,...,a,] with a; € Fx.

J-structures have an additional set A, and we capture this on the coding
side via pairs (X, M), where M C Fx. Semantically, A and M are seen as
interpreting a predicate added to the language. This way we can consider
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the satisfaction relation (X, M) = ¢, where ¢ is a set-theoretic formula with
an additional unary predicate.

We are particularly interested in relational structures that code countable
standard J-structures. The following is a generalization of the definition due
to Boolos and Putnam [3]

Definition 4.14. An w-copy of a countable, extensional, set-theoretic struc-
ture (S, A), A C S, is a pair (X, M) of subsets of w such that X codes the
structure (F'x, Ex) in the sense of Definition 4.13, and such that there exists
a bijection 7 : § — Fx such that

(4.2) Ve,ye S[zey < n(x)Exn(y)],
and
(4.3) M ={r(x): x € A}.

The definition thus means an w-copy (X, M) of (S, A) is isomorphic to
(S, A) when seen as structures over the language of set theory.

If A = @, then necessarily M = &, and in this case we say X is an w-copy
of S.

We will now consider w-copies of standard J-structures.

If py = 1, we have Jyn = L, = V,,, i.e., the hereditarily finite sets. In this
case, we obtain an w-copy by fixing a bijection between w and V,,, c.f. [1].
We let (z,y) € X, i.e., x Exy, if and only if 7, (z) € 7,(y) and = € M if
and only if 7, (x) € A?"1. Then (X, M) is an w-copy of <Jpg+1,Ag+1> via

-1
T,

Definition 4.15. When p; = 1, the canonical copy of (Jyn, Ay) is the
w-copy defined above.

We will now show that from a canonical copy of (JPZH,AZH>, we can
extract w-copies of all (J, i, ALY, i <n, in an effective and uniform way.

By choice of p*1, for every u € Jn, there exists a ¥q-formula v(vg, vy, va)
and & € J n+1 such that u is the only solution over (Jor, A7) to ¢(vo, x,pttl).
Definition 4.16. A pair (i,x), i € w,x € Jpgﬂ is an n-code if there exists
a u € Jyn such that u is the unique solution to

(Jon, A2 = 0 (vg, z, pH1).
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(Recall that (%(k)) is a standard Go6del numbering of all ¥; formulas with
k free variables.)
We can check the property of being an n-code using 7 formulas: (i, z) is

an n-code if and only if

(4.4) (Jon, AR) = Jvg ¥i(vo, 2, p™)

and

(45) <Jpg,Ag> = 3'UO')'UI (¢i(7f07x7pg+l> A ¢z‘(”17$7PZ+1) A Vo 7é U1)~

This means a standard code has the information necessary to sort out
n-codes among its elements. Relative to a canonical copy of <Jpg+1 ALy
it is decidable whether some number is the image of an n-code, due to the
effective way we translate between finite sets and their codes.

If (X, M) is an arbitrary w-copy of (J n+1, A via 7, and (i,7) € J 1
is an n-code, then we call w((i,z)) a m-n-code. Being able to decide relative
to (X, M) whether a number is a w-n-code of a pair hinges on knowledge of

the following two functions

(i) the mapping nx : n — m(n) (n € w),

(i) the mapping hx : ((x), 7(y)) = 7((z,y)).
These mappings may not be computable relative to (X, M), but they are
definable, as follows.

If « > 1, then w € J,, and an w-copy of any such J, must contain a

witness for w. In this case, we can recover nx recursively in X’.

Lemma 4.17. If X is an w-copy of Jo, a > 1, then nx is computable in
X'.

Proof. We approximate nx (i) from below. Let z = m(w). At stage 0, put
nx,0(i) = 0 for all i. At stage s, we test whether sExz. If yes, we can
determine how s relates to the previous elements of z discovered, that is,
we can compute the finite linear order of the elements of z seen so far, say
noEx ... Exng. We put ny s(i) = n; for ¢ < k. The assertion now follows
from the Limit Lemma. O

This argument applies more generally as follows.

Lemma 4.18. If (X, M) is an w-copy of (Jm,Ay), and pj, = 1, then
(X, M) uniformly computes the canonical copy of (Jon, A).
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Proof. Suppose (X, M) is an w-copy of (Jyn, A7) via 7. We need to show that

1

the mapping 7, o 7~ is recursive in (X, M)’. The map nx as is recursive

in (X, M) and therefore (X, M) can compute the isomorphism between M
and the image of A in the canonical copy. O

We can also recover the function hx arithmetically in X.

Lemma 4.19. If X is an w-copy of Jo, then the function hx is computable
in X@.

Proof. We have
hx(m(z),7(y)) =b < Fc,d [Vz (zExc < 2z =n(z))
ANVz(zExd < z=mn(x) V z=7(y))
AVz(zExb & z=c V z=d)]
([

Definition 4.20. Suppose (X, M) is an w-copy via 7 of a rud closed structure
(J, A). We say (X, M) is effective if the functions nx and hx are recursive
in X ® M.

Lemma 4.21. If p}, = 1, the canonical copy of (J,n, A%) is effective.

Proof. The mapping 7! satisfies the conditions required in Definition 4.20
naturally. O

Lemma 4.22. If (X, M) is an effective copy of <Jpg+1,A2’+1) via T, then
the mapping

7((u,v)) = (7(u), 7(v)),
where u,v € Jpg+17 s recursive in X & M. The mapping
m((i,u)) = (i, 7(u)),

where 1 € w, is also recursive in X & M.

Proof. The first mapping can be computed by inverting hx (which must be
one-one), the second mapping by additionally inverting nx. ([

Lemma 4.23. If (X, M) is an effective copy of (J n+1, AT wia 7, then it
1s decidable in X & M whether a number y € w is a m-n-code.

