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ABSTRACT. We give axiomatizations and prove quantifier elimination theo-
rems for first-order theories of unramified valued fields with an automorphism
having a close interaction with the valuation. We achieve an analogue of the
classical Ostrowski theory of pseudoconvergence. In the outstanding case of
Witt vectors with their Frobenius map, we use the d-ring formalism from Joyal.

CONTENTS
0. Introduction 1
1. Preliminaries 3
2. Statement of the main result: an Embedding Theorem 8
3. Discussion of Axioms and Key Base Fields 9
4. The O-ring formalism 13
5. Pseudoconvergence in the o-setting 15
5.1. Equivalent pseudoconvergent series 15
5.2. The basic calculation 15
5.3. Pseudocontinuity up to equivalence 17
5.4. Pseudocontinuity up to equivalence: the 9-ring argument. 17
5.5. Pseudoconvergence to 0 18
6. Around the o-Hensel Scheme 21
6.1. Newton approximation 21
6.2. Pseudoconvergence of o-algebraic type 24
6.3. From o-algebraic type to o-Hensel configuration 25
7. Maximal immediate o-extensions 26
8. Proof of the Embedding Theorem 32
8.1. Making a valued field with isometry pliable 33
8.2. Unramified extensions 36
8.3. Totally ramified extensions 38
8.4. Epilogue 39
9. Completeness and Model Completeness 40
10. Teichmiiller lifts 41
11. Quantifier Elimination 42
12. From characteristic p to characteristic 0 46
References 47

0. INTRODUCTION

Our main objective is to understand the model theory of the rings of Witt
vectors carrying the (relative) Frobenius automorphism. As generally happens in
model theory, the objective is achieved by studying a much wider class of models,
most of which have no particular mathematical interest.

A model for our enterprise is the work of Ax-Kochen and Ershov, henceforth
AEK. In a fundamental series of papers [2, 13] they studied the model theory of
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henselian valued fields (K, v, k,T'), where v : K* — T is a henselian valuation with
residue field k, subject only to the restrictions

a) K has characteristic 0
b) if k has finite characteristic p then v(p) is the least positive element in the
value group.

We call valued fields satisfying conditions a) and b) unramified.

In this case, AEK showed that the theory of K is determined by those of I" and
k.

The most important case is when K = Q,, or an unramified algebraic extension
of Q@p, but the general setting also reveals information about variation in p, codified
by taking ultraproducts of p-adic fields. In this way mixed characteristic theories
converge to theories with characteristic zero residue fields (the pseudofinite fields of
Ax [1]). One gets the famous AEK analogy between generic Q, and generic F,((¢))
(though, alas, the theory of fixed F,((¢)) remains unknown).

Many subsequent authors refined the analysis, linking the type structure of K
with those of T" and k. Denef’s angular component maps (see [9]) come in at the level
of quantifier-elimination, and have remained prominent in recent very sophisticated
work of Denef and Loeser on motivic integration (see [10]).

We will achieve something similar. The (K,v,k,T') of most importance to us
are the completions of the maximal unramified extensions Q;" of Q,, where k =
]Fglg, the algebraic closure of Fj,. These are the fraction fields W(Fglg ) of the rings
W[Fglg} of Witt vectors over IFglg , and carry o, the Witt Frobenius (see Example
1.2), satisfying o,(xz) = zP (mod p). A field with an automorphism is called a
difference field. We will usually denote the distinguished automorphism by o. To
study the theory of those (K, v, k,I",0) we make a more general study of difference
fields carrying a valuation. Though the model theory of difference fields has seen
spectacular development (and applications) (see [7]), this does not help us much,
except at the end of this paper when we study the variation in p of the completions
of Q,", and get information on types via the work of Hrushovski and Macintyre
[15, 21] on variation of the Frobenius z — zP.

Our main achievement is an analogue, in the setting of difference fields carrying
a valuation, of the classical Ostrowski theory of pseudoconvergence (used by AEK).
This is quite delicate, and requires some restrictions on how ¢ interacts with k£ and
T". For example, we shall require that o induces the identity map on the value group
and that it reduces to some given automorphism & on the residue field. Under these
restrictions maximal immediate o-extensions behave well, and from there we can
proceed to analogues of the AEK results, for example showing that in the case k
has characteristic 0 the theory is determined by of those of (k,&) and T'. In the
mixed case, with k of characteristic p , v(p) = 1, and & = Frobenius, the theory is
determined by those of k and I'. In all cases we describe the types of K in terms
of those of (k,7) and T, using angular components.

In the analysis of the Witt-Frobenius case, we make use of the d-ring formalism
from Joyal’s [16]. However we do not pursue the issue of an axiomatization in those
terms.

The paper is organized as follows. In section 1, we establish basic notation and
assumptions and recall some key facts from valuation theory and the notion of
angular component map. Section 2 contains a precise statement of the key result,
a general Embedding Theorem. The main model theoretic results of this paper
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are applications of this Embedding Theorem: for valued difference fields which it
applies we obtain completeness and model-completeness theorems (sections 9, 10),
quantifier elimination (section 11), completeness and decidability theorems when
we vary p (section 12). In section 3, we axiomatize the basic properties involved in
our work and single out the key base fields for which we are successful. In section
4, we introduce the formalism of J-rings. In section 5, we develop the theory of
pseudoconvergence in the o-setting. The main new feature here is the failure of
continuity of o-polynomials with respect to pseudoconvergence, in contrast to the
purely algebraic setting where polynomials have this kind of continuity (Lemma
5.1). The crucial observation is that enough continuity can be preserved modulo an
equivalence relation on pseudoconvergent sequences (Definition 5.3). This section
is devoted to establishing the appropriate version of the new continuity (Theorem
5.9), and valued difference fields for which we have it will be called pliable. In
section 6, we establish some basic facts about the o-Hensel scheme, which plays
the role of Hensel’s lemma in the classical setting, particularly with respect to
pseudoconvergence. In section 7, we establish the existence and uniqueness of
maximal immediate o-extensions for pliable valued difference fields, in analogy
with the classical setting. In section 8, we prove the Embedding Theorem, again in
analogy with the classical situation (see e.g. [18]).

For basic model theory we refer to [23]. For the basic theory of pseudoconver-
gence and valuations we refer to [26, 18, 30], and for Witt vectors to [32]. For the
basic theory of difference fields we refer to [8]. Our difference fields are the inversive
difference fields of [8].

1. PRELIMINARIES

We will use boldface notation for multivariables and uples, e.g. « = (zq, ..., Z,).
For a ring A, A* will denote its multiplicative group of units.

We will be working with fields K of characteristic 0 with valuation v : K* — T°
and residue field k, V' will be the valuation ring, and ~ will be used (in a variety
of contexts) for reduction to k from V. In particular, if F € Vi]xg,...,z,], F
is the reduced element in k[xg,...,2,]. The field K will carry in addition an
automorphism o, and we generally denote this structure as (K,v,k,T',0). We will
denote by Fix(o) the fixed field of o.

From the outset we require o be an isometry!:

Axiom 1. Vz v(o(x)) = v(z).

Definition 1.1. We say that (K,v,k,T,0) is a valued field with isometry if it
satisfies Axiom 1.

On model theoretic grounds requiring that ¢ induce the identity on I' is natural
if we aim for the existence of model companions of theories of (K,v,k,I',0), by
a result of Kikyo [17]. The axiom obviously implies that o is continuous for the
valuation topology, and o reduces to an automorphism & of k.

Ezample 1.2. Take k perfect, characteristic p, K = W (k) = the field of fractions
of the ring of Witt vectors Wk]. Let 7 : k — W{k] be the Teichmiiller map, i.e.
the (unique) multiplicative section of the reduction map. Every z € W (k) has a

IThis terminology is taken from the literature [12].
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unique representation z = - 7(2,)p",no € Z, and one has the automorphism
op(T) = > 5, T(@n)Pp", the Witt Frobenius.

Example 1.3. Let k be as in the previous example and f any automorphism of k.
Then, as above, one has the automorphism of W (k) given by o¢(z) = >_, -, 7(f(zn))p".
In fact, by the universal property of Witt vectors ([32], IL.5, prop. 10), any isometry

of W (k) is of this form.

Ezample 1.4. Take k a field of characteristic 0, K = k((t)), and f an automorphism
of k. Then we get the automorphism of K defined by ¢} znt™) = > f(an)t".

These examples satisfy another property, namely:
Axiom 2. VzIy(o(y) =y Av(z) = v(y)).

Definition 1.5. We say that (K,v,k,T',0) has enough constants if it satisfies
Axiom 2.

One should note a minor logical difference between the two axioms. In our
category of structures (K, v, k,I', o) substructures are fields closed under o. Being a
valued field with an isometry passes to substructures, while having enough constants
does not.

We say an extension of valued fields carrying an automorphism is immediate if
it is immediate as an extension of valued fields. We assume known the theory of
pseudoconvergence, which elucidates these extensions. We use the variant where
only eventual behavior is required: e.g. an ordinal-indexed (without a maximum)
sequence {a,} is a pseudoconvergent series (henceforth p.c.) if there is an index
po such that for all ps > ps > p1 > po we have v(a,, — ap,) > v(ap, — ap,)
([26], or see [18]). We will use the notation {a,} ~» a for the statement that {a,}
pseudoconverges to a (or, a is a pseudolimit of {a,}). It will be very useful to use
the notation ~, for the eventual (d-independent) value v(as — a,) for 6 > p. The
width of {a,} is {y € T U{oo} : v > =, all p}, and is important precisely because
if {a,} ~ a then {a,} ~ b if and only if v(a — b) is in the width of {a,}.

A useful observation is that if {a,} is p.c. in a valued field, possibly with extra
structure, then {a,} has a pseudolimit in an elementary extension.

One should observe that under immediate extensions having enough constants is
preserved. The isometry axiom is also preserved, provided the automorphism is a
valued field automorphism (as it will be if we work in an ambient valued field with
an isometry).

We will extend the classical theory of henselisation, and we will make heavy
use of the classical theory. We review the crucial fact. The property henselian
(for fields) is first-order, and every valued field K has a henselisation K — K",
immediate algebraic over K. Any isomorphism of valued fields extends uniquely to
an isomorphism of their henselisations. A reference for all this material is [27].

This leads to a very useful lemma.

Lemma 1.6. If (K,v,k,T,0) is a valued field with an automorphism o of valued
fields, then o extends uniquely to a valued field automorphism o" of K. If (K, o)
is a valued field with isometry having enough constants, then so is (K", o™).

We will make some use of the so-called coarse valuation, a standard tool in the
classical setting. The following lemma gathers the basic facts needed.
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Lemma 1.7 (The coarse valuation). Suppose (K,v,k,T',0) is unramified and the
characteristic of k is p > 0. Let 'y be the convex subgroup of I' generated by
v(p) and v : K* — T'/Ty be the composition of v and the canonical quotient map
' —= T'/T.
i) The map o is a valuation.
i) If (K,v,k,T,0) is a valued field with isometry (resp. having enough con-
stants), then (K,v,k,T/To,0) is also a valued field with isometry (resp.
also has enough constants), where k is the residue feld for v.
iii) The residue field k of ¥ has characteristic 0 and is isomorphic to a subfield
of W(k). If k is perfect and oy is the automorphism of W (k) induced by
f =& as in Example 1.3, then k is isomorphic to a difference subfield of
(W(k)v Uf) .

Proof. (i) This is routine and well known (e.g. see [30], chap. 1).

V = {z:v(z)>~, somey ey}

o = {z:v(z)>To}
No ramification gives p & ji, so k = V/ji has characteristic 0. The field V/z
carries a valuation given by vo(xz + 1) = v(x). The map o induces ¢ on k by
6(x + 1) = o(x) + f. It bears noting that the reduction map from V to k factors
as the composition of the reduction map from the valuation ring of vy to k with
the reduction map on V restricted to V' so that ¢ induces o on k. Obviously,
(k,vo,k,To,0) is a valued field with isometry having enough constants, and has

value group I'g = Zuv(p), so is isomorphic to a subfield of W (k), and if k is perfect
to a difference subfield of (W (k), o). O

Angular component maps are natural in the context of quantifier-elimination
results in valued fields (mainly in the work of Denef’s school (see [24])), and exist
for Ny-saturated K (see below).

Definition 1.8. Let (K,v,k,T') be a valued field. An angular component map?® is
a map ac: K* — k* so that

i) ac is a multiplicative homomorphism;
ii) the restriction of ac to {y : v(y) =0} is y — 7.

An angular component map corresponds to a splitting of the exact sequence?

l1— k" — K'/l1+maxV —T —0

where max V' is the maximal ideal of V' (see e.g. [4]). Note that ac exists whenever
k* is pure-injective, in particular when (K, v, k,T') is R;-saturated. Also, if 7 : T' —
K* is a cross-section then z — z/7(v(z)) is an angular component map.

In fact we will need only an angular component map ac on Fix(co). Indeed, under
the assumption that the valued field with isometry has enough constants, if ac is
an angular component map on Fix(o) it can be extended uniquely to the whole of

K: for z € K, let y € Fix(o) such that v(z) = v(y), then ac(z) = ac(y) - y~'z.

20r coefficient map.
SKrasner’s “corpoide”, see [4].
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Definition 1.9. Let (K, v,k,T) now be an unramified valued field of characteristic
0 with k of characteristic p > 0 and consider the natural maps

res, : V—=>V/(p") , n=12...
A system of angular component maps is a system ac,, : K* — (V/(p™))* such that
i) each ac, is a multiplicative homomorphism;
ii) the restriction of ac, to {y : v(y) = 0} is resy;
iii) ac, is the composition K* "5 (V/(p”“))* — (V/(p"))* where — is
the natural map.

Ezample 1.10. In W(k), the maps = — res,(zp~"*)) yield a system of angular
component maps.

Again, suitable ac,, exist if k* is pure-injective or if one has a normalized cross-
section, thus under Yi-saturation. As above, if (K, v, k,T",0) has enough constants,
it suffices to have angular component maps ac,, for Fix(c).

When using angular component maps for (K,v,k,T',0) we require in addition
that they commute with the action of the distinguished automorphism. This is
equivalent to asking that the angular component functions on K restrict to such
functions on Fix(o).

Remark 1.11. In particular, in the case of W(Fglg) the fixed field is Q,, where the
above angular component maps are definable (see [9]) and hence we have definabil-
ity, more precisely 3-definability, of the angular component maps in (W(Fglg ), v, Fglg Ly o).

The following variant of an unpublished lemma of van den Dries (cf.[4], lemma
3.6) suggests the flexibility of angular component maps.

Lemma 1.12. Let L) and LY be unramified valued fields equipped with one of the
angular component maps above, say acs, and let L; C Li,i = 1 and 2 be sub-
valued fields closed under ac,. Let ¢ : L1y — Lo be a valued field isomorphism
which respects acy, i.e. Pri(ac.(z)) = ac.(Y(x)) where ¥, . denotes the induced
isomorphism between residue rings corresponding to ac, and let v’ : L} — LY be
a valued field isomorphism extending 1. Suppose there exist a subgroup H of L}™
such that vL) = vLy+vH and a set of generators Hy of H such that for all h € Hy,
r(acs(h)) = ac.(¥'(h)). Then 4" also respects ac..

Proof. Note then that ;. ,(ac.(z)) = ac«(¢'(2)) for all z € H. Now any y € L]
can be written as y = xzu, for some x € Ly,z € H,u € L] such that v(u) = 0, and
so we are done. O

Let ¢ : k — k' be any map between fields & and k' and f a polynomial over
k. Then f¥ will denote the transform of f obtained by having 1 to act on the
coefficients.

We will be dealing with simple extensions of (valued) difference fields. Suppose
(K1,01) C (K2,09) is an extension of difference fields. For a € Ky \ K1, Ki{a)
is the smallest difference subfield of (Ks,03) containing K; and a. Clearly, its
underlying field is Kl({ag(a)}jez). Here, as throughout this paper, ¢ stands for
the j*" iterate of o if j > 0, and the (—5)'" iterate of o1 if j < 0.

