
Review Problems
May 4, 2016

1. Prove that ∃x(P (x)→ Q(x)) and (∀xP (x))→ (∃xQ(x)) are logically equivalent.

2. Find a domain such that ∃x∃y(x 6= y ∧ ∀z((z = x) ∨ (z = y))) is true.

3. Prove that A ⊆ B if and only if A ∩B = A.

4. Let f : A→ B be a map from a set A to a set B and define a map F : P(A)→ P(B) by

F (S) = {f(s)|s ∈ S}

for any subset S of A. Prove that if f is injective then F is injective and if f is surjective then F is surjective.

5. Prove that 43 divides 6n+1 + 72n−1 for all positive integers n

6. Let fk be the kth fibonacci number, where we define f1 = 1, f2 = 1, f3 = 2. Prove that fk is even if and only
if 3 divides k.

7. Prove that for any set of ten positive integers less than or equal to 50, there exist two different five-element
subsets of this ten-element set that have the same sum.

8. Prove that a positive integer n is divisible by 9 if and only if the sum of its digits is divisible by 9.

9. Prove that the system of congruences

x ≡ 2 mod 6

x ≡ 3 mod 9

has no solutions.

10. Prove that if m is a positive integer of the form m = 4k + 3 then m cannot be written as the sum of two
squares.

11. Find the probability of a 7-card poker hand with 4 cards of one suit and 3 of another, and the probability
of a 6-card poker hand with 3 cards of one suit and 3 of another.

12. Let A and B be events such that p(A) = 3/4 and p(B) = 1/3. Find a lower bound and an upper bound on
p(A ∩B).

13. Let X be a random variable representing the value of a roll of a single octahedral (eight sided) die (i.e.
X = 1 is a one comes up, X = 2 is a two comes up, etc). Compute E(X) and V (X).

14. Solve the recurrence relation ak = 5ak−1 − 6ak−2 with initial values a0 = 6, a1 = 30.



15. Prove that {(a, b)|a− b ∈ Q} is an equivalence relation on R. Describe the equivalence classes of 1, 1/2, and
π.

16. Construct a relation on the set {a, b, c, d} that is reflexive, niether symmetric nor antisymmetric, and tran-
sitive.


