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Abstract

[Refer to Breen and Messing paper.] This article gives generalizations of the definitions given in that paper

which define Q()?/)s and (% ¢ intrinsically in the log scheme case.

Let f : X — S be a morphism of log schemes. Recall that if # is an @x-module, then a log derivation
(Ox, Mx) — F over S consists of a pair of maps d: Ox — F and § : M x — F satisfying:

1. d is an Og-derivation.
2. If m is a section of #x, then d(a(m)) = a(m)dm, where o : M x — Ox gives the log structure of X.
3. § is additive.

4. If m is a section of .#g, then dm = 0, where m is considered to be a section of .#x via the map f# :
f~Y#s — #x given by the morphism.

We then define Q% /5 as the left universal sheaf with a given log derivation (Ox, Mx) — Q% /s
We begin by giving a geometric construction of Qﬁf /s

Theorem 1. Let Px/s = Ox @¢4 Ox, considered as an Ox -algebra by multiplication on the first factor, and let
Qx/s be the Px,g-algebra given by generators t™ for m a section of .#x , subject to the relations

1. (a(m) @ 1)t =1 a(m).

2.t =gy,
3. If m is a section of Mg, then t™ = 1.

Let J be the ideal of Qx,s generated by 1® f — f®1 and t™ — 1. (This can also be described as the kernel of
the map Qx5 — Ox which extends the multiplication map Px,g — Ox by sending t™ + 1.)
Then Q%{/s ~ J/J?, with the log derivation given by df =1® f — f®1 and ém = t™ — 1.

Proof. To check we have a log derivation (Ox,.#x) — J/J?, first we have that d is an &s-derivation by the same
proof as in the non-logarithmic case. Now if m € .#x, then a(m)ém = (a(m)@1)(t"™—1) = 1®a(m)—a(m)®1 =
d(a(m)). Also, since (t™ —1)(t" —1) € J?, §(m+n) =t™ " -1 = (t™ —1)+ (" — 1) = dm+dn in J/J?. Finally,
if m € Mg, then dm =t" —1=0.

Now suppose we have another log derivation (d’,d") : (Ox, #x) — %. Then any member of J can be
written as ) .(f; ® g;)t™, where >, figi = 0. Now for each i, (f; ® g:)t"™ — fi @ gi — (figi @ )t™ + fig; ® 1 =
[i(1®g; —g; ® 1)(t™ — 1) € J?. Therefore, this sum is equivalent to > .(fi ® g; + (figi ® 1)t™ — fig; ® 1) =
D fil®g — g ®1) + (figi @ 1)(t™ — 1)) = > °.(fidgi + figidm;), since >, figi ® 1 = 0. Thus, if the log
derivation factors through .J/.J?, the map J/J? — .Z must be given by Y, (f; ® g:)t™ — >_.(fid'gi + figid'm;).

It only remains to check that the map defined in this way is well-defined, since it is obviously &x-linear, and it
sendsdf = (1@ )t — (f@ )t — A1d' f+f60)—(fd'1+f60)=d' fand dm =t"—-1= (1@ 1)t" - (1x1)t° —
(1d'1+16m) — (1d'1 +16'0) = §'m. First, we check that multiples of the relations defining Qx,s are sent to
0. However, Qx/s can be expressed as a quotient of Px/gs[.#x], which already eliminates relations tmtn = gmyn,
Now (f@g)t"-((a(m) @ 1)t — 1@a(m)) = (fa(m)@g)i™ " — (f@ga(m))t" > (fa(m)dg+ fga(m)d(m-+n))—
(f d(ga(m)) + fga(m)d'n) = fa(m)d'g— (Fgda(m) + fa(m)d'g) + foa(m)§'m = fg(da(m) — a(m)d'm) =0,



Finally, if m € .#s, then (f®@g)t" - (t" —1) = (f@gt" ™" — (f@g)t" = (fd'g+ fgd'(m+n)) - (fd'g+ fgd'n) =
fgd'm =0.