It turns out that we need to consider only difference polynomials of one variable.
Each polynomial F'(xg,...,z,) € K|xg,...,x,] gives rise to a difference polynomial
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G(z) = F(z,0(x),...,0™(x))) in the variable x over K, and we refer to G(z) as
a o-polynomial. We put deg(G) := deg(F) € NU {oo}, where deg(F') is the total
degree of F. If G is not constant, that is, G ¢ K, then let F(zg,...,z,) be as
above with least possible n (which makes F' unique), and put

order(G) :=n, complexity(G) = (n,deg, (F),deg(F)) € N?

If G € K,G # 0, then order(G) = —oco and complexity(G) = (—o0,0,0). Finally,
order(0) = —oo, and complexity(0) = (—o0, —00,—00). We order complexities
lexicographically. For example, let Fy, F5, R € K|[xo, ..., %, such that R is obtained
by euclidean division of F; by F» with respect to z,, and clearing out denominators,
then the o-polynomial associated to R has lower complexity than the one associated
to F2.4

We say a is o-transcendental over K if there is no nonzero G as above with
G(a) = 0. Otherwise a is o-algebraic over K. Note that nontrivial G may have
infinitely many a with G(a) =0 (e.g. G(z) = o(z) — ).

For future use, we introduce some notation concerning o-polynomials G(z) as
above.

Let zo,...,Zn, Yo, ., Yn be distinct indeterminates, and put @ = (zg,...,2,),
Y= (Y0,---,Yn). For L € N"* let |I| = >".I;. For a polynomial F(z) over a field
K we have a unique Taylor expansion in K|z, y]:

Flx+y)=> F(=z)-y
l

where the sum is over all I = (lg,...,l,) € N"*1 each Fj € K[|, with F} = 0 if
1] > deg(F), and y* =y - - -yl (likewise, for @ with components in any field we
put a' = alf - --alr). Thus, I!F; = §,F, where 9y is the operator 8% /g . .. 9 /0y,
on K[z|, and I! = [o!...1,!. We construe N"*! as a monoid under pointwise
addition, and let < be the partial order on N”*! induced by the natural order on

N. Define ( ; ) as ( ;0 ) < ;” > €N, when j <1 in N"*!. Then clearly:
0 n

Lemma 1.13. For j,1 € N"™! we have (Fj); = < J;_l > Fj.
In particular, if [I| = 0,F; = F, and if |l| = 1, F} is one of the gTi Also,
deg(F;) < deg(F), if |I| > 1 and F # 0.

Let now (K, o) be a difference field, and = an indeterminate. When n is clear from
context we set o(x) = (z,0(x),...,0"(x)), and also o(a) = (a,0(a),...,c"(a)) for
a € K. Then for F' as above and G(x) = F'(o(z)) we have the following identity in
the ring of difference polynomials in the distinct indeterminates x and y over K:

Gle+y) = Flo(z+y))=Flo(z)+o(y))
= Y Ko@) o)
l

Z Gi(x) - a(y)’

1
where Gi(z) := Fi(o(z)). A key point will be that for G # 0 and |I| > 1, G; has
lower complexity than G.

4Finer complexity measures would do, e.g. considering vector degrees of monomials.
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2. STATEMENT OF THE MAIN RESULT: AN EMBEDDING THEOREM

The main result is a general embedding theorem, Theorem 2.2, which will give us
a quantifier elimination result. We first isolate the relevant axioms for valued fields
with an automorphism (K, v,k,T',0). We recall the two basic axioms presented
above.

Axiom 1. (isometry) For all z, v(o(x)) = v(z).

Axiom 2. (enough constants) For all z, there is y so that (o(y) = y Av(x) =

v(y))-

The o-Hensel Scheme. Let G be a c—polynomial of order n. Let § =« + €, so

G(B) = G(a) + l; Gi(a) - o(e)t. Tfv(G(a)) = v+ Irlr‘li:I}v(Gl(oz)) and v(G(a)) <

J-y+v(Gia)), whenever |l = j > 1, then there is 8 in K with v(a — 3) = v and
G(B) = 0.

Axiom R. For every A € k*, the equation &(z) = Az has a non-zero solution in k.

Axiom RG. (Genericity Axiom)
Foreachn € N,;n > 0,aq, ..., a,,b € ksuch that apa,, # 0, and F € k[xq, ..., z,], F #
0, there is « € k such that apx + a15(z) + ...+ a,d"(x) = b and F(&(x)) # 0.

Axioms R and RG allow us to proceed “generically” in the proof of the Embed-
ding Theorem. This is further discussed in the next section.

Definition 2.1. We say that the valued field with isometry (K,v,k,T,0) is a
Witt-Frobenius case if char(k) = p > 0, v(p) is the least positive element of I and
a(x) = xP.

Next we describe the embeddings. Let (K, v;,k;,;,0;) for i = 1 and 2 be
unramified valued fields with an automorphism and with appropriate angular com-
ponent maps. Let L; be difference subfields of the respective K;. Namely, each L;
has residue field /;, and value group Gj, for the induced valuation, and L; is closed
under the angular components in the obvious sense. We say a bijection ¢ : Ly — Lo
is an admissible isomorphism if it has the following properties:

(A) v is an isomorphism of valued fields with isometry,

(B) the induced isomorphism ), : l; «— ls of difference fields is elementary,
in the sense that for all formulas p(z1,...x,) of the language of difference
fields,

k1 ': (P(ah s 70‘71) < ko ): 90('(/17‘(041)7 s 7%(%))7

(C) the induced 1), : G; «—— G4 is elementary, in the sense that for all formulas
@g(1,. .. xy) of the language of ordered abelian groups,

L1 Eeg(vs--5m) <= T E og(o(11)s- -5 Pu(m)),

(D) % respects the angular component maps.
We can now state the Embedding Theorem.
Theorem 2.2 (Embedding Theorem). Let (K;,v;, ki, T;,04) for i = 1 and 2 be

suitably saturated unramified valued difference fields with ki and ko perfect of the
same characteristic p. Suppose either
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(1) Each K; carries an angular component map ac™”) (resp. a system act?
of angular components) when p = 0 (resp. p > 0), and is a valued field
with isometry which has enough constants and satisfies Aziom RG and the
o-Hensel scheme. .
(2) Fach K; is a Witt-Frobenius case, carries a system acff) of angular compo-
nents, and is a valued field with isometry which has enough constants and
satisfies Aziom R and the o-Hensel scheme.

Let L; fori =1 and 2 be small difference subfields of the respective K;. Namely,
they have residue fields l; and value groups G; for the induced valuations, the L;
are closed under the angular components in the obvious sense, and K; is
(max(card(l;), card(G;)) T -saturated.

Assume we have an admissible isomorphism 1 : Ly «— Lo and let a € K1. Then
there exist b € Ko and an admissible isomorphism 10’ : Li{a) = Ly(b) extending
with ¥'(a) = b.

We formalize the hypotheses in the Embedding Theorem in terms of the c-AEK
azrioms.

Definition 2.3. We say that the valued field with isometry (K, v, k,T", o) satisfies
the o-AEK axioms if it satisfies the hypotheses of the Embedding Theorem.

In the course of the proof of the Embedding Theorem, we work primarily with
pliable valued fields with isometries. This is the context in which the theory of
pseudoconvergent sequences works best for valued fields with isometries.

Definition 2.4. We say that a valued field with isometry is pliable if it is un-
ramified, has enough constants, and is either a Witt-Frobenius case with an infinite
residue field or the induced automorphism on the residue field satisfies no identities.

The proof of Theorem 2.2 will occupy us through section 8.4.

Our arguments adapt easily to the case 6(z) = x7, ¢ a finite power of p > 0.

Once one has proven Theorem 2.2, one deduces quantifier-elimination (see e.g.
[23], lemma 3.1.6 and prop. 4.3.28), completeness and model-completeness (ibid.,
lemma 2.4.11) and various model-theoretic consequences which are given begin-
ning in section 9. In particular, we produce an axiomatization for and deduce the
decidability and model-completeness of the first-order theory of the Witt vectors
W(Fglg ) with their Frobenius automorphism (Example 1.2).

3. DiscussiON OoF AXIOMS AND KEY BASE FIELDS

During the work leading to the proof of the Embedding Theorem, further basic
properties come into play. We also present them as axioms and indicate briefly
their relevance and relationship to the main axioms appearing in the Embedding
Theorem. We also single out some categories of fields we will be working with.

To discuss various closure properties of the residue field (viz. Axiom RG), it
is convenient to phrase them in terms of difference operators. In the following
(k,o0) is a difference field. We write k[o] for the noncommutative ring of linear
difference operators over k. That is, k[o] is the associative ring generated by k and
a symbol o subject to the commutation rule ca = o(a)o for a € k. This ring is
right euclidean, therefore an Ore domain. Any nonzero L € k[o] can be written as

L= Zzozti ano™ for natural numbers ng and d and a,, € k with a,,-an,+q4 # 0. We

call d the essential degree of L, ess.deg(L). Recall that the kernel of L is a vector
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space over Fix(c). We consider a difference closed field (£2,0) (i.e. an existentially
closed, or model of ACFA, see [7]) extending (k, o) and write the fixed field of ¢ in
Q as Fixq(o).

We rephrase Axiom RG in these terms and consider five additional properties.

Axiom RG. For all L € k[o],ess.deg(L) =d > 0, and F € k[zo,...,xq-1], F # 0,
and b € k, there is some z € k for which L(z) = b and F(o(x)) # 0.

Axiom RO. The fixed field Fix(o) is infinite.

Axiom R1. For all L € k[o],L # 0 and y € k, there is some x € k with L(x) = y.

Definition 3.1. We say that the difference field (L, o) is linearly difference closed
if it satisfies Axiom R1.

Axiom R2. For all L € k[o],ess.deg(L) > 0, there is some x € k* with L(z) = 0.
Axiom R3. For all L € k[o], L # 0, we have dimpix(syker L = ess. deg(L).

Axiom R4. (No o-identities) For all n € N and L € k[Xo, ..., X,] ~ {0} there
is some x € k for which L(x,0(x),...,0"(x)) # 0.

As we shall see, while these various axioms are not equivalent, there is a web
of implications between them. We work with Axiom RG as it permits us to avoid
accidental equalities and thereby develop a cleaner theory of immediate valued
difference field extensions.

The basic properties which enable us to adapt to our context the classical tools
are the conditions of having an isometry and enough constants, and either the
residue field being infinite or satisfying Axiom R4, namely, those properties of
pliability. Making the o-Hensel scheme work requires Axiom R1.

Concerning Axiom R4, by [8] (page 201) if a difference field (k, o) satisfies an
identity, then it satisfies an identity of the form o”(z) = 29", for some integers
m and n # 0 with ¢ = char(k) if this is not zero and ¢ = 1 if char(k) = 0. So
in characteristic p > 0 we are essentially left with a power of the Frobenius map
x +— P, and in characteristic 0 with a o of finite order . In particular, (W (k), o)
satisfies no o-identity provided k is infinite.

Axiom R and Axiom RG are used (only) in the proof of the Embedding Theorem
in order to extend a basic admissible isomorphism 1 : Ly — Lo to another one
'+ L] — LY in a “generic way,” where each L} is pliable with a linearly difference
closed residue field.

Axioms RO, R2, R3 are discussed below to shed some light on Axioms R and
RG. They appear again only at the end of the paper (section 12).

Lemma 3.2. (see [28], prop. 5.8) Suppose (K,v,k,T',0) is a valued field with
isometry having enough constants for which the o-Hensel scheme holds and the
valuation is not trivial. Then (k,7) satisfies Aziom R1.

Lemma 3.3. Suppose (k,o0) satisfies Aziom RG. Then (k,o) satisfies Aziom R/.
Proof. Consider a putative identity F(x,0(z),...,0%z)) = 0 for some nonzero

polynomial F'. By Axiom RG applied to L = ad‘H 1, b =1, and F, there is some

5Pointed out by a referee as an alternative to Axiom RG.
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c € k with 0?1 (¢c) —c =1 and F(o(c)) # 0, showing that the identity F(o(z)) =0
fails. O

Lemma 3.4. Suppose (K, v, k,T',0) is a valued field with isometry satisfying Aziom
R and the o-Hensel scheme. Then (K,v,k,T',0) satisfies Aziom 2.

Proof. Let a € K*. Then a/o(a) has valuation 0. Consider o(z) = x - a/o(a). By
Axiom R, this can be solved in k, nontrivially, say by Zo. Then by the o-Hensel
scheme there is a solution x in V with £ = z. So v(z) = 0, o(za) = za and
v(za) = v(a). O

Axiom R is a particular case of Axiom R2, and has a rather different character
from Axiom R1. In a Witt situation W [k] it requires k to be closed under extracting
(p —1)** roots. The two axioms R, R1 are essentially independent (see Proposition
3.7, 3.8).

Proposition 3.5. Aziom R3 = Axiom R2.

Proof. Let A € k*. Set P := 0 — A. By Axiom R3, the dimension of the kernel of
P on k is 1. In particular, there is a a € k* with P(a) =0, or o(a) = Aa. O

Proposition 3.6. Aziom R1 + Axiom R2 — Axiom R3.

Proof. Let L € k[o] be a nonzero difference operator of essential degree ess. deg(L) =
d. The kernel of L on k is a vector space over Fix(o) of dimension e < d. It is easy
to find M € k[o] with ess.deg(M) = e and ker M = ker L.

Indeed, any finite dimensional Fix(o)-vector subspace V of k is the kernel of
some M € klo] with ess.deg(M) = dimpix(s) (V). We check this by induction on
dim V' where in the case of dim V' = 0 we take M to be the identity operator. More
generally, let « € V be any nonzero element of V. The kernel of the operator
b= (0 — @) is exactly Fix(o)a. The vector space ®(V'), thus, has dimension
one less than that of V and by induction is the kernel of some ¥ € k[o] with
ess. deg(¥) = dim ®(V). Set M := ¥ o P.

Factoring, we can write L = QM for some @ € k[o]. If e # d, then ess. deg(Q) >
0 so by Axiom R2 there is some y € k* with Q(y) = 0. By Axiom R1, there is some
x €k with M(z) =y. Asy # 0,2 ¢ ker M = ker L. However, L(z) = QM (z) =
Q(y) = 0. With this contradiction, we see that e = d as desired. (]

Proposition 3.7. Aziom R2 + Axiom RO #= Axiom R1.

Proof. Let p be any prime number. We produce an example of (k, o) satisfying
Axiom R2 for which ¢ is an automorphism and Axiom R1 fails and Fix(c) = F).
The example having an infinite fixed field is obtained by the compactness theorem
of first-order logic (or taking an ultraproduct).

Let k be the direct limit of the finite fields Fy» over all natural numbers n which
are not divisible by p. Let o : kK — k be the Frobenius automorphism z — zP.

Let L € k[o] be a difference operator with ess. deg(L) = d > 0. Write L(z) =
Z?:‘):j a;o (with an,an,+a 7 0). As o is an automorphism, L has a nontrivial zero
if and only if L' = Zj:o any+i0" has a nontrivial zero; and, in view of our choice
of o, this is so if and only if the polynomial P(z) = E?:o ny1i2? ~1 has a zero.
As p does not divide p? — 1, some irreducible factor, Q say, of P has degree not
divisible by p. Hence, there is a root to ) in k. That is, there is a nonzero point in
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the kernel of L. So (k,5) satisfies Axiom R2. However, the difference polynomial

o — oY is not surjective (e.g. 1 is not in its image). |

Proposition 3.8. Aziom R1 + Aziom R0 #= Axiom R.

Proof. As before, we present examples with arbitrarily large fixed fields and con-
clude by compactness that such examples exist with infinite fixed fields.

