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Abstract

Operad theory, developed by J. P. May in algebraic topology in 1970s, found its
usage in many other branches of mathematics, such as algebra and algebraic geometry.
It generalizes those original algebraic types which admit only some binary operations.
Moreover, it gives a natural filtration to each free algebra over an operad, which makes it
easier to calculate some invariants of algebras over it. In this paper we try to summarize
the basic theory about operads and give some of its first properties.

It seems that the most general definition of operad is operads in an arbitrary symmetric
monoidal category. We first define the action of a group G on an object in an arbitrary
category (not necessarily monoidal) &.

Definition 1. Let G be a group and © € & an object. A left action of G on x is a group
homomorphism G — Auts(z,x), where Auts(x,x) is the group of units in the monoid
homg(z, x) under composition. A right action of G on x is a function G — Auts(z,x)
which becomes a group homomorphism when composed with the inverse map G — G.

It is not hard to see that we can generalize to define a left action of a monoid G in Get
on an object z to be a monoid morphism G — hom(x, x), where the hom-set is a monoid
under composition of morphisms—-the image of G will certainly fall into its subgroup of
units when G itself is a group. Now we turn to the definition of operad.

Definition 2. An operad C in a symmetric monoidal category (&, ®, k) is a collection C(j)
of objects in & indexed by j € IN together with a right action by the permutation group ¥;
on C(j) for any j, a map n: k — C(1) and maps

k

v:Ck) @ Q) Clir) — Cj)

r=1

for k > 1 and j, > 0, where Y j, = j, which subjects to the following associative, unital
and equivariant conditions.

1. Associativity. The following diagram commutes:

C(k)® (R, CUn) ® (R, Clir)) 24 ¢(j) @ (R, C(ir)

shufflel “/l

C(k) ® (QF_1(C(jr) ® ( é;l Clig, 1+4)))) C(i) ,
id®(®r7)l id
C(k) ® (Qr—1 C(hr)) —— C (i)

where Y, jr = j, Y % =1, and we set gr = j1+ -+ jp and hyp =iy, 41+ -+ g,
for1 <s<k;



2. Unitary. The following diagrams commute:
Ck) ® (k)" £ ®C(j) ;
id®nkl z ﬁ@idl

C(k) @ C(1)F 5—=C(k) c()@C(j) 5—C3)

/

3. Equivariance. The following diagrams commute:

o 0'*1 .
Ck)®@F_1CG) T2 Ck) ® ®F_; Clio)
dl dl
. o 'o' 1 PR 'o' k .
el (Jo (1), 55 (K)) C(5)

and

TSI, C(k) @ @F_, Cljr)

di di :
() @)

where o € X, 75 € Xj,,j = Zle Jr, the permutation o(jy,-- -, jx) € ¥; permutes k
blocks of letter as o permutes k letters, and 71 @ --- @ 71, € X; is the block sum.

C(k) ® @y, C(ir)

T1D DTk
—_—

A morphism f between two operads C and D in & is a sequence f(j) : (C)(j) — D(j) of
morphisms for each j € IN, such that all the evident diagrams commute.

When concerned with unital algebraic types, the ”unit element” 1 € A is given by a map
k — A, so we usually assume in addition that C(0) = k. When concerned with algebraic
types without unit element we assume instead that C(0) = (), the initial object in &.

This abstract definition appears difficult to understand, but not so if one thinks of those
C(j) as the objects of parameters for j-ary operations that accept j inputs and produce one
output. Then the action by the symmetric group means to permute the order of the inputs
and the maps v means to compose different operations. The following example makes this
precise.

