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Abstract

In this article, I will first give a criterion for a generic m × n × n
tensor to have rank n using simultaneously diagonalization of certain
set of matrices. Then, in Section 3, I will study some properties (like
irreducibility and diemnsion) of the varieties defined by the above si-
multaneous diagonalization condition which are closely related to the
commuting varieties. This criterion also provides a possible way to
attack the ”Salmon Conjecture”.

1. Introduction

Fix a field K, a d dimensional tensor over K is just a d dimensional
table T ∈ Kn1×···×nd where nk ∈ N. A d dimensional tensor has rank
1 (or is decomposable) if it can be written as a product of d vectors
vk ∈ Knk , i.e., Ti1,...,id = (v1)i1 · · · (vd)id for any indices ik ∈ [nk]. In
algebraic geometry language, the rank 1 tensors are the image of the
Segre embedding

Kn1 × · · · ×Knd −→ Kn1×···×nd .

The rank of a tensor T is the least number r such that T can be
written as a sum of r rank 1 tensors. Determining the rank of a tensor
has always been an interesting and important problem in algebraic
complexity theory[23], algebraic statistics[6][24], engineering[12] and
algebraic geometry[21].

2. The Key Criterion

In this section, we are working over any fixed field K. For a m×n×n
tensor X, let X1, X2, · · · , Xm (which are n× n matrices) denote the
slices in the first direction.
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Theorem 1. Let X be a m × n × n tensor with X1 nonsingular.
Then X has rank n if and only if the set of matrices

{XjX
−1
1 : j = 2, ...m}

can be diagonalized simultaneously.

Remark. The condition of the theorem can be weakened. In fact, if
there exists a nonsingular linear combination of slices X1, X2, · · · , Xm,
then we can just replace X1 by that linear combination. This operation
doesn’t change the rank at all. Note also that all linear combinations
of Xi being singular is an algebraic condition, it amounts to say that
det(

∑n
i=1 λiXi) ≡ 0 for all λi ∈ C, i.e. all the coefficients of

∏n
i=1 λαi

i

where
∑

αi = n are zero. These are algebraic conditions on the entries
of X.

Proof. ”⇒”: Suppose X has rank n, i.e. there exist xi ∈ Km, aj, bk

∈ Kn for i, j, k= 1, ... ,n, such that

X = x1 ⊗ a1 ⊗ b1 + x2 ⊗ a2 ⊗ b2 + ... + xn ⊗ an ⊗ bn,

where the (i, j, k)-th spot of the decomposable tensor xt ⊗ at ⊗ bt is
xtiatjbtk for any t=1,...,n.

Then we have

(1) X1 = x11a1b
′
1 + x21a2b

′
2 + ... + xn1anb

′
n,

X2 = x12a1b
′
1 + x22a2b

′
2 + ... + xn2anb

′
n,

...

Xm = x1ma1b
′
1 + x2ma2b

′
2 + ... + xnmanb

′
n,

where b′i denote the transpose of bi.

If a1, a2, ..., an are linearly dependent. Then from equation (1), we
see that X1 will has rank ≤ n−1. This contradicts the hypothesis that
X1 is nonsingular. It follows that a1, a2, ..., an are linearly indepen-
dent. Similarly, b1, b2, ..., bn are linearly independent. So we can find
invertible matrices P and Q such that Pai = ei and Qbi = ei, where
{ei=(0...1...0) : i= 1,...,n } is the standard basis for Kn. Multiply P
from the left and QT from the right to matrices X1, X2, · · · , Xm, we
get

PX1Q
T = x11Pa1b

′
1Q

T + x21Pa2b
′
2Q

T + ... + xn1Panb
′
nQ

T ,

PX2Q
T = x12Pa1b

′
1Q

T + x22Pa2b
′
2Q

T + ... + xn2Panb
′
nQ

T ,
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...