Let p be a prime number greater than 2. Let & C Fglg be a subfield of the
algebraic closure of IF,, maximal with respect to the property that k has no solution
to the equations 2P~! = —1. Note that if kg is some field and ¢ € ky is a solution
to 2?~! = —1 then all other solutions are in ko (having the form a( for o € F}).
Let ¢ € F2'9 be any solution to 271 = —1 and let n = [k(¢) : k]. It follows from
the above observation that n divides p — 1. Indeed, if Q1 and Q) are irreducible
factors of XP~! + 1 over k of degrees d; and d», respectively, then there are roots
to XP~1 +1 =0 in k[X]/Q1, a degree d; extension of k and in F,[X]/Q2, a degree
dy extension of k. By the above observation, all the roots must be in each of the
fields. So dy = ds.

Let o : k — k be the Frobenius automorphism x — zP. As 0 is the only solution
to o(x) = —z in k, the difference field (k, o) fails to satisfy Axiom R. However, it
does satisfy Axiom R1. Indeed, let a € k and L = o¢ + Z?;()l a;0t € k[o] with
d > 0 and a; € k. The polynomial P(X) := xr' 4 S a; XP' — a has degree p?. As
p =1 mod n, p? = 1 mod n. Thus some irreducible factor Q of P over k has degree
not divisible by n. Then k[X]/(Q) contains a solution to L(X) = a but no solution
to XP~! = —1. By maximality of k, the field ¥[X]/(Q) is naturally isomorphic to
k. O

Even though Axiom R1 is a consequence of the o-Hensel scheme, this is not
the case for Axiom R : for k as in the proof of the previous proposition, the Witt
vectors W (k) will satisfy the o-Hensel scheme (see Cor. 6.3), but not Axiom R.
Recall that (2, 0) is an existentially closed extension of (k, o).

Proposition 3.9. Aziom R0 + Axziom R1 + Axiom R3 = Aziom RG.

Proof. Let b € k and L € k[o] be a nonzero difference operator of essential degree
ess.deg(L) = d > 0, and F € k[xo,...,xq-1],F # 0. Let N(k), N(€Q2) be respec-
tively the kernel of L in k and 2. Using Axiom R3, we can find ey, ...,eq € N(k)
linearly independent over Fix(o), and using Axiom R1 we can find ¢ € k with
L(a) = b. The fields Fix(c) and k are linearly independent over Fix(o) in Q. Thus
e1,...,eq remains a basis of N(Q) over Fixq(c). Let ¢ : A4 — Al be the mor-
phism (z1,...,24) — Zle z;e;. Note that v restricted to A?(£2) is an isomorphism
between (24, +) and (N(Q), +).

Let X(Q2) :={z € N(Q) : F(o(z)) = 0}. By construction, the o-degree of X (1)
is less than d. Hence, ¥ ~1(X(£2)) is not generic and is therefore contained in a
proper subvariety of A?. Let Y C A? be the Zariski closure of 1 ~1(X(2)).

As Fix(o) is infinite, A4(Fix(0)) = ¥~ (N(k)+a)) is Zariski dense in A?. Hence,
there is some point x € N (k) +a with ¢! (x) € V(). That is, there is some point
x € k with L(x) = b and F(o(z)) # 0. O

We now show that Axiom RG implies all the other axioms on solutions to linear
difference equations which we have considered.

Proposition 3.10. Aziom RG = Azioms R0, R1, R2, and R3.
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Proof. For Axiom RO, suppose that Fix(c) = F,. Applying Axiom RG to L = o—1,
b=0,and F(z) = 27—z, we obtain a € k with 0(a) = a and a?—a # 0 contradicting
the hypothesis that Fix(c) = F,.

To conclude Axiom R1, taking F' = 1, we see that each instance of Axiom R1
becomes an instance of Axiom RG.

For Axiom R2, given L with ess. deg(L) > 0, apply Axiom RG to L and F(x¢) =
Zo.
Finally, for Axiom R3, let L € k[o]| be a nonzero difference operator of essential
degree ess. deg(L) = d > 0. Factoring by a sufficiently high power of o on the right,
we may asssume that L = Z?:o a;ot, with agag # 0.

As before, we can find linear difference operators @ and M in ko] with L = QM
ker L = ker M, and m := ess.deg(M) = dimpiy(,) ker M. If L witnesses the failure
of Axiom R3, then m < d. Write M = >"1" ( bio’. Let F(zq,...,zq-1) = > v biz;.
Then by Axiom RG, there is some a € k with L(a) = 0 and F'(o(a)) # 0. That is,
a € ker L\ ker M contradicting our choice of M. (]

4. THE O-RING FORMALISM

Our treatment of Witt vectors will depend on the formalism of 0-rings of Joyal [16].

Let (K,v,k,T',0) be a Witt-Frobenius case. Our arguments adapt easily to the
case o(z) = x4, q a finite power of p, but for notational convenience we stick to the
special case ¢ = p.

Define dyp(z) = « on V. Then define 0;(z) = %(0’(.13) — zP). This is again a map
V — V, usually called 9, and satisfying the axioms for a “p-derivation” ([6]) on V,

namely:

o(1) = 0
= -1(P i, p—i
oty = o)+ - o (V) o'

I(zy) xPO(y) + y?9(x) + pd(x)d(y)

A O-ring is a commutative ring equipped with a unary operation 0 satisfying the
above identities. The Witt vectors functor k — W[k] is right adjoint to the forgetful
functor from 0-rings to commutative rings. In a d-ring, the map o(z) = 2P 4+ pd(x)
is an endomorphism. In the theory of d-rings ([16]) there is a unique sequence of
unary operations dy, 01, 0, ... (0o, 01, as above) satisfying

0" (@) = do(@)”" +pdi (@) + ...+ p"Ou(2)
In W k], the 9,, yield the components® of Witt vectors, namely, = € W [k] is identified
with (0g(x),01(x),...).

Lemma 4.1. Let k be a perfect field of characteristic p and o an automorphism of
Wk]. Then for all x € W[k], Op(o(x)) = 5(0n(z)).

Proof. Let x € Wk], then as in Example 1.3, z = ano T <8n(a:)p ) -p™ and

o@) =X (o (@@ ) ) =S (((@@) )

n>0 n>0

6Sometimes called shadow coordinates.
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so that 9, (0(2)) = 7(n (). O

One shows:

Lemma 4.2. The map V — k" given by x +— (0o(), 01 (), ..., 0, (x)) is surjec-
tive.

Let us write (8),(x) for (0g(z),...,0n(x)), and (8),(z) for (9p(x),..., 0 (x)).
This is supposed to suggest the o and & notation. When n is understood we write
0 and 3. We will use the 9;’s in o-polynomials:

F(z,0(z),...,0"x) = F (x 2P + pdy (2), ..., 2" +pdr(x)? T + ... +p”8n(x)>

Definition 4.3. For fixed prime p, we will consider the polynomial functions
D,,,n € N (or D if no confusion arises) defined over Z, from affine (n + 1)-space to
itself

2 n n—1
DWo,--»¥n) = (Yo.¥h +pyr, v +py +0°y2,.. .. uh +pyl 4. 4+ Yn)

Suppose for the moment that F(y) is a homogeneous polynomial of degree m
(the only case we will ever use). Now F(D(y)) is also a polynomial in y. Note
that F'(D(y)) is not in general homogeneous, but it has no constant term and total
degree at most mp™. A moment’s reflection on D(y) shows

Lemma 4.4 (The universal linear maps). For each prime p and integers m,n, for
each j there is a linear function Aj({w1})y=m) with integer coefficients, so that for
all homogeneous polynomials in y of degree m with generic coefficients ¢, F(y,c) =
S -yt €Zy,c|, we have F(D(y)) = Z.dj ~y?, where dj = Aj({ci}ij=m)-

3

[l]l=m

This lemma will be used in the following situation: F'(y) is given, so F(o(z)) =
F(D(8(x))), and we want to find the coefficients of 8(z)7.

The following observation will be crucial in Theorem 6.10.

Lemma 4.5. Suppose (K,v,k,T',0) is a Witt-Frobenius case, and F(yo,...,Yn) s
a polynomial over the valuation ring of K with at least one coefficient of valuation 0.
Then F(D(y)), still a polynomial over the valuation ring, has at least one coefficient
of finite valuation. In particular there exists an integer N > 0 such that F(D(y))
can be written as F(D(y)) = p" f(y), where f(y) is a polynomial over the valuation
ring with at least one coefficient of valuation 0.

Proof. Consider the coarse valuation © on K (see Lemma 1.7). Then F has also
its coefficients in the valuation ring of . Let F be its image under the residue
map of 0. Recall that the residue field / of © is isomorphic to a valued subfield of
W (k), where the valuation on k can be identified with v. Whence F' is a polynomial
over the valuation ring of k with at least one coefficient of valuation 0. Now we
get the required property for F(D(y)) directly in W (k). But F(D(y)) is also the
image of F(D(y)) under the residue map of o, so because of the identification of
the valuation of k& with v we get the desired property. (I
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5. PSEUDOCONVERGENCE IN THE o-SETTING

5.1. Equivalent pseudoconvergent series. Let (K,v,k,I',0) be a valued field
with isometry with enough constants. Let {a,} be a p.c. series in K and a a
pseudolimit (maybe in an extension, by which we always mean an extension of
valued fields with isometry and when working in the Witt-Frobenius case we mean
that the extension is also a Witt-Frobenius case). A very important point in the
pure valued field case is the following “pseudocontinuity” (see [18]).

Lemma 5.1. Let f € K[z] ~ K. Then {f(a,)} is p.c., with pseudolimit f(a).

Since the main idea of the proof will be needed later, it is worth recording the
lemma on ordered abelian groups on which it depends.

Lemma 5.2. Let {v,} be an increasing series of elements in an ordered abelian
group I'. Let I be a finite set, and for i € I let ¢; +n;x, ¢; € I',n; € Z, be linear
functions of x with distinct n;. Then there is a p, and an enumeration iy,is,... of
I so that for p > p, ¢y + 1Y < Ciy +MiyYp < - ..

Moreover, if v is a positive element of I' with only finitely many positive predeces-
sors, there is a p and an enumeration as above with (c;, 414, 7,) — (i, +14,7,) > ¥
eventually, whenever k < j.

Unfortunately, Lemma 5.1 fails in the difference field situation. The reader may
readily construct a counterexample using G(z) = o(x)—z instead of the polynomial
f. Fortunately there is an alternative to Lemma 5.1, provided we make some extra
assumptions on (K, v, k,I',0). We first need a natural notion of equivalence of p.c.
series.

Definition 5.3. Two p.c. series {a,} and {as} over a valued field K are equivalent
if for all extension fields L and a € L we have {a,} ~ a < {as} ~ a.

This is evidently an equivalence relation, and we have clearly :

Lemma 5.4. Two {a,} and {as} are equivalent if and only if they have a common
limit in some extension and have the same width.

A more explicit way to express the relation is given by

Lemma 5.5. Two series {a,} and {as} are equivalent if and only if

a) for each p, eventually (in 0) v(as — apt1) > v(apt1 — ap) and
b) for each §, eventually (in p) v(a, — asi1) > v(as41 — as).

We now aim for a series of variations on the theme: if (K, v, k,T', o) satisfies some
natural conditions, and {a,} from K is p.c. with limit a (perhaps in an extension
valued field with isometry), then for each G(z) = F(o(x)) with F nonconstant,
there is an equivalent p.c. {as} from K so that {G(as)} ~ G(a). We now develop
the calculations needed.

5.2. The basic calculation. Let {a,} be given, with pseudolimit a. Let, as usual
in these matters, v, = v(a, — a). The v, form an increasing series in I', G(z) is
given as F(o(z)), n = order of G, G(z +y) = 3. Gi(z) - o (y)".

1

Now we try for an equivalent series {a,} = {a, + p,0,}, from K, on which G
behaves well. Here 8, € K, p, € K, v(8,) = 7,, and (as K has enough constants)
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6, may be chosen in the fixed field. Let 6, be so chosen with u, to be chosen later.
We demand at least v(p,) = 0.
Define d, by a, —a = 0,d,, so d, has value 0. So

a,—a = Qqp—apta,—a
= Op(pp+dp)

so if v(p, +d,) = 0 we will ensure {a,} ~ a. Since also v(u, +d,) = 0 implies that
{a,} and {a,} have the same width, it will imply they are equivalent. Note that
d, is forced on us, and it won’t normally be in K.

Now

Glay) =Gla) = Y Gi(a) o(a, —a)f

[ >1

= Z Z Gi(a) - o(a, —a)

m>1|l|l=m

= Z Z Gi(@)a (0, - (1 + d)))"

m2>1|l|l=m

= 2 Y Gl (8,) ol +dy)

m>1|l|l=m

= Z Hypn (pp +dp)

m>1
where H,, is a o-polynomial over K(a) corresponding to the polynomial
> Gi(a)-o(6,)' - at = Fpn()
[l|=m

Now note the value of the coefficients Gy(a) - a(6,) :

o(Gila) - #(0,)') = v(Gala)) +mr,
for |l| = m. Here we use the fact that o is an isometry. We consider only m for

which F),, is nonzero. For such m, pick 1, with |l,,| = m and 'U(Glm (a)a(ﬁp)lm)

is minimal. Then write
F,.(x)=G,, (a)a(Gp)l’” < fn(x)

where f,, is a polynomial over the valuation ring of K{(a), with one coefficient 1.
Now

V(Hm(pp +dp)) = v(Fm(o(p, +dp)))
= (G, (@) 7(0,)"") + v(fmlo 1y + d,)))
(1) = (G, (@) +myp +v(fm(o(py +dy)))

Now suppose we can choose i, so that v(u,) = 0,v(p, +d,) = 0 and v(fp, (o (1, +
d,))) = Bm is independent of p. Then we succeed in our project, since

0(Glay) = G(a) = v( Y Hulu, +d,))

m>1

U(Hm(:up + dp)) = (G, (a)) + Bm + mYyp,
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so, applying Lemma 5.2, eventually for some fixed m,
v(G(ap) — Gla)) = v(Gy, (@) + Bm +m7,

so G(a,) ~ G(a). (Note v(Gy,, (a)) is independent of the choice of I,,,).
There are various ways to achieve this, as we will see.

5.3. Pseudocontinuity up to equivalence. Recall the notion of pliable (K, v, k,T, o)
(Def. 2.4).

Theorem 5.6. Suppose (K,v,k,I',0) is a pliable and & satisfies no identies on
k. Suppose {a,} is p.c. in K and {a,} ~ a, possibly in an extension. Let )
be a finite set of nonzero polynomials F(xo,...,x,) over K. Then there is a p.c.
{a,} from K, equivalent to {a,}, so that for each F in ), {G(a,)} ~ G(a), where
G(z) = F(o(x)). Furthermore, if one supposes only that {a,} is p.c., then there is
an equivalent {a,} from K such that all {G(a,)} are p.c. .

Proof. The last part of the theorem follows from the first by putting in an a, say
in an elementary extension. To prove the theorem, let us first consider a single
o-polynomial G(x), and as above let v, = v(a, — a), o, = a, + p,0,, v(0,) = 7,
6, in the fixed field of K, i, to be chosen later, a, —a = 0,d,.

By the previous calculation, it suffices to find u, such that : i, # 0, f1, # —d;,,
v(fm(o(py, +dy))) = 0 and fi, in the residue field k& of K. We want precisely an
element y of k so that f,(&(u+d,))-p-(n+d,) # 0; i.e. that f,,(5(u)+&(d,)) u-
(+d,) # 0. That is, the difference polynomial f,,(&(z)+&(d,))-z(z+d,) (which
is over K(a)) should not vanish on k. Note that the corresponding polynomial is
fm(x+8(d,)) 2o (20 +d,) and this is not the zero polynomial since f,, # 0 and
the linear change of variables y := z + &(d),) is invertible.

Now it is not quite obvious that Axiom R4 allows us to select i, as required,
since the polynomial is over K(a), and we need fi, € k. We conclude with the
following lemma. O

Lemma 5.7. Let (Ki,v1,k1,I'1,01) be an extension, and f(xo,...,x,) a nonzero
polynomial over ky. Then there is a y in k with f(&(y)) # 0.