Example 1. Assume G has an internal Hom functor, i.e., & is enriched into itself via
some H : & x & — & and H(s,—) provides a right adjoint for — ® s. Given any object
x € G, we define the endomorphism operad End(z) of x by setting

End(z)(j) = H(2',z),

where 2/ denotes the j-fold tensor product of 2. The map 1 : k — H(x,x) is given in the
definition of an enrichment, which plays the role of the identity morphism of x; the right
actions by symmetric groups are given by their left actions on tensor products, and the
maps -y are given by

k
H(z", ) ®®H(:L’jr,$) — H(z* 2)® H(2?, 2% — H(2, ).

r=1

Since End(x) is an operad associated with the object x, a morphism of operads C —
End(x) can ”inject” the information of operations in C into the object = via the given



morphism. We call such an object = together with a specified morphism an algebra over
the operad C. But this is too restrictive since it requires the category & to be endowed
with an internal Hom functor. So we generalize to give the following definition.

Definition 3. Let C be an operad in &. A C-algebra is an object x € & together with maps
6:C(jH®al —x
for 7 >0 that are associative, unital and equivariant:
1. The following associativity diagrams commute, where j = Zle e

Ck)® (@, Clin)) @ 24 c(j)@al

shufflel Gl

C(k) ® (®F_, (C(jy) @ 277))

X
idRok l idl
X

C(k) ® a* LN

2. The following unit diagram commutes:

1

3. The following equivariance diagrams commute, where o € ¥;:

oRo

Clj)®al Clj)@al.

N

x

A morphism between two algebras x,y € & over C is a morphism from x to y which makes
all evident diagrams commute.

It can be seen easily that if the category & admits an internal Hom functor H, then
the definition of algebras over the operad C can be written in adjoint form as a morphism
of operads C — End(z), and a morphism between two algebras x and y over C is just a
morphism from z to y such that the induced morphism End(x) — End(y) of operads is a
morphism under C, i.e., it makes the triangle commute:

End(x) .

7

C

.

End(y)

Lemma 1. An operad morphism w : C — D yields a functor w* : D-Alg — C-Alg by
pullback along w.



Like a monoid can use its multiplication structure to act on other objects in order to
make them modules, an algebra over an operad can also have modules on which it acts.
But now the algebra given has various n-ary operations, so it acts on a module using all
these structures in a compatible way.

Definition 4. Let C be an operad in & and x be a C-algebra. An x-module is an object m
together with maps

N CHHer teom—m
for any 7 > 1, which are associative, unital and equivariant:

1. The following associativity diagram commutes, where j = j,:

(k) ® (@i CU) @&/ @m 22 et om
shuffleJ/ /\l

C(k) @ (@FZHC(r) @ 297)) @ (Cljk) @ 29+~ @ m) m ;
id®9k71®,\l idl
Ck)y®zF1eom _X m

2. The following unit diagram commutes:

K®m ;
n®idl

1

3. The following equivariance diagram commutes, where o € ¥;_1 C X, the inclusion
realizing Xj_1 as a subgroup of X; fixing the last item:

. oo 1®i .
cHortom 2 eioem.

A

m

A morphism of two modules m and m' over a C-algebra x is a morphism from m to m' in
& making all the diagrams involving A’s commute.

Next we explore the relation between operads and monads in &.

Definition 5. Let & be a category(not necessarily monoidal). Then the functor category
homew (S, &) = & together with composition of endofunctors form a monoidal category.
We define a monad in & to be a monoid (T, p,n) in this monoidal category. A pair (z €

S, f: Tz — x) is called an algebra over the monad (T, pu,n) if the following two diagrams
commute:
T2 2 Ty

Tfl fl

Tx .
Nz f
Tx L» T )
id
r———————>=T



A morphism of T-algebras from (z, f) to (y,g) is a morphism s : x — y such that

T:EL)T:U

AR
r — Y
commautes.

As expected, the free algebra over a monad (T, i, ) generated by z exist for any object
z € 6.

Proposition 2. The forgetful functor U : T-Ulg — & sending (z, f) to x and s : (z, f) —
(y,g9) to s:x — y has F : & — T-Alg as its left adjoint functor, where F is given by

Fx = (Tx, p, : T2z — Tx)

and
F(s:z—y)=(Ts: Tz — Ty).

