RATIONALITY QUESTIONS AND HECKE ALGEBRA

VERA SERGANOVA

1. SPLITTING FIELD

We assume that k is a field of characteristic 0, k is its algebraic closure and G is a
finite group.

Let x1,..., X, be the characters of all non-isomorphic irreducible representations
of G over k and 1, ..., 1, be the characters of all non-isomorphic representations of
G over k. Recall that if p: G — GL(V) and 0 : G — GL(W) are two representations

of GG over any field of characteristic zero
dim Homeg (V, W) = (Xp: Xo)-

Therefore (v;,1;) = 01if i # j.
Let

Ry (G) = {Z mjhi|m; € L}
and JT
R(G) = {Z mixi|m; € Z}.

Note that Ri(G) C R(G), and both Ri(G) and R(G) have natural structures of
commutative rings.

A representation p of G over k is rational over k if p = o7 == k ®; o for some
representation o of G over k. This condition is equivalent to x, € Ry(G).

Lemma 1.1. The following conditions on a field k are equivalent

(a) every irreducible representation of G over k is absolutely irreducible;

(b) every representation over k is rational over k;

(¢c) Br(G) = R(G);

(d) the group algebra k(G) is isomorphic to a direct sum of matrix algebras over
k.

Exercise. Prove the lemma.
A field k is a splitting field for G if it satisfies the conditions of Lemma 1.1.

Theorem 1.2. For any field k and a group G there exists a finite extension F' D k
such that F' is a splitting field for G.
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Proof. Recall that k(G) = &!_; Endg(V;) is a direct sum of matrix algebras. Let EY,
be the standard basis consisting of elementary matrices. Then Ej; = > ., c/;(9)g
and g =3, 7 (g)EY;. Then a finite extension F of k containing cf;(g) and d¥(g)

is a splitting field for G. 0
In fact, the stronger result is true.

Theorem 1.3. Let m be the least common multiple of orders of all elements in G,
and F' contains a primitive m-th root of 1. Then F' is a splitting field for G.

2. THE NUMBER OF IRREDUCIBLE REPRESENTATIONS

Lemma 2.1. Assume that F' is such that x;(g) € F for all i < r and g € G. Then
Rr(G) is a subgroup of finite index in R(G).

Proof. Let T be an irreducible representation of G over F'. The operator of projection
on isotypic component p; = 1& > xi(g~ )7, is well defined. By irreducibility of 7 it is
either zero or non-degenerate. Hence x, is a multiple of y; for one ¢. The statement
follows. O

Let us assume now that F'is a splitting field of G and F' is a finite Galois extension
of F'. By I' denote the corresponding Galois group. Note that if p is a representation
of G over F', then for each v € I' one can define the representation p” by twisting the
matrix coefficients by action of . It is also clear that if p is irreducible, then p? is
also irreducible. Thus, I' acts on R(G) by permuting x1, . . ., X;-

Lemma 2.2. Let p: G — GL(V) be an irreducible representation of G over k. Then
there exist an integer n, and @ < r such that

Xp = anXZ'

yel’
This n, is called the Schur index of p.

Proof. Write x, = > a;x;. Note that x, is [-invariant. Therefore if y; = xJ for some
v €I, then a; = a;. Let a; # 0 and ©» = > x; over the I'-orbit of x;. Then % is
[-invariant and hence ¢(g) € k for all g € G. Thus, the operator p = 3 V(g Hp,
is an intertwiner. It is not zero as can be easily shown by calculating the trace,
therefore it is non-degenerate. Hence it is non-degenerate on Vp. The latter implies
that the characters of all irreducible components of pg are not orthogonal to ¢. The
statement follows. O

Theorem 2.3. The number of irreducible representation of G over k equals the
number of T'-orbits in {x1,..., X}

Proof. From the previous lemma we obtain that the number of irreducible repre-
sentation is not larger than the number of orbits. On the other hand let p be an