Proof. Considering the monomials of degree at most the total degree of f as the
basis of a finite dimensional ki-vector space V = @ k127, we may construe f(x) as

c- ({wj}), an inner product, where c is the vector of coefficients of f.

Consider the k-subspace S of V generated by all ({&(y)j}) for y in k. To

suppose that f(&(y)) vanishes on k is to suppose that ¢ is orthogonal to S which
is not the zero subspace, as (1,...,1) € S. Choose a finite basis B for S. Then
c is a nonzero solution of the system of linear equations b-w = 0 for b € B. By
elementary linear algebra there is a solution ¢’ in k. Thus, ¢’ is orthogonal to S,
and the polynomial with ¢’ as coefficients contradicts Axiom R4. a

For finitely many Gs the same proof works, since Axiom R4 clearly implies the
analogous version in which several G occur.

5.4. Pseudocontinuity up to equivalence: the J-ring argument. In a Witt-
Frobenius case, our treatment depends on the formalism of d-rings [16]. The argu-
ment adapts easily to the case a(y) = y? for ¢ a finite power of p, but for notational
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convenience we stick to the special case ¢ = p. Again, we need (K,v,k,T',0) to be
pliable (Def. 2.4), and now the key point is that &k be infinite.

Theorem 5.8. Suppose that (K,v,k,T',0) is a pliable Witt-Frobenius case. Sup-
pose {a,} is p.c. in K and {a,} ~ a, possibly in an extension. Let ) be a
finite set of nonzero polynomials F(xo,...,x,) over K. Then there is a p.c. {a,}
from K, equivalent to {a,}, so that for each F in Y ,{G(a,)} ~ G(a), where
G(xz) = F(o(x)). Furthermore, suppose only that {a,} is p.c.: then there is an
equivalent {a,} from K such that all {G(a,)} are pseudoconvergent.

Proof. Here, as in Theorem 5.6, the last part follows directly from the first, and we
begin by considering only one G(z). We revisit the basic calculation (5.2).

Recall that v, = v(a, — a), o, = a, + 1,0,,v(6,) = 7,, 0, in the fixed field of
K, u, to be chosen later, a, —a = 0,d,.

We go back to equation (1) :

V(Hm(pp + dp)) = v(Gi,, (@) + my, + v(fm(o (1, +dy)))
As before, it suffices to show that we can find u, such that f, # 0, —d;, and
v(fm(o(pp, +dy))) is independent of p.

We have o(z) = D(0(x)), where D is our polynomial function from section (4).

If the polynomial f,,(D(yo,...,yn)) (over K(a)) is zero, then H,,(o(z + d,))
vanishes identically on the valuation ring of K(a), and we just ignore it, as will be
seen to be harmless at end of our proof.

So let us assume f,,,(D(yo,-..,Yn)) is not zero. By dividing by a coefficient of
lowest value, we can write fo(D(yo,---,Yn)) = Am - Im (Yo, -, Yn)s Am € K{(a)*,
gm over the valuation ring of K{(a), and with one coefficient 1. By Lemma 4.5,
v(Am) is actually an integer. So

V(Hm(pp + dp)) = v(G1,, (a)) +my, + 0(Am) + 0(gm (8(pp + d,p)))

and we will succeed if we can arrange fi, # 0, fi, # —d, and v(gm (8(p, +d,))) = 0.
So consider the nonzero polynomial yo(yo + d,)Gm (Yo, - - -, Yn) Over the residue
field of K{(a). Since k is infinite, there are tg,...,t, € k on which this polynomial
does not vanish. Now by Lemma 4.2 there is ¢t € V with 9;(t) = t;,i = 0,...,n,
and then p, = ¢ is our solution and we have proved the theorem.
This argument manifestly works as well with finitely many GSs. ]

5.5. Pseudoconvergence to 0. We will need a crucial refinement of the previous
Theorems 5.6 and 5.8 : roughly, in case v(G(a,)) ~ 0 we need to be able to switch
to an equivalent {c,} such that v(G(a,)) ~ 0 still. We stay in pliable fields. (Def.
2.4).

Theorem 5.9. Let (K,v,k,I',0) be pliable. Suppose {a,} isp.c. in K, and {a,} ~
a, possibly in an extension, which is a Witt-Frobenius case if K 1is.

Let G(z) be a o-polynomial over K, with G(x) = F(o(z)) as usual. Suppose
that
(i) {G(ap)}~ 0;
(ii) for all U with |l] > 1, such that Fy is not a constant, {Gi(a,)} is p.c., but
not to 0;
(iii) in a Witl-Frobenius case, we also assume that for each m < total degree of
F, and j of the appropriate length {Aj({Gl(ap)}\l\gm)} is p.c., but not to
0.
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Then there is {a,} from K, equivalent to {a,} so that {Gi(a,)} ~ Gi(a) if || >0
and Fy is not a constant, and {G(a,)} ~ 0.

Proof. Recall the notation of the basic calculation (5.2) : v, = v(a, —a), o, =
ap+1p0,,v(0,) =,, 8, in the fixed field of K, i, to be chosen later, a, —a = 0,d,.
We first prove the case in which & satisfies no identities on k. By (ii), for each
II| > 1, v(Gi(a,)) is eventually constant.
Now

Gla,) = Gla,+6,u,)
= Glay)+ 2, > Gilay)-o(Opmy)

m2>1|l|=m

= G(a,) + Z 0, - Z Gl(ap)o'(/‘p)l

m>1 |l]=m
= Glap) + Z Hum,p(1tp)
m>1

where H,, , is the o-polynomial over K corresponding to

Fuply) = 3 Gilay)- 07 - of

[l]l=m
The value of the coefficient Gi(a,) - 0] of Fp, , is v(Gi(a,)) +m7y,. Now write
me(y) = Cm,p * f?mp(y)

where v(¢pm,,) is m7y,+(the eventual minimum of v(Gy(a,)) for || = m), and f,, ,
is a polynomial over the valuation ring V with at least one coefficient 1. Then,
exactly as in the proof of Theorem 5.6, we could choose p, to work for G and all
G\, and to satisfy v(fm,p(0(1p))) = 0 for all m such that F, , # 0. If such a choice
is made,

v(G(ap)) = v(Glap) + Y empb))

m>1
where e, , = Y. Gi(a,) - o(u,)t, and v(ey ,) is eventually constant and inden-
|l]l=m
pendent of the choice of ;1,. So we still have space to manoeuver. By Lemma 5.2
applied to the above situation, we would have eventually
o( D emety) = min(olem,) +m)
m>1 -
= U(gmoyp) +mo7p

for a unique choice of mg > 1.
If v(G(ap)) # v(Emg,pf)p"°), we do nothing. If v(G(a,)) = v(em,,00,°), then
replacing u, by a variable x consider

G(a,) + Z 0, - Z Gilay)o(z)t =

m>1 [t]l=m
Glay)(1+ Y Gla) "6} lGi(a,)o(2)') =
lt]>1

Glap) Qp(a(2))
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where Q,(yo,-..,¥Yn) is a polynomial over V' with one coefficient 1. So if we add
the extra requirement that @p(ﬁ(ﬁp)) # 0, easily fulfilled as before, we get that
eventually
v(G(ay)) = min{v(G(ap), v(Emq,p) + Mo7p}

Now v(gm,,p) is eventually constant, and both v(G(a,)) and v(em,,,) + Moy, are
eventually increasing. So v(G(«,)) is eventually increasing, i.e. {G(c,)}~ 0, and
we are done in this case.

We now prove the Witt-Frobenius case of the theorem.

We proceed as above to obtain F, ,(y) = ¢m,p - fmp(y), and now do the 0-
transformation on f, ,. If fi, ,(D(y)) is the zero polynomial then

Hpnp(z) = Fpplo(@))
= Cmyp fmplo(@))
= Cmyp - fm,n(D(O(2)))
vanishes on the valuation ring of K(a), and as in (5.4) we can ignore it.

So we consider m and p so that fp, ,(D(y)), and so also F, ,(D(y)), is not the
zero polynomial. Now we apply Lemma 4.4 to

Foply) = 3 Gulay) -7 4
[l|=m

to obtain

Fp(D()) = 6+ 3~ A5 ({Ga(a)} ) -7

Now, by (iii), the A; ({Gl(ap)}m:m) are eventually constant in value. Let A, , be

an eventual minimal value, and write

Fm,p(D(y)) = 0;'1/\771,,0 . gm,p(y)

where g, , is a polynomial over V with at least one coefficient 1. Now, we can play
the game of (5.4) to get u, satisfying all preceding constraints and v(H,,,(1,)) =
my, + v(Am,p). Note that v(\, ,) is eventually constant for each m and is inde-
pendent of the choice of p,,.

So we have again:

0(Glay) = v(Gla) + 3 ey 0))
m>1
where e, , = Y. Gi(a,) - o(u,)t, and v(ey,p) = v(Am,,) is eventually constant
|l|l=m
and independent of the choice of p,. By Lemma 5.2 we can eventually find an mq
such that v(em,.p - 0,'°) < v(em,p - 05") for all m # myg, so that

o( D emoty) = min(olem,) +my)

m>1
m>1 -

= U(Ewm,p) + Moy
If v(G(ay)) # v(Emg,p0,'°), we do nothing. If v(G(a,)) = v(Em,,p0,"°), then con-
sider
G(ap) + EMO,/JH;T»”O = G(ap) + Fing,p(D(0(11)))
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Since Fi,, ,(y) is homogeneous of degree my > 1, F,, ,(D(y)) has no constant
term. So we can write

G(ap) + Fmo,p(D(y)) = G(ap) : Qp(y)
where Q,(yo, - .., yn) is a polynomial over V' with constant term 1 and at least one
other coefficient with valuation zero. The extra requirement that v(Q,(9(p,))) =0
can be fulfilled as before, and we get that eventually
v(G(eyp)) = min{v(G(ap), v(Emy,p) + MoVp}
and we are done as in the previous case. (Il
We remark that we will also use a small variant of this theorem where we add

finitely many more o-polynomials to the Gy and Aj ({Gi}jij=m) (see the proofs of
Theorem 6.10 and Lemma 7.2).

6. AROUND THE o-HENSEL SCHEME

6.1. Newton approximation. For the moment we consider the basic problem of
how to start with a € K and G(«) # 0 and find g € K with v(G(3)) > v(G(a)).

Definition 6.1. Suppose G(z) = F(o(z)) as usual, and o € K. We say «, G is in
o-Hensel configuration if

v(Gla)) = 7+|rlr‘li:riv(Gt(Oé))

< Joy+u(Gie)
whenever |I| = j > 1.
Note that with G of order 0, we get one of the equivalent configurations of the
standard Hensel scheme.
Lemma 6.2. Suppose (K,v,k,T',0) is a valued field with isometry with (k,&) lin-

early difference closed. Suppose a, G are in o-Hensel configuration, with v(G(«)) =

’y—i—‘rlrlliI} v(Gi()). Then there is § with v(a—B) = v, 8, G in o-Hensel configuration,

and v(G(B)) > v(G(a)).
Proof. We try f=a+¢, so
G(5) = Glo) + 3 Gula) - o (e
>1
We first aim for v(G(f5)) > v(G(«)) = v + min v(Gi()), suggesting that we aim

=1
for € with

(2) v( > Gie)-a(e) + G(a)> > + min v(Gy(a))

j1=1
1t|=1

Pick A so that v(A) =y and let € = Au, for u a unit to be determined. Fix Iy with
llo] = 1, so v(Gy, (@) = i_r}v(Gl(a)). Note that for [I| = 1, o(¢)! = (M)t - o (u)

Il
and v(a(\)!) = 1.
So we want

Gi(a)\ o)} G(a)
! Z <Glo (a)> . A ' U(U)l * )‘Glo (Oé) =0
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Let
a = Gia) o) / X~ Gy, (a)
d = G(a)/)\~GlO(a)

D=1 -o(z)! +d is a nontrivial linear o-polynomial over V, with v(c;,) = 0, and
we can find e satisfying (2) if we can solve

cha' +d—0

=1

over k. Note that v(d) = 0, so d # 0. Since (k, &) is linearly difference closed, let ¢
be a solution of

and choose u so that & = t. Note that v(e) = v(\) = . Then (2) holds.
Now

v(G(B) = v(Gla+e))

v (Z Gi(a) - o(e) +G(a) + Z Gi(a) -U(E)l)

[1|=1 [2]>1

For |I| > 1,
v(Gila) - ()") = v(Gi(@) + 1 -7 > v(Giy(@)) +7

by assumption. So

v (Z Gi(a) ~o-(5)l) > ’U(G[O (a)) +

[1]>1

So by (2),
v(G(B)) > v(Giy (@) +7 = v(G(@))

Now we have to show that (3, G is in o-Hensel configuration.

For |l] > 1,
Gi(B) = Gi(e) + Y _ (G)j(a) - o(e)?
l31>1
Recall that
(G); (l 3 )GHJ

so that if |I] > 1 and |j| > 1

0 ((Go)3(a) - o(e) = ((l“))ﬂalﬂ )+l

> oG (@) + (1= ([ +13D) -7+ 13l -~
> (G, (Oé))Jr(l*\ll)

In particular, if |I] =1, and |j| > 1

v ((Go3(@) - 7(2)7) > (G (@)

S,
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We conclude that
(G, (8)) = v(Giy(a))
and in fact
v(Gi(B)) = v(Gi(a))
if 1] = 1 and v(Gi(a)) = v(Gi,(er)). By the same argument, if |I| = 1 and
v(Gi(@)) > v(Gly () then v(GL(B)) > v(Gi, (@) = v(Gi, ().
Let U(G(ﬁ)) =M+ U(Glo(ﬁ»v 80 71 > -

For |I| > 1
Gi(B) = Gi() + Y (G)j(a) - o(e)?
l3]>1
and as before for |j| > 1
v((Gr)j(a) - o(e)”)
> v(Gie(@) + (L= U] = |5]) v+ 15[ -y
= v(G(a)) + (A=) -y
Also,
v(Gi(a)) > v(Gry(a)) + (1 = []) -y
v(Gi(B)) + Uy > v(Gry () +
So, since 1 > 7,
o(Gi(B)) + 1] -y > v(Gi, (B)) +m
Thus 3, G is in o-Hensel configuration. O

We note the following direct consequence.

Corollary 6.3. Let (K,v,k,T',0) be a valued field with isometry such that (k,5)
is linearly difference closed and (K,v) is a complete discrete valued field. Then
whenever «, G is in o-Hensel configuration, with

v(G(@) =7+ i v(Gi(e))

there is a root B of G with v(a — ) = 7.

Definition 6.4 (The o-Hensel Scheme). We say (K, v, k, v, o) satisfies the o-Hensel
scheme’, or is o-henselian, if whenever «, G is in o-Hensel configuration with

v(Gla)) =7+ fzr\lgi v(Gi(@))

then there is § in K with v(a — ) = v and G(5) = 0.

It bears noting that just as the notion of “henselian” may be formulated in many
different ways, so, too, may the condition of being “o-henselian.” The reader can
consult [29] for another treatment.

Thus, W (k) satisfies the o-Hensel scheme if k satisfies: all equations
e + cn_lmpn_l +...4+c=0
with ¢; € k, ¢, # 0,c9 # 0, are solvable in k. This is equivalent to k not having
any finite extension of degree divisible by p ([31]).

7Similar schemes were considered for difference operators by Duval [12].
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Note that if (K, v, k,, o) satisfies the o-Hensel scheme then (K, v) is henselian.
In analogy with a familiar, important result about henselian fields, we have

Theorem 6.5. Suppose k has characteristic 0 and (K,v,k,T,0) satisfies the o-
Hensel scheme. Let Ko be a difference subfield of K, maximal with respect to the
property x € K§ = v(z) = 0. Then (Ko,0) is isomorphic to (k,5) via x — Z.

Proof. Suppose that © — Z is not surjective (it is clearly 1 —1).

