REPRESENTATION THEORY
WEEK 6

1. DIMENSION FORMULAE

For a Young tableau (diagram) A, \; denotes the number of boxes in the i-th row.
We write a € A if v is a box of A. Let |\| denote the number of boxes in A and A — «
denote a diagram which can be obtained from A by removing one box. For example,
for partition A = (5,3, 1) the possible A — « are (4,3,1), (5,2,1) and (5,3).

Theorem 1.1. Resg, , Vi = &V)_4.

Lemma 1.2. Let |u| = |\ — 1. If the diagram of p is different from the diagram of
A — « for all possible «, then there are t,j either in the same row of \ and in the
same column of p or in the same row of p and in the same column of \.

Proof. Let A\ and p do not satisfy the condition of Lemma. Choose the smallest k
such that \; # . Assume first, that p; > Ag, then by pigeon hole principle one can
find two entries of k-th row of p in the same column of A\. (We assume that this does
not happen with the first £ — 1 rows).

Assume now that Ay > pg. Since A has just one more entry than u, A\y > pp + 1
implies that two entries in the k-th row of A are in the same column of u. Therefore
A = i + 1, moreover the last entry appears in the first £ rows of A. In this case
we move to the next row, and step by step prove that \; = pu; for all i # k. Hence
nw=\—a. O
Lemma 1.3. If the diagram of p is different from the diagram of A— « for all possible

«, then c,Acy = 0.

Proof. Let s € S,. First assume that there are two entries in the same row of u and
in the same column of X\. Then the same is true for g and s () for any s € S,, as we
can see from the proof of Lemma 1.2. Hence for this pair of entries ¢, 7 we have

ay, (Z])2 bs()\) = a“bs(,\) = —a“bs(,\) = 0.

Therefore a“sb,\s_l = 0 and a,sby = 0 for any s € S,. That implies a,Aby = 0.
Similarly we can prove that if there are two entries in the same column of x and in
the same row of A, then b, Aa) = 0. Together that implies c,.Acy = 0. O

Corollary 1.4. If a Young diagram v can not be obtained from A by removing one
box, then the multiplicity of V,, in Resg, , V) is zero.
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Proof. Follows from Lemma 5.12 (lecture notes 5). O

Lemma 1.5. Let f = A — . Then c,cx # 0. Therefore f : 'V, — V) given by
f (z) = zcy is an injective homomorphism of S,,_1-modules.

— 2 _
CuCx = E UsS, €, = E Vs,

sESh S€ESH_1

Proof. If we write

then as one can easily see that us = v, for any s € S,,_1. O
Lemma 1.6. If 1 = X\ — «, then ¢, Acy C Qc,ca.

Proof. First, prove that if there is no (ij) € Q,Ps) then s € @yPy. Thus, b,sa, # 0,
or equivalently b asn) # 0, implies s € Q\FPx. Then prove that for any s € Q)P
cusey € Qeyen. O

Corollary 1.4, Lemma 1.5 and Lemma 1.6 imply Theorem 1.1.

Corollary 1.7.
dimVy, = Z dim Vy_,.

Remark 1.8. Every function f(\) on the set of Young diagrams satisfying

(1.1) FN=SF-a), f1)=1
coincides with dim V.

Corollary 1.9. Indgz+1 Vi = @V, where p runs the set of all diagrams obtained
from A by adding one box.

A Young tableau is standard if entries in every row and entries in every column
are in increasing order.

Corollary 1.10. dim V), equals the number of all standard tableaux on a diagram \.

Proof. Check that the number dy of standard tableaux satisfies (1.1).
O

For a box oo € A, let h, be the hook diagram containing «, all boxes below « and
all boxes to the right of a. Let

h(N) = 1] Ihal-

aEX
Example. If A is (3,2,1), then h (\) = 45.
Lemma 1.11. Let A= (\y,..., A\;) and A= A\ +k— 1,00 +k—2,...,\). Then
Al

(1.2) h()) = TG
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Proof. Direct calculation. O

Lemma 1.12. Let

Then

(1.3) in(V(xl,...,xk)—V(xl,...,xi—l,...,xk)) = wv&:l,...,xk).

Proof. Since V' is a skew symmetric polynomial of x, it is easy to check that (z; — x;)
divides the left hand side of the identity. Since the degree of the left hand side
polynomial is k(k_l), the same as the degree of V', the LHS polynomial is proportional
to V. The leading coefficient of LHS is the same as of

k

0 k(k—1
Zl’ia—v(fﬂl,...,l’k) = gv(l’l""’l’k)'
=1 Li 2

That proves the identity. 0J

Lemma 1.13.

Proof. Using (1.2) write

v(Al,...,*

B ; ”(.A—l) W

This is equivalent to

k

(14) nV(j\l,,j\k) :ZS\ZV(S\M,S\Z—L,)\]C)

i=1

k(k 1)

Use now that A\j + -+ + A\, =n + ) and apply (1.3) to prove (1.4).

Corollary 1.14. (Hook formula) dim V) = %

Proof. Just check that satisfies (1.1).

h(/\)



4 REPRESENTATION THEORY WEEK 6

2. REPRESENTATIONS OF GLj.

Matrix coefficients. Let p : G — GL (V) be a (finite-dimensional) representa-
tion. For any ¢ € V*, v € V define
.fv,go (S) = <Q07 pS'U> :

This function f is called a matriz coefficient.

Let G = GL; = GL ((Ck) and C[G] denote the space of all polynomial functions
on G. We call a representation p : G — GL (V) polynomial if f,, € C[G] for all
veV,pelV™

Examples. The standard representation in the space E = C* is polynomial, but
the dual representation in E* is not.

The whole space C [G] has a natural structure of a representation if we put

Ryf (x) = [ (xg).