Proof. Suppose y € M (if not, it cannot be a m-n-code). Then y = 7w((i,x))
for some (i, ) € AZTL. Since the copy is effective, we have w((i, z)) = hx (7(i), 7(x)),
and by Lemma 4.22 we can find ¢ and 7 (z) recursively in X & M.
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Recall that (cpl(»z)) is a standard Godel numbering of the ¥; formulas with

two free variables. There exist recursive functions g;, g2 such that gog)(i) and
2

Poa(i) A€ X1 formulas equivalent (over (J,», A%)) to the formulas in (4.4)
and (4.5), respectively. Then (i, z) is a n-code if and only if (g1 (i), z) € AnT!
and (g2(i), ) & AG*H.

By the effectiveness of the w-copy, the latter two conditions are equivalent
to

hx(m(g1(i)),7(x)) € M and hx (7 (g2(7)), 7(2)) & M,
which is recursive in X @& M. O

Two n-codes (io, zo) and (i1, 1) represent the same set u € J,n if u is the

: . 3 3
unique solution to (J,n, A%) = %(-O)(Uo, xo, p?t1) and (Jon, AZ) = 9051)(’00, x1,ptl).
A similar property can be defined for w-n-codes.

Lemma 4.24. If (X, M) is an effective copy of <Jpg+1,Ag+1> via 7, then it
is decidable in X ® M whether two numbers are w-n-codes of the same set.

Proof. (ig,x0) and (i1, z1) represent different sets if and only if

(Jon, Ag) = Jvo, vy, 02 [@ES)(UO,DEO,PZH) A @E?)(Ul,ﬂfl,PZH) A
(v Evg Avg € v1) V (vg & vy Avg € vl)].

Let g3(ig,i1) be a Gédel number for the ¥; formula

W, pith) = Fuo, v1, 02 [0 (v, ()0, pa™) A 0l (v1, (@)1, 5+ A
(UQ € vg N\ V2 €’U1)\/ (Ug & vg ANvg € Ul)].

Then (ig, zp) and (i1, x1) represent different sets if and only if

(g3(i0, 1), (z0, 1)) € AZFL

which in turn holds if and only if

hx (m(g3(io, 1)), hx (m(xo), m(x1))) € M.

Since g3 is computable, it follows from Lemma 4.22 that it is decidable in
X @& M whether two numbers are m-n-codes and whether they represent the
same set. O

Lemma 4.25. If (X, M) is an effective copy of <Jpg+17AZH> via T,nx, hx,
it computes an w-copy (Y, N) of (Jpn, A%). Furthermore, the computation is
uniform, and hy and ny can be computed uniformly from X @ M ® hx ®nx.
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Proof. By Lemmas 4.23 and 4.24, the set
U={ycw:3ue Jyu (yis the <,-least m-n-code for u)}

is recursive in X @ M.

Let o be the mapping
o :u € Jyn — the unique m-n-code of u in U,
and put
Y ={{o(x),c(y):zcycdp}t, N={o(x):xrcAy}
Then (Y, N) is clearly an w-copy of (J,n, A%t). To show that it is recursive
in X ® M, we note that for u,w € Jyn, if (4,2) is an n-code for v and (j,y)
is an n-code for w,
(4.6)
ucw < (JpZ7AZ> ': ElUOa U1 (3072(’007 xapg+1) A ‘Pj(vly%pgﬂ) Ny € Ul)'
Moreover,

47 we AL & (I, AD) | 3uo (pilvo,,p5"") Avo € AR).

There are recursive functions g4, g5 that output Goédel numbers for 3, for-
mulas equivalent to the ones in (4.6) and (4.7), respectively. Given two
numbers a,b € U, we can use Lemma 4.22 to find (i, ap) and (4, bp) such that
a = hx(m(i),m(ap)), b =hx(m(j),7(by)). Then
abyb < hx(m(g94(i, 7)), hx(ao, bo)) € M.
Likewise,
a€N & hx(m(gs5()),m(ag)) € M.

To see that the functions Ay and ny are uniformly recursive in XM ®h,Pnx
note that we can

(i) given ¢ € w, effectively compute the Gédel number of a ¥; formula
that is satisfied by w if and only if u s the natural number <,

(ii) given n-codes (i,z), (j,y) for elements w, w in J,n, compute a Godel
number for a ¥; formula whose only solution is (u, w).

O

By iterating the procedure described above, we obtain the following.

Corollary 4.26. If (X, M) is an effective copy of <Jp2+1,AZ+1>, then it
computes w-copies of

(Toms Ay (T p1, AGTY), s and (S0, AQ) = (Ja, @) = Ja
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If a copy is not effective, we can use Lemma 4.19 to decode the predecessor
J-structures.

Corollary 4.27. If (X, M) is an w-copy of (Jng,AgH), then (X ® M)

computes w-copies of
(Toms A) s (T p1, AGTY), s and (S0, AQ) = (Ja, D) = Ja

Once we have an w-copy of J,, we can use it to compute w-copies of all
J-structures “below” it. We introduce the following notation.

Definition 4.28. Given a structure (Fy, Ex) induced by X C w and z € w,
we define the segment (Fx, Ex)|. given by z, as

Fx[zz {x S Fxt xEXz} and Ex(zz EX[Fx(z‘
In particular, (Fx, Ex)[,= @ if z ¢ Fx.

If there is no danger of confusing it with the usual initial segment notation
for reals, we will abbreviate (Fx, Ex)[, by X]..

Lemma 4.29. If X is an w-copy of Jo, then X computes an w-copy of
<Jpg,Ag>, forallnew, B < a.

Proof. Both Jpg and Aj are elements of Jo. Let 7 be the isomorphism
between J, and X, and let xﬁ,ag € Fx be such that

g = W(Jpg), ag = m(Aj).
Then (X4, Setx (aj)) is an w-copy of (Jyn, Af), clearly recursive in X. [J
A similar argument yields an analogous fact for the S-operator.

