Homework 8 Solutions
Math 110

Section 5.1

3. (a)

The characteristic polynomial of A is (1—#)(2—%)—6 = t>—3t—4 = (t—4)(t+1); therefore,
the eigenvalues of A are 4 and —1.
For A\ = 4, we have

Ei= NS [‘33 _22} _ span{(2,3)}.

Similarly, for A = —1, we have
Ei=NS B 3] = span{(—1,1)}.

Thus, {(2,3),(—1,1)} is a basis for R? consisting of eigenvectors; we thus get Q=1AQ = D

for
2 -1 4 0
o=[3 o=l 1)
Let € = {F11, E12, Ea1, Fao} be the standard basis for Myy2(R). Then we see TE11 = Eao,
TE12 = Elg, TE21 = E21, and TEQQ = Ell- Thus,
0 0 0 1
01 00
7l = 0 01 0
1 0 0 O
Now the characteristic polynomial of T is
—t 0 0 1
0 1-—t 0 0
ety o 1t 0
1 0 0 —t

Expanding by minors along the second and third columns, this is equal to (1 —¢)?[(—t)? —

12] = (t = 1)2(t> = 1) = (t — 1)3(t + 1). Therefore, the eigenvalues of T" are 1 and —1.
Now the eigenspace of 1 corresponds to

-1 0 0 1
0O 0 0 O

NS 0 00 0 = span{(0, 1,0,0), (0,0,1,0),(1,0,0,1)}.
1 0 0 -1

In Msyo(R), this corresponds to span{Ejs, Fa1, E11 + Ea2}. On the other hand, the
eigenspace of —1 corresponds to

NS = span{(—1,0,0,1)}.
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(c)

In M5y2(R), this corresponds to span{—FE1; + Ea2}.
Therefore,
5= 0 1 0 0 1 0 -1 0
o 0 0’1 Oo|’|]0 11’0 1

We see that zero is an eigenvalue of T if and only if Tx = 0 for some nonzero vector z € V,
or in other words if and only if T is not one-to-one. Thus, T is one-to-one if and only if
zero is not an eigenvalue of T'; however, since V is finite-dimensional, T is invertible if and
only if T is one-to-one.

diagonalizes T'.

(=) Suppose A is an eigenvalue of T, and find a corresponding eigenvector € V. Then
since Tx = Az, we also have T(A\~'x) = x, so T~z = A~!x. Therefore, A\~! is an eigenvalue
of T71.

(<) If A=1 is an eigenvalue of 1, then by the previous part, A = (A~1)~
of T =(T71)~L.

If A€ M,xn(F), then A is invertible if and only if 0 is not an eigenvalue of A. Also, if A is
invertible, then ) is an eigenvalue of A if and only if A~! is an eigenvalue of A=1. (These
results follow from the previous parts by letting T'= L4.)

1 is an eigenvalue

14. Since (A —tI)t = A' — I, we have

15.

(a)

det(A —tI) = det[(A — tI)"] = det(A" — tI).

We prove this by induction on m; for m = 1, the statement is exactly what we are assuming.
Now suppose z is an eigenvector of 7" with eigenvalue \"*; then we calculate

Ty = T(T™2) = T(\™2) = \™(Tx) = \™(\z) = \" o,

Therefore, x is also an eigenvector of 7™+ with eigenvalue A™*!, completing the induction.

Let A € M, x,(F), and let © € F™ be an eigenvector of A with eigenvalue A. Then for any
positive integer m, x is an eigenvector of A™ with eigenvalue A™. (This follows from the
previous part by letting T'= L 4.)

The ij-entry of A —tI is A;; — td;;. Therefore, we get

f(t) = det(A—tI) = Z sgn(0)(Ax(1),1 —t05(1),1)(As2),2 = t05(2),2) - (Ao(n),n —to(n),n)-
og€Sy,

If o is the identity permutation, this term gives exactly (A1 —¢)(Ag2 —1) -+ (Apn —1). On
the other hand, if o is any other permutation, then o () # ¢ for at least two values of i.
(This is because if o(i) = j # 4 for some i, then o(j) also cannot be equal to j.) Therefore,
any other term of the sum gives a polynomial of degree at most n — 2, so the sum of all the
other terms is also a polynomial ¢(t) of degree at most n — 2.

From the previous part, the coefficient of t"~! in f(t) is equal to the coefficient of t"~!
in (Ay; —t)(Asy —t)--+(Ap, — t), which is (=1)""1(Ay; + Aog + -+ + Ayp). Therefore,
a1 = ()" L(trA),sotrAd=(-1)""1a,_ ;.