Check that the space C,, [G] of homogeneous polynomials of degree n is invariant.
Thus, there is a decomposition

C[G] = &22,C. [G].

Let p: G — GL (V) be a polynomial representation. For any ¢ € V* define a map
P,V — C[G] by the formula

/
pgo (’U) = fvv@'
Check that this map is an intertwiner, i.e.
,0:0 (pgv) = Rgp:o (v).
That implies

Lemma 2.1. Every irreducible polynomial representation of GG is a subrepresentation
in C[G].

Lemma 2.2. Consider the representation of G in (E*)®" ® E®™ given by the formula

P (1@ @Y, QU @Up) =01 Q- QP QYU @ -+ - @ GUn,

for all p; € E*,v; € E.
The map 7 : (E*)*" @ E®" — C, [G] given by

PRV fup
for each ¢ € (E*)®", v € E®", is surjective.
Proof. Let ey, ..., e be a basis in E and fi,..., fr be the dual basis in £*. Then
[h® - Qfj, e, @ - Qe€i, = Girjy - - Ginjn>

where g;; is a matrix entry of a matrix g in the basis ey, ..., e;. Thus, the monomial
basis of C,, [G] belongs to the image of 7. O
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Remark 2.3. Here I made a mistake during the lecture. To get an isomorphism we
have to consider S" (E* ® E) C (E*)*" @ E®".

To classify polynomial irreducible representation of G we have to find all irreducible
subrepresentations of £". We will do this in the next section.

3. DUuALITY BETWEEN GL; AND S,
Consider the representation p : S, — GL (E®") defined by the formula
Ps (V1 ® - @ V) = Us(1) @+ -+ @ Ug(m)
and the representation p : GLy — GL (E®™) defined by
P (1 ® - ®uy,) =gu1 @ -+ R guy.

We see immediately that ps o p; = pg 0 ps for any s € S,, g € GL;. Thus we can
consider p as the representation of the direct product S, x GLy.

Theorem 3.1. Let I, . denote the set of all Young diagrams with n boxes such that
the number of rows is not bigger than k. Then

E®" = @xer,,, Va KWy,

where V) is the irreducible representation of S, associated with A\ and W) is an
irreducible representation of GLy. Moreover, Wy and W, are not isomorphic if X # .

Corollary 3.2. Fill the boxes of A in some way. Then p., (E®") is an invariant
subspace isomorphic to Wj.

Example. Let A = (n) be a one row diagram. Then V) is the trivial representation
of Sn, ex = D g, 5, and Wy = 5™ (E).

If £ >mn,and A = (1,...,1) (one row), then V) is the sign representation, c\ =
Y oses, (—1)7s, and Wy = A" (E).

To prove Theorem 3.1 we need the following general statement.

Theorem 3.3. Let p: G — GL(V), 0: K — GL (V') be two representations in the
same vector space V' over algebraically closed F'. Let

Endg (V) = o (F (K))
and p is completely reducible. Then

where V; is an irreducible representation of G, W; is an irreducible representation of
K. Moreover, V; is not isomorphic to V; if i # j and similarly, W; is not isomorphic
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Proof. Since p is completely reducible, one can write
V=ol (VieW),

the action of GG is trivial on W;. Then
Endg (V) = [ [ Endp (W)
i=1

Thus, o: F(K) — Endp (W;) is surjective, that implies that each W; is irreducible
over K and W; 22 W; if i # j. 0J

Remark 3.4. In general, we say that G and K satisfying the conditions of Theorem 3.3
form a dual pair. Such situation often happens in representation theory. The simplest
example is an action of G x G in k (G) given by

Ry n Z UgS = Z usgsh™t.
seG seG

Lemma 3.5. In the situation of Theorem 3.1 we have

Proof. Let M}, denote the algebra Endc (F), in other words, M}, is the matrix algebra.
First,

End¢ (E®") = M?".
Thus, we are looking at the S, invariant subalgebra

Ends, (B*") = (M")™ = 5" (M)

In other words, Endc (E®™) is spanned by

D M) ® - @ Mg

SGSn

for all possible my, ..., m, € M.
Our next claim is that Endc (E®™) is the span of m ® --- ® m for all possible
m € M. It follows from the following

Lemma 3.6. For an arbitrary vector space V., S™ (V) is spanned by v™ for allv € V.

Proof. Everybody knows the formula

doy = (z+y)* — (x —y)?,

which proves the statement for n = 2. Less know is the following general formula

i9=0,1,...,in=0,1
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Now let U be the span of ¢ ® --- ® g (g € GLg) in End¢ (E®") = S™(My). By
definition, U = p(C(GLg)). Note that GLj is a dense subset in M}, therefore
U is a dense subset in S™ (My). But U is a linear subspace in S™ (My). Hence

Note that Lemma 3.5 together with Theorem 3.3 imply that
E®" = @perVa W),

for some set I of Young diagrams with n boxes. It is left to show that IV = T, ;.
Obviously, I consists of all diagrams A for which W), = ¢, (E®") # 0. Fill the boxes
of A\ in increasing order from 1 to n from left to right starting from the top and
consider ¢y defined by this tableaux. An element v =¢;, ® --- ® ¢;, of the standard
basis in E®™ can be represented by the same tableau with entries e;,,...,¢e; . If A
has more than k rows, then one can find e; which appears twice in the same column.
Then by (v) = 0, and therefore cyv = 0. Since this holds for any basis vector, we have
cx (E®") = 0. Hence A ¢ T if A has more than & rows. On the other hand, if A has

k or less rows, one can check that
A <6?>\1 Q- ef’\’“) # 0.

Therefore IV = I',, .. Theorem 3.1 is proven.