Lemma 4.30. If X is an w-copy of J,, then X computes an w-copy of
S(")(Jg), foralln e w, B < a.

4.4. Defining w-copies. In the previous section we saw how to effectively
extract information from w-copies of J-structures. Next, we describe how w-
copies of new J-structures can be defined from w-copies of given J-structures.
The J-hierarchy has two types of operations that we need to capture: Defin-
ing new sets using the S-operator, and taking projecta and defining standard
codes. We will analyze both operations from an arithmetic perspective.
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An arithmetic analogue of the S-operator. The S-operator is defined by
application of a finite number of explicit functions. This makes it possible
to devise an arithmetic analogue, we which denote by S, and which is the

subject of the following lemma.

Lemma 4.31. There exists an arithmetic function S(X) =Y such that, if
X is an w-copy of a transitive set U, S(X) is an w-copy of the transitive
closure of S(U). Further, X is coded into a reserved column of w, that is,

(z,y) € X & (2,2%) € (X)),
and 3 represents the element {Fx} in S(X).

Proof. The elements of S(U) are obtained by single applications of the
functions Fp, ..., F3. Thus each element of S(U) is the denotation of a term
consisting of one of the functions and finitely many elements of U U {U}.
Recursively in X, we can define an w-copy of these terms. Membership of
the set denoted by one term in the set denoted by another term or equality
between the sets denoted by terms is arithmetic in X, since these are defined
by quantification over X. The same applies for elements of the transitive
closure of the thus coded structure. The additional uniformity condition on
the coding of X does not change the calculation. ([

We can subject the S-operator to an analysis similar to that of the jump
operator by Enderton and Putnam [10].

Lemma 4.32. (i) If A € 2% is an arithmetic singleton, so is S(A). Fur-
thermore, the arithmetic complezity of the formula for which S(A) is the
unique solution is the maximum of the complexity of the formula for A and
the complexity of the formula defining S.

(i) There is an arithmetic predicate Q(n, X,Y") such that

Qn, X,Y) & Y =5"(X).

Proof. To prove (i), note that if A is the unique solution to P(X), then S(A)
is the unique solution to

P(X[y) and X = S(X[y),

where X9 = {a: 2% € X}.
Claim (ii) follows similarly using the fact that for each k, there is a
universal Hg predicate. O
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Lemma 4.33. If Z is such that Z >7 5™ (X) for all n, then €, g(n)(X)
is uniformly arithmetically definable from Z.

Proof. Define the predicate Q(n,e) as
Q(n,e) & &7 is total and Q(n, X, 7).

To decide whether a € 5™ (X), find, arithmetically in Z, the least e such
that Q(n,e) and compute ®Z(a). O

Corollary 4.34. If X is an w-copy of Jo and Z > 5™ (X) for all n, then
Z uniformly arithmetically defines an w-copy of Jo11-

Proof. We can use @, 5™ (X) to define a copy of J,t1 by ‘stacking’ the
elements of g(nﬂ)(X ) coded with base 3 and higher at the next ‘available’
prime column. Essentially this means that instead of moving 5™ (X) into
the column given by powers of 2, we leave it unchanged and add new elements

for S (nH)(X ) starting at the smallest available prime column. O

An arithmetic version of the standard code. To define an arithmetic copy
the X,-standard code for J,, we can simply interpret the set theoretic
definitions as formulas of arithmetic. More precisely, suppose P is a definable
predicate over a J-structure (.J,n, Ay), and (X, M) is an w-copy via 7. Since
the structure (Fx, Ex, M) is isomorphic to (J,n, €, Ay), we can use the
same formula that defines P over (J,n, A7) and obtain a definition of 7[P]
arithmetic in (X, M). The problem, however, is that a bounded quantifier
in set theory will not necessarily correspond to a bounded quantifier in
arithmetic. This means the transfer of complexities between the Lévy-
hierarchy and the arithmetical hierarchy may not result in uniform bounds.

However, we will use only a fixed, finite number of set-theoretic definitions.
Most importantly, we use the uniform definability of the satisfaction relation
= over transitive, rud closed structures.

Proposition 4.35 (Jensen [22], Corollary 1.13). For n > 1, the satisfaction

relation ):%]\} Ay 15 uniformly Yo ((M, A)) for transitive, rud closed structures
(M, A)).

Corollary 4.36. Suppose (X, M) is an w-copy of (J,n, A%). Then there ex-
ists an w-copy of <Jpg+1,Ag+1> uniformly arithmetically definable in (X, M).
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4.5. Recognizing J-structures. Our goal is to show that there exists a
recursive function G such that, for each n, no element of the sequence of
canonical copies of J-structures with projectum equal to one in Lg, can be
G(n)-random with respect to a continuous measure. In the proof of this
result (Theorem 4.50), we need to consider the initial segment of w-copies
computable in (some fixed jump of) pu.

The problem is that we cannot arithmetically define the set of w-copies of
structures J,. We can, however, define a set of “pseudocopies”, subsets of w
that behave in most respects like w-copies of actual J,, but that may code
structures that are not well-founded.

By comparing the structures coded by these pseudocopies, we can also
linearly order a subset of the latter (up to isomorphism), depending on
whether a coded structure embeds into another. This ordering will be
developed in Section 4.6.

Definition 4.37. A set X C w is a pseudocopy if the following hold.

(1) The relation Ex is non-empty and extensional.

(2) The structure (Fx, Ex) is rud-closed.

(3) The structure (Fx, Ex) satisfies ¢y —.

(4) X’s version of w is isomorphic to w; that is, X codes an w-model.

