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Fix the following notation: let S be a scheme of characteristic p, X — S smooth. Let Dx,s(1) denote the
structure sheaf of the divided power neighborhood of the diagonal in X x¢ X, D% / 5(1) the structure sheaf of the

nth infinitesimal divided power neighborhood, Py 5 the structure sheaf of X x5 X (all considered as Ox-algebras).
Let J denote the ideal of the diagonal in Px,g, and J the ideal of the diagonal in Dx/g. Let z1,...,z, be a
local coordinate system for X, and &I*! (k € N") the corresponding basis of Dx/s(1). Finally, let ¢; (i =1,...7)
denote the canonical basis of N".

Lemma 1. Let f,g: Ox — Ox be PD differential operators of order < m,n, respectively. Then for any section
z of Ox, if we setn=1@x—z®1€J, then (go f)(nl"+) = f(nim)g(ni").

Proof. By definition, we calculate g o f by first taking §™™(nlm+7l) = Z;njon nbl @ plmtn=il = gl g pm]
in DX/S( ) ® DX/S(l). We now apply id®f, which gives 5™ (1 @ f(nl™)). However, since 5" ¢ J* and
1@ f(n™) — f(n™) @ 1 € J, we see that nl"l(1 @ f(n™)) = fnlmhHnl in D;/*S"(l). Thus, applying g gives
F(nmhg(nl™)), as desired. O

Lemma 2. Let 0 : Ox — Ox be an Og-derivation, and let D : Ox — Ox be the unique PD differential operator
of order < 1 such that D* = 9. Then DP(¢IFl) = 0 whenever |k| > 2, except that DP(¢P<il) = D(¢lelyP = (9a;)P
(i=1,...,7).

Proof. Since DP is a PD differential operator of order < p, DP(£*]) = 0 whenever |k| > p. If 2 < |k| < p, but
k # pe; for any 4, then in fact £/ is in the image of the natural map Pxss — Dx/s(1), so the result follows
from the fact that (DP)* = ) is an @g-derivation and thus a differential operator of order < 1. Finally, an
easy induction using the previous lemma shows that D" (nl"l) = D(n)" for all r, so in particular setting 7 = p and
n=2¢l =1®a; —x; @1 gives the desired result for k = pe;. O

Corollary 3. IfV: & — Qk/s ® & is an integrable connection, then the p-curvature (V) : %ﬂom(Q}X/S, Ox) —
Fx.éndeg, (&) is p-linear.

Proof. Since the statement is local, we may choose a local coordinate system. Let 0 : Ox — Ox be a derivation,
D the PD differential operator of order < 1 with D’ = 9, and f a section of Ox. Set E = (fD)P — f”DP then
by the previous lemma, E(¢F) = 0 whenever |k| > 2. In particular, E(¢P<l) = (fD(¢lel))P — frD(¢led)r = 0.
Thus, F is a PD differential operator of order < 1, so V(E) = V(E”). This means that

V(D) = frV (D) = V((f0)P) = frV(9P), ie.

V(f0) = V((f0)P) = [PV (0) — V(0P

Similarly, for additivity, let 01,0 : Ox — Ox be two derivations, and let Dq, Dy be the PD differential
operators of order < 1 with D! = ;. Set E = (D + D5)? — D? — Db, Again, E(£¥) = 0 whenever |k| > 2,
since for k = pe; we calculate E(£P<il) = (Dy(¢le]) + Dg(f[e’ )P — Dy(Elh)P — Dy(gl¢))P = 0. Thus, E is a PD
differential operator of order < 1. Once more, V(E) = V(E®) implies
(

V(D1 + Da)? — V(D1)P — V(Do) = V(01 + 82)®)) — V() — V(). ie
V(01 + 02" = V(01 +02)P) = [V(01)” = V(O1”)] + [V(82)" = V(25"