PXmQT = x1mPa1b
′
1Q

T + x2mPa2b
′
2Q

T + ... + xnmPanb
′
nQ

T ,

that is

PX1Q
T = x11e1e

′
1 + x21e2e

′
2 + ... + xn1ene

′
n,

PX2Q
T = x12e1e

′
1 + x22e2e

′
2 + ... + xn2ene

′
n,

...

PXmQT = x1me1e
′
1 + x2me2e

′
2 + ... + xnmene

′
n,

In other words, PXiQ
T is the following diagonal matrix




xi1 0 · · · 0
0 xi2 · · · 0
...

...
. . .

...
0 0 · · · xin




We denote this matrix by Di. Then

PXiQ
T (PX1Q

T )−1 = PXiQ
T (QT )−1X−1

1 P−1

= PXiX
−1
1 P−1 = DiD

−1
1 .

From the last equality, we see the set of matrices

{XiX
−1
1 : i = 2, ..., n}

can be diagonalized simultaneously.

”⇐”: Suppose the set of matrices

{XiX
−1
1 : i = 2, ..., n}

can be diagonalized simultaneously, that is, there exist invertible ma-
trix P such that for i = 2, ... , n,

PXiX
−1
1 P−1 = Ei

where Eis are diagonal matrices.
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Suppose

Ei =




ei
1 0 · · · 0
0 ei

2 · · · 0
...

...
. . .

...
0 0 · · · ei

n




For notation consistence, let E1 := In. Then for i = 1, ..., n

Xi = P−1EiPX1.

Suppose

P−1 = (a1, a2, ..., an)

and

PX1 =




b′1
b′2
...
b′n




for ai, bj ∈ Kn.

Then

Xi = P−1EiPX1 = (a1, a2, ... , an)




ei
1 0 · · · 0
0 ei

2 · · · 0
...

...
. . .

...
0 0 · · · ei

n







b′1
b′2
...
b′n




= ei
1a1b

′
1 + ei

2a2b
′
2 + ... + ei

nanb
′
n.

The above formula implies X has rank ≤ n, but X1 is nonsingular
implies X has rank ≥ n. So we have X has rank exactly n. ¤

3. Related Varieties

We know that the set of matrices

{XjX
−1
1 : j = 2, ...m}
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can be diagonalized simultaneously if and only if each of them is di-
agonalizable and they commute. This set of matrices commute means
for any i, j,

XiX
−1
1 XjX

−1
1 = XjX

−1
1 XiX

−1
1 ,

i.e.,
XiX

−1
1 Xj = XjX

−1
1 X,

i.e.,
Xiad(X1)Xj = Xjad(X1)Xi,

where ad(X1) denotes the adjoint (adjugate) of X1. The above for-
mulas are polynomial equations. These observations motivates me to
study the algebraic variety defined by these algebraic equations. In
fact, in the case n = m = 4, the study of the irreducible components
of this variety is crucial to solve the so called ”Salmon Conjecture”.

From now on, let us work over the complex numbers C. We are
concerned with the varieties

Vm,n = {(X1, ..., Xm) ∈ Cm×n2|Xiad(X1)Xj = Xjad(X1)Xi for any i, j}.
The irreducibility of Vm,n is investigated in the following theorems.

Theorem 2. Vm,n is reducible for m ≥ 5, n ≥ 4.

Proof. Let V ′
m,n denotes the subset of Vm,n where the first slice X1

is invertible. Let C(m,n) denote the variety of m-tuple of commuting
n× n matrices, i.e.,

C(m,n) = {(A1, ..., Am) ∈ Cm×n2|AiAj = AjAi for any i, j}.
Consider the map,

ϕ : V ′
m,n −→ C(m− 1, n)

defined by
(X1, ..., Xm) 7−→ (X2X

−1
1 , ..., XmX−1

1 ).

This is a well-defined map by definition. For any (A1, ..., Am−1) ∈
C(m,n), we have (I, A1, ..., Am−1) ∈ V (m,n)′ which maps to (A1, ..., Am−1)
by ϕ, so ϕ is surjective. Gerstenhaber[7] proved that C(m,n) is re-
ducible for m ≥ 4, n ≥ 4. This implies that V ′

m,n is reducible for
m ≥ 5, n ≥ 4, since otherwise C(m− 1, n) would be irreducible as the
image of a irreducible variety.