To formalize these properties in arithmetic, we can take, as before, any
formula in the language of set theory and interpret it over the structure
(Fx, Ex). This way we can define relations over Fx intended to represent
the corresponding set-theoretic relation. Extensionality can be formalized by
a T19(X) formula:

Vo, y(Vz(zExx <> zExy) — x =1y).
Being rud-closed is an arithmetic property relative to X.

By Mostowski’s Collapsing Theorem, if X satisfies (1) and Ex is well-
founded, then (Fx, Ex) is isomorphic to a transitive set structure (S, €),
and by (2) S will be rud-closed.

Property (3) is clearly arithmetic since it is defined by a single formula.

Finally, for (4), we can define w using the usual ¥y set theoretic formula
(the least infinite ordinal). In transitive, rud-closed sets, ¢, (z) holds if and
only if z = w. Interpreting ¢, over (Fx, Ex), we obtain an arithmetic in X



EFFECTIVE RANDOMNESS FOR CONTINUOUS MEASURES 43
property. We require a pseudocopy (Fx, Fx) to satisfy

Jz g, ().
This = will be unique and define w with respect to (Fx, Fx). Let us denote
this unique number by wx.

Given wy, we can also recover the mapping i — nx (i) as in Lemma 4.17.
As the definition of wy is uniform, we obtain that i — nx () is uniformly
arithmetic in X. (4) holds exactly when this map from w to wx is a surjection,
which is again uniformly arithmetic relative to X.

Lemma 4.38. There exists an arithmetic formula opc(X) such that if
wpc(X) holds for a real X, then X is a pseudocopy. Moreover, if (Fx, Ex)
is well-founded, then it is an w-copy of a countable Jg, B > 1.

4.6. Comparing pseudocopies. If two pseudocopies X and Y define well-
founded structures, they are w-copies of sets J, and Jg, respectively. Since
a < 8 implies J, € Jg, it follows that one structure must embed into the
other as an initial segment.

We want to find an arithmetic formula that compares two pseudocopies in
this respect. The problem is that the isomorphism relation between countable
structures need not be arithmetic. In our case, however, we can make use of
the special set-theoretic structure present in the pseudocopies, by comparing
the subsets of the cardinals present.

The complexity of the arithmetic operations involved in these comparisons
will depend on the number of cardinals present in a pseudocopy.

Let us introduce the following notation. Recall that 8 denotes the least
ordinal such that Lg, = ZFy. For any ordinal o, let

(4.8) P, = max{n: P (w) exists in J,},

if this maximum exists. We first note that for all a < By, P, < N. This is
because, if P, were greater than or equal to n + 1 and 3 were the (n + 1)st
cardinal in L., then Lg would satisfy ZF);, hence a > y. Hence P, is
defined and uniformly bounded by N for all a < By

Using the predicate ¢,,, we can formalize the (non-)existence of power sets
of w for pseudocopies. For any k € w, there exists a formula defining the
predicate

y=PH(w).
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Definition 4.39. A pseudocopy X is an n-pseudocopy if it satisfies the
uniformly arithmetic in X predicate

Fy(y = P (W) A Va(z # PUFD(W)).

We now use the fact that pseudocopies are w-models. Using the power
sets of w in each pseudocopy, we can check whether two pseudocopies have
the same reals, sets of reals, etc.

First, we can check whether every real in X has an analogue in Y:

Vu (X FuCw — Y EvCw AVi(nx(i)Exu < ny(i)Eyv))).

By extensionality, such a v, if it exists, is unique. We can therefore define the
mapping fg( Y(u) = v which maps the representation of a real in (Fx, Fx) to
its representation in (Fy, Ey). We can similarly check whether every real in
Y has an analogue in X. This gives rise to a function fg/ X Let ¢§8L1P(X YY)
be the arithmetic formula asserting that X and Y code the same subsets of
w.

We can continue this comparison through the iterates of the power set

of w. This will yield arithmetic formulas cpézznp(X ,Y) with the following

property:
If X and Y are pseudocopies in which P (w) exists, then
<p§’;‘3np (X,Y) holds if and only if X and Y have (representa-
tions of) the same subsets of P®)(w), for all 0 < i < n.

Given two n-pseudocopies, the above formulas allow for an arithmetic defini-
tion of isomorphic pseudocopies.

Lemma 4.40. For given n and for any two n-pseudocopies X,Y that code
well-founded structures (Fx, Ex) and (Fy, Ey), respectively, if go((;gr)np(X, Y),
then X and Y code the same J,.

Proof. Assume for a contradiction X and Y are not isomorphic. Since they
are well-founded pseudocopies, there must exist countable «, 8 such that
(Fx,Ex) = (Ja,€) and (Fy,Ey) = (Jg,€). Without loss of generality,
o < f3. Since (Fx, Fx) and (Fy, Ey) code the same subsets of P(™ (w) no
new subset of P (w) is constructed between a and 4. But this implies
P+ (W) exists at a + 1, which is an immediate contradiction if 8 = o + 1.
If B> a+ 1, since P (w) does not exist in Js, a new subset of P (w)
must be constructed between o + 1 and 3, contradiction. O

We will consider the comparison between ill-founded structures later.
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Corollary 4.41. For given n, if X and Y are well-founded n-pseudocopies
and ¢£§LP(X, Y'), then there exists an arithmetically in (X,Y") definable func-
tion which maps the structure coded by X isomorphically onto the structure
coded by Y.

Proof. Under the given hypothesis, there exists an « such that both X and
Y are isomorphic to J,. By Proposition 4.4, there is a definable map from
wa onto J,. Moreover, there is a definable map from subsets of the greatest
cardinal in J, onto wa. Finally, there is a definable bijection from the
greatest cardinal, which is some w,‘c]‘l, to subsets of P*)(w). This gives us a
definable isomorphism: We map an element in X to its least pre-image in
wa. This then gets mapped to the subset of P*) (w) to which it corresponds
in X. Then we use our comparison formula between subsets of P*)(w) to
map it to its counterpart in Y. Finally, in Y we map the subset of P*)(w)
obtained this way to an ordinal and consequently to an element of Y. [

We can use the transfer function of Corollary 4.41 to translate also between
copies of S™(J,).

