ON REPRESENTATIONS OF THE AFFINE SUPERALGEBRA q(n)®

MARIA GORELIK AND VERA SERGANOVA

Abstract.  In this paper we study highest weight representations of thea ne Lie su-
peralgebraq(n)® . We prove that any Verma module over this algebra is reducibé and
calculate the character of an irreducibleq(n)® - module with a generic highest weight.
This formula is analogous to the Kac-Kazhdan formula for gerric irreducible modules
over a ne Lie algebras at the critical level.

1. Introduction

1.1. Due to the existence of the Casimir operator a Verma module eva Kac-Moody
superalgebra with a symmetrizable Cartan matrix is irreduble if its highest weight is
generic.

In this paper we study the structure of Verma modules over thawvisted a ne superal-
gebraq(n)®;n 3. This superalgebra has a non-symmetrizable Cartan mattixWe will
see that any Verma module over it is reducible.

We prove that a simple highest weightj(n)® -module with a \generic" highest weight
has the following character formula:

L1 1
(1) chL( )= & 1 et (1+ €e9):
R g al}

Here genericity means that lie in the compliment to countably many hypersurfaces in
A= This formula is analogous to the Kac-Kazhdan character fotula, see below.

1.1.1. Let § be a complex a ne Lie algebra. A Verma module with a generic weght at
non-critical level is irreducible. A Verma module at the ctical level is always reducible;
if is a generic weight gt-thg critical level then the simple mode L( ) has the following
character: chL( )= € ,~:(1 e )% This formula was conjectured by V. G. Kac
and D. A. Kazhdan in [KK] and proven by [Ku],[FF],[Sz]. Moreeer, as it is shown
in [Ku], there is a bijection between submodules of a Verma rdale with a \generic"
highest weight at the critical level and graded ideals of a jpmomial algebra in countable
number of variables, in fact, the Jantzen ltration of a Verma module corresponds to the
adic ltration of a polynomial algebra.

It turns out that the adic ltration comes to the picture as follows. LetH (resp.,H_-)
be the sum of positive (resp., negative) imaginary root spas off. ThenH_ CK H s
1
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a countably dimensional Heisenberg algebra. A vacuum moeubf the Heisenberg algebra
is irreducible if the central charge is non-zero. Le¥° be the vacuum module with zero
central charge. Identify VO with the universal enveloping algebraU(H-), which is a
polynomial algebra in a countable number of variables. Relt#hat § is Z-graded (by the
eigenvalues oD) and view V° as a graded module via this ideniti cation. H_ inherits
the Z-grading. It is easy to see that the Jantzen ltration onV° corresponds to the adic
Itration on U(H-). In this interpretation a Verma module M ( ) with a generic highest
weight at the critical level looks like VO: there exists an isomorphismHC. from the
space of singular vectors/ ( )" to V° which induces a bijection between the submodules
of M ( ) and the homogeneous submodules ¥; moreover, this bijection is compatible
with the Jantzen lItrations.

A similar fact holds for a ne Lie superalgebras with symmetizable Cartan matrices if
H_ CK H . is a Heisenberg algebra (i.e., except the casg2k; 21)®*), see [G].

1.1.2. Let us go back tog(n)® for n 3. In this case the subalgebrat generated by
imaginary root spaces is not isomorphic to a Heisenberg alga. It turns out that the
even part of H is a centre. As a result, a Verma module oveff is always reducible.
We show that a Vermagq(n)®-module M ( ) with a generic highest weight looks like
a Verma H-module M ( ): there exists an epimorphismHC, : M( )" I M () which
extends to a bijection between the submodules & ( ) and the homogeneous submodules
of M (). This implies the character formula (1).

It is possible to show (as it is done in [G]) that for a generic the Jantzen ltration
on M () looks as follows:M ( )° = M( ); M( )<= MX ) for any k > 0, whereM ¥ )
is the maximal proper submodule oM ( ). The structure of the Jantzen ltration on
M () is similar, and therefore the bijection between submodutein M ( ) and in M ()
is compatible with the Jantzen ltrations.

1.1.3. Recall that for a ne Lie superalgebras with symmetrizable Grtan matrices all
Shapovalov determinants are non-zero polynomials which @it a linear factorization
(i.e. all their irreducible factors are linear).

For q(n)® this does not hold. The fact that any Verma module is not sim@ means
that there exists a Shapovalov determinant de$, which is identically equal to zero. Let
be a minimal imaginary root. It turns out that detS, =0 i 2 . Another interesting
feature of q(n)® is that detS; has an irreducible factor of degre@ 1: this follows
from the fact that the leading term of detS; is divisible by the irreducible polynomial
hi:::ha(g + :::5-) which has degreen 1.