Suppose a € K,v(a) = 0,v(a—y) =0, all y € K. If for all o-polynomials H(x)
over the valuation ring of K, we have v(H (a)) = 0, we are done. Otherwise, pick
G(z) over the valuation ring of Ky, of minimal complexity so that v(G(«)) > 0. So
for all H(x) of lower complexity v(H (z)) = 0. It follows that o, G is in o-Hensel
configuration, with v = v(G(«)). So there is § € K with G(5) = 0,v(a — 3) = 7,
SO @ = B

Now, by the standard minimality considerations,

y € Ko(B)" = v(y) =0
So 8 € Ky, and v(a — 3) > 0, contradiction. O

The previous theorem will be used in particular in the following situation with
the coarse valuation (cf. Lemma 1.7).

Lemma 6.6. Suppose (K,v,k,T',0) is unramified with k of characteristic p > 0,
and satisfies the o-Hensel scheme. Let Iy be the conver subgroup generated by
v(p) and ¥ the coarse valuation. Then (K,0,k,T'/Ty,0) also satisfies the o-Hensel
scheme.

Proof. Suppose a,G is in o-Hensel configuration for v. So we have
0(G(a)) = mind(Gy(a)) + (v +To)

l1]=1
< 9(Gj(a)) + |jl(y +To) if |j| >1
for some v € T'.
Since I' — T'/Ty is order-preserving, it is easily seen that for some ~; with
11— € Lo,
v(G(a) = minv(Gila)) + 7

ll]=1
< u(Gi@) +1jl-m il >1
so there is 8 with G(8) = 0,v(8 —a) =7, s0v(B—a) =~ +T. O
6.2. Pseudoconvergence of o-algebraic type. We consider a valued field with
isometry (K,v,k,T',0). Recall the universal polynomials A; from the O-ring for-
malism.
Definition 6.7. For a o-polynomial G over K, G(z) = F(o(x)) as usual, we denote

by H(G) the set of finitely many o-polynomials obtained from G by closing under
the following operations:

(i) taking all Gy, for which the corresponding polynomials F; are not constant
and |I] > 1;

(ii) in Witt-Frobenius case, taking also all nonconstant A; ({Gl}), for the cor-
responding polynomial Fy,(y) = 2, Gi(e) - y* with m < total degree
of F.
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The set H(G) is finite since operations (i),(ii) yield o-polynomials of lower com-
plexity.

Definition 6.8. Suppose {a,} from K is p.c. We say {a,} is of o-algebraic type
over K if there is a an equivalent p.c. series {a}} from K and a o-polynomial G(z)

gver K so that {G(a},)} ~ 0, and for all H € H(G), {H(a},)} is pseudoconvergent.

Definition 6.9. We say {a,} is of o-transcendental type over K if it is not of
o-algebraic type over K.

6.3. From c-algebraic type to o-Hensel configuration.

Theorem 6.10. Let (K,v,k,I',0) be pliable. Suppose {a,} is p.c. in K, and
{ap} ~ a, possibly in an extension, which is a Witt-Frobenius case if K is.

Suppose {a,} is of o-algebraic type and G(x) is a o-polynomial of minimal com-
plexity witnessing such a fact amongst all series equivalent to {a,}.

Then there is {a,} from K, equivalent to {a,}, so that {G(a,)} ~ 0, and for
all H € H(G), {H(a,)} ~ H(a), {H(a,)} % 0, and such that eventually o,, G
is in o-Hensel configuration. Moreover, either G(a) = 0, or a,G is in o-Hensel
configuration.

Proof. Replacing {a,} by an equivalent series if necessary, we can assume G wit-
nesses o-algebraic type for {a,}. Let G(z) = F(o(x)) as usual. By minimality,
because of the inductive structure of H(G), we get that {G(a,} ~ 0 and for all
H € H(G), {H(a,)} is p.c. but not to 0. We can then return to the calculations
in the proof of Theorem 5.9. The proof produces an equivalent {«,}, so that for
all H € H(G), {H(a,)} ~ H(a). By minimality of G, we also have {H(a,)} +% 0,
all H. In particular, {Gy(a,)} 7 0, all [I] > 1, and for those v(Gi(e,)) = v(Gi(a))
eventually. Inspection of the proof of Theorem 5.9 yields considerably more. Let
us suppose, without loss of generality, that {c,} is just {a,}. The proof actually
gives the following:

For each ! such that Fj is not a constant, there is a unique m(l)) = m > 1, and
natural numbers 4, %|g|; such that

v(Gilap) = Gila)) = min v((Gr)j(a)) +mp +im < 0((G)x(a)) + [l +diwia
whenever |k| # m and |k| > 1 (the i’s appear only in the Witt-Frobenius case).

Moreover, since {v(G(a,))} is increasing eventually we eventually get v(G(a)) >
v(G(a,)), and so eventually

wGay) = min o(G(a)) +m(0) 5+ in(0)
wGa,)) = min o(Gjlay)) +m(0)- 7 +in(0)

We claim that m(0) = 1.
Suppose not, and choose j with |j| = m(0), and

o(G@la)) = | min_ o(Gi(a).

8The analogy of this definition with the classical case is not as direct as might be expected,
but it will be sufficient for our purposes (see Theorem 7.5). A referee has pointed out that one
can drop the extra assumptions on H(G), but at the cost of introducing stronger hypotheses in
some of our intermediate results, i.e. in Theorem 5.9.



26 LUC BELAIR, ANGUS MACINTYRE, AND THOMAS SCANLON

Choose I < j,|l| = 1. Now v(Gi(a,)) = v(Gi(a)) eventually, so eventually
v(Gilap)) < v((GL(a)) + [kl - Yo + ik — im(o)

I+E ) ,
oGila) <o (1)) + o(Grn(a) 41812y + inga i
for all k with |k| > 1.
Choose k so I + k = j, and we have eventually

J : , .
o(Gl@) < (1)) + 0(Gata) + il = W) 20+ s = i
Since K is unramified we have eventually, by Lemma 5.2,
v(Gi(a)) <o(Gj(a)) + (17 =) - 7p + 1510 — im(o)
v(Gi(a)) +7p + imeo) <v(Gj(a)) +13] v+
contradiction. So m(0) = 1. Hence we have eventually
v(Glap)) = min G;(a) + % +im() < v(Gk(a)) + [kl 75 +ilkl.0
whenever |k| > 1. Appealing again to Lemma 5.2 we get eventually
W(Gla,) = min o(G;(@) + 7+ imo) < v(Gla)) + [kl 7+ [kl - ino)
< v(Gr(a)) + [k - (Vo + im(0))
s0 a,,G are eventually in o-Hensel configuration. Now suppose G(a) # 0. We
already observed that v(G(a)) > v(G(a,)) eventually. Then the same argument
as in the last part of Lemma 6.2 shows that a,G are in o-Hensel configuration
(replacing B by a and « by a,).
O

7. MAXIMAL IMMEDIATE 0-EXTENSIONS

We now develop a theory of maximal immediate o-extensions.

Note that the classical theory tells us that the cardinality of (K, v,k,T) is
bounded by a bound depending only on the cardinality of k¥ and T (essentially
the cardinality of the power series field k((t'))), so that by the usual maximality
arguments, any field with isometry (K, v,k,T',0) has at least one maximal imme-
diate o-extension, and one maximal immediate o-algebraic o-extension.

Let G(z) be a o-polynomial over K and {a,} from K so that {a,} ~ a (a
anywhere). We will use the notation

{G(ap)} ~s G(a)
if {G(a,)} ~ G(a) and for all H € H(G), {H(a,)} ~ H(a).
The next lemma is a routine extension of a result familiar in the polynomial
setting.

Lemma 7.1. Suppose (K,v,k,I",0) is pliable. Let {a,} be p.c. of o-transcendental
type over K, with no pseudolimit in K. Then there is a proper immediate exten-
sion (K{a),v,k,T',0) with a o-transcendental over K, such that {a,} ~ a and
(K{a),v,k,T",0) is pliable. Conversely, suppose b is a o-transcendental element
over K in some pliable o-extension of K and {a,} ~» b. Then (K{(a),v,k,I',0) and
(K(b),v,k,T,0) are K-isomorphic by an isomorphism sending a onto b.
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Proof. For the first part, let (K2,vs, ks, 2, 02) be an elementary extension of K
containing a pseudolimit a of {a,}. Let K; = K(a). If we show K; is immediate,
the elementarity of Ks clearly gives the rest. Let G(x) be a o-polynomial over K,
not coming from a constant F'. Use Theorems 5.6 and 5.8 to get an equivalent {a;,}
so that {G(a},)} ~s G(a). Now, {G(a,)} > 0, since {a,} is of o-transcendental
type. So G(a) # 0 and v(G(a)) = eventual value v(G(a},)) € T'. Thus K; has the
same value group as K. A similar, standard argument shows that it has the same
residue field.

For the second part, suppose b is o-transcendental over K such that {a,} ~ b.
We claim that the unique o-isomorphism K (a) = K(b) fixing K and sending a to
b is an isomorphism of valued fields.

Let H(x) be a non constant o-polynomial over K. Use sections (5.2)-(5.4) to get
{a),} ~{a,} with {H(a},)} ~ H(a) and simultaneously { H(a},)} ~»s H(b). This is
straightforward in the Witt-Frobenius case, and not difficult to see in the case that
& satisfies no identities.

Now {H(a},)} % 0, since {a,} is not of o-algebraic type. So v(H (a},)) is eventu-
ally constant and we have

v(H(b)) = eventual value v(H(a},))
= v(H(a))

To conclude that K{a) = K(b) is an isomorphism of valued fields, observe that
an arbitrary element of K(a) is a quotient of elements of the form ¢™(H(a)) for

some m € Z, H as above.
|

As in the classical setting, the o-algebraic case is trickier.

Lemma 7.2. Suppose (K,v,k,T',0) is pliable. Let {a,} be p.c. of o-algebraic type
over K, with no pseudolimit in K. Let G be a o-polynomial of minimal complexity
witnessing o-algebraic type amongst all equivalent series. Then there is a proper
immediate extension (K(a),v,k,T',0) of K, with G(a) = 0, such that {a,} ~ a and
(K{a),v,k,T,0) is pliable. Conversely, suppose b is a solution to G(x) = 0 in some
pliable o-extension of K and {a,} ~ b. Then (K({(a),v,k,T,0) and (K(b),v,k.T",0)
are K-isomorphic by an isomorphism sending a onto b.

Proof. We may assume G witnesses o-algebraic type for {a,}.

We prove the first part. Let G = F(o(z)) have order n. Then F(zo,...,%,)
is irreducible in Klzg,...,z,]. For if F = F} - F», we may use Theorem 5.9 to get
an equivalent {a),} such that {G(a},)} ~s G(a), {G1(a,)} ~s Gi(a), {Ga(a),)} ~s
Ga(a) and {G(a},)} ~ 0, forcing one of {G1(a),)} ~ 0 or {Gz(a},)} ~ 0, contrary
to the minimality of G.

Let L be the field of fractions of the domain Klxo,. .. 7gcn]/(F)

We first give L the structure of an immediate extension of K.
Let f(zo,...,xn) € K[xo,...,2,]. Clearly hf—A = bF for some h € K[zg,...,Zn_1],
Ab € Klxg,...,xn], A of lower complexity than F.
For convenience, pick a pseudolimit a for {a,} in an elementary extension of
(K,v,k, T, 0).
“Define”
v(f) = v(A(o(a))) — v(h(a(a)))

Many things have now to be checked.
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i) The map is well-defined.
Suppose hif — A1 = b1 F, hy € Klzg,...,2n-1], 41,01 € Klxg,...,2n],
A; of lower complexity than F'. Then

hi1A—hA; € (F)

and has lower x,-degree than F', so = 0.
(This still leaves the “problem” that A(o(a)), h(o(a)) might both be 0.)
ii) h(o(a)) #0, and v(h(o(a))) € T.

If b is a constant, this is trivial. If not, go to equivalent {a],} so that

{h(o(ap))} ~s h(o(a))

But h(o(x)) has lower complexity than G(x), so {h(o’(
h(o(a)) # 0, and v(h(o(a))) = eventual value v(h(o(aj},))
iii) v(A(e(a))) e T U{oo}, so v(f) € TU{oo}.
By an argument similar to (ii).

iv) Suppose for some equivalent {a},} that {f(o(a}))} Mé flo(a), {f
0, {h(a(a,))} ~s h(o(a)), {Ala(a,)} ~s Alo(a)), and {b(e
b(o(a)). Then v(f) = the eventual value v(f(a(a,))) = v(f(

Consider the relation h(o(a},))f(o(a},))—A(o(a ’ ) =b(a(a),))F ( )
The valuation of the right-hand side is eventually increasmg Whlle the Val—
uation of each of h(o(ay)), f(o(a))), A(a(a,)) is eventually constant, so

eventually we must have v(h(o'(a;f))) +v(f(o(a)))) = v(A(o(a)))). But

as we have seen previously, v(f) = eventual Valupe v(A(o-(a;)))—p eventual
value v(h(o(a},))), whence the result.

v) v is a valuation extending that on K.
v.1) Tt clearly is an extension, and takes value co on (F).
v.2) That v(f + ¢g) > min(v(f),v(g)) is formal, given (i)-(iii).
v.3)v(fg) = v(f)+v(g): say h; € K|zg,...,xn-1], 4i,b; € K[zg,...,2n], A;
of lower complexity than F' such that hy f—Ay; = b1 F, hog—As = boF, h3 A1 As—
Az = b3F. Then hghihafg — A3 = bF, for some b € Klxg,...,2,], and as
n (iv), v(A1A2) = v(41(o(a))) + v(A2(o(a))), so that by (i), and as in (ii)
and (iil) we get

o(fg) = v(As(a(a))) —v(hz(o(a))) - v(h(o(a))) — v(ha(a(a)))
(A143) — v(hi(a(a))) = v(ha(o(a)))

= v(4i(e(a)) +v(Ai(o(a))) — v(h(o(a))) — v(ha(a(a)))
(f) +v(9)

By the above arguments, we get a valuation on K|z, ... 7:vn]/(F), and extend

a))} % 0. So
)er.

= v

<

it to L. Clearly the value group does not extend. Since v(f) = eventual value
v (A(e(al,))/h(o(a},))), as in (i), one shows likewise that the residue field does not
extend.

Now let v; = x; + (F') and consider the “map”

K(vg, ... ,vn_1) — K(v1,...,0,)

sending v; to v;11, (0 <i<n—1) and extending o on K.
Again, there are things to check.
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Each of K(vg,...,v,—1) and K(v1,...,v,) has transcendence degree n over K.
For suppose f(vg,...,vn—1) =0, f € Kl[zg,...,2n—1]. Then f € (F), impossible,
unless f = 0.

Suppose g(v1,...,v,) = 0, g € K[zy,...,2,]. So g € (F), say g = g1 - F.
Then either g is constant, or by Theorem 5.9 there is some equivalent {a},} so that
{9(o(a))} ~s 9(o(@)), {61(0(a))} ~ gr(o(a)), and {G(ah) = F(o(al))} ~ 0.
This forces also {g(o(a},))} ~ 0.

But then

" {g‘fl (a,,0(a)),...,0" (a])) } N (a,0(a),...,0c" (a))

{g‘f1 (a;, o(ay),. .. ,J"fl(a;)) } ~ 0
But g"_1 (x, o(x),..., U”fl(x)) has lower complexity than G, contradiction.
So
K (v, yvp-1) == K(v1,...,0n)

where o(v;) = v;41 and extending o on K, is a well-defined field isomorphism
between subfields of L.