Now let (32;(fi ® gi)t™)(32;(a; @ bj)t™) = 32, (fia; ® gibj)t™*"i € J?, with 3=, figi = 35 a;0; = 0.
This element is sent to Z” (fia; d'(gib;) + figiajb;o’ (m; +nj)) = Ei)j(fiajgi d'b; + fia;b;d'g; + figiajb;d'm; +
figiajbjé'n;). Here, the sums of the first and fourth terms are zero since ), fig; = 0, and the sums of the second
and third terms are zero since ) j ajb; = 0. Since such products generate J2, we are done. O

The geometric intepretation is as follows: Spec(Qx/s) is an open subset of a log blowup of Spec(Pyx,5) =
X xg X, and J is the ideal of the strict transform of the diagonal. Following [the paper], if we let Al /s =
Spec(QX/s/JQ) be the closed subscheme defined by .J?, then Q%{/s is just the sheaf of ideals of the diagonal in
A% /s Generalizing this similarly to [the paper|, we give the following definition:

Definition 1. Let P, = ®?:0 Ox, and let p, : Ox — P be the n + 1 coprojection maps, f—1®---1®

X/s = X/S
fR1---®1. Let Qg?/)s be the P)(g;)s-algebm given by generators t7% for 0 < r,s < n, m € MY, subject to the
relations

1. pr(a(m))ts = ps(a(m)).
2. mAn — ¢gmygn

rsvrs”

3. If m is a section of Ms, then ], = 1.

o T =t
5otm =1,

Let J,s be the ideal of Qg?/)s generated by p,(f) — ps(f) for f € Ox and t7, — 1 for m € #%". (This is the

kernel of a natural extension of the multiplication map P P which multiplies positions r and s.) Let

X/5 X/S
J2 = J2., and let AP = Spec Q(") IV, Let Jys denote the image of Js in the ring of functions
on 0<r<s<mn “rs X/S X/S!“0n
of AY)g. Then W) =TT1, Joi.

Note that this definition coincides with the above construction of Q7 /s in the case n = 1, if we let tg; = ™

and #7y = 2 — t™, so that tfit7 = 1 (mod J?) since (#™ — 1)? € J2. We now need a couple lemmas before the

(n)

main result on \I/X/S.

Lemma 2. Jos C Jgr + Jrs.

Proof. We havepq(f)fps(f) = (pq(f)7pr(f))+(pr(f)7ps(f)) € qu+<]rs- Also, tZ;*l = (tﬁfl)t%+(t%*1) S
Ty + Jrs. O

Lemma 3. The symmetric group Sp+1 acting on the factors of Qg?/)s, such that o -p.(f) = po(ry(f) and o -7 =

to(ryo(s)s induces the sign character on ‘Ilg?/)s

Proof. Applying a permutation to one of the relations in Qg?/)s gives another relation, so the action on Qg?/)s is

well-defined. Since this action clearly sends the ideal J;.s to Jy(r)o(s) in Qg?/)s’ it preserves Jéz). Also, if 0(0) =0

n
it clearly preserves [, Jo; also; otherwise, if o(0) = r, the image of \I/g?/)s is [To<icn, izr Jyi- But by the previous
lemma, J,; C Jyo + Joi, so this is contained in J,q H1gi§n,i7&r(jr0 + jOi) = Jor ngign,#r Joi = \I'g?/)s, since
jEO = 0 and jOr = er' (ThlS last is because pr(f) 7p0(f) = 7(p0(f) 7pr(f))a and t;r"r(L) -1= 7t%(t81 - 1))

Therefore, we get an action on \I/g?/)s Now using this symmetry, it suffices to show that transposition of 0 and 1

induces multiplication by —1. By definition, \I/g?/) g C Jot, so it suffices to check this on multiples of the generators
of j01 .



However, we have 101po(f) — po(f) = p1(f) — po(f) € Jo1; To1p1(f) — p1(f) = po(f) — p1(f) € Jo1; and
To10r(f) — pr(f) = 0 if r # 0, 1. Similarly, 7o1tf; — t0; = 74 — t0h = — (7L — 1) (1 + ¢70) € Jo1; and 7o1tg. — tL =
tn —tor = —(thy — Dt7L € Joy for r > 1. Therefore, for every x € Qg?/)sv To1z = 2 (mod Joy1), since 7y respects
the ring structure, and the ring is generated by elements p,.(f) and t{..

_ Inaddition, 7o1(po(f) —p1(f)) +(po(f) —p1(f)) = 0, and o1 (5} — 1)+ (£} — 1) = 5} +11h —2 = t{(t5; — 1)* €
J&, = 0. Therefore, if y is one of these generators, 791 (xy) + 2y = 1012 - T01y + 2y = (To12 — T) 701y + 2 (T01y +Y) €
jgl = 0 since 191y € le = j01. O

™ g n)

Theorem 4. There is a natural isomorphism QX/S ~Wyg where Qg(/s = /\(n) 0L

X/s s the nth antisymmetric

product of Qk/s )

Proof. The isomorphisms are A : Qg?/)s — \I/g?/)s induced by the map ®%X Qx/s — Q()?/)S given by (f1 ®
G R @ (fo@gn)t™ = (fi fan® g1 @ ® gn)to - tor, and p \I/g?/)s — Qg?/)s induced by the map
Qg?/)s N Qg?/)s given by (fo @ f1 @ -+ @ fu)to - - towm — foldfy + fioma) A -+ A(dfy, + fndmy,). (Here we write
7 =ttty = to,"tge, and we extend Qx/g to contain t™ for m € 4", which doesn’t change the calculation of
Q% g since as we saw above ¢ is a unit in Qx/s/J? for m € Ax.)