1.2. Main result. Let § = q(n)?, i.e.

6 = sl(n) CI%—LZD sl(n) tcl%—LZEI CK CbD:
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Fix triangular decompositionssl(n)= n_ h nand§=A_- A A, where
A_=n_ sl(n) t*C[t™]; i=h CK CD; A=n sl(n) tCt:

1.2.1. Set
L 1 L 1 L 1
N = t" n; N7 = t" n_; H:= t" h CK:
r 21 r 21 r 21

Notice that [§;0] = N* H N~ is a triangular decomposition. Let HG : U([6;0]) !
U(H) be the projection along the kernelJ([§; 6))N"~ + N'* U([§; §]). Set
L 1

H_:=H\ A_= t" h;  S:=UMH_p):
r<o0

Notice that H_5 = ,_,t* h coincides with the centre ofH_; in particular, S is a
polynomial algebra in countably many variables.

Dene HC, :M( ) 'U (H-) via the natural identi cation of M ( ) with U(f-).
We callv 2 M () singular if v is a weight vector andv 2 M ( )".

1.2.2. Theorem. Let be a generic weight.

(i) The restriction of HC, to M ( )" provides a bijectionHC, :M( )"!S .
(i) One has[M ( ): L( )] = dim M ( )%_, so any submodule d¥1 ( ) is generated
by singular vectors.
(i) A submodule generated by a singular vector is isomorphic toVarma module
M ( s ) for somes 0.

1.2.3. Remark. Theorem 1.2.2 holds for a generic weight at any levkl2 C, see Re-
mark 7.3.

In Theorem 1.2.2 we may replace the projection HCby the projection HC_ : U([§; 0]) !
U(H) along the kernelU([§; )N + NF~U([6; 6]).

1.2.4. Character formula (1). The algebraS inherits the grading fromU(§); if | S is
homogeneous, we denote by thits character with respect to this grading.

For a submoduleN of M ( ) set
H(N):=HC.(N" s :

From Theorem 1.2.2 we see thaH provides a one-to-one correspondence between the
submodules ofM ( ) and the homogeneous ideals &.

The characters ofN and of H(N) are connected by the following formula:
(2 chN =chL( ) ch(H(N)):
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Applying this formulato N = M ( ) we get
chM( )=chL() chS

which is equivalent to the character formula (1).

1.3. Outline of the proof of Theorem 1.2.2. Setq:= n+  _,t" (h+ n). Using
the Shapovalov form we prove that for generic any singular vector ofM ( ) has weight
for some imaginary root . Then it is easy to show thatv 2 M ( )a—q IS Singular
if qv=0.
Let m be an even positive number andh be an element oh. Set

L 1 L 1
N := Ch+ NY: V:=Ch+ N

s s
s=0 Oss<m

and observe thatN is a g-submodule offj and V is ann* -submodule ofN. Let ht2 V™!
be the weight element dual toh. A cohomological lemma 8.1 implies that for generic

there exists a uniqueg-homomorphism : V™  M( ) such that (h%Yis the highest
vector vy, see Lemma 6.3.3.

Let T, : N" + h! N7™ + h be the linear map given byTh(a t5) = a t5™. Let
:§ M()! M( )bethenaturalmap (u v)= uv,andletid’2 V N “¢orresponds
to the identity map V! V. In Proposition 6.3.5, we prove that the vector

v(h;m) = I%Il'm )idd:I

satis es HC, (v(h;m)) = h( m) and is singular. As it was mentioned above, the singu-
larity follows from qv(h; m) = 0 which is a consequence of thg-invariance of .

1.4. Index of notations. Symbols used frequently are given below under the section
number where they are rst de ned.

1:221 N* H:;H;S;HC,
1.3 q;N;V;Th

22 "0
6:1

2:54

62 B

2. Preliminaries and notation

Our base eld isC. For a homogeneous element of a superspace we denote(y its
Z,-degree. For a Lie superalgebrg we denote byU(g) its universal enveloping algebra
and by S(g) its symmetric algebra.
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2.1. Description of q(n)®. The Lie superalgebray(n)® can be constructed as follows.
Recall that sq(n) gl(njn) consists of the matrices with the block form

A j B
Xag:= [ (-
B j A

whereA is an arbitrary n  n matrix, B is a tracelessn n matrix.

Let L(sq(n)) = sq(n) C[t*!] be the corresponding loop superalgebra. Theyin)® =
L (sq(n)) CD, whereD acts onL (sq(n)) by [D;x tK] = kx tk. Note that sq(n); q(n)®
are not Kac-Moody superalgebra since their Cartan subalgets contain odd elements.

Let " be an automorphism ofsq(n) which acts by id onsq(n); = gl(n) and by id
on sq(n);. Extend " to q(n)® by "(t) = t,"(D) = D. One can de neq(n)® as the
guotient of the subalgebra

L1
(a(n)®)s = L(sq(n)) -~ CD
by the abelian ideal ., C t?. Itis a Kac-Moody superalgebra, see for example [HS].

Its Cartan matrix is not symmetrizable. The algebrassq(n); q(n)®;q(n)® do not have
even non-degenerate invariant bilinear forms, but have thedd ones.

2.1.1. Using the above de nition one can identifyg(n)® with the vector space
si(n) C[t;t™] CK CD
and de ne the commuatator as
x ty tTM=(xy yx) t<m
if km is even,
x thy tM)=(xy+yx  2tr(xy)) M+ 2tr(xy) —mK

if km is odd.