X1

X2.

. If A is the given matrix, then A(x1,za,...,2,) = (T2, ..., Tp, —AT] — Q1T — =+ — Ap_1Tp).
Thus, if © = (z1,...,2,) is an eigenvector of A with eigenvalue A\, we must have x5 = Az,
T3 = ATy = A%xq, 24 = Az = 321, ..., £, = A" lz;. Now plugging in, the last entry of Az is
r1(—ag—arA\— - -—a, 1 A" 1) = 21 \". Therefore, for any nonzero scalar ¢, ¢(1,\, A\2,..., A"~ 1)
is an eigenvector of A (and in fact, every eigenvector corresponding to A is of this form).

By the calculations in the previous problem, the eigenspace of each eigenvalue A has dimension
1. Therefore, A is diagonalizable if and only if the characteristic polynomial (—1)™(t"™ +
an_1t" "1+ +ayt + ag) splits, and each eigenvalue has multiplicity 1. This is equivalent to
the condition that the polynomial ¢” 4 a,_1t" "' + - - + a1t + ag have n distinct roots.

Section 5.2

7.

11.

21.

If we apply the diagonalization process to A, we find that A has eigenvalues 5 and —1, with
corresponding eigenvectors (1,1) and (—2,1). Therefore, A = QDQ~*, where

5 0 1 -2 ., 1[1 2
vl Sesf Verslh ]

We thus get

At || T L R X AT

From the given assumptions, we see that the multiplicity of A\; must be at least n — 1, and the
multiplicity of Ao must be at least 1. However, the sum of these two multiplicities is also at most
n. Therefore, the multiplicity of A; is exactly n — 1, and the multiplicity of Ay is exactly 1.

This implies that A; and A\ are the only eigenvalues; also, (A1 — )"~ }(Ay — ¢) must divide
the characteristic polynomial. But (A; — ¢)"~!(\y — ¢) and the characteristic polynomial both
have leading term (—1)™¢, so in fact they are equal. Thus, the characteristic polynomial splits;
dim(E)y,) = n — 1 is equal to the multiplicity of A\j; and 1 < dim(E,,) < 1 since Ay has
multiplicity 1, so dim(E),) = 1 is equal to the multiplicity of Ay. Therefore, A is diagonalizable.

Alternately, taking a basis of E), and adjoining an eigenvector corresponding to A2 gives a
linearly independent subset of V' by theorem 5.8 from the book; this set has n vectors, so it must
be a basis.

Since A is similar to an upper triangular matrix, the characteristic polynomial of A splits.
Therefore, it must be equal to f(t) = (A — )™ (Aa — t)™2--- (A — t)™*. Thus, det A =
det(A —0-1) = f(0) = A" AZ2--- X" . Also, the coefficient of ¢"~! in this polynomial is
(=D)L (myAy +madg + - - + mpAr), so by problem 5.1.21, the trace of A is equal to miA; +
Maoldg + -+ + M Ag.

We use induction on k; the case k = 1 is trivial, and the case k = 2 follows directly from problem
1.6.33 from a previous homework. Now for the general inductive step, let W; = span(f; U
-+ Pr-1), Wa = span(fx). Then by induction, W7 = span(f1) @ --- @ span(fi_1), and V =
W1 @ Ws. We claim that this implies V' = span(8;) @ - - - ® span(Bx_1) @ span(8x). To see this,
first any « € V' can be written y+ z with y € Wy, 2 € Ws. Also, we can write y = y1 +- - -+ yx_1



with y; € span(B1), ..., yk—1 € span(Bg—1). This, x =y + - -+ yr—1 + 2 € span(By) + -+ +
span(Bk—1) + span(0).

Also, suppose that y13 + -+ + yx—1 + yr = 0 with y; € span(B1), ..., yx € span(f;). Then
Yk =
Y1 =

X1.

(a)

-y — - —Yp—1 € Wi N Wy, so yr = 0. This implies that y; + --- + yx—1 = 0, so
- = yr—1 = 0 also since Wy = span(5;) @ - - - & span(Fg—_1).

