REPRESENTATION THEORY
WEEK 12

1. REFLECTION FUNCTORS

Let @ be a quiver. We say a vertex i € Qg is +-admissible if all arrows containing ¢
have 7 as a target. If all arrows containing ¢ have 7 as a source, we call i—-admissible.
By 0 () we denote the quiver obtained from ) by inverting all arrows containing i.

Let i be a +-admissible vertex and Q' = o, (Q). Let us introduce the functor F;":
Repg — Repg. Let X be a representation of ). Define X’ = F;*X as follows. If
J # 1, then X} = X;. Put X] = Ker h, where

h = Z Py - @Xj — Xi>
Y=(j—1)€Q1
For each v = (i — j) € Q" define o/ : Xj — X; = X} as the natural projection on
the component X; € @ X;.

If i is a —-admissible vertex and @' = o;(Q) one can define the functor F,:
Repg — Repqr as follows. Let X' = F (X), where X; = Xj for i # j, and
X! = Coker h, where

h = Z Py - Xz — @Xj,
y=(i—j)€Q1
and for each v = (j — i) € Q' define p/: X; = X| — X, by restriction of the
projection ©.X; — Coker h to Xj.

Example. Let @ be the quiver 1 — 2, and X is the representation & — 0, then
Fy (X)=0and Fy (X)isk < k.

It is easy to check that F;' is left-exact (maps an injection to an injection) and Fj~
is right exact (maps a surjection to a surjection). Let L; denote the representation
of @ which has k in the vertex i and zero in all other vertices. Then F;" (L;) = 0 and
F~(L;) =0.

(2

Theorem 1.1. Let X be an indecomposable representation of () and i be a +-
admissible vertex. Then F;" (X) = 0 iff X & L;. Otherwise X' = F;" (X) is inde-
composable,
(1.1) dim X; = —dim X; + > dim X;

(3—1)
and F F7 (X))~ X.
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If i is —-admissible vertex and X is indecomposable, then F; (X) =0 iff X = L,.
Otherwise F;~ (X)) is indecomposable, the dimension of F; (X) can be calculated by
the same formula (1.1) and F;"F; (X) & X.

Proof. Note that if X 22 L;, then h must be surjective because of indecomposability of
X, hence the formula (1.1) holds. Furthermore, we have the following exact sequence
(1.2) 0-X; % P X 5X—0

1
(j—1)€Q1

and (FZ-_X’)Z. = Cokerh 2 X;. Observe also that h is injective by definition, hence
X'’ is indecomposable. Thus, we proved the first part of the theorem.

For the case of —-admissible vertex, define D: Rep () — Rep Q°P, where Q°P is
the quiver with all arrows of @ reversed, D (X;) = X7, D (p,) = p, and note that
Do Ff = F7 o D. Since D reverses all maps and change Ker to Coker, the second

statement of the theorem follows immediately. 0J

Note that for an arbitrary X the sequence (1.2) is not exact but I is injective and
hoh = 0. Therefore one can define a natural injection ¢ : F, F;*X — X, where
¢; = id for all j # ¢ and ¢; coincides with h restricted to Coker h. In the similar way
one can define the natural surjection v : X — F;'F X if i is a —-admissible vertex.

Finally let Q" = 0, (Q), X be a representation of )’ and Y be a representation of
Q,X'=F Xand Y = FY. Let n € Homg (X,Y’), define x € Homg (X',Y) by
putting x; = Id for j # ¢ and obtaining y; from following commutative diagram

X, bHoex; L ox > o0

lm léBm lxlz
S AN oY; oy

(3

Note x; is uniquely determined by 7. In the same way for each x € Homg (X', Y)
one can define 7 € Homeg (X, Y”). A routine check now proves the following

Lemma 1.2. Let Q' = 0, (Q), X be a representation of ()’ and Y be a representation
of (), then

Homg (F;X,Y) = Homg (X, F;'Y).