Notice that the central elementK does not lie in h(n)(_z) :q(n)@17, but lies in [q(n)(_z) ; q(n)(Iz)].

Let h denote the diagonal subalgebra isl(n). The Cartan subalgebra off is

fi=h 1 CK CD:

It is convenient to identify h 1 CK with the diagonal subalgebra ofyl(n), by h;:::; hy
we denote the standard basis there.

The superalgebrad generated b¥ the imaginary root sgaces has the following stture:
Hg= h t* CK; Hr= h t
r [Z1 r [Z1

The centre of H coincides withHy; the other relations are

2y 3= (xy +yx 2tr(xy)) 2O £ 2tr(Xy) are1 —2s1K:

[x
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2.2. We denote by "* the set of positive roots off. Set
1

Q+ = Z>o :
o3

De ne a partial ordering on Ai=by setting >  Cif 02 O+,
Denote by the minimal imaginary root.

2.2.1. For 2 "* let D4 be a matrix of the pairingfic  §-«! h.

Note that Dy = (hg) if isreal, and thatDs isan(n 1) (n 1) matrix. By 2.1.1,
Doms Is the zero matrix andDm+1ys = Ds for m > 0. A straightforward calculation
shows that up to a multiplication on a non-zero scalar, one lsa

1 1
detD; = hl:::hn(h—l+ ot h—n):
2.3. Seth := A+ fA. For each 2 AYet M( ) be the Verma module of the highest
weight , let v, be the canonical generator of1 ( ) and let M { ) be the maximal proper

submodule ofM ( ). The moduleL( ) := M( )=MY ) is simple.

2.3.1. Verma modules do not admit Jordan-Helder series, since seWerma modules have
an in nite length. However, so-calledocal seriesintroduced in [DGK] are nice substitution

for Jordan-Helder ones. A series of weight moduldd = Ng N; ::: Nph=0Is
calledlocal at 2 AUif either N;=Nis1 = L( ;) for some ; or (Nj=Nj+1 )y = 0 for
all . This allows to de ne the multiplicity [N : L( )] as the number ofi such that

N;i=Nij.; = L( ) for a series local at some

2.4. Projections HC and HC.. Denote by HC the Harish-Chandra projection HC :
u@) 'u (R) = S(A) along the decompositionU() = UR)  (U()A* + A~U(G)). Recall
that HC, : U([6;6]) ! U (H) is the projection along the kernelJ([§; 6])N ~+ N *U([§; 6]).

The restriction of HC to U(g)ﬁ is an algebra homomorphism. Similarly the restriction
of HC, to U([6; 6])" is an algebra homomorphism.

2.5. Characters. We say that a moduleM admits a character ifM is a diagonalizable

h-module and all its weight spaces are nite dimensional; wenite
L 1
chM = dim M e":

u

—1
2.5.1. For each Iei k% be the collection of elements of the form _, c,e" where

C\ 2 Z=p. SetC :=f ., Xij X; 2 Cy;0. Note that x;y 2 C impliesxy 2 C. Forx;y 2 C
write x yifx y2 C. In all our examples, ciM belongs toC.
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2.5.2. For a diagonalizableh-module M we denote by (M) the set of weights of\ and
by M, the weight space of weight .

2.5.3. Recallthat§ =[9;8] CD. ThereforeM( )andM( r ) are isomorphic as{; 0]-
modules, and henctM{ )= M r ). Asaconsequence,dh( r )= e chL().

2.5.4. Choice of antiautomorphism.Call a linear endomorphism of a superalgebra a

\naive" antiautomorphism if  is invertible and ([xy])=[ (y); (x)]. Every Kac-Moody

Lie superalgebra has a naive involutive antiautomorphism such that j, = id, and
(h) = Hh—_. De ne a naive anti-involution of § by

D7!'D; t* a7t a”
where alis the transpose of a matrixa 2 gl(n).

If M is a §-module with nite-dimensional weight spaces, then the redgcted dual
spaceM ~bf M has the structure offi-module de ned by Xf (m) = f( (X)m) for any
f 2 M5m 2 M;X 2 6. The corresponding module will be denoted bW °. It is
easy to see that is a contravariant functor on the category of weight modulesvith
well de ned characters, ciM = ch M ° and thereforeL( )° = L( ): It is also clear that
M :LO)I=[M?:L( )]

3. The Lie superalgebra H

In this section we study Verma modules ovel.

3.1. Write H=H_ CK h H ;whereH = B\ A=
be a VermaH-module

M()=UM) uymen Cvn; HvA=0; hva = (h)v, forany h 2 h:

h t.For 2filetM ()

r=0

3.1.1. Note that fi acts on H: de ne the characters ofH-modules via this action. Then
1 1
chM ()= ¢& (1 e (L+ e %):

al:]m,ﬁ al:]m,f

The subalgebraS = U(H _3) lies in the centre ofU(H) and acts freely onM (). Every
ideal J of S de nes the submoduleJM ( ) in M ( ). On the other hand, any submodule
N M ()denestheidealdy S suchthatN\S = JyVvi.