Let z denote the kth vector; we then see that Axy, = (wW*+wb, 1+w?F WF+w3k . w4

wok 1 + w5k). However, since w’ = 0, we have w® = w= and 1 = W, so Az, =

(wF 4+ w™F)zy. Therefore, x, is an eigenvector of A, with eigenvalue w* + w=*. However,

since wk = cos(22F) + zsln(zgk) and w™F = cos(277rk) — isin(2ZE), this eigenvalue is equal

to 2 cos(2ZE).

For k =1, 2,3, the eigenspace of 2 cos(277rk) has two linearly independent vectors xy, x_j.

Therefore7 {x,g, T_a,..., 23} is linearly independent by 5.8, so it is a basis of C” consisting
of eigenvectors of A.

(In fact, A is diagonalizable over R as well: all the eigenvalues are real, and for k =
1,2,3, 2(@p + 2_p) = (1,cos(22E), ... cos(£27E)) and 4 (zp — 2—p) = (0,sin(2ZE), ...,
sin(127%)) are linearly independent real eigenvectors correspondlng to 2cos(2ZE)

xo = (1,1,...,1), we thus get a basis of R” consisting of real eigenvectors of A.)

. Since

7
Alternately, A is symmetric, and we will see later that any symmetric matrix is diagonal-
izable.

If we move the top row of A to the bottom, this does not change the sign of the determi-
nant, while the result is almost upper triangular. We now reduce A as follows:

1010000 10 1 0 000 1010000
0101000 01 0 1 000 0101000
0010100 00 1 0 100 0010100
0001010 =000 1 010 —-/0001010-
0000101 00 0 0 101 0000101
1000010 00 -1 0 010 0000110
0100001 (00 0 1001 [00000 1 1
101000 0] [t01000 0]
010100 0 010100 0
001010 0 001010 0
000101 0l=/00010T1 0
000010 1 000010 1
000001 —1 000001 —1
000001 1] [000000 2

None of these steps changes the determinant; thus, det A = 2.

From part (b), the eigenvectors of A are 2 with multiplicity 1 and 2cos(28), 2cos(4F),

2 (;05(677T ) each with multiplicity 2. Since the product of the eigenvectors is equal to det A,

we thus get
2 4
27 cos? <77r) cos? <77r) cos (677r) = 2.



Therefore, cos(2F) cos(*X) cos(%Z) = +1. However, cos(2Z) is positive, while cos(“Z) and

cos(%F) are negative, so we conclude

27 s (47 ) cos (&) 1
COS 7 COS 7 COS 7 _8

2. (a) If f € W, then f has degree at most 2, so f’ has degree at most 1 < 2, which implies
f' € W also. Therefore, W is T-invariant.

Section 5.4

] € W, but T(A) — {8 (1)] ¢wW.

(e) In this case, W is not T-invariant; for example, A = {(1) 8

6. (a) We calculate T'(e;) = (1,0,1,1); T?(e;) = (1,-1,2,2); and T3(e;) = (0,-3,3,3) =
3T?(e1) —6T(e1)+3e1. Therefore, the T-cyclic subspace generated by e; is span{(1,0,0,0),
(1,0,1,1),(1,—1,2,2)}. This subspace can also be identified as {(a,b,¢,d) : ¢ = d}.

17. We can rewrite any linear combination col,, + c1 A + A% + - -+ + ¢, AF as p(A), where p(t) =
cpt® + - -+ c1t + co. We now divide p(t) by the characteristic polynomial f(t) of A to get p(t) =
q(t) f(t)+7r(t), where the degree of r(¢) is less than n. This implies that p(A) = q(A) f(A)+r(A);
however, by the Cayley-Hamilton theorem, f(A) = 0. Therefore, p(A) = r(A) is a linear
combination of I,,, 4, A%, ... A" 1,

We have thus shown that span{I,,, A, A% ...} C span{l,, A, A%,..., A"~ 1}; since the right hand
side clearly has dimension at most n, this implies the desired result.

Alternately, consider the linear transformation T' : M, xp, (F) — My, xn(F) such that T(B) = AB.
Then the T-invariant subspace generated by I,, is exactly span{I,, A, A% ...}; but since the
Cayley-Hamilton therom implies that A™ is a linear combination of I,,, A, A%,..., A"~! our
general results on T-cyclic subspaces imply that span{I,,, 4, A2, ...} has dimension at most n.

42. Since A has rank 1, the null space of A has dimension n — 1, which implies that A has eigenvalue
0 with multiplicity at least n—1. On the other hand, A also has eigenvalue n with corresponding
eigenvector z = (1,1,...,1). Therefore, the characteristic polynomial of A must be (—¢)"~*(n —

).