2. REFLECTION FUNCTORS AND CHANGE OF ORIENTATION.

Lemma 2.1. Let I' be a connected graph without cycles, (Q and ()’ be two quivers
on the same graph. Then there exists an enumeration of vertices such that Q) =
opo---001(Q) and i is a +-admissible vertex for o;_1 o --- 001 (Q).
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Proof. Tt is sufficient to prove the statement for two quivers ( and @’ different at
one arrow. So let v € . After removing ~y, ) splits in two connected components;
let " be the component which contains ¢ (7). Enumerate vertices of @” in such a
way that if i — 7 € @7, then ¢ > j. This is possible since Q)" does not have cycles.
Check that Q' = o, 0--- 001 (Q) (here k is the number of all vertices in Q") and i is
a +-admissible vertex for g;_1 0--- 00y (Q). O

Theorem 2.2. Let i be a +-admissible vertex for Q and Q' = 0;(Q). Then F.;"
and F establish a bijection between indecomposable representations of () (non-
isomorphic to L;) and indecomposable representations of Q' (non-isomorphic to L;.)!

Theorem 2.2 follows from 1.1. Together with Lemma 2.1 it allows to change an
orientation on a quiver if the quiver does not have cycles.

3. WEYL GROUP AND REFLECTION FUNCTORS.

Given any graph I', one can associate with it a certain linear group, which is called
a Weyl group of I'. We denote by aq, . . ., o, vectors in the standard basis of Z' = 7",
a; corresponds to the vertex ¢. These vectors are called simple roots. For each simple
root «; put

ri(z) =2— Mai.
(v, i)
One can check that r; preserves the scalar product and r? = id. The linear transfor-
mation r; is called a simple reflection. If I' has no loops, r; also preserves the lattice
generated by simple roots. Hence r; maps roots to roots. If I' is Dynkin, the scalar
product is positive-definite, and r; is a reflection in the hyperplane orthogonal to «;.
The Weyl group W is a group generated by ry,...,r,. For a Dynkin diagram W is
finite (since the number of roots is finite).

Example. Let I' = A,. Let €1,...,5,41 be an orthonormal basis in R™™!. Then
one can take the roots of I' to be €, —¢;, simple roots to be e1 —€9,e2—¢3, ..., €n—€n+1,
ri(ej) = 01if j # 4,0+ 1, and 7 (5;) = €i41. Therefore W is isomorphic to the
permutation group Sy41.

One can check by direct calculation, that (1.1) implies

Lemma 3.1. If X is an indecomposable representation of () and dim X = x # «,
then dim FXX = r; ().

An element ¢ = ry...7r, € W is called a Coxeter transformation. It depends on
the enumeration of simple roots.
Example. In the case I' = A,, a Coxeter element is always a cycle of length n+ 1.

Lemma 3.2. If¢(x) = z, then (z, ;) = 0 for all i. In particular for a Dynkin graph
¢(x) =z implies x = 0.

We will denote by the same letter L; the representations of quivers with different orientation.
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Proof. By definition,
2 (Oéi, r+aar+ ... ai_lai_l)
(v, ;)

The condition ¢ (z) = x implies all a; = 0. Hence (z, a;) = 0 for all i. O

clx)=z+araq + -+ apoy,, a; = —

4. COXETER FUNCTOR.

Let @ be a graph without oriented cycles. We call an enumeration of vertices
admissible if ¢ > j for any arrow ¢ — j. Such an enumeration always exists. One can
easily see that every vertex i is a +-admissible for o;,_j0---00y (@) and —-admissible
for 0;41 0+ 00, (Q). Furthermore,

Q=o0,00,10-001(Q)=01000,(Q).
Define Coxeter functors
Pt =Fto--oFy oF, & =F oF, 0---0F,.

Lemma 4.1. (1) Homg (P~ X,Y) = Homg (X, ®TY);
(2) If X is indecomposable and ®*X # 0, then &~ dT X = X;
(3) If X is indecomposable of dimension x and ®*X # 0, then dim ®*X = ¢ (x);
(4) If @ is Dynkin, then for any indecomposable X there exists k such that

(@) X = 0.

Proof. (1) follows from Lemma 1.2, (2) follows from Theorem 1.1, (3) follows from
Lemma 3.1. Let us prove (4). Since W is finite, ¢ has finite order h. It is sufficient
to show that for any z there exists k such that ¢* (z) is not positive. Assume that
this is not true. Then y = x +c(x)+---+ "1 () > 0 is ¢ invariant. Contradiction
with Lemma 3.2.