Proposition.  Asume thatdetDj is not zero when evaluated at. Then the map
N 7! Jn de nes a bijection between submodules M ( ) and ideals inS.
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Proof. It su ces to check that N = JyM () and it is clear that IN\M () N. Let
V = M()=IuM ( ) and W be the image ofN in V under the natural projection. We
have to show thatW = 0. Set R = S=Jy. Itis easy to see thatV is a freeR-module and
that W \ Rv, =0.

Let ug;:jun—1 be a basis inh, Xij = ui t7371 Yj; = u;p  t3*1. Recall that
[Xij; Yijl = [Xio; Yko]. Due to the assumption on one can choosel; :::; Un—1 SO that

([Xij;Ykjl) = ik Clearly X;; fori =1;::;;n 1,j 0 form abasis inH_ 1. Introduce
the order onX;; by setting X;; Xy, ifj lorj=1landi k. Then Xj, j,:::Xi_j.Va
for all Xi,j, 1 Xjj. form a basis ofV over R. Now assume thatw 6 0. Since
W\ Rv, = 0, one can pick up a non-zere 2 W such that the maximal X; ; which appears
in the decomposition ofv is minimal among all non-zero vectors iW. One can write in
the unique wayv = X;;jw + u for some non-zerav and u such that in the decomposition
of u;w only Xy < X ;; appear. ThenY;;u = Yjjw =0 and Yj;v = w. Thenw 2 W,
w 6 0 and all Xy, in the decomposition ofw are less thanX;; Contradiction.

3.2. Now considerM ( ) as a module overCD + H. Then M has a unique maximal
submoduleM ¥ ) and a unique simple quotientL( ) = M ( )=M { ). Moreover, there
is a bijection between submodules @l ( ) and graded ideals ofS, where the grading on
S is de ned by D. The above proposition implies the following

Corollary. For a generic weight 2 h-bne has

(i) M () = Svy,;

(i) [M():L( s)]=M() forals;
(iii) any submoduleN—pf M ( ) is generated byM ( )";
() chL()=e o (1+e).

4. On the reducibility of a Verma module over a Kac-Moody
superalgebra

Let § = A~ + A+ A* be an arbitrary Kac-Moody superalgebra. For each positiveoot
denote byDg the pairing ¢ 0—q ! . Let © * consists of the roots wher® o
is degenerate (i.e.,d;§—«] = 0 for some non-zerce 2 f,). Set
1
QU= Z=o:
al?

4.1. Theorem. If 62Q"then the weight spact ( ),—, does not contain a singular
vector for a generic 2 At

Remark. \Genericity" here means that the property holds on the compinent to a
hypersurface.
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Proof. Assume that M ( T_u 8 0 for all 2 h™! This means that a certain system of
homogeneous linear equations with coe cients ir5(h) has a non-zero solution for each
2 h™IThen we can write a \generic" solution: a non-zero element2 U (A~)_,S(h) such
that for any 2 h™the vectoru( )vax 2 M( )a—, is singular. Note that (adf* )U(N~)

U(A7)S(h) and de ne the action of A" on U(A7)S(h) by

ei(xs) :=(ad e)(x)s fore2 A";x 2U(A7);s2 S(h):
Then u( )va 2 M( )}Z, means that
A" :u=0:
Let F be the canonical increasing lItration onU(h) = S(h) (by the total degree);
extend F to U(A7)S(h) by setting F"(U(A7)S(h)) = U(h7)F"(S(h)). Note that
At :FP(UAT)S(h)  FPH(UAT)S(h))
and for a xed e2 fi* denote by : U(A7)S(h)! grg U(A7)S(h) the map
X 7! Qg (x)+1 (€1X)

where deg (x) stands for the degree ok with respect to the Itration F. Now let F_ be
the canonical Itration on U(A™); extend F_ to grp U(h7)S(h) = U(N™)S(h) by setting
FX(U(AT)S(h)) = FXU(AT))S(h). Clearly, gr_(U(A7)S(h)) = S(b~) whereb™ := h+fA~.
Consider the map . :=gr_  Pwhich is the mapU(A~)S(h) ! S (b™) given by

e(X) = Or _ Olgeq, (x+1 (€1X):
De ne the action of Ai* on b~ by
e y=[eylgyife2fg; y20-
and extend this action to a derivation ofS(b~). One can easily check that

(X)=e gr_grx:

Set
T o= {27 & 62
Vl: = IEOﬁ:Ba
Vz: = B * .
W: =h+ 50

Note that dmV; =dimV,< 1 . DeneamapD:V, S (Vi W)!S (\i W)hby
D(e;2:=e z:

Note that gr_gru lies in S(V; W). The equality Ai*:u = 0 forces Xu) = 0 and thus
e(u) =0 for any e2 i". Hence

D(e;gr_gru)=e gr_gru=0 forany e2 fi*;
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By the construction, the mapz 7! D(e; 2) is a derivation for eache 2 V,. Observe that
D(V. Vi) h W. By the de nition of ™one has

fv2 V;j8f 2V, D(f;v)=0g=0:

Using Lemma 4.2 we obtain grgru 2 S(W). However, (S(W))= Q"soS(W), =0.
Henceu = 0.