Corollary 4.42. For every N, there exists a number dy, which can be
computed uniformly from N, such that the following holds. Suppose X is an
w-copy of some J, with P, < N. Suppose further that Z is an w-copy of
SM)(Jy,), for somen € w. Then g(n)(X) is recursive in (X @ Z)4n),

Proof. As Z computes an w-copy of J,, Corollary 4.41 implies that some
jump of Z & X computes the isomorphism between the two w-copies of J,.
Now apply Lemma 4.32. ([l

For fixed N € w, let
PCn = {X: X is an n-pseudocopy for some n < N}.

This is an arithmetic set of reals.
Restricted to PCp, the following relation, denoted by ~y is arithmetically
definable:

X ~yY:& XY are 0-pseudocopies and 4,0(0) (X,Y)

comp

X.,Y are 1-pseudocopies and gp(l) (X,Y)

comp

<

<

X,Y are N-pseudocopies and @) (X,Y)

comp
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Working inside PCy, we can also use @comp to arithmetically define a pre-
order < on pseudocopies. The idea is that X <Y if X embeds its structure
into Y. For this purpose, we have to identify the “internal” .J-hierarchy of a
pseudocopy.

By Proposition 4.2, for any 3, the sequence of J, (o < ) is uniformly
Y1-definable over Jg. Let ¢ be the defining formula.

For z € Fx, we define

JY = {2 X | o(2)},
the J-structure inside X (the internal J-structure of X) and, given z € JX,
write JZX for XT,.

Lemma 4.43. Suppose X € PCy and z € JX. Then JX has no non-trivial

automorphism. Further, if Jz)l( is isomorphic to Jz)g,

then z1 = z9.

Proof. Let m be an automorphism of JX. Since X codes an w-model, JX
is an w-model. 7 fixes the w of JX and also fixes every natural number of
JX. By induction 7 must fix every set that is obtained by a finite number of
power set operations to w. There is an internally definable injection from
JZX to sets obtained by a finite number of power set operations to w. Hence
7 must fix all of JX. (See proof of Corollary 4.41.)

The second claim follows by the same reasoning. O

If X is well-founded, J¥X must be linearly ordered by Ex. So if it is not
(an arithmetic property relative to X), we can exclude X as ill-founded right
away. From now on suppose J¥ is always linearly ordered.

Definition 4.44. We define
X=<yY & X YePCy A3z(zeJY ANJY €ePCx A X ~y JV)).

This is an arithmetic property of the pair (X,Y). We let X <y Y if
X XyY or X ~yY. <Xp is reflexive and transitive. Hence <y defines a
partial order on PCy.

If both X and Y are well-founded pseudocopies in PC y, we have either
X <yYor X ~yYorY <y X, that is, “true” pseudocopies (i.e., those
that code a J,) are linearly ordered by <y (up to isomorphism). Hence
comparability can only fail if (at least) one of the pseudocopies is not well-
founded.

Provided with a countable subset of PC, such as all the elements of PC y
recursive in a real Z, we will want to arithmetically define a subset that is
linearly ordered by =<y by excluding some ill-founded pseudocopies.
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Definition 4.45. Given a real Z, let PCn(Z) be the set of pseudocopies
computable in Z.

Lemma 4.46. For every natural number N there is an arithmetic predicate
such that for every real Z, the predicate defines a set of reals PCxn(Z) C PCn(Z)
with the following properties:
(1) For every X € PCy(Z) and x € Fx, if JX(x), then JX € PCY(Z),
(2) <N is a total preorder on PCx(Z), i.e., PCN(Z)/ ~n is linearly
ordered,
(3) If X € PCn(Z) is well-founded, then X € PCx(Z).

Proof. For property (1), suppose X € PCx(Z) and z € J~X. We check that
JX € PCN(Z). JX is clearly recursive in Z. Since X codes an w-model,
properties (1)-(4) of Definition 4.37, which are satisfied by JX within X, are
true of JX.

For property (2), we investigate <y-incomparability. Suppose X,Y are
<py-incomparable. We can use the ~py-relation to see if two J-segments of
X and Y align: Consider the predicate

JX(@) ATV (y) AT~ Ty

It yields an arithmetic partial function from F'x to Fy. It is single-valued by
Lemma 4.43. Denote the domain of this function by Dx and the range by
Ry . Both Dx and Ry are linearly ordered.

We consider the set of ordinals in a pseudocopy:

Ordy = {z: zis an ordinal in X},

Ordy = {z: zis an ordinal in Y'}.

Ordx, Ordy are closed downward under Ex, (Ey, respectively), and linearly

ordered by Ex (Ey). If one structure is ill-founded, it must exhibit an

instance of ill-foundedness among its ordinals, since an infinite descending

€-chain in X would yield an infinite descending chain in the JX-hierarchy,

which would correspond to an infinite descending chain in the ordinals in X.
Let

Ord(Dx) = J{OrdxnJ}: z € Dx}, Ord(Ry)=| J{Ordy nJ): z € Ry}.

Both Ord(Dx) and Ord(Ry ) are initial segments of Ordx and Ordy respec-
tively, because the ordinals of any element of the J-hierarchy are an initial
segment of the ordinals.
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Now we apply the incomparability of X and Y to show that there must
be at least one instance of ill-foundedness in Ord(Dx) or Ord(Ry ).

Case 1: Ord(Dx) is cofinal in Ordx, Ord(Ry) is cofinal in Ordy .