Proof. See [Mac| p140. O

Before talking about the relation between operads and monads, we first give an alter-
native description of operads, which is more economical. We have to assume from now on
that the base category © is finitely cocomplete and the tensor product is distributive over
the coproducts, i.e., the natural map

@(a@bi) —a® (@bi)

induced by those

a®bi—>a®(@bi)

is always an isomorphism.

Notation 1. Let (¢, 1, n) be a monoid in a monoidal category &, and let a,b € & be a right
module and a left module over c, respectively. Denote by a ®. b the coequalizer of the two
maps

aRcRb=a®b

given by the two actions a ® ¢ — a and c® b — b.

Lemma 3. Assume G is locally small. Let (Set, x, 1) be the monoidal category of small
sets with tensor products the cartesian products and 1 = {0} a one-point set as identity
object. Then the two functors

homg(k,0) : & — Get

and
H/{:Get—>6
O

are both monoidal functors, so in particular they induce functors on the category of monoids
Mon(6) and Mon(&et). Moreover, they are adjoint:

H x - hom(k, O).
d



Proof. hom(k, x) xhom(k,y) — hom(k®k, z®y) = hom(k, r®y) given by the isomorphism
K ® Kk = Kk shows how the tensor products behave under the functor hom(x, ). Also there’s
a natural map 1 — hom(k, k) mapping () to the identity morphism on x. Let S, T be two
sets. Then we have natural maps

I I ICEI( e
S T T S T

S ST

Also we have k = [ [ k. Then one verifies easily these natural maps satisfies the conditions
in the definition of a relaxed monoidal functor. For the adjointness, first we establish the
two natural transformations id — hom(x, [ |5 &) and ] [,om(.,0) £ — id, and then show their
universal properties, although showing one of them is enough. For any set S € Get, the
map S — hom(k, [[¢ k) is given by sending an element s € S to the inclusion ¢s : K — [[g &
of k into the s-th copy of k. For any set function f : S — hom(k, z) for some x € &, there
exists a unique morphism [[¢x — x, the one induced by f(s) : ks — x, where by ks we
mean the s-th copy of k, such that the triangle

hom(k, [[g ~)

N

S hom(k, x)

commutes. For any object z € &, the natural map Hhom(mI) k — x isinduced by t : kKt — x
for each ¢t € hom(x, z). For any morphism g : [[¢x — =, there exists a uniquely function
S — hom(k, z), given by s € S +— gou,, where ¢ is the s-th inclusion x ~— [[g &, such that
the triangle

Hhom(l-@,m) K
g~ g x

commutes. O

Sometimes we use x[S] to denote [[¢ . So if G is a monoid in Get, x[G] is a monoid in
6. In particular, x[%;] is a monoid, for any j > 0.

Lemma 4. Let G be a monoid in Get, x € &. Then to give a left action of G on x in
the sense of Definition 1 is equivalent to giving a left action of the monoid k|G] in & on x.
When G is a group, the above also holds for right actions.

Proof. Given a left action k[G] ® z — x of k[G] on x, we have maps
H:E &~ H(Ii@:E) =klGl@®2 — x,
G G

the composition being denoted by ¢. Then we get a left action G — hom(x, z) in the sense
of Definition 1 by sending g € G to 9oty : * — x, where ¢y :  — [[; 2 is the g-th
embedding. One checks this is indeed a morphism of monoids. Conversely, given a left
action ¢ : G — hom(x, x), we have

/{[G]@:EEH:E—»:E
G

which is induced by 9 (g) : 4 — x. Similarly for right actions when G is a group. U