4.2. Lemma. Let Vi;V, be nite dimensional vector spaces of the same dimension
and letW be an even vector space. Let: V., Vi! W be a non-degenerate pairing i.e.
d(\V,;v) 6 0 for a non-zerov 2 V;. Dene D :V, S (Vi W)!S (Vi W) by the
following properties

(i) D(f;v)= d(f;v) forv2 V; and D(f;w) =0 for w2 W.
(i) For eachf 2 Vthe mapx 7! D(f;x) is a derivation of the algebreS(V;  W).

Then
fx2S(Vi W)j8f 2V, D(f;x)=0g= S(W):

Proof. Let F be the eld of fractions of S(W) and let A be the localization ofS(V; W)
by the non-zero elements oV that is

A = S(Vl W) S(W) F:

Extend D to a mapF V., A ! A by setting D(s;f;xw ™) := sD(f;x)w? for
s2F;x2S(Vi W);w2S(W). Then for each pair ;) the mapa 7! D(s;f;a) is a
derivation of the algebraA. Identify F  V; with the F-subspaceFV; A spanned by
Vi. ExtenddtoamapF V, FVi! F by settingd(s;f;s%):= ssld(f;v) for s;s72 F.
We have

D(s;f;v) = d(s;f;v) forv2 FVi:

View F  V,; FV; as vector spaces ovef and note that d is a bilinear map. Choose
F-basedfigin F V, andfvjgin FV; satisfyingd(fi;v;) = ;. Viewa2 A as a rational
function in fv;g and a basis ofW; note that the denominator is a polynomial inS(W).
We have

@a
D(f;;a)= —:
(fi;a) @y
Therefore,
fa2 Aj8iD(fj;a)=0g=F:
Clearly,

fx2S(V W)j8f 2V, D(f:x)=0g=S(V W)\f a2 Aj8iD(fi;a)=0g

and this gives the assertion.
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4.3. Proposition. If [M():L( Y] > 0then either M( ) has a singular vector of
weight “or [M( ):L( B]; M( B:L( 5] > 0for some ™such that B< Tk

Proof. Let us assume thatVl ( ) has no singular vectors of weight” Then 6 [ hence
one can nd a proper submoduldN M ( )suchthat[N : L( 5] > 0. By our assumption
Nf, = 0. By duality Ng A~™N°.

De ne the increasing agFo, Fi1 F, i of §-submodules ofN° such that Fo =0
and F;=F;_, is generated by all singular vectors ifN °=F;_; of weights greater than "
Since eventually all weights Hof singular vectors will be exaustedNg,  A™N°

implies that (Fi)xo = N&. Therefore Fi : L( 5] > O for somei > 0. Choose the minimal
i such that [F; : L( 9] > 0. Then [(Fi=Fi—1) : L( 5] > 0. By de nition F;=F;_; is
a quotient of a direct sum of Verma modules. HenceM[( 9 : L( 5] > O at least for
one of these Verma module$1 ( ). On the other hand, N° : L( B] > 0, hence by
duality [N : L( ©] > 0. Thus, we have M( B :L( §]>0and M( ):L( B3] > 0 as
required.

4.3.1. Corollary. If §is a Lie algebra then
M():L( >0 M()}60:

Proof. If § is a Lie algebra thenM ( ) 6 0 implies that M ( 3 is a submodule ofV ( );
the assertion follows from Proposition 4.3 by induction on =

4.4. We will use the following lemma.
Lemma. Assume that is such that[M( ): L( )] = M( )ﬁ for all 2 A~ Then
any submoduleM of M ( ) is generated by its singular vectors.

Proof. Let Y be the set of subquotients oM ( ) and Y := fM 2Yj8 [M :L( )] =
dim Mf}g. Let us show thatY"= Y and that forany M;N 2 Y suchthatN is a submodule
of M one has

: n— A T NP
(3) dimM| =dim N +dim(M=N);:

Take M 2 Y "and let N be a submodule oM. One has
M :L()I=[N:L()I+[M=N:L()] dimN]+dim(M=N); dimMJ:
This givesN; M=N 2 Y Yand implies (3). SinceM ( ) 2 Y we obtainY"= Y.

Now let M be any submodule oM ( ) and let N be the submodule generated by .
By (3), dim(M=N)f =0 for any . HenceM=N =0 as required.
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5. Towards the proof of Theorem 1.2.2 (i), (ii)

5.1. In this section we reduce Theorem 1.2.2 (i), (ii) to the folling assertions:
1 1
(AychL() & alife-o(l g %)t ar:r(l“L e 9.
(B) HC. (M ( )" containsH _3.

1 _ _ —1 ..
5.2. Algebra structure oM( )es- ldentify Endgg(M( ) with M ( )% via
the map 7! (vp). Endow (M ( )% with the algebra structure via this bijection.