To prove Vm,n is reducible, let

G = {(X1, ..., Xm) ∈ Cm×n2|X1 nonsingular}.
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G is defined by non-vanishing of a polynomial, so it is open and dense
in Cm×n2

. Suppose Vm,n is irreducible, then V ′
m,n = Vm,n ∩ G (which

is not empty) as a open and dense subset of Vm,n is also irreducible.
Contradiction. ¤

Theorem 3. V4,n is reducible for n ≥ 30.

Proof. The proof of Theorem 3 is essentially the same except that
here we applied the fact that C(3, n) is reducible for n ≥ 30, see Gu-
ralnick and Sethuraman [10]. ¤

Lemma 4. V ′
3,n is irreducible for any n.

Proof. Consider the map

ϕ : V ′
3,n −→ C(2, n)

defined in the proof of Theorem 2. We apply the classical result of
Motzkin-Taussky[18] and Gerstenhaber[7] that the variety of commut-
ing pairs of matrices C(2, n) is irreducible. Since ϕ is surjective, from
algebraic geometry, it is suffices to show that each fiber is irreducible
and has the same dimension. For any (A,B) ∈ C(2, n),

ϕ−1(A,B) = {(X1, X2, X2) ∈ V ′
3,n|X2X

−1
1 = A,X3X

−1
1 = B}.

In the fiber, X1 determines X2 and X3, and X1 can be any nonsingular
matrix. So for any (A,B) ∈ C(2, n),

ϕ−1(A,B) ∼= GL(n,C)

which is irreducible. ¤

Conjecture 1. V3,n is irreducible for any n.

Conjecture 1 is verified in the case n = 3 in [6] and [16], both using
computational method. They also showed that V3,3 is arithmetically
Cohen-Macaulay.

Use the similar methods, we get the following lemmas together with
corresponding conjectures.

Lemma 5. V ′
4,n is irreducible for n ≤ 8.

In lemma 5, we apply the fact that C(3, n) is irreducible for n ≤ 8,
see Guralnick and Sethuraman [10], Holbrook[?], Omladic̆[?], Han[?],

S̆ivic[?]. From this lemma, I conjectured that
Conjecture 2. V4,n is irreducible for n ≤ 8.
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Also KirillovCNeretin [?] had proved that C(m, 2) and C(m, 3) are
irreducible for any m. Along with this, we get

Lemma 6. V ′
m,2 and V ′

m,3 are irreducible for any m.
Conjecture 3. Vm,2 and Vm,3 are irreducible for any m.

An important consequence of irreducibility of V ′
m,n or Vm,n is worth

noting. Let

D = {(X1, ..., Xm) ∈ Cm×n2|Xiad(X1) is diagonalizable}
and

E = {(X1, ..., Xm) ∈ Cm×n2|Xiad(X1) has distinct eigenvalues}.
We have E ⊂ D and E is open and dense in Cm×n2

, as it is defined as
the non-vanishing of the discriminants of characteristic polynomials of
Xiad(X1). If V ′

m,n (or Vm,n) is irreducible, then V ′
m,n ∩E (Vm,n ∩E) is

open and dense in V ′
m,n (Vm,n). That implies V ′

m,n ∩ D (Vm,n ∩ D) is
dense in V ′

m,n (Vm,n).
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and Lüroth quartics revisited, preprint math.AG/0702151.

22. Toshio Sakata, Toshio Sumi, Mitsuhiro Miyazaki, A simple esti-
mation of the maximal rank of tensors with two slices by row and col-
umn operations, symmetrization and induction, arXiv:0808.2688, 2008.

23. V. Strassen, Rank and optimal computation of generic tensors,
Linear Algebra Appl. 52/53 (1983), 645C685.

24. B. Sturmfels, Open problems in algebraic statistics, arXiv:0707.4558,
2008.