O
Lemma 4.2. ®* does not depend on a choice of admissible enumeration.
Proof. Note that if i and j are disjoint and both + (—)-admissible, then F;" o F;’ =
Ff o Ff (F o Fr=F;o F7). If a sequence iy,...,i, gives another admissible
enumeration of vertices, and i = 1, then 1 is disjoint with i, ..., 4x_1, hence

F1+OF'+ o---0 FT =F7T o---oF-"'oFl"'.
h—1 11 T—1 1

Now proceed by induction. Similarly for &~. O

In what follows we always assume that an enumeration of vertices is admissible.

Corollary 4.3. Let () be a Dynkin quiver, X be an indecomposable representation of
dimension x, and k be the minimal number such that ¢*™ (z) is not positive. There
exists a unique vertex i such that

l’:C_k’f’l...’f’i_l (Oéi),)(g (é_)kOFl_O---OF-__l(LZ’).

(3
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In particular, x is a positive root and for each positive root x, there is a unique (up
to an isomorphism) indecomposable representation of dimension .

Proof. Follows from Theorem 1.1 and Lemma 3.1.

5. FURTHER PROPERTIES OF COXETER FUNCTORS

Here we assume again that @) is a quiver without oriented cycles and the enumera-
tion of vertices is admissible. We discuss the properties of the bilinear form (, ). Since
we plan to change an orientation of () we use a subindex (, >Q, where it is needed to
avoid ambiguity.

Lemma 5.1. Let i be a +-admissible vertex, Q' = 0; (Q), and (, ), ;) the corre-
sponding bilinear forms. Then

(ri () >y>Q’ = (7 (y)>Q .

Proof. 1t suffices to check the formula for a subquiver containing ¢ and all its neigh-
bors. Let ' = r; () and ¥’ = r; (y). Then

T = —ZEH-ZI;', y; = —yi+zyj>

i#£j i#j
@) g =y — 2>y + Y wyy =~y + Y s,
i#] i#] i#]
@,y = xa — v} Y wp = =2+ > ;.
i#j i#j

Corollary 5.2. For a Coxeter element ¢ we have
(@), y) = (z.c(y)).
If o (V) # 0,9 (X) #0, then
dim Ext' (X, ®* (V)) = dimExt' (¢~ (X),Y) .

Proof. First statement follows directly from Lemma 5.1. The second statement fol-
lows from the first statement, Lemma 1.2 and the identity

(z,9)o = dimHomg (X,Y) — dim Ext! (X,Y).
U

Let A = k(Q) be the path algebra. Recall that any indecomposable projective
module is isomorphic to Ae;.

Lemma 5.3. F;"o---0 F/" (Ae;) =0, F;" o0 F} (Ae;) & L;.
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Proof. One can check by direct calculation that for each component e;Ae;, e;Ae; = 0
for j > 7, and

Ffo---oF (ejAe;) = ejAe; for k < j, Fjf o---0 F (e;Ae;) = 0.
UJ

Corollary 5.4. ®* (P) = 0 for any projective module P. For any indecomposable
projective Ae; we have

(5.1) Ae; =F  o---o0F_, (L;).

Proof. The first statement follows from Lemma 5.3 immediately. For the second use

Theorem 1.1 and Lemma 5.3.
O

An injective module is a module I such that for any injective homomorphism
1 : X — Y and any homomorphism ¢ : X — [, there exists a homomorphism
Y Y — I such that ¢ = 1 oi. A module I is injective iff Ext* (X,I) = 0 for any
X. One can see analogy with projective modules, however in general there is no nice
description of injective (like a summand of a free module).

Exercise. Check that Q is an injective Z-module.

In case when A is a finite-dimensional algebra, injective modules are easy to de-
scribe. Indeed, the functor D : A — mod — mod — A such that D (X) = X*
maps left projective modules to right injective and vice versa. Therefore any inde-
composable injective module is isomorphic to (e;A4)". Since D o ®* = &~ o D, one
can see easily that &~ (I) = 0 for any injective module I. Moreover, one can prove
similarly to the projective case that

(6jA)* =~ Frj— 0---0 F;:_l (L;) .
Let P(j) = Aej and I (j) = (e;A)" and p(j) = dim P (j), i (j) = dim [ (j). Then

(5.2) cp@)=rn-.r(p() =101 (—ay) = =i (j).
Note that Ext' (Ae;, X) = 0 for any X and dim Homg (Ae;, X) = x;. Hence
(5.3) (p(),z) = ;.