To check that A is well-defined, first observe that the image under p, of any relation in Qx,g gets sent to

a corresponding relation in Q()?/)S with ¢™ replaced by 7%, so the map " Qx/s — Qg?/)s is well-defined. Now

the image of p,J is Jo,, so the image of J ® --- ® J? ® --- ® J is contained in JZ. C Jéi), and the image

of @"J = [[;= 1 piJ is [;=, Jo;- Thus, we have a well-defined map @, /5 — \Ilg?/)s Under this map,
permuting the factors of ®" Qx /s corresponds to permuting the corresponding factors in Qg?/) s (leaving factor 0
fixed), so by the lemma on permutations of \Ifg?/)s, it induces a map A : Qg?/)s — \I!g?/)s

To check that p is well-defined, we first check that multiples of relations in Qg?/) g get sent to zero. However,

multiples of relations t™+™ — ¢m¢n tgs — tgrtys, and 7 — 1 are already eliminated by expressing Qg?/)s as a

quotient of P)((T;)S (A5, ..., H5] as above. The check that multiples of po(a(m))tg: — py(a(m)) and ¢j: — 1 for

m € .#s get sent to zero is similar to the check in the proof that Qﬁ(/s ~ J/J2. Now p,.(a(m))t™ — ps(a(m)) =

[po(a(m))tTL — ps(a(m))] =t [po(a(m))thr — pr(a(m))], and t7% — 1 = 74 (th: — 1) — 74 (th: — 1), so checking these
cases is sufficient.
Again, checking that J2. gets mapped to zero is similar to the check that J? is mapped to zero in the proof

that Qﬁ( /s~ J/J?. Now for the rest of Jéi), it suffices by symmetry to check that the image of J%, is zero. Thus,

if we denote d™*f = ps(f) — p-(f), we have d2 fd'?g = (d*2 f — d®' f)(d®%g — d*1g) = —d*' fd°2g — d*'gd®2 f
(mod J2 + JZ;). Now if we multiply by (fo ® -+ @ fu)tg)! -+ -torr, then since py(f1)t);* — po(f1) € Jo1 and
p2(f2)t052 — po(f2) € Joz, while db2fdb2g € J3 + J3, + Jo1Joz, it is equivalent (mod J& + J&) to multiply by
(fofifo®@1®1® f3® -+ @ fo)tgs’ -~ to,. Now this product gets sent to fofifo(=df Adg — dg Adf) A(dfs +
f3dmz) A+ Aldfy, + fodmy,) = 0. If we let 6™*m = t™ — 1, then we get similar proofs for 62md"?f and
§12mét2m’ | using the identity §12m = t736%2m — t756% m.

Now to see u\ = 1, it suffices to check that this relation holds on generators dfy A--- Adf; Admp1 A+ Admy,

of Qg?/)s This generator gets sent by A to d%1 fy - - - d% £;6% " m, 1 - 6% m,,. Now po(f1)d*2fa---3%"m, has 1

in position 1 and has a power tJ;, so this is in the kernel of x. Similarly, by doing the same with the other factors,
this image is equivalent to p1(f1) - pi(fi)tg i1 - ton, which gets sent by p to dfy A--- Adfy Admig1 A~ A dmy,.

Finally, to see Au = 1, we claim that on QE?}S, A= T2, (1 — M;), where M; : Qﬁ?}s - Qg?/)S/Jéi)
is defined by (fo ® -+ @ fa)toy -t = (fofi @ - @1 @ -+ @ fu)to -+ t5, - to. To see this, we have
df; + fidm; = 1@ f; — fi @1+ f;(t™ —1® 1). However, since (1® f; — fi ® 1)(¢t™ — 1) € J2, this is equivalent
to (1® f;)t"™ — f; ® 1. The claim is now straightforward to check.

It is also easy to see that M;(Jo;) = 0; M;(J;) = Jor for r # 0; and M;(J,s) = Jys for r,s # i. Therefore, M;
induces a map Qg?/)S/JéZ) — Qg?/)S/Jéi), and M; is zero on Jo; 2 Qg?/)s Therefore, since the maps M; clearly

commute, Ay =1 on Qg?/)s O



(Note: this proof also shows that (\[_; Jo; = [\, Joi = Qg?/)s)