This means, by the definition of the function for which Dx and Ry are
domain and range, respectively, the complete internal J-hierarchies of
X and Y, respectively, are pairwise isomorphic. Furthermore, these
isomorphisms are compatible by Lemma 4.43. Their union hence
exhibits an isomorphism between the structure coded by X and the
structure coded by Y, which would imply X ~xn Y.

Case 2: Ord(Dy) is cofinal in Ordx, Ord(Ry) is bounded in Ordy.

Since X An Jy, for any y, ¥ must omit |J,.p, J. and hence is ill-
founded. The case when Ord(Dx) is bounded and Ord(Ry ) is cofinal
is analogous.

Case 3: Both Ord(Dx),Ord(Ry) are bounded in Ordx, Ordy, respectively.
In this case, Ord(Dx) and Ord(Ry) are cuts in Ordx and Ordy,
respectively. If these cuts were principal in both structures, it would
contradict the definition of Dx and Ry by adding a new element to
each set. In the limit case, reason as in Case 1: the union of the JQ‘CX ,
x € D,, as evaluated in X, maps to the union of the J;, Yy € Ry,
as evaluated in Y. In the successor case, given an isomorphism
between JxX and J;/ , because X and Y code w-models, there also
exists an isomorphism between S(J:X), as evaluated in X, and ?(Jyy ),
as evaluated in Y.

Therefore, at least one of the two cuts is not principal, thereby
exhibiting an instance of non-wellfoundedness.

We thus obtain the desired linearization of <y. However, its definition
involves quantification over all pseudocopies in PCy, and is therefore, if
unrestricted, not arithmetic. We obtain the arithmetic set PCy(Z) by
considering all incomparable pairs in PCy(Z) and discarding all elements of
PCn(Z) that are shown to be ill-founded by the above analysis. Since all
pairs are being considered, PCy/ = is linearly ordered by <.

To see that this also ensures property (3) of the lemma, note that any
element removed from PCx(Z) in this process is ill-founded. O

Taking limits of w-copies. We can use the ordering preceqy to construct
limits of w-copies. This will be needed in the proof of Theorem 4.50.
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Lemma 4.47. For every N, there exists a number dy, which can be computed
uniformly from N, such that the following holds. Suppose X = {X;: i € w}
is a family of well-founded pseudocopies from PCy, in other words, each each
X; codes a countable J,, in which there are at most N uncountable cardinals.
Let v be the supremum of the a;. Then there exists an w-copy of J, recursive
m Y(d).

Proof. Using the <Xpy-predicate, we can arithmetically define a function
f :w — w such that for all 4, j,

f(i) < fJ) & Xi =y Xj.

This gives us a directed system of copies. We define a copy of J, as a copy
of the union of this directed system.
Let Yo = X (). Initialize by putting

Uy = {(2“‘1,23”1): (x,y) € Yo}

Suppose now we have defined Uy C Uy C --- C U; with the property that

7
Fo, € o m e w),
k=0

where p; is the i-th prime number. If Xf(l+1) ~N Xf(l), put U1 = U
Otherwise, pick z such that Xy 1)[. is isomorphic to U;, and let 7,1 be
the isomorphism between X ¢(;4.1)[, and U;. Given x,y such that x Ex ¥
define Ey,, , as follows:
e If both tEx;., zand y Ex,, ., 2, add (mip1(z), ma1(y)) to Upyr.
o If v Ex, ., , 2z but not y Ex,,, 2, add (7rl+1(x),p;’:11> to Upy1.

. 1
o If neither x Ex ., » nor y Ex, 2, add (pfjll,p%"jl ) to Upst.

Putting
U=JUu
lew
yields an w-copy of .J, arithmetic in X. (]

4.7. Canonical copies are not random for continuous measures. We
now want to use the framework of w-copies to show that for any a < Sy,
the canonical copy of a standard J-structure (.J, ok AF) cannot be K-random
for a continuous measure, with K sufficiently large.

The argument rests mostly on various applications of the stair trainer

technique introduced in Propositions 2.16 and 2.17, adapted to the notions
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of codings of countable J-structures developed in the previous sections. For

convenience, we briefly review the core concepts.

w-copy: A coding of a countable set-theoretic structure (S, A), A C S, as a
subset of w; see Definitions 4.13 and 4.14.

Canonical copy: The copy of a J-structure (J,n, A7) with projectum
pr =1 by means of a canonical bijection V,, ¢+ w; see Definition 4.15.

Effective copy: An w-copy of a J-structure (Jyn, A7) from which the in-
ternal fine structure hierarchy can effectively be recovered; see Defi-
nition 4.20 and Corollary 4.26. A canonical copy is always effective.

Pseudocopy: An w-copy of an w-model of a rud-closed set satisfying ¢y — ;.
The set of pseudocopies is arithmetically definable. A pseudocopy
may be ill-founded. If it is well-founded, it codes some countable
level J, of the J-hierarchy; see Definition 4.37 and Lemma 4.38. By
comparing their internal J-hierarchies, a subset of pseudocopies can
be linearly ordered (up to isomorphism). This linear ordering is
arithmetic, too; see Lemma 4.46.

We also fix some notation for the rest of this section. Given N € w, we fix
¢ € w to be a sufficiently large number. It will be greater than the complexity
of all arithmetic definitions (N-pseudocopies, comparison of pseudocopies and
S-operators, linearization) introduced in the previous sections. In particular,
Corollary 4.41 yields that, if X and Y are well-founded w-copies of a J,
where o < Sy, then the isomorphism between the two coded structures
is recursive in (X @ Y)(©. It will also be greater than the numbers dy
from Corollary 4.42 and Lemma 4.47. After proving a couple of auxiliary
results (Lemmas 4.48 and 4.49), we will also assume ¢ to be greater than the

constants appearing in these lemmas.