On the other hand, Ext' (X, (¢;A)") = 0 and
Homg (X, (e;A)") = Homg (e;A4, X*),
which implies dim Homg (X, (e;A)*) = x;. Thus, we obtain
(5.4) (z,i(j)) = ;.
Combine together (5.2), (5.3), (5.4) and get
(7)) + {x,c(p(4))) = 0.
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Since p(1),...,p(n) form a basis, the last equation implies that for arbitrary x and
)
(5.5) {y,z) + (z,c(y)) = 0.

6. AFFINE ROOT SYSTEM

Let I' be an affine Dynkin graph. Then the kernel of bilinear symmetric form in
7™ is one-dimensional and generated by

0 = apgag + a101 + -+ - + anon,.

We assume without loss of generality that the vertex ag is such that ap = 1. By
removing 0 from I'" we get a Dynkin graph which we denote by I'°. In affine case
roots can be of two kinds: real, if ¢ (o) = 1, or imaginary, q (a) = 0.

Lemma 6.1. Imaginary roots are all proportional to 9, real roots can be written as
a +md for some root § of I'°. Every real root can be obtained from a simple root by
the action of the Weyl group W'.

Proof. The first statement is obvious, the second follows from the fact that ¢ (o) =
q (o +md), hence the projection on the hyperplane generated by «aq, ..., maps a
root to a root. To prove the last statement, note that r; maps every positive root
different from «; to a positive root. Let a be a positive real root, a = agap+- - -+a,au,,
and h(a) = ap + a1 + -+ + a,. Then (a, ;) > 0 at least for one i. But then
h(r; (a)) < h(a). Thus, one can decrease h () by application of simple reflection.
In the end one can get a root of height 1, which is a simple root. Similarly for negative
roots. 0

7. KRONECKER QUIVER

In this section we use Coxeter functors to classify indecomposable representation of
the quiver A; = e = o. The admissible enumeration of verticesis 1 = 0, d = ap+ ;.
Positive real roots are

mag+ (m+1)ay=—a;+(m+1)d, (m+1)ag +mag = a3 +md, m > 0.
The Coxeter element ¢ = ryrq satisfies
clag) =a; +29, c(d) =0.

Let = may+16. If m > 0 then ¢* () is not positive for sufficiently large s. Hence if
X is indecomposable of dimension z, then (#7)° X = 0. If m < 0, then (®7)* X = 0.
Thus if m # 0, then as in the case of Dynkin quiver, X can be obtained from some
L; by application of reflection functor. In particular, we obtain that the dimension
of an indecomposable representation is always a root and if this root is real, then
the indecomposable with this dimension is unique up to an isomorphism. Indeed, we
have either
Em :>§ km—i—l’
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where A = (1,,,0), B = (0,1,,), or
et =6 gm
where C' = A', D = B,

Classification of indecomposables of dimension mJ is equivalent to classification of
pairs of linear operators (A, B) : k™ — k™ up to equivalence (A, B) ~ (PAQ™', PBQ™).
Assume that A is invertible, then one may assume that A = Id, and then classify B up
to conjugation. Indecomposability of the representation implies that B is equivalent
to the Jordan block with some eigenvalue p. Denote the corresponding representa-
tion by p,. If B is invertible, then A is equivalent to a Jordan block. Denote such
representation by o,. One can see that p, is isomorphic to o,-1 if ;1 # 0. Now let us
prove that at least one of A and B is invertible. Indeed, indecomposability implies
that Ker AN Ker B =0. Hence A + tB is invertible for some ¢. Without loss of gen-
erality one can assume that A +tB = id. But then either A or B must be invertible.
Thus, we proved that indecomposable representation of dimension (m,m) = § are
parameterized by a projective line.

For other affine quivers, the situation is more complicated, as there are real roots
vxhich remain positive under Coxeter transformation. For example consider the quiver
D,

Then ¢ (a1 4+ a2 + as) = ay + oy + a5, ¢ (a1 + a2 + ag) = 0.