L1
5.2.1. Lemma. The restriction HC, : M ( )% U (H-) is an algebra homomor-
phism.

Proof. Let s@ for the natural identi cation M () with U(Ai-). Clearly, the algebra
structure on (M )% is compatible with i.e., (x) (y) = (xy).

1 0 .
Notice that maps (M {( )s to U(A-)", where hY= A\ [6;6]. Now the assertion
follows from the fact that the restriction of HC, to U(A_)" is an algebra homomorphism.

5.3. Proof of Theorem 1.2.2 (i),(ii). From Lemma 4.4 we see that the formula
4) [M():L( )] = dim M ()},
implies that any submodule ofM ( ) is generated by singular vectors.

Let us prove (4). From Lemma 5.2.1 and the assertion (B) it fidws that HC, (M ( )"
containsS. Then

() M():L( ) dmM( )i, dimS.:

Using 2.5.3, we get
1
(6) chM( ) IM():L( s)lechL() c¢chS chL();

S
where the rst inequality is strict if [M () : L( )] 6 O for some 622 and the second
inequality is strict if at least one of the inequalities of (% is strict. The inequality (A)
can be rewritten as

7) chS chL( ) chM( ):

Comparing (6) with (7) we conclude that all inequalities in 6) are in fact equalities and
thus all inequalities in (5) and the inequality (A) are equalies as well. In particular, this
gives (4).

Since the inequalities (5) are equalities we have bh( ) = €*S. By above, HC. (M ( )"
contains S. As a result, the restriction of HC. to M ( )" gives a bijection: HG :
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M( ) 's” : note that this is an algebra isomorphism. This proves Theem 1.2.2

Q).

6. Explicit construction of singular vectors

In this section we prove (B) of 5.1 for 2 , where is described in 6.1. More
precisely, for 2 in Proposition 6.3.5 we will explicitly construct a singular vector
v(h;m) 2 M () satisfying HC, (v(h;m)) = t™™ h whereh is any element oth and m is
any even positive number.

Note that is dense in i=50 (B) holds for any 2 fi.

6.1. The set . Let bethe setof s such that any singular vector oM ( ) has weight
of the form 2s for somes O:
1
= w where :=f 2hPM( )N, =0g
QT uER sb

Recall that M( ) = M( 2 ) as [§;6]-modules. As a consequence, is invariant
under the shift by 2 : if 2 then 2 2.

6.1.1. Lemma. For any 2 all simple subquotients oM ( ) are of the form
L( 2s ).

Proof. Let 2 Q" nN(2 ) be minimal such that M ( ) : L( )] 6 0 for some 2 .
By Proposition 4.3 there exists suchthat0< < and M( ): L( )N; [M( ) :
L( )] 6 0. Then 2 N(2)so 2 . The minimality of  gives ( ) ( ) 2
N(2 ) so 2 N(2 ). The assertion follows.

6.1.2. Lemma. The set is Zariski dense inA™’

Proof. Retain notation of Sect. 4. By 2.2.1, "= f2s gs=o and soQ"= f2s gs=¢. By The-
orem 4.1, , is the compliment to a surface ifh™for 6 2s . As a consequence, is

the compliment to a union of countably many hypersurfaces ifi? This implies the
assertion.

6.2. The subalgebra q. Put B:= N* H ; Recall thatq= B\ 1.
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6.2.1. Lemma. Take 2 . Avectorv?2 M( )a—2s IS Singulari qv =0.

Proof. Take v 2 M ( )a-ss satisfyinggv— 0. The subspaceU(fi)v contains a singular

vector. Write A=q swheres:= ._,n- t'. Notice that s is a subalgebra ofi and
U(fA)v = U(s)v becausegv = 0. Weight vectors in U(s)v which are not proportional to
v have weights of the form where 2 O*; 62N ; such vectors are not singular.

Hencev is singular.

6.2.2. Set — 1
N* = n t'=N"\fi
r=0
Lemma. Take 2 ; 2 ( N%). One has

L @LC) MX au (@MY ):

Proof. Writing i = (Q) (s) wheres is introduced in the proof of Lemma 6.2.1, we
getU(A-) = U( (s))+ (a)u(h-).

One hasL( ) = U(A-)va. The condition 2 ensures that U( (s))v, does not meet
L(C )a—p. Thus L( )a—p (@)L().
Fenthe second inclusion, observe that 2 forces M{ ) = U(A-)M Mwhere M ™:=

oM )a—2ss. The assumption 2 ( N*) ensures thatU( (s))M ™does not meet
M( )a—p. Thus M )a—p (9)M ™and the second inclusion follows.

6.2.3. Proposition. Forany 2 ; 2 ( N¥) one has
H'(q;L( )a—p=0 and H (M ( ))r—u=0 forr=0;1L

Proof. The rst formula follows from Lemma 8.1 and Lemma 6.2.2. Theezond formula
is an easy consequence of the rst one. Indeell( ) has a local series at with

simple quotientsL( ;) where, by Lemma 6.2.1 (ii), ; = 2s; for somes; 1. By the
long exact sequence of Lie algebra cohomology, it is enoughshow that forr = 0;1 one
hasH"(q; L( i))a—u = O for all indexesi. The last follows from the rst formula and the
factthat ;2 since is ,s-stable.