Now, by earlier calculations, if f € K|xo, ..., Tn-1]
v(f(vo,...,vp—1)) = eventual value v(f(a(a;)))
for suitable {a},} ~ a, and changing a/, if necessary
v(o(f(vos,-- - vn-1))) = v(f7(v1,...,0n))
= eventual value v(f7(o(ay),...,0"(a,))), by (iv)
= eventual value v(f(al,...,0" " (a,)))

So v(f) =v(o(f)), whence o is value preserving.
Now consider the henselisation L" of L, and the picture

Lh
1
L
/! AN
K(vgy...,vp-1) K(viy...,vopn)
AN /
K
Evidently L is algebraic over K(vo,...,v,-1). The proof that K(vq,...,v,) has
transcendence degree n, together with F(vo,...,v,) = 0, gives vy algebraic over

K(vy,...,vy), so L is algebraic over K(vq,...,v,). Thus
K(vo, ... ,vn_l)h‘ = K(vy,... ,vn)h’ =r"
So o extends uniquely to an automorphism ¢ of L, which is an immediate extension
of K; o is clearly value preserving. Note that {a,} ~ wvg, since v(vy — a,) =
v(a — a,) =7, eventually.
Now take K7 = K {(vp), finishing the proof of this first part.
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For the second part, suppose b satisfies G(b) = 0 and {a,} ~» b. We first observe
that b, (b),...,0" 1(b) are algebraically independent over K. For if H(b,o(b),...,c" (b)) =

0 for some non-zero H € K[zo, ..., 7n_1], We can go to an equivalent {a/,} such that
H(al,,0(a)),...,0" " (a},)) ~s H(b,o(b),...,0" ' (b)), but that would contradict

the minimality of G. Similarly, G is of minimal complexity such that G(b) = 0. We
then get a K-isomorphism of difference fields K{a) ~ K (b) sending a to b. Now
the elements of these fields are described by o-polynomials H, in a or b, of lower
complexity than G. In particular, for any equivalent {a},} necessarily {H(a},)} 7 0.
We can then argue as in the second part of Lemma 7.1 to conclude that this is also
an isomorphism of valued fields.

O

We note the following consequences. Recall that according to the classical theory,
(K, v) has no proper immediate extension if and only if every p.c. series from K
has a pseudolimit in K.

Theorem 7.3. Suppose (K,v,k,T',0) is pliable. Then

a) (K,v) has a proper immediate extension if and only if (K,v,k,T,0) has a
proper immediate o-extension which is pliable.

b) (K,v,k,I',0) has a proper immediate o-extension which is o-algebraic if
and only if there is a p.c. {a,} of o-algebraic type over K with no pseudolimit
mn K.

¢) Let a € K be in some immediate pliable o-extension of K, and let Ko be a
pliable o-henselian extension of K such that every p.c. series from Ko of
length at most card(T") has a pseudolimit in Ko. Then K{(a) embeds in Ko
over K.

d) Let a ¢ K be in some immediate pliable o-henselian o-algebraic extension
of K, and let Ky be a pliable o-henselian extension of K such that every
p.c. series of o-algebraic type over Ko and of length at most card(T") has a
pseudolimit in Ko. Then K{a) embeds in Ky over K.

Proof. (a) («<): Immediate. (=): If (K,v) has a proper immediate extension then
there is some p.c. series {a,} from K having no pseudolimit in K. By either
Lemma 7.1 or Lemma 7.2 depending on whether {a,} is of o-transcendental or
o-algebraic type, there is an immediate pliable extension of (K, v, k,T’,c) in which
{a,} has a pseudolimit.

(b) («<=): This is Lemma 7.2. (=): let a belong to a proper immediate o-extension
which is o-algebraic. Say G(a) = 0, for some nonconstant o-polynomial G. By
the classical theory, there is a p.c. {a,} from K which pseudoconverges to a but
has no pseudolimit in K. By Theorems 5.6 and 5.8 there is a p.c. {a,} ~ {a,}
st. {G(ay)} ~s G(a) = 0. So {a,} is of o-algebraic type over K, and with no
pseudolimit in K.

(c) Let K7 be some immediate pliable o-henselian extension of K containing a. By
the classical theory, there is a p.c. {a,} from K such that {a,} ~ @ and {a,} has
no pseudolimit in K. By the assumption, there is b € K5 such that {a,} ~ b.

If {a,} is of o-transcendental type, then reasoning as in (b), a and b must both
be o-transcendental over K and we can apply Lemma 7.1.

If {a,} is of o-algebraic type, let G be as in Lemma 7.2, namely, a minimal
witness to o-algebraicity. By Theorem 6.10, we get an equivalent {a;} from K so
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that {G(a},)} ~ 0, {G(a},)} ~ G(a), for all H € H(G), {H(a},)} ~ H(a), but not
to 0, eventually a;, G are in o-Hensel configuration, and either G(a) =0 or a, G are
in o-Hensel configuration. Note that {a],} ~» a and v(G(a)) > v(G(a},)) eventually.
If G(a) = 0, we do nothing. Otherwise, by the o-Hensel scheme, we get a’ in K7,
such that G(a') = 0 and v(a’ — a) = v(G(a)) — miny—; v(Gi(a)). But eventually,
v(Gi(a},)) = v(Gi(a)),]l] > 1, so eventually v(a’ — a) > v,. Whence {a},} ~ a’. So
in every case, we get a’ in Ki, such that {a),} ~ a’ and G(a’) = 0. Similarly, we
get b’ in Ky with {a,} ~ b' and G(V') = 0.

By Lemma 7.2, K{(a'}) is isomorphic to K (V') as valued fields with isometry over
K, with o’ mapped to V'

Now, a is immediate over K (a'). If it is not in K(a’), then we may repeat the
argument and conclude by a standard maximality argument.

(d) By the proof of (b), there is a p.c. {a,} from K of o-algebraic type pseudocon-
verging to a but with no pseudolimit in K. The calculations in (c¢) work now noting
that every extension or p.c. series considered will be of o-algebraic type. ([l

We now tackle the issue of uniqueness of maximal immediate o-extensions. At
the same time, we consider the analogue for o-algebraic immediate extensions.

Lemma 7.4. Let (K,v,k,T',0) be a valued field with isometry s.t. (k,) is linearly
difference closed. If (K,v,k,T,0) has no proper immediate o-algebraic extensions
then it satisfies the o-Hensel scheme.

Proof. Suppose first that (K, v, k, 7, c) has no proper immediate o-extension. Sup-
pose it is not o-henselian, and start with a counterexample a, G in o-Hensel con-
figuration.

Let ap = a and use the Newton approximation given earlier to start a p.c.
{an}n<w in o-Hensel configuration (cf. Def. 6.4 for notation). Note that for all I
with |I| = 1 such that

o(Gala)) = min v(G o)

we have for each n < w

v(Gi(an)) = wv(Gilao))

min (G (an))

Fix, as in section 6.1, Iy with |lg] =1 so

v(Giolan)) = min v(G;(a0))

Now, {a,} must have a pseudolimit a,, in K. As in the proof of Theorem 6.10, we
get that a,, G are in o-Hensel configuration. By continuing we eventually reach a
contradiction.

Now suppose (K, v, k,T', 0) has no proper immediate o-algebraic extension. Since
K is unramified, let (K7, v;) be the unique maximal immediate extension of (K, v).
By uniqueness, o extends to (K1,v1) and we get (K7, v1,k1,I'1,01) which has no
proper immediate o-extension. By the first case, K is o-henselian. If a,G from
K are in o-Hensel configuration, there is an appropriate root of G in K3, which is
now forced to be in K. O
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Theorem 7.5. Suppose (K, v, k,T',0) is pliable with (k, ) linearly difference closed.
Then

i) (K,v,k,T,0) has a mazimal immediate o-extension, which is pliable, and
is unique up to isomorphism over (K, v, k,I',0).

i) (K,v,k,T',0) has a mazimal o-algebraic immediate extension, which is pli-
able, and is unique up to isomorphism over (K,v,k,T, o).

Proof. We have already noticed the existence of both kinds of maximal immedi-
ate o-extensions, and they will necessarily be pliable since they are immediate
extensions of K. By the previous Lemma they are also o-henselian. The desired
uniqueness then follows by a standard maximality argument using Theorem 7.3 (c)
and (d).

O

We note the following.

Lemma 7.6. Let (K, v, k,T',0) be pliable with (k, &) linearly difference closed. Then
the maximal immediate o-extension of K embeds in any pliable o-henselian exten-
sion of K which is max(card(k), card(T")) " -saturated.

Proof. Let K’ be the maximal immediate o-extension of K. The saturation as-
sumption ensures that any p.c. {a,} from K or K’ will have a pseudolimit in
the saturated extension. The result then follows again from Theorem 7.3 (c) by a
standard maximality argument. ([l

8. PROOF OF THE EMBEDDING THEOREM

In this section we complete the proof of the Embedding Theorem 2.2 which the
reader should consult for notation.

We wish to exploit our work on pseudoconvergence and maximal immediate
o-extensions, but these do not apply directly to general L; as above.

The main remaining work involves making the L; pliable with a linearly difference
closed residue field. We then exploit uniqueness of maximal immediate o-extensions
and fall into the trichotomy of the classical setting: extensions where only the
residue field extends (so-called unramified), extensions where only the value group
extends (so-called totally ramified), and immediate extensions.

We shall show a series of intermediate lemmas where we extend v to a o-extension
L, of L;, still small, with a desired property. Concerning the issue of smallness,
typically the basic step is to go to some L, = L;(a), which is obviously small if
L; is, and then iterate the procedure card(l;) or card(G;) many times, which also
preserves smallness. Eventually we iterate this process countably many times and
take union of an increasing sequence of countably many small fields, which also
preserves smallness. We will make no further reference to smallness in the proof.

In all cases, the extension 1’ of 1 should be admissible, i.e. satisfy conditions:

(A) ¢’ is an isomorphism of valued fields with isometry.

(B) The induced isomorphism . : I§ «— I} of difference fields is elementary.
(C) The induced ¢, : G} «—— G is elementary.

(D) 9’ respects the angular component maps.

We note that by Lemma 1.6 and Lemma 1.12 we can always assume that L; is
henselian. Recall the notation f¥ (section 1).
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8.1. Making a valued field with isometry pliable. We want to make the L; of
the Embedding Theorem pliable with linearly difference closed residue fields. This
involves using Axioms R and RG of the ambient models and some dovetailing.

Lemma 8.1. Let ¢ : Ly — Lo be an admissible isomorphism, with L; small,
Witt-Frobenius case and henselian.

(1) Suppose a € ky is algebraic over ly. Then there exist a € Kq1,b € Ko
such that @ = o and 1) can be extended to an admissible isomorphism 1)’ :
Li{a) — Lo(b) such that ' (a) = .

(2) We can extend ¢ to an admissible isomorphism 0’ between small valued
subfields with isometry L, whose residue fields I} are relatively algebraically
closed in k;.

Proof. Ttem (2) follows directly from item (1). To prove (1), the basic task is to
select « algebraic over [y, select a suitable a € K; with a = «, and extend ¥ to
L{a).

Note that since L; is closed under o and o', [; is perfect. For we are in a Witt
situation and &(x) = aP.

Now, select irreducible monic f € I;[x] of degree n with f(a) = 0. Since l; is
perfect, f'(a) # 0. Lift f to some monic g € L;[x] of degree n,g = f. Use Hensel’s
lemma to get a € K1,g(a) = 0,a = «, a unique with these properties. Also, ¢ is
clearly irreducible.

Then Li(a) = Li[a] = {h(a) : h € L1[z],deg(h) < n}. Pick any such h(z),h # 0,
and write h = ¢+ hy,c € Ly, hy over the valuation ring, and with at least one
coefficient 1. Then h;(a) # 0, so v(hi(a)) = 0, and v(h(a)) = v(c). So Li(a) is
unramified over Ly, with residue field [; ().

Now, o(a) need not be in L;(a). However, we do know that o(a) is the unique
root A of g% such that A\ = &(a), a root of f7. Now f7 is irreducible over Iy,
though perhaps not over /;(«). So factor f into coprime irreducibles over I;(«),
say f° = I0f;, and lift this to a factorization of g° over the henselian field L;(a),
say ¢° = Ilg;, with g; = f;. Now, 6(«) is a root of f; say, and of no other f;, so
o(a) is a root of g1, say, and of no other g;. The g; are of course irreducible.

So now we repeat our earlier procedure, working over Lq(a) with f; and o(a),
to get Li(a,o(a)), an unramified extension, with uniquely determined valuation
structure, and residue field /3 (o, 5(v)).

Now obtain 0~(a) and then 02(a),o~2(a), and so on, until we have an unram-
ified extension Lj(a) with residue field I3 {«).

Our task now is to find v’, i.e. to find a suitable b € K>. We make essential use
of 1,.. The saturation allows us to extend %, to an elementary map

Yy li{e) «— 12(B)
with ¢/ (a)) = . Now we use 1], to mimic what we just explained about L;{a). Use
Hensel’s lemma to get a unique b so that g¥(b) = 0 and b = ¢’.(a) = 8. Then by our
discussion of the valued field structure of L; (a) it is clear that ¢ extends uniquely to
a valued field isomorphism 1y : L1(a) = Ly(b) sending a to b. Also,)1, = ;. |1, (a)-
Now repeat to extend to 1y : Li(a,0(a)) = La(b,o (b)), and so on till we get
' Li{a) = Ly(b), as a map of valued fields, and ¢’ = ..
Finally, 1’ does respect o, just by construction.

Since the extension is unramified, (C) and (D) are automatic, and ¢, = 9. gives
(B). O
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Lemma 8.2. Let v : Ly — Ly be an admissible isomorphism, with L; small.

(1) Given an inhomogeneous non trivial linear &-equation over ly, there exist
a € Ki,b € Ky such that a is a solution to the given equation and i can
be extended to an admissible isomorphism 1)’ : Li{a) — Lo(b) such that
P'(a) = b.

(2) We can extend ¢ to an admissible isomorphism 0’ between small valued
subfields with isometry L} whose residue fields are linearly difference closed.

Proof. In the Witt-Frobenius case, this is subsumed by Lemma 8.1, since 5(z) = aP.
As (2) is a routine consequence of (1), it suffices to prove (1) in case we have
Axiom RG. So, let

Cp- 0" () +...+C-x+d=0

be a linear g-equation over Iy, with n # 0,¢, # 0,d # 0, all ¢; in L.

Use Axiom RG and saturation to get a solution « in &, so that « is not a root
of any F(o(x)) =0, F € li[xo,...,Tn-1], F # 0. Now use the o-Hensel scheme to
lift o to a solution a (in K3) of ¢,o™(z) + ... +d =0.

Consider Li(a,o(a),...,0" (a)). This is closed under o. But, noting for ex-
ample that o= 1(c,0™(a) + ... +d) = 0 we get 0~ '(a) € Li(a,0(a),...,c" 1(a)),
and see easily that Li(a,o(a),...,0" 1(a)) is closed under o~ 1.

Now we check the valuation structure of L;(a,o(a),...,c" (a)). Consider
fla,0(a),..., 0" Y(a)), f € Li[xo,...,2n_1] ~ {0}. Write, as usual, f = c- f1,
c € Ly, f1 over the valuation ring, one coefficient 1.

fila,a(a),...,6" (a)) # 0, so
v(fi(a,o(a),...,c" *a))) = 0, so
v(f(a,0(a),...,c" 1(a) = wv(c)

So v is uniquely determined, the extension is unramified over Lj, and has residue

field {3 ().
Now use saturation and the elementarity of v, to find a match 8 in ko for a.
Let b be an appropriate lifting. The existence of v’ is routine. ([l

Lemma 8.3. Let ¢ : Ly — Lo be an admissible isomorphism, with L; small.
Suppose the L; henselian and the l; linearly difference closed.

(1) Let c € Ly, then there exist a € K1,b € Ko such that v(c) € v(Fix(Ly{a)))
and ¥ can be extended to an admissible isomorphism ¢’ : Li{a) — Lo(b)
such that ¥'(a) = b

(2) We can extend ¢ to an admissible isomorphism v’ between small valued
subfields with isometry L, such that for all ¢ € L; there is a € L} such that
o(a) = a and v(c) = v(a).

Proof. Again, (2) follows from (1) using Lemmas 8.2 and 1.6. To prove (1), this
time our task is to take an element ¢ € L} and then obtain an extension containing
an element in the fixed field with the same valuation as c.