We give a first application of the stair trainer technique (as used in
the proofs of Propositions 2.16 and 2.17) in the context of w-copies and
pseudocopies.

Lemma 4.48. There exist numbers d,e € w such that the following holds.
Suppose 1 is a continuous measure and X is an w-copy of J, recursive in
™) | for some m € w. Suppose further that R is (m+e)-random with respect
to pu and computes an w-copy of Jor1. Then there exists an w-copy of Jot1
recursive in u(m+d).

Proof. By Lemma 4.30, R computes an w-copy of S(")(Ja), for all n € w. By
Corollary 4.42, 5™ (X) is recursive in (R @ )™+, Lemma 4.31 on the
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other hand implies that S(X) is recursive in (™% for some fixed a. We
may assume that R is (m + dy + a + 1)-random for u. By Proposition 2.12
and Lemma 2.14, S(X) is recursive in p(™+9¥) We can inductively use this
line of reasoning and obtain that for each n € w, 5™ (X) is recursive in
p(m+dN)  Now apply Corollary 4.34. O

The lemma shows that with the help of a sufficiently random real that
computes an w-copy of the next level of the J-hierarchy, p can reach a copy
of this level arithmetically, too. Combined with Lemma 4.47, this will be
the key ingredient in proving that canonical copies of standard codes cannot

be random with respect to a continuous measure.

The next lemma establishes a similar fact for the standard J-structures
(Jpms AG) over a given Js.

Lemma 4.49. There exist numbers d,e € w such that the following holds.
Suppose i is a continuous measure and X is an w-copy of Js. Further
suppose X is recursive in (™. Finally, suppose that R is (m + e)-random
with respect to pu and n is such that R computes an w-copy of <Jpg,Ag>.
Then there exists an w-copy (X§', Mg') of (Jpp, AF) recursive in plmtd)

Proof. The proof is similar to that of Lemma 4.48, inductively using Propo-
sition 2.12, Lemma 2.14, Corollary 4.36, and Corollary 4.41. U

From now on, we assume that c is also greater than the respective constants
d,e from Lemmas 4.47, 4.48 and 4.49. We define G(N) = (N + 1)(3¢ + 6).

Theorem 4.50. Suppose N > 0, o < By, and for some m > 0, pi} = 1.
Then the canonical copy of the standard J-structure (J,m, A3') is not G(N)-
random with respect to any continuous measure.

Proof. We fix R and mp so that, when R is interpreted as a pair of reals,
R is the canonical copy of some standard J-structure (J p;nR,AgR>, where
mE = 1. We assume for the sake of a contradiction that R is G(N)-random

with respect to a continuous measure .

To obtain a contradiction similar to the proofs of Propositions 2.16 and

2.17, we inductively define a hierarchy of indices of (pseudo)copies arithmetic
in p.
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Definition 4.51. For each k£ with 0 < k < N, we let

(k(3¢+6)) (k(3¢+6))

€ PCy (Iu(k:(3c+6)))
(I)Z(k(SCHS)) 7& (I)’lg(

The relation < induces an ordering on the indices in each Sy, which will

Sp={ecw: d¥ is total and ®¥

and for all d < e, Haere) }.

be denoted by <, too. The linearly ordered subsets corresponding to PCy
are given as

Ly = {e € Sp: &7 ¢ pex (kB
Finally, we let
Iy ={e € Sg: <I>§<k(3c+6)) is well-founded}.

By Lemma 4.46, the sets S, and Ly are arithmetic in p*3¢t6) for all
k < N. In particular, by choice of ¢, Ly is recursive in p(k(3c+6)+c),

The following lemma shows that [ is the longest well-founded initial
segment of L.
Lemma 4.52. Given k < N, let I be a well-founded initial segment of Ly,.
Then, for everye € I, @g(k(BCJrG)) 1s a well-founded pseudocopy.
Proof of Lemma 4.52. Suppose <I>5<k(36+6)>, e € I, is an ill-founded pseudo-
copy. Then it has an ill-founded sequence of ordinals, and hence also an
ill-founded internal J-sequence. Since [ is an initial segment, the entire inter-
nal J-structure must be present in I (via corresponding ,u(k(?":%))—indices);
see Lemma 4.46. This contradicts the fact that I is well-founded. O

We will need an additional properties of [j.
Lemma 4.53. If Jg is represented in Iy, then § < c.

Proof of Lemma 4.53. Suppose J, is represented in I;. By Lemma 4.49,
there exists an w-copy (X, M) of (J mr, Ag'R) recursive in pkBet6)+e) - (Re-
call mp is such that p'® = 1 and R = (J1, AZ'®).) Comparing the canonical
encoding of J; with X, we obtain that R is recursive in p(F(3¢+6)+2¢) contra-
dicting the randomness of R. (|

We continue the proof of Theorem 4.50 and apply Lemma 2.15 to Ij. Ly
is recursive in p*Gct6)+¢)  Since R is a canonical copy, we can use it to test
for any pseudocopy M with an index in L whether M embeds into J,. This
can be done recursively in (p*3+t6) @ R)(®) by Lemma 4.46 and the choice
of c. By Lemma 4.52, every pseudocopy with an index in I will embed into
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Jo. Consequently, Iy is recursive in (u @ R)(k(3c+6)+c). By choice of G, R is
at least (k(3c + 6) + ¢ + 5)-random for u, so Lemma 2.15 implies that I}, is

recursive in ,u(k(30+6)+6+4)'

Next we define by recursion a sequence of ordinals 7, ..., vk, where K is
at most N + 1.
o Let voy=wand & = 1.
e Given 7, we check whether 4 is a cardinal in each of the structures
represented in Ij.
— If so, we let

Yi+1 = sup{f: Je € I} (5 has cardinality at most 7
in the structure represented by e)},
&k+1 = sup{f: Jp is represented in I} },

and we continue the recursion.