Definition 6. Let X be the category whose objects are the finite ordinal numbers n =
{n—=1}U(n—-1)={0,1,---,n— 1}, with bijections as their morphisms. A ¥-object in
S is defined to be a contravariant functor C : ¥P — &. So the natural left action of X;
on the set j induces a right action on C(j). By convention we set C(0) = k. We want to
make the category &> of L-objects in & into a monoidal category such that the category of
operads in © is just the category of monoids in this monoidal category. The tensor product
on Y-objects K is defined to be

k
BROG) = [ Bk @usy (QCUN) Oy, 5, KIEiD):
k

WJ1s 3 Jk r=1

where k > 0,4, > 0, and Zle jr = 7. The natural map HHT s, K X, HE]‘T K 1S an
isomorphism by assumption, and it’s the inverse of the natural map ), HE]‘T k — K[[1, ;]
given in the definition of a relazed monoidal functor. The right action of ¥;, on C(j,) yields
by lemma 3 a right action of k[%;.] on C(j.), for each r, hence they induce a right action
of ®f:1 K[2;,] on ®f:1 C(jr), since S is symmetric. But by assumption the natural map

]z =TT »— Q1w =R=l=]

r I %j- T iy r
is an isomorphism, so we have a right action of k[[[, %;,] on ®f:1C(jr) via this isomor-
phism. The left action of K[[],.%;,] on k[X;| is induced by the map [[, X, — X; sending
(Tjys -5 Tj,) to €D, 7., say, multiplying @, 7;, to 3X; on the left. The left action of ¥j on
(®f:1C(jr)) BT, =] k[X;] is given by ---. This explains the notation in the formula
defining K. This X is associative up to coherent natural isomorphism, and has the X-object
T specified by (1) = &, Z(j) = O(an initial object in &, exists since & is finitely cocomplete)
for j # 1 as its two-sided unit. So the category &> of S-objects together with & and T is
a monoidal category.

Lemma 5. The category of operads in & is isomorphic to the category Mon(&>") of
monoids in the category (6> K, T) of X-objects in &.

Proof. The associativity diagram in the definition of operad is an arbitrary component of
the associativity diagram in the definition of monoids:

CB() L, ey

idxul ul :
Cc22( —— (i)

whose commutativity will together imply the associativity of the multiplication CXC — C.
The first unit diagram in the definition is an arbitrary component of the following triangle:

CRT )
id&nl

CRC——C

IR

and the second unit diagram in the definition is a component of

IXC )
n&idl

CRC——C

IR



whose commutativity implies the unit diagram in the definition of monoids in a monoidal
category. Finally, the first equivariance diagram in the definition says that it indeed fac-
tors through the tensor product ®yx,) over x[%], which is the coequalizer, and the sec-

ond equivariance diagram says that it factors through the tensor product ® W5, =, OVer
r= Jr

KT 5] O

With this said, we can define the associated monad of an operad. But we first define
the associated endofunctor of a »-object.

Definition 7. Define a functor C € 6% = Enden(S) associated to a X-object C by

Cz = HC(J') Rz, T,

Jj=20

where C(0) @5, 2° = k.
Theorem 6. The functor

(6", ®,T) — (6°,0,1d)
specified by the above definition is a (strong) monoidal functor, thus it induces a functor

Mon (6" K, 7) — Mon(&°, o, 1d)

on monoids, which means it sends operads in & to monads in &.

Proof. Omitted. O

Theorem 7. Let C be an operad and C its associated monad in &. Then the category C-2lg
of algebras over C is naturally isomorphic to the category C-lg of algebras over the monad
C, natural in C.

Proof. The proof is straight forward. The associativity and unit diagrams in Definition 3
correspond to the associativity and unit diagrams in Definition 5; the equivariance diagram
says that the action factors through the tensor product ®s;) over R[] O

The following is a direct consequence of Proposition 1 and Theorem 6.

Proposition 8. Let C be an operad in &. Then the forgetful functor U : C-Rlg — &
sending (A,0:C(j)®@ A — A) to A has C: & — C-Ulg as its left adjoint functor, where

Cx =[] C() ®upg,;) 2,

Jj=0
with the natural C-algebra structure on it.

One application of operads is to describe algebraic types, to store different algebraic
types into different operads in such a way that the category of this type of algebras is
isomorphic to the category of algebras over this operad. Next we will give some examples
on how classical algebraic types are hidden into the corresponding operads.