Pick a nonzero solution « of the equation 6(y) = (¢/o(c)) -y over k; using Axiom
R. Use the o-Hensel scheme to lift o to a € K7 with o(a) = (¢/o(c)) - a.

Then ca is in the fixed field, and v(ca) = v(c), since a # 0.

So we consider Lq(a), which contains an element solving our problem. L;(a) is

obviously closed under o and o~ *.
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If «v is transcendental over /1, a by now routine argument shows that the valuation
on Lq(a) is uniquely determined, and that L;(a) is unramified over L, with residue
field {1 ().

Can « be chosen transcendental? We can vary « by multiplying by an element of
Fix(a), so by saturation we can choose « transcendental, provided Fix(g) is infinite.

If Fix(5) is infinite, the extension to ¢’ is by now routine.

Suppose however Fix(g) is finite, of characteristic p.

Go back to a. By Lemma 8.1, we may assume that [; is relatively algebraically
closed in k1 so the a € I;. Let ag € Ly be any lifting of a. If o(ag) —¢/o(c)-ag = 0,
we are done (we need not extend). Otherwise, since all linear G-equations are
solvable in I1, we may do Newton approximation in Lj, to get a; with v(a; —ag) =
v(o(ag) —c/o(c) - ap) and v(o(a1) — ¢/o(c) - a1) > v(o(ag) — c/o(c) - ap). If ay is a
root of o(x) — ¢/o(c) - ¢, we are done. Otherwise, we generate a p.c. {ap}n<, in
L1 with

Yo = v(am — an) (for any m > n)
= wv(o(an) —c/o(c) - ay)

and v(o(x) — ¢/o(c) - z) increasing on {a, }n<w-
Note that for any pseudolimit a,, (anywhere) of {a, tn<w

v(o(ay) —c/o(c) - ay) > v(o(an) —c/o(c) - an)
for each n.

Case 1. The series {a, } has no pseudolimit in L;. Since L; is henselian, {a, } is of
transcendental type over Lq, and for any pseudolimit a, of {a,} the isomorphism
type of the valued field L4 (a,,) is uniquely determined.

If some ay, is a solution of o(z) = ¢/o(c)-z, the field L (a,,) is closed under o, o~
and its isomorphism type as valued field with isometry is uniquely determined. Note
that @, = a. In this case the existence of the required v’ is routine.

If some a,, is not a solution, the o-Hensel scheme gives us a solution a], with

1

v(a, —a,) = wv(o(ay) —c/o(c)-au)
> v(o(ay) —c/o(c) - ay)

each n, so a/, is also a pseudolimit, and we go back to preceding paragraph.

Case 2. The series {a, }n<w has a pseudolimit a,, in L.
Newton approximate against a,,. We continue our seach until we are driven into
Case 1.
O

Lemma 8.4. Let ¢ : L1 — Lo be an admissible isomorphism in the non-Witt-
Frobenius case. Then we can extend v to an admissible isomorphism 1)’ between
small valued subfields with isometry L whose residue fields satisfy Axiom R4.

Proof. By saturation and Axiom R4 in K7 we get a € ky, 6-transcendental over
l;. Lift @ to a. Then by now familiar arguments show that the valuation on L;(a)
is uniquely determined, and L;(a) is an unramified extension of L, with residue
field 11 (c); a is o-transcendental over L;. Obviously /1 («) satisfies Axiom R4. To
lift ¢ to Lq(a), we (as usual) use the fact that 1), is elementary to extend v, to an
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elementary map .. : l1{a) «— I3(f) for suitable § € ko, v’ (a) = 8. Then lift § to
b, and get ¥’ : L1{a) «— Lo(b) with the right behavior for ¢',., etc. |

Finally, we obtain

Lemma 8.5. Let ¢ : L1 — Lo be an admissible isomorphism, with L; small. Then
we can extend 1 to an admissible isomorphism 1)’ between small valued subfields
with isometry L, which are pliable with a linearly difference closed residue field.
Furthermore, we can also make the L} with no immediate o-extensions.

Proof. Witt-Frobenius case: by Lemmas 8.2 and 8.3, we can construct a sequence
of valued difference field extensions L; = L; o € L; 1 € L; 2 C ... and isomorphisms
1,[) = d)o,d)l,’(,bg, ... such that

(1) %; is an admissible isomorphism of L; ; onto Ly ;, and 1,1 extends v;;
(2) 1;,; is linearly difference closed if j is odd; and
(3) for all ¢ € L; ; there is a € L; j4+1 such that o(a) = a and v(c) = v(a) if
j > 01is even.
Then Lj = UJ; Li,; and 9" = (J; ¢; yield the desired extensions. In the non-Witt-
Frobenius case, do the same dovetailing using in addition Lemma 8.4.

Assume now that each L; is pliable with a linearly difference closed residue field.
By Lemma 7.6, let L be a copy in K; of the maximal immediate o-extension of
L;. By Theorem 7.5 we can now extend v to the L}, which are also pliable with a
linearly difference closed residue field (since o-henselian). ]

8.2. Unramified extensions.

Lemma 8.6. Let ¢ : Ly — Lo be an admissible isomorphism, with L; small.
Suppose L; are pliable and o-henselian. Let o € ki \ l1. Then there exists a €
K1,b € Ko such that a = a and 1 can be extended to an admissible isomorphism
' i Li{a) — La(b) such that ¥'(a) =b and Li{a)/L; is an unramified extension.

Proof. We want to extend ¢ to L; whose residue field extends that of L;.
Case 1. The k; are of characteristic 0. Use Theorem 6.5 to select difference sub-
fields, l? representing [;, and then difference subfields kf ) lf of K;, representing
k;.

Then ), induces naturally ¥f : lﬁ — lg elementary in the setting of the valued
difference fields & (under o).

Let o € k1\l1, and of the corresponding element of kﬁ Consider L {at). We
have to detect its isomorphism type and match it in Ks.

Pick a basis B of I}(af) over I!. Then any element of L;(of) can be written
as a quotient of elements having the form = = > A; - b;, \; € L1, b; € B, with

the b; distinct. As usual, if z # 0, z = X\, - > (Ai/)\io) - b; for some 7y, where
'U<)\i/)\ig) > 0. Now /\i//\io = Wi+ &, Ui € lﬁ,v(si) > 0. Also, Mio = 1.

Thus > (/\i / /\i()) - b; has the same residue as Y p; - b;, and this is nonzero, by
the basis property of B. So v(z) = v();,), so the valuation is uniquely determined
by B.

Also, o(x) =5 o(N;) - o(b;), again uniquely determined by B and I {a).

Thus to extend to ¥’ we let of be sent to 1 (at), and match B to (B).
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The earlier calculations show that Li{a*) is unramified over L1, and has residue
field (naturally isomorphic to) l‘i {(a¥). So (A), (B), (C), (D) are taken care of.
Case 2. The k; are of characteristic p > 0. To simplify notation we can assume
w.l.o.g. that k1 = ko, by taking suitable ultrapowers (see [23], p. 69).

We work with the coarse valuations v, which are o-henselian on the L; and K; by
Lemma 6.6; ¥ of course respects v, but we do not claim its reduction is elementary
on the residue fields of L; and Lo for v. Now use Theorem 6.5 to get a copy of I, lﬁt
say, as a difference subfield of Ly, and similarly a copy of k1, k?, with lﬁ C k?

By saturation kg is a complete discrete valued field whose residue field naturally
identifies with k;, so k;ﬁ is isomorphic to W (k1) by a unique isomorphism which
is compatible with the residue map onto ki, and via this isomorphism ¢ identifies
with the automorphism of W (k;) induced by & as in Example 1.3. Note that this
isomorphism sends (lﬁ, o) onto a difference subfield.

Now let ¢ be an element of K; with v(c) > 0 so that & ¢ 1, and let ¢! be the
element of k§ corresponding to the o residue class of ¢. Note ¢f = ¢.

Then by the argument in Case 1, L; and lg (c*) are linearly disjoint over l% and v
on the compositum L (c?) is determined by (lﬁ (c*), ). Also, o is determined, and
the ¥ value group is not extended, so in fact the extension is unramified for .

Now we look more closely at the argument of Case 1. Note that in the present
case we may pick a basis B (for # (c!) over lﬁ) with v(b) > 0 all b € B (for v(b) = 0,
so v(b) € Z, and if v(b) = —m, m > 0, replace b by p™ - b). Now consider = # 0
in Ly{(c*), of the form x = Y \; - b;, b; € B, \; € L;. Pick i with v();,) minimal
among the v(\;). Then as before (since v > 0 — © > 0)

0(x) = 0(A;,), and
o (3 (A /xi) i) =0, s0
o (32 (A /20) bi) ez, andis>o0.

Now we revert to the 0-formalism, more precisely to the components of Witt vectors.
We have (cf. Lemma 4.2)

v(Z(Ag)b)n

B, (Z (Ai//\o) -bi> £0and 9 (Z ()\,»/AO> ~bi) —0for0<j<n

[Moreover, if v(y) > 0 then v(y) > 0 iff 9;(y) =0 j =0,1,2,...]. Now, by [16],
(for fixed p) On(x +y) and O, (x - y) are given by universal polynomials (over Z) in
the 0;(x),0;(y),0 < j < n. So once one knows all 9;(b;), one has determined all

Oy, (Z ()\z‘/)\o) . bi>7 and so knows all v (Z ()\z‘/)\o) . b¢)7 and thus v on L;({c*).
In fact, since by Lemma 4.1

On(o(y)) = 7(0n(y))

for all y € k%, it is clear that one knows v on L;{c*) once one knows the sequence

(Do(ct),...0n(ch),...)
or, more precisely, its type over [;. Now we bring the elementarity of v, into play
(with saturation), to extend v, to an elementary /. defined on l1(9y(ct?), ... Dy (cf), .. .).




38 LUC BELAIR, ANGUS MACINTYRE, AND THOMAS SCANLON

Again by saturation there is d* in K; with v(d*) > 0 and 0, (d*) = ¥/.(9,(c?)) for
each n.

We now claim that v extends to 1’ : Li(c*) = Ly(d*), and ¢/, = 9.

First, via the components of Witt vectors (J,,) and the identifications above, we
have an isomorphism of difference fields

' () = (B (d)

Consider an abstract o-polynomial G(z) over Ly, and write G(z) = e-G1(x), e €

L1, G7 over the valuation ring with one coefficient equal to 1. If G is over l? and
G(c*) # 0 we know

(G(c*)) =0, so
v(G(c") € Z and v(G1(cF)) >0
By the preceding analysis in terms of the 9,, and the choice of d*, G¥(d*) # 0 and
v(G¥(d)) = v(G(ch)) € Z

So 0 is 0 on ¥(i*)(d?), and clearly the latter is a o-copy of the © residue field.
Moreover we have at least extended ¢ on [# to ¢/ : [2(ct) = ¢ (i%)(d?) preserving
o and valuation, and with ¢’(cf) = d*. Now we use ¢/(B) as a basis for w(lﬁ)(d%
over 1/)([5), establish the linear disjointness from Ly over ¢(l§) , and again using
the data on the 0, (c?) and 9,,(d?) we extend 1 to the required ¢’ : Ly {(c*) = Lo(d*)
preserving o and v. It is clear that the respective residue fields are I1 (¢) and I (d?),
and 9. = ¢,. Also, the extensions are unramified, and we are done, since ¢ was
arbitrary with v(c) > 0. O

8.3. Totally ramified extensions.

Lemma 8.7. Let ¢ : Ly — Lo be an admissible isomorphism, with L; small.
Suppose L; are pliable and o-henselian. Let v € vKy \ vLy. Then there exist a €
Ki,b € Ky such that v(a) =~ and 1 can be extended to an admissible isomorphism
' Li{a) — Lo(b) with ¢'(a) =b and res Ly (a) =1;.

Proof. We want to extend 1 to L; whose value group extends that of Lj;.
The task here is to go from L; to some L/, to introduce in L} an element a so
v(a) € T'y is prescribed.

Case 1. The element v € I'y is rationally independent of G; = v(L7}). Choose
y € K1,0(y) = y,v(y) = v (using the fact that K7 has enough constants). Then
Li(y) is a difference subfield and because of the assumption on v,v(> c¢;y?) =
minwv(c;) + jv for ¢; € Ly. Thus v is uniquely determined, and the new field has
value group generated by G; and -, and the residue field is not extended. This
time, use elementarity of ¢, to extend it to (¢,)" on the group generated by G
and . It is routine to extend ¢ to ¢’ with (¢'), = (¥,)".

Finally, we deal with angular components. Earlier, we just had to choose 9'(y)
so that a(¢/(y)) = ¥'(y) and v(¥'(y)) = (¥) (v(y)). To get angular components
to match up we need only ensure that ¢’(y) satisfies the extra constraints (recall
that the residue field is not extended, and therefore neither are the residue rings
modulo p™ for n € N):

acn(V'(G(y))) = ¥}, (acn(G(y)))
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for G a o-polynomial over L;. So by Lemma 1.12 we need just

wlr,n (acﬂ (y)) = acp (1/’/ (y))

Thus in addition to fixing v(¢’(y)) we need to fix ac,, (¢’ (y)) in the above compatible
way. By this compatibility, and saturation, it is enough to get, for any n, some
y' in Ky with o(y') = v/, v(y') = ¢/, (v) and ac,(y') = ¥ n(acy(y)). But this is
always true, as ac, restricts to Fix(c) and we can always scale by elements of value
0, and res,, is surjective.

Case 2. For some n € N, assumed minimal, n - v € G;.

This time we use ideas already familiar from quantifier-elimination in the valued
field case (for example, [3]). Let v4 = n - ~.

We exploit the remark which concluded Case 1. There is, for any m, an element
Ym in Ly of value v with o (ym) = ym and with ac,, (y,,) = 1. So by Hensel’s lemma,
for m > 2v(n) + 1 there is a unique w,, in K; with w?, = y,, and acy, (wy,) = 1.

Now, by uniqueness, o(w,,) = w.,. Fix m as above, and let w = w,,. Consider
the difference subfield Ly (w) = Li[w]. By the minimality of n,

v (i cr - uﬁ) = min(v(c,) + rv(w))

= v(er) +ro-y

say (for ¢, € L), and so is uniquely determined by v(w) = 7.
Also, the residue field is not extended. Now, Hensel’s lemma provides a unique
t with t" = ¢¥(ym) and ac,, (t) = 1. There is a unique ¢’ (extending )

T,ZJ/ : Ll(w) &~ Lg(t)
P(w) =t

Y’ clearly satisfies (A),(B),(C). For (D), concerning angular components, we argue
that by uniqueness

ack(t) = ¢, (ack(w))
for all kK > m. Then, by Lemma 1.12 again, we are done.

8.4. Epilogue. We can now conclude the proof of the Embedding Theorem. We
have an admissible isomorphism v : L1 = Lo, the L; small.

An a € Kj is now given, and we have to find an extension v’ of v, again
satisfying the above properties, with o € dom(¢)’).

By Lemma 8.5 we can always assume that L; is pliable and o-henselian. Then,
by Lemma 8.6 and Lemma 8.7 we can define a sequence of small valued difference
field extensions L; = L; o C L;; C ... and isomorphisms 1 = v, 91, ... such that

(1) 9, is an admissible isomorphism of L j onto Ly ; and ;11 extends 1; ;
(2) the residue field of L; ;{«) is contained in the residue field of Ly jy1;

(3) the value group of Ly ;{(c) is contained in the value group of L; jy1;

(4) Ly ; is pliable and o-henselian.

Let L;,, = Uj L;;and ¢, = Uj ;. Then L; , are pliable and o-henselian (so their
residue fields are linearly difference closed), 1, is an admissible isomorphism of
Ly, onto Ly, and now L, (a) is an immediate extension of L; ,,. As in the proof
of Lemma 8.5, let L} be a maximal o-extension of L; ,, inside K; and containing
a, and let L) be a maximal immediate o-extension of Lo, inside Ky. By Theorem
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7.5, we can now extend 1), to an admissible isomorphism v’ : L] — L}, and we are
done. [l

9. COMPLETENESS AND MODEL COMPLETENESS

Recall that (K, v, k,T', o) satisfies the o-AEK axioms if it is an unramified valued
difference field for which the Embedding Theorem applies (Definition 2.3).