— Otherwise, there exists a j < k such that «; is not a cardinal
inside some structure Js represented in I;. Since the recursion
made it to step k, ¢ is greater than any 8 such that Jg has
a representation in I;_;. We terminate the recursion and let
K =k.

e If we reach yn11, we terminate the recursion.
Lemma 4.54. For every 0 < k < K, J¢, 1 is represented in Ij.

Proof of Lemma 4.5/. We first prove that Jy is represented in Iy. The
canonical copy of Jy is recursive. By Lemma 4.48, there exists an w-copy
of Jy recursive in ,u(c). The canonical copy of Ja, (Ji, Ag) is recursive in R.
By Lemma 4.49, there exists an w-copy of (Ji, Ag) recursive in 129 The
isomorphism between this copy and the canonical copy of J; is recursive in
M(3c)

in p. By Corollary 4.26, there exists an w-copy of Js recursive in u.

. Therefore, by Lemma 2.13, the canonical copy of (Jy, A2) is recursive

Now assume k > 0. J¢, has a representation recursive in pl(k=1)(Bet6)+c)
If &, is the maximum of the § for which Jg is represented in I, there is
an w-copy of J¢, recursive in p(k=DBct6)) - Otherwise, Lemma 4.47 implies
that there exists an w-copy of Jg, recursive in p((F=1)Be+6)+e) We can apply
Lemma 4.48 to obtain an w-copy of Jg, 11 recursive in p((F=1Be+6)+2¢) 'which
implies that it is represented in Ij. ([

The lemma implies that for each ¢ < K, ~; appears as a cardinal in some
structure represented in I;.
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Case 1: K < N + 1, that is, the recursion terminates early.

In this case either the projectum pgs of Js is 1 or there is an 1 < i < K
such that p;s is ;. This is because for every infinite ordinal less than g,
there is a structure represented in Ix_1 in which this ordinal is in one-to-one
correspondence with some ~;, 1 < K.

Case 1a: ps = 1. The canonical copy of J; is recursive. By Lemma 4.49,
Bet6)+etd+e) — (K (3c+6)+20+4),

By Corollary 4.27, the canonical copy (X, M) of (Jy, As) is recursive in
(K Bet6)+2e+4+2) | (K(3¢+6)+2¢+6)  Since o > 4, R computes (X, M),
by Lemma 4.29. By Lemma 2.13, u computes (X, M). Since (X, M) is an
effective copy, Corollary 4.26 implies p computes an w-copy of Js. But this

there exists an w-copy of (J3, As) recursive in K

means Jj is represented in Iy, which contradicts the definition of ;.

Case 1b: ps > 1. Note that by Lemma 4.47, there exists an w-copy Y of
J,; recursive in (71 Bet6)+2e+4),

Since Jj is represented in I, there exists an w-copy of Js recursive in
pEBe+6) - By Lemma 4.49, there exists an w-copy (X, M) of (J,,, As)
recursive in p(KBet6)+e)

By comparing the coding of X and Y (using at most ¢ jumps),

pK@etb)tete) — ) (K(Be+6)42¢) can compute the transfer of M (the coding
of A5 in X) to Y. This gives us an w-copy (Y, L) of (J,;, As) recursive in
M(K(3C+6)+26) )

Since a > vi, R computes, by Lemma 4.29, another w-copy of (J,,, As),
say (Yr,Lg). Using at most ¢ jumps, the join of R and j((i=1Bet6)+2c+4)
can compare Y and Yr and map Lpg, the encoding of A5 in Yg, to Y. This
way we obtain an w-copy (Y, Ly) of (J,s, As) recursive in
(R o M((i—l)(30+6)+2c+4))(c) =r R® M((z’—l)(3c+6)+3c+4)' By Lemma 2.14,
(Y, Ly) is recursive in p((=1D@e+6)+3c+4) "By Corollary 4.27,

(=) (Be+6)+3c+4+42

Js is represented in S;. In particular, Js is represented in ;. This contradicts

) = u(i(3c+6)) computes an w-copy of Js. But this implies

the fact that J is greater than any 8 such that Jz has a representation in

Tre_q.
Case 2: K =N + 1.

The analysis is similar to Case 1. yy41 is defined. Since R cannot be rep-

resented in any Sy, yv41 < Bn. Hence J,,, is projectible, say to ;. There

(N(3c+6)+2c+4) ' By the same argument as

) recursive in p((=DEeH6)+3et4) which

is an w-copy of Jy,, recursive in u

above, there is a copy of (J,,, Ay,
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in turn yields a an w-copy of .J, recursive in p(!G¢t6)  This contradicts

that J,

N+1

~41 1s not represented in any I;, for i < N.

This is sufficient to complete the proof of Theorem 4.50. ([l

4.8. Finishing the proof of Theorem 2. We restate Theorem 2. Let
G(n) be the recursive function defined before the statement of Theorem 4.50

in Section 4.7.

Theorem 2. For everyn € w,

ZFC, ¥ “NCRg(n) is countable.”

Proof. For any n > 0, the set X of canonical copies of standard J-structures
(J ok AEF) with p% =1 is not countable in Lg, . For suppose f:w — X were
a counting of X such that f € Lg,. We may assume f is given as a real.
By the closure properties of Lg,, f’ € Lg,. Let v < 3, be the least ordinal
such that f € J,41\ Jy, and let m be such that [’ is X,,(J,). It follows that
Py =1 f’ is computable in the canonical copy (X7, M2") of (Jp;n,AQ”)
It follows that (X, M) is not in the range of f. Since by Theorem 4.50,
the set of canonical copies of standard J-structures is a subset of NCRgy,).
Therefore, NCR(,) is not countable in Lg, . O
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