Solutions
Sample test #1.
1. Use substitution © = sinx

/ cos T / du / etdu
7d1‘ = = —,
esinz | 1 1 + eu ev + 62u

now use z = e%

ud d 1 1 sin
/ c o du:/ i :/—— dz =In| i |—|—C':ln67.
et + e2u z+ 22 z z4+1 z+1 1+ esinz

2. On the interval [0, 1]
1 1

> .
e +1 7 2v2

Therefore by comparison test

/1 dx >/1 dx
o zvr+1 " Jo V2

is divergent.

3.
1 In (1 2 24,
lim Ina, = lim nln (1—|——2) :limwzlimx i = 0.
n— oo n— o0 n x—0 x x—0 x
Hence
lim a, = 1.
4. 5
k=— =15.
0.2
W = / 15zdr = _5x2|g~g = —(0.25 — 0.04) = 1.575.J.
2 : 2
0.2
5.

' n1/3 1
nlggonz—l—l BTE =1

Since Y7 | — converges

o 1/3
;nz%—l

converges by limit comparison test. Thus

— n?+1

also converges.
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6. .
: =" I el A
11m 7 = .
n—oo 3n+1 (TL + 1) 3nn2 3
The radius of convergence is 3. If x = 3 or x = —3 we get convergent series
SERR Y
D D
n=0 n n=0 n
The interval of convergence is [—3, 3].
7.

yy' = avV1+ 221+ 2.
/ \/% = /xmdz
VIty?= % (1+22)* +cC
8. Solve the differential equation 3" — 2y = €**.
r?—2=0,7112==+V2
Yo = c16¥? + eV,
1

Yp = Ae* 4A* —2Ae* = e** A = 2’

1
Yy = 5622 + cleﬁm + cze_ﬂm.

y' =2y =0,y(0)=19(0)=0,y=> cua"
n=0

Z(n +2)(n + 1)cppoa" — Z cnz" =0
n=0 n=0
(TL + 2) (n + 1) Cnt+2 = Cp—1, Cog = 1, C1 = 0, Co = 0, C3k+1 — C3k+2 — 0,
1
TSk 3k —1)-(3k—3)- 3k —4) - 3.2

l.3k

:1 .
! +;3k'(3k_1)'(3k‘—3)-(3]{:—4).....3.2
10. m:3,c:11,l{::%:10'
d*x

dz ,
3y T 1l + 100 = 0,2 (0) =03, 4/ (0) =0

5
37’2—|—117’+10:O,7’1:—2,r2:_§



5 5 5
Y = cre % 4 026_§t, c1+c=0.3, —2¢ — 502 =0,c = _662’ co=18,¢1=-1.5

y=—1.5¢"2 + 1.8¢ 5!

Sample final #2.

1. Comparison with ——5 shows that the integral is convergent.

(+1)
1 Ax + B C
2 = 5 +
CT e Y @il @rD
A=-1,B=0,C=1, ! =&
(z+1)"(z+2) (x+1)" (z+2)
dx xdx dr 1
/(x+1)2(x+2)__/(x+1)2+/(x+2)—‘?—1n|f+1l+ln|w+2l+0

> dx x+2
5 =In l©°=1—1n2.
o (z+1)7(x+2) r+1 :B—I—l

2. Use I'Hospital’s rule twice

In’n o In?zx . 2Inx o2

= lim = lim = lim — =0
n—oo n Tr—00 €T Tr—00 €T r—0o0 U

3.5, Zilz is convergent by the limit comparison test with > > n%

4. Let f(z) = 22*’. Then

(o]
l.3n+2

fle) =30 e =0, f10(0) = 0.
n=0
5. The equation
y' =0.5+0.1—0.015y, y (0) = 0.

/

v
0.6—0.015y

dy 1
W g - (06— 0015y =t +C
/0.6—0.015y / * " oors ! yj =1+,

0.6 — 0.015y = Ae 01 = 40 — 40~ %" 4 (60) = 40 — 40e 7.

n=0

) 2| |n+1; (n')2| |n
2)! " (2n)!
N B |
n—oo (2n +2) (2n + 1) 4

- ((n
o

_l_
_l_




4

The radius of convergence is 4. When |z| = 4, the series
= (n)?
2 i
n=0 ’
satisfies the condition
Uny1 4(n+1) _4n2+8n+4>
an  (2n+2)(2n+1)  4n2 +6n +2

Therefore a,.1 > a,. The series is divergent by divergence test. The interval of
convergence is (—4,4).

7. Substitute into equation y” — zy’ — 2y = 0 a power series.

Y= icn:z”, ianrg(n +2)(n+1)z" — incnz" - Qicnz" =0,
n=0 n=0 n=0 n=0

Cp,
n+1""
L2t

y:AnZ:O(2n—1)(2n—3)...1+B;(2n)(2n—2)---2

m+2)(n+1)cppe— (n+2)c, =0, cpyn =

y" — 2y — 3y = e"cosdx, y(0) =y (0) = 0.
=2 —3=0, (r—3)(r+1)=0,r =31 =—1
Yo = 16> + o, y, = Ae” cos 4x + Be” sin 4x
y, = Ae” cos dr—4Ae” sin dx+Be” sin 4dz+4Be” cos 4z = (A + 4B) e” cos 4x+(B — 4A) e” sin 4z,
y, = (A+4B)e” cosdx—4 (A+ 4B) e” sinda+(B — 4A) e” sindz+4 (B — 4A) Be” cos 4z =

= (8B — 15A) €® cos 4z + (—8A — 15B) e sin 4z,
substitute into equation

8B —15A—2(A+4B)—3A=1, (-84 —15B) —2(B —4A4) —3B =0

-1
A=— B=0
20
-1
yp:%e cos 4z,
Y= —%em cosdx + 13 + cqe ™"
1 1
y(O):—%4-61%—62:0,?/(0):—%%—301—02:0.
1
01202=@

1 x 4 + 1 3:E_|_ 1 —T
= ———€" COSal —€ —€
YT 10° 10
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9. y// — Y= oshee
Yo = 16" + e ", yp = uy (z) €* +ug (x) e,
2

x, / -z, / x, / -z, /
euy+e Tuy =0, e'u; —e Ty = ———
’ et +e?

/ e’ / —€
Uy = T —m’u2: T —x
et +e et +e

e 1 o
ulzfmdl':—gln(l‘l‘@z),

—e” 1 -
UQ:/mdl':—gln(l+62),

Y= —% In (1+ e_zm) e’ — %ln (1+ 6293) e+ e’ + e

xT

10.
In"” (2)

2

R (0.2) = (0.2)?

for some 1 < z < 1.2.

Ry (0.2) = ! (0.2)%, |R; (0.2) | < %(0.2)2 = 0.02.
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