Example 2. Set M(j) = s[3;]. The right action on M(j) is given by the right regular
representation of ¥;. The map n: K — M(1) = k[X1] = & is the identity. The maps v are

induced by the maps
k

ex 55 — 5

r=1

. . k
defined by (o, 75, -+, 7j.) — o(j1, -, Jr) © Dy T, -



Lemma 9. The category Mon(&,®, k) of monoids in & is isomorphic to the category
M-RUlg of algebras over M.

Proof. Assume (A, p,n) € Mon(S, ®, k). We will show that there is a natural M-algebra
structure on A. Let b : A2 — A2 be the braiding map. Since the tensor product is
distributive over the coproducts, k[X;] ® A7 = sz AJ via the natural morphism. We
define 6y : [[; A =x — Atoben: k — A. Let 7,5 : a®b — b®a be the natural braiding
in &, and let V549, a; : ®’_,a, — ®’_, agr be the iterated braiding as indicated in
the indices, where o € ¥X;. This map is independent of the choice of orders of braidings,
because in a symmetric monoidal category coherence theorem holds to ensure that different
choices of orders with the same source and target all give the same iterated braiding. Then
we define 6; : K[S;] ® AT = sz A7 — A by setting the component of o € ; to be

Yo A, A G A®j - A®j
followed by the iterated product map
po (ida®@p)o---o(idy2@u): Al — A1 ... 5 A

induced by u : A2 — A. One checks that with this action @, we get an algebra over M.
Conversely, given an algebra over M, say,

0; k[l @A = ][4 — A
Ej

for each j > 0, we get a monoid structure on A by setting  : K — A to be 6y : [[; AD =~
k — Aand pu: A2 — A to be
Lo A% — H A?
3o

followed by
6: []4%> — A
3o
One checks immediately that these two maps p and 1 makes A into a monoid in &. More-
over, these two processes are inverse to one another. ]

From a monoid, all the j-ary operations on it are iterated products with different orders,
which are exactly what we ”"hide” in the operad M, hence the algebras over M are just
monoids, as expected.

One can also show that if A is an algebra over M, then an A-module in the operadic
sense is an A-bimodule in the classical sense of commuting left and right actions AQM — M
and M @ A — M.

Example 3. Set N(j) = & for j > 0, with trivial right action by ;. The maps n and
~ in the definition are all canonical isomorphisms.

Lemma 10. The category of commutative monoids in & is isomorphic to the category
N — g of algebras over N

Proof. Similar to the previous lemma. U



Since the multiplication is now commutative, the only j-ary operation on a commutative
monoid is the iterated product in any order, which is what we put into the operad N.

By the way, now a unital operad can be defined to be an operad over N, i.e., an operad
morphism ¢ : C — N.

There exists the so-called ” free operad” over any set of j-ary operators for j > 0, and the
so-called ”quotient operad” divided by a set of relations among the operators therein. So
like any classical algebra, an operad can be presented by a set of generators and relations.
A practical way to store an algebraic type into an operad is to find all operations in the
algebraic type to form a free operad, and then find all relations in the axioms of the algebraic
type to divide out. Since classical algebras all have explicit ”j to 1”7 operations as well as
relations, which have the shape of trees, operads derived this way are usually called ”tree
operads”.

Example4. The Lie operad Lie gives a typical example of a tree operad. To begin, by
a j-tree we always mean a connected planar tree which has one root edge and j labelled
(ordered) leaves indexed by integers 1 through j, and each vertex has valence > 3, i.e., it
must have > 2 inputs at each vertex. Two j-trees are said to be equivalent if they are
isomorphic as trees with ordered leaves, that is, if they are ”identical”. Now our ground
category is (9Mod(k), Rk, k), where k is the ground field of characteristic other than 2.
Consider the vector space V (j) over k with basis the equivalence classes of binary j-trees,
i.e., each vertex has valence 3. For example V(0) = 0, since there’s no such trees; V(1) = k,
since there’s only one such tree. There are also the ”grafting maps”