RATIONALITY QUESTIONS AND HECKE ALGEBRA 3

irreducible representation of G over F', and p* be the same representation considered
as a representation over k. Then
X)) = x

vel’

This shows that the number of irreducible representation of GG over k is not less than
the number of orbits. O

Let us make an additional assumption that F' contains all roots of 2™ —1. The set of
all roots is a cyclic group of order m and and I" acts on this group by automorphisms.
More precisely, if € is a primitive root then for each v € T' there exists r(7) relatively
prime to m such that vy(¢) = ). Introduce the action of I' on G by setting
g7 = g""). If p is a representation of G, then all eigenvalues of pg are roots of ™ — 1.
Therefore

X5 (9) = xp(97).
Now we consider the action of I' X G on GG, where G acts by conjugation. The orbits
under this action are called I'-classes.

Theorem 2.4. The number of I' classes equals the number of irreducible represen-
tations of G over k.

Proof. Let R(G)' be the abelian subgroup of R(G) fixed by the I'-action. Then
rk R(G)" coincides with dim F' ®7 R(G)". The representation of ' in F @z R(G) is
a permutation representation. Hence dim F' ®z R(G)" equals the number of T-orbits
in {x1,...,xr}.- On the other hand, F' ®z R(G) is the subspace of functions on G
consisting of function constant on I' classes. That implies the theorem. 0

Example 2.5. Let £k =R, ' = C, I' = Z, with generator ¢ which is conjugation.
It is easy to see that o(g) = g~ ! for any g € G. Therefore the number of irreducible
representation of GG over R equals the number of conjugacy classes stable under o
plus half the number of classes unstable under o.

3. HECKE ALGEBRA AND DOUBLE COSETS

Let G be a finite group. The group algebra k(G) is isomorphic to the algebra of
function on GG with the operation of convolution

fix £2(9) > filgs™) fals).

seG

The isomorphism can be constructed by the map g — d,, where 6,(z) = d,,. The
proof is based on the the simple identity o, * 0, = dgp.

A certain generalization of this construction is so called Hecke algebra. Let H be
a subgroup of G, then the induced representation Ind%(triv) can be identified with
the space of k(X) of functions X = G/H. The action of G is given by the formula

pof(x) = flg7"(2)).
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The Hecke algebra A(G, H) is by definition Endg(k(X)). Note that the ring
Endg(k(X)) is isomorphic to the algebra k(X x X) with operation of convolution

Fl * FQ(xa Z) = Z Fl(x>y)F2(y> Z)
yeX
The action of k(X x X) on k(X) is given by the formula
= F(z,y)f(y)
yeX
The condition that F(x,y) commutes with p, is equivalent to the following
po(Ff)(x) = Flg~'w,u)f(y) = Fpof(x) =Y _ F(x,9)f(g7'y) = > _ Fla,gy)f(y
yeX yeX yeX

This is equivalent to the condition

F(z,y) = F(gz, gy)-

Thus, the Hecke algebra A(G, H) is the subalgebra of k(X x X) consisting of
function constant on G-orbits in X x X with respect to the diagonal action. These
orbits are in bijection with double cosets H \ G/H. If we associated with each double
coset HwH the characteristic function 5w, then the convolution operation is given by

S * Oy = ] meau,

where my , is the cardinality of Hw™'H N HvHu™".

Example 3.1. Let G = GL,(F,) and H = B denote the subgroup of upper triangular
matrices. The double cosets are BwB, where w is some permutation matrix. Thus,
dim A(G, B) = n!. Let s1,...,8,_1 be the characteristic function of double cosets
corresponding to the transpositions (1,2),...,(n — 1,n). By direct computation one
can check that the following relations hold

si*s;i=(q—1)si+q,
Si*8; =8, %8, if|i — j| #1,
S K Siq1 * S; = Siq1 * S5 * Siqq.
Indeed, the second relation is straightforward. The first follows from analogous rela-

tion for n = 2, and the last from analogous relation for n = 3. If now one considers
q as a formal parameter one gets a deformation of k(.S,).