6.3. Let m be an even positive number. Fixu = h( m) 2 H_. In this subsection we
construct for each 2 a singular vector v(h;m) 2 M () satisfying

HC.; (v(h;m)) = h( m):
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6.3.1. Let T)x: N" + Ch! B be alinear map given by
Ta(ts u)=t% u

Observe that T, is N * -invariant..

6.3.2. Notation. ViewB = H N * as ag-module via the adjoint action. Consider the
natural grading on§: §o = gl(n);§s = t° sl(n) for s 6 0 and for a homogeneous subspace

X  fsetXs:= X\ §s. Set
L 1 L 1 L 1
N:=Ch+ t5 n*: NF= t n"; V:i=Ch+ tS n*;
s=0 s=m Oss<m
note that N; N Yare g-submodule ofB and V is an fi;-submodule ofN .
Let V Ebe the orthogonal compliment olN “in N “that is
VE=ff 2 Hom(N; C)j f (NY =0g:
Notice that V “Viewed asfi,-module is dual toV.

Both N;N Zare (g + fi)-modules. ViewN “and V =as (@ + f)-modules via the antiau-
tomogphigm  id. Let h™=2 Vbe the \dual to" h that is h'th) = 1;h(&) = 0 for all
a2 ottt nm.

6.3.3. Lemma. Forany 2 there exists a unique-homomorphism VY M( )
such that (hY'= v,.

Proof. Recall that ( q) O* and so the action ofq raises the weight. As a result,
V Hadmits an increasing @i + q)- ltration fWXge=o with one-dimensional factors and
WO = Cht

De ne a twisted fi-action onM ( ) by h:v = (h  ( )(h)vforh2 fi;v 2 M( ). The
twisted action is compatible with the action ofq; view M ( ) as (A + g)-module with
respect to this action and notice that is a (i + g)-homomorphism . In the formulas
below we use this twisted ff + g)-module structure onM ( ); Hom stands for Homy, ¢)-

Let TV be a one-dimensionalf{+ g)-module of weight (i.e. TV =0; hj;v = (h)id).
The short exact sequence
o wktr wkr TV1 0

gives
0! Hom(TV;M( ))= H%q;M( ))ve! Hom(W*;M( ))!
I Hom(W* M () ! Ext'(TY;M () = HY (g M ( ))vo;
where all Hom stands for Hory,, ,, and Hi= s+ .Fork>0onehas s 2QcC
and so

Hom(TY; M ( )) = Ext Y(T";M( ))=0;
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by Proposition 6.2.3. Therefore Hom(V*; M ( )) = Hom(W&1;M( )). As a result,
Hom(W¥X; M ( )) = Hom(W? M ( )) =Hom( Ch%M ( )). The assertion follows.

6.3.4. Remark that shifts weights by + r thatis (VE'G_“) M( )r-p-

6.3.5. Retain notation of 6.3.1, 6.3.2.

Proposition. Let m be an even positive number. Fix 2 andh 2 h. Let
VH  M( ) be ag-homomorphism constructed in Lemma 6.3.3,let:§ M( )! M()
be the natural map (u V) = uv, and letid”2 V Vv Storresponds to the identity map
V! V. Then
(I
vihym)=(Tn )id[l:I
satis es HC, (v(h; m)) = h( m) and v(h; m) is singular.

Proof. Let B be a weight basis oV \N *; then

BY=fhg[ B
is a weight basis ofV. For b2 B denote byb“~the element of the dual basi§h'g[ B -of
V='One has 1
v(h;m)= h( mva+  Tm(b) (bY
b [B1

SinceN * is Ty,-stable, Tm(b) 2 N * and so HC (v(h;m)) = h( m).

Let us check thatv(h; m) is singular. In the light of Lemma 6.2.1 it is enough to venf
that qv(h; m) = 0.

It is easy to see that
(8) Tm([9;X]) =[9; Tm(X)] forall g2 g;x 2 V:

Take u 2 g. Using (8) and the fact that is ag-homomorphism we have
uv(h;m) F—mmeUTm(D) (bY’
9) = ol Tm(®] (094 ( DPOPOT (Hu (b
=y Tm([us b)) (DY (- 1POPOTL(u (b

For b, 2 B Pwrite

1 1
[ub]= by + ws wherews 2 N,
t=—m
Then 1
ub-E (- 1)PR(bs)+L stqlil
and (9) gives 1 1 =
uv(h;m) = Tm(ws) (Q%‘: Tm(ws)bs—
S S

1
where the last equality follows from the fact that is g-invariantand Tm( ., N{) 0.
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Denote by wta the weight of a. One has wiws = wt u+wt bs and wth-%=  wt b so
wt T(Ws)bi= m +wt u 2 ( B) because w2 ( N*). However Tp(ws)bi-2 VHand
(VH'= (V) ( N*)[f 0g. Thus Tm(ws)bE-E= 0 or T(ws)b-has zero weight. If
wtu 6 m we obtain Tr,(ws)b-+ 0 so uv(h;m) = 0 as required.