l

Vg1, 51 ¢ V(l) ® ®V(]7‘) - V(ZJT)

r=1

defined by grafting those j.-trees onto a [-tree via the ordering on the leaves of the [-tree
to form a (3, jr)-tree. Then a subspace W; C V(j1) generates a subspace W C V (j) for
any fixed j > j; as follows:

l
W = span{ U Vg s (VO @ W @ Q) V(5,))}-
Ljzye gty st Sy jr=3 r=2

Denote it by W = W (W7 C V(41); V(j)). Now we take the subspace W1 C V(2) to be the
one generated by the vector:

and take Wy C V(3) to be the subspace generated by the vector:

We set Lie(j) for j > 0 to be the quotient space of V(j) divided out by the subspace
>ic12, and i+1< § W (Wi C V(i+1); V(j)). The k-space Lie(j) admits an action by X; by

10



permuting the ordering of the leaves. The grafting maps 7;,;, ... ;, pass to quotients to give:

!
Vg, She(l) © @) Lie(jy) — Lie(j),
r=1
where j = )" j,. Since L£ie(1) = k, generated by the single 1-tree, we define n : k — Lie(1)
to be the identity map, that is, it maps 1 € k to this 1-tree. One sees easily that the
composition maps - is compatible with the actions by symmetric groups in the sense of the
equivariance condition in the definition of an operad. So Lie is an operad in (Mod(k), @y, k).

Lemma 11. The category of Lie algebras over the field k with char(k) # 2 is isomorphic
to the category of algebras over the operad L£ie. In particular, if Lie is the associated monad
on Mod(k), then for any V € Mod(k), the enveloping algebra of V' is isomorphic to Lie(V)
naturally.

Proof. It’s a routine matter to check. O

Example 5. Another such example is the Poisson operad.

Definition 8. A Poisson algebra over a field k of characteristic 0 is a vector space V over
k with three maps:

e:k—=V, 2 VV-SV [,]: VRV -V,

such that e and - makes V into a commutative monoid, | , | makes V into a Lie algebra,
and the bracket function [a, %] is a derivation for the dot product - in the sense that

[a,b-c|]=[a,b]-c+b-]a,c]
for all a,b, and c € V.

To construct the so-called ” Poisson operad”, we need two k-linearly independent binary
operations in Poisson(2), one for the dot product - and one for the bracket [, ]. This means
that we will have two different vertices on a tree, say colored red and black. Also there is
now a unit for one binary operation, the dot product -, so we have to get a 0-red tree.

Definition 9. The generators consists of a 0-red tree, a 2-red tree and a 2-black tree. Like
the Lie operad, we define V (j) to be the k-vector space generated by the equivalence classes
of connected planar binary j-trees with each vertex colored red or black. Note that now we
include a 0-red tree. We also have the grafting maps

l

Vg gt VO @ QY V() = VO i)

r=1

Now we have a "larger” subspace to divide out. Let Wy C V(1) be the subspace generated
by the following two vectors:

11



let Wo C V(2) be the subspace generated by the vector

finally let W3 C V(3) be the subspace generated by the following vectors:

Again let

l

W(Wy € V(j1); V(j)) = span{ U Vit (V) © W @ Q) V (i)},

Loy iy st S jr=j r=2

and define Poisson(j) to be the quotient space of V(j) modulo the subspace

> Wi C V(i) V()
i=1,2,3, and i<j

for j > 0. The grafting maps pass to quotients to give:
l
Vizjr,e g - Poisson(l) @ ®£Boisson(jf) — Poisson(j),
r=1

which is compatible with the actions by symmetric groups. We call this operad in 9Mod (k)
the Poisson operad over k.

Lemma 12. The category of Poisson algebras is isomorphic to the category of algebras
over the Poisson operad.

Proof. Routine. O
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