It remains to check the case whemn has weightm that is u = h'{m) for someh“2 h.
Let us show that 1

Tm(Ws)QD__ 0:
S
As we have shqwn-the left-hand side has zero weight so is pramal to h™Thus we need
to-veyjfy that — ((Tm(ws)b){h) = 0. Observe that for any x 2 V one has fi{m);x] 2

=mN¢ and sows = [h'{m);b]. Therefore Tm(ws) = Tm([h{m);k]) = hiwt b)bs
becausen'{m) is even. Then

1

L1 L1
(Tm(we)}{h) = hitwt b)(bb)th)y = (1P hitwt b)h(wt by) = str v (ad h)(ad h'y:

Recall that V = Ch + jig; n* tl. One has

strp+ ppq@adh)(@d hy = (- 1) tr,~(ad h)(ad hY;
sincem is even we obtain sty (ad h)(ad hy = 0 and this completes the proof.

7. Proof of 5.1 (A) and of Theorem 1.2.2 (iii)

7.1. Proof of 5.1 (A). Set
L 1 L 1
N.:= t" n";N_:= t" n;H:= t7% h=H_g¢

r=0 r=0 r=0
Notice that N, ;N_;H, are Lie subalgebras ofi". In a Shapovalov matrixS, consider the
minor corresponding to the spac&J(N,)U(N_-)U(H;). The leading term of this minor
takes form
D&G(V);
o\

Im,0
for somery( ) O, see [GS]. From 2.2.1 it follows that this minor is a non-zerpoly-

nomial. Therefore for a generic the spaceU(N.)U(N-)U(H)v, does not meetV { ).
This proves (A) of 5.1.

7.2. Proof of Theorem 1.2.2 (iii). We need to show that for a generic the submodule
generated by a singular weight vector itM () is a Verma module.

Take suchthat for anys 0 the assertion of Theorem 1.2.2 (i) holds for":= 2s .
Letv 2 M ( )a—2s5 be a singular vector. The submodul® generated byv is a quotient of
M( 2s).1fM8M( 2s)thenM = M( 2s)=MTBwhereM ®contains a singular
vector v Write v = uvy; vP= un_oes, (U;u~2 U(A-)). Then uu™=0. By Theorem 1.2.2
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(i) HC . (u); HC, (uY 6 0. Hence HC, (uuY = HC , (UYHC. (u) 6 0. and this contradicts
to u'ti = 0. This proves Theorem 1.2.2 (iii).

7.3. Remark. Now we can precisely formulate the condition on in Theorem 1.2.2.

rom 7.1 we seel—_tpat Theorem 1.2.2 (i), (i) hold if the minorscorresponding to
U(N+)U(N-)U(H1) , in the Shapovalov matricesS, are non-zero at for each 2 o,

Since®* this condition excludes countably many hypersurfaces.

From 7.2 we see that for Theorem 1.2.2 (iii) it is enough if Them 1.2.2 (i), (ii) hold
for 2s for eachs 0. This again excludes countably many hypersurfaces.

Using a Shapovalov technique it is easy to see that the leaditerm of the above minors
is not divisible by K ; thus these minors are not identically equal to zero at any Iperplane
f :K( )= kg(k2 C). Hence Theorem 1.2.2 holds for a generic weight at each Ileve

8. A vanishing lemma

If p is a Lie algebra,N is a p-module andN "is a subspace oN, denote bypN “the
vector space spanned byv wherex 2 p; v2 NF

8.1. Lemma. Letm be a subalgebra df. Assume that; 2 fitre such that
L()y (ML) M)y (MM )

then
Hf(m;L( ))y=0 forr=0;1

Proof. Let | = m+ fi. Obviously,
Ext(V; W) = Ext g, (W°; V°):
In what follows we consider only extensions which are seniiple overfi. If TV is the
one-dimensional module of weight , we have to show that
Ext/(T*V;L( ))=0
for r = 0; 1, which is equivalent to proving
Extgqy(L( ); T ™) =0;
since MM? = THand L( )° = L( ).

First we note that that V, (m)V implies Homyy(V; T*) = 0 for any (I)-module
V. Indeed, letf 2 Homgy(V; T"), then f (v) 6 O for somev 2 V,,. But v = Xw for some
X 2 (m);w2 YV andf (w) =0 because the weight ofw is greater than . Contradiction.
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Hence Homgy(L( ); T*V) = 0 and Homgy (M ); T*V) = 0. Now we use the exact
sequence

o M )! M()! L()! o
The Verma moduleM () is free over (m) and hence projective over (l). Therefore
Extsq,(M( ); T*™)=0:
Now applying the long exact sequence for Ext and using
Homsy(M( ); T*™) =0

one immediately obtains
EXté(l)(L( ); TA™") =0

as required.
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