Theorem 9.1. Suppose (K,v,k,T',0) satisfies the o-AEK axzioms. Then the ele-
mentary theory of (K,v,k,T',0) is determined by the elementary theory of (k,o)
and the elementary theory of T'.

Proof. Tt is clear that on any suitably saturated model there is a system {acy, }nen
such that if k has characteristic p then ac, (p™) = 1 all m. Consider (K;, v;, ki, T, o)
i =1,2 with (k1,51) = (k2,02) and T'; =T'5. Let ¢ : Q «— Q be the identity, use
the above ac,, and apply the Embedding Theorem. ([

Corollary 9.2. Suppose (K,v,k,T, o) satisfies the c-AEK azioms. Then (K,v,k,T,0)
is decidable if and only if (k,5) and T are.

Ezample 9.3. The elementary theory of W(]Fglg ) with the Witt Frobenius is ax-
iomatized by “Witt-Frobenius case,” the o-AEK axioms, residue field algebraically
closed of characteristic p, value group a Z-group with unit v(p). Call this theory
W F,. One actually has an axiomatization as a difference field since the p-valuation
is algebraically definable. So this theory of (valued) difference field is decidable.

Theorem 9.4. Let > be a set of sentences for a class of (K,v,k,T',0) satisfying
the o-AEK axioms, saying that (k,&) satisfies Y, and I' satisfies ), where ),
and )", are model-complete. Then ) is model-complete.

Proof. This is only a minor variant of Theorem 9.1. This time one has to consider
a small model Ly and ¢ : L1 «+— L the identity, and extend 1 to a bigger model
L) (all inside a suitably saturated K;). By blowing up we can put a system ac, on
L, without loss of generality (assuming L; 4 K1), and extend the ac, to (a new)
K suitably saturated. Then the Embedding Theorem gives the result. [

Example 9.5. The elementary theory of W(IF‘;IQ ) with the Witt Frobenius.

We now know that W F},, the elementary theory of W(Fglg ) with the Witt Frobe-
nius, is model-complete. The next proposition ensures that WF), is the model
companion of the theory of “Witt-Frobenius case” valued fields with isometry, i.e.
unramified satisfying o(x) = zP. Call this theory T),.

Proposition 9.6 (Model Companion). Every model of T,, embeds in a model of
WEF,.

Proof. Let (K, v,0) be amodel of T),. We have seen that we can go to henselisations,
so we can assume (K,v) is henselian. Using the ramification theory of general
valuations (see [30], chap. 3) we can pass to the maximal unramified extension
(K’,v) of (K,v) inside its algebraic closure. This is a Galois extension whose
residue field is the algebraic closure of the residue field of K, its value group is the
same as K, and o extends to K’ (see Lemma 8.1), v(o(z)) = v(x) is automatically
fulfilled. We are now in position to use the same arguments as in Lemma 8.3
but now working inside the (unique) maximal immediate extension of (K’,v): by
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uniqueness o extends and we will have a valued field with isometry satisfying the
o-Hensel scheme by Lemma 7.4. We have now extended (K,v,0) to a model of
T, which is henselian, has an algebraically closed residue field and has enough
constants. To get a Z-group, apply the argument as in p-adic fields but with minor
adjustments for o (see [25], §3, Thm. 3.1). Finally, to get the o-Hensel scheme, go
to the maximal immediate extension as before. O

10. TEICHMULLER LIFTS

In this section we discuss an application of our main results to the theory of
Teichmiller lifts. This material is not used in the sequel. The reader may wish to
consult [14] for background on formal groups.

The usual Teichmiiller map is a multiplicative section of the residue map for the
ring of Witt vectors of a perfect field. In terms of limits, if & is a perfect field of
characteristic p > 0, then the Teichmiiller map 7 : k — Wk] is defined by

T(z) == lim "
(m(@))?" ==
where 7 : W[k] — k is the reduction map. The map 7 plays a central role in the
theory of the Witt vectors. For instance, every element of W [k] may be developed
(uniquely) as a power series in p with coefficients from the image of 7. That is, for
any x € W/k| there is a uniquely associated sequence (;);c., of elements of k for
which z = Y% 7(z;)p".

Work of van den Dries [11] shows that the theory of (W (k), k, 7,7, +, X) is de-
termined by the theory of k and is, in particular, decidable when k is decidable.

One can define 7, as well as other analogous Teichmiiller maps, using the Witt-
Frobenius. Indeed, if o : W[k] — Wk] is an automorphism lifting the Frobenius,
then 7 may be defined by

T(2) =y == nly) =v & oly) =y"

So, the structure (WIk|, k, 7, 7,+, X) is interpretable in (WTk],v,o,+, x) and
van den Dries’ relative completeness and decidability theorems follow from our
main theorem (at least in the cases where our axioms on solutions of residual linear
difference equations hold).

There are other Teichmiiller maps interpretable in (W[k],v, 0, +, x). Suppose,
for instance, that G is a semiabelian scheme over Wk].

We define the Teichmiiller map 7¢ : Gi (k) — G(W[k]) by

7o(z):=  lim [p")(Z)
(" m @)=z

It is not true that for every such G the map 7¢ is definable in the valued difference
field (W (k),o,v,+, x), but it is for sufficiently nice G. Suppose that there is an
isogeny v : G — G(?) which restricts to the Frobenius morphism F : G}, — Gfgp)
on the special fibre. Such an isogeny exists when G is the multiplicative group, in
which case v is just x — 2P, and more generally for canonical lifts. In this case 74
may be defined by

6(z) =y +=7(y) =2 & o(y) =¥(y)
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Let us check that that this formula correctly defines 7. Using the limit formula
for 7¢ and the continuity of o and 1, one sees that 7¢ commutes with the o and 1 in
the sense that oo = T5) oF and that the Teichmiiller maps are homomorphisms.
It follows that for any x € Gy(k) that (0 —¢ ¢)(7¢(2)) = Tgw ((F — F)(z)) = 0.
Conversely, we note that there is only one solution to o(y) = ¥(y) and 7 (y) = 0.
Indeed, as 1 restricts to the Frobenius, all of the eigenvalues of its differential
have positive p-adic valuation. Using a formal group law for G, we may ex-
press the kernel of reduction as G(pWIk]) = ((pW[k])?,®¢) where ¢ = dim G
and @¢ is the formal group law. By the above observation, relative to these
coordinates, ¥(z1pt,...,zop") = (0,...,0) (mod p'™!) while o(z1pt,...,z.p") =
(zp', ..., 2bp") (mod p't'). Clearly, zero is the only solution to o(y) = ¥(y) in
the kernel of reduction. Thus, for any = € Gy (k), 7¢(y) is the unique solution to
m(y) =z and o(y) = ¢(y).

This example of an interpretable Teichmiiller map may be generalized slightly
to the case of quasi-canonical lifts for which there is an isogeny ¢ : G — G(")
restricting to the p”-Frobenius on the special fibre.

11. QUANTIFIER ELIMINATION

In this section we state precisely the quantifier elimination theorems and point
out some formal equivalences between them.

We have to look more closely at Denef’s angular components.

While some angular component functions are already definable in the language
of valued fields for some valued fields (e.g. @, cf. remark 1.11), there are henselian
valued fields in which these functions are not definable (take for example C((t))).
This issue is avoided in the work of Basarab and Kuhlmann by considering “mixed
structures” or “additive-multiplicative congruences” [3, 20]. If K is a valued field
and I C Vg is a proper ideal (in our case the maximal ideal m of V, or some
p"m), then we set K; := K*/(1 +1I) and 7y : K* — K the quotient map. The
structure K is more than just a group under multiplication. It continues to carry
the valuation of K and addition on K leaves a trace on K in the form of a ternary
relation A;(z,y,2) © (37,5 € K*)n(%) = 2 & 71() = y & 771(Z +§) = 2.°
Quantifier elimination relative to the mixed structures (for an appropriate choice
of ideals) holds in fairly general henselian fields. There is a price to be paid for
working only with structures interpretable in the language of valued fields: the
structure of the class of definable sets in the mixed structures may be obscure.

Angular components and mixed structures adapt to valued difference fields with-
out any substantial changes. If (K, v,0) is a valued difference field and I C Vi is a
proper ideal, then ¢ induces an automorphism of K; which we continue to denote
by o. We say that the angular component map acy : K* — (Vi /I)* is compatible
with o if it commutes with o. A simple calculation as in section 1 shows that, in our
context, this is equivalent to having ac restrict to Fix(c) in the natural way. After
stating precisely the elimination theorems for those formalisms, we show how they
follow from each other. Our embedding theorem yielding elimination of quantifiers
used the angular component maps.

We need to use many-sorted first-order logic, where variables, constant symbols,
function symbols and relation symbols have prescribed sorts. Terms and formulas
are built in the usual manner, and the classical results hold (see [19]).

9Ct. Krasner’s corpoide, see [4].
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Let p be a multisorted signature and L£(u) the associated first-order language.
If f is a function symbol of u, let dom(f) designate the sequence of sorts for the
domain of f, and rng(f) the sort for the range of f. If R is a relation symbol,
let fld(R) designate the sequence of sorts for the domain of R. Let ¥ be a set of
p-sort symbols. We define a new signature p’ := pqr—x having the same constant,
function, and relation symbols plus new relation symbols Ry (o) for each ¢ € L(u)
whose free variables are all of sorts belonging to ¥. Fixing an ordering of the
free variables of ¢, 33(53(?)7 ... ,acg:;ll, we define fld(Ry) to be (So,...,Sm—1). The
theory Ty¢—, 5 is generated by the (universal closures of) the formulas ¢ «— Ry,
for ¢ € L(u) as above.

Definition 11.1. Let p be a multisorted signature, ¥ a set of p-sort symbols,
and T an L(u)-theory. We say that T eliminates quantifiers relative to X if for
any formula ¢ € L£(p) there is a quantifier-free formula ¢ € L(pqs—x) such that
TUTgp-nput @ .

We intend to prove not only relative quantifier elimination results in a fixed lan-
guage but rather such results for any expansion of the language of valued difference
fields by predicates on the mixed structures.

Definition 11.2. Let p be a multisorted signature, 3 be a nonempty set of u-sorts,
and T an L(u)-theory. We say that T' resplendently eliminates quantifiers relative
to X if for any model M | T and any signature 7 2 (u]x) with exactly X as sorts
and only new predicates, and any expansion M’ of M |y to a 7-structure and any
formula ¢ € L(p U 1), there is some quantifier-free ¢ € L((p¢ U T)qr—x) such that
TuU qu—E,,uU‘r F ¢ A 7/)

Lemma 11.3. Let p C p' be multisorted signatures. Let ¥ be a set of p-sort
symbols. We suppose that the only difference between p and p' is that there may be
new function symbols in p'. Let T be an L(p)-theory and T' 2 T a L(y') theory
which eliminates quantifiers in L(p') and with T =T" |z,

We make the following assumptions.

e If f is a new function symbol of ', then dom(f) € <“% and rng(f) € .

o If R is a pu-relation symbol, then either all sorts of its domain belong to %
or all do not.

o Ift is a u-term with all sorts of its variables belonging to X, then rng(t) € 3.

If in every model M =T every L(u)p-definable subset of (M |g)™ is already
definable in L(w)(my), then T eliminates quantifiers in L(u) relative to X.

In what follows we write tp(a) for the type of the tuple a and qftp(a) for its
quantifier-free type.

Proof. Let ¢ € L(u) be a formula. By hypothesis, there is some quantifier-free
¥ € L(p') such that T" F ¢ «— 1p. Write ¢ as ¢(x,y) with & a tuple of variables
ranging over sorts not in ¥ and y a tuple of variables ranging over sorts in X.
By our hypotheses on p and u/, up to equivalence over T', we have ¢ (x,y) =
\/?:1 0i(x,y) N Vj(a(t(x),y)), where 8; € L(u) and ¥; € L(p| ) are quantifier-
free formulas, « is a tuple of p/-terms, and ¢(«) is a tuple of £(u)-terms with range
in ¥. By considering each formula ¢ A 60; separately, it suffices to work in the case
that n = 1 so that we drop the subscripts from 6 and .
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IfO(x,y) A Y(a(t(x),y)) is not equivalent (modulo 7"UT,;_,, ») to a quantifier-
free L(p U pgf—x ,)-formula, then it is consistent with 7" that there be (x',vy’)
with tpz(y) (#(2),y) = thryy) (t(x’),y) and aftp,,(z,y) = aftpe(,) (', y')
and ¢(ZB, y) N ﬁqﬁ(m/’ y/)'
As no new structure is induced on ¥ (relative to T'), tp(yx) (8(2), Y) F tp () (E(2), y)).
Thus, we can find such x,y,x’,y’ in some model M | T (which we may pre-
sume to be a reduct to L£(u) of a model of T”) and a L(u)-automorphism 7 :
M — M with 7(t(x),y) = (t(z'),y’). If we suppose M | ¢(x,y), then as
(z,y), (2',y"), and (7(x), 7(y)) all have the same L-quantifier free type, we have
M E0(x,y) N 0(x',y') A O(T(x), T(y)). We have then

o(x,y) o(T(x), T(y))
O(r(x), T(y)) N I a(r(t(z)),7(y)))

@, y") A da(t(z’),y))
(.’E’, y/)

Pl

¢
0

Let us return now to valued fields with isometry to explain how we shall consider
them as multisorted structures for the current discussion. The multisorted signature
of valued fields with isometry pisom is defined as follows. There are sort symbols K,
I, k, “as before”, viz. to be interpreted as the base valued field, the value group,
the residue field, and now extra sorts K, for each n € w, to be interpreted, by abuse
of notation, as the previous Ky»m, where p is a constant symbol to designate the
residue characteristic in the case of positive residue characteristic and 1 when the
residue characteristic is zero. There is a function symbol ¢ for the distinguished
automorphism, v for the valuation map. There are the various required symbols
for K construed as a ring, I as an ordered abelian group plus a constant co = v(0),
k as a ring plus a constant co to be interpreted as the reduction of any element not
in the valuation ring, and another constant p for the reduction of p. The sort K,
is construed as the truncated ring already described, with a full multiplication and
a ternary predicate for addition whenever it is defined and a constant p, for the
reduction of p. We have extra function symbols p for the previous reduction map ~
extended as just prescribed, v,, for the induced valuation on K, & for the reduction
of o, oy, for the reduction of ¢ in K,,, m, for the quotient map K — K, mp , for
the natural quotient map K,, — K,,, p, for the induced reduction map on K,,. So,
as Uisom-Structures, our valued fields with isometry can be presented, by abuse of
notation, as follows (K, k, T, K,,, v, U, 0,5, On, D, D, Py 00, 30, 0, Py T, T ) -

Let (L,v,k,T,0) be a valued field with isometry. In the case that p” is a unit,
the maps 7, , : KL — KL are isomorphisms so that there is no need to go beyond
the reduct to (K, T", Ky). In order to make a uniform statement, we do not explicitly
specify the value of p. However, in mixed characteristic, we require that v(p’) is
at least that of p, the residue characteristic.

For our discussion, we will construe angular component maps as splittings of the
exact sequences

1 — (V/p"m)" — K*/(1+p"m) — T — 0

as in section 1. We thus set the language of valued difference fields with angular
components by adjoining to £(isom) function symbols ac,, having domain sort and
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range sort K, as the natural range of an angular component ac, is the group
(V/p™m)* which is now definable as the kernel of the induced valuation v,, on K.
We can now state the elimination theorems.

Theorem 11.4. The theory of o-henselian fields satisfying the o-AEK axioms with
angular component functions resplendently eliminates quantifiers relative to {T', k}
(and also relative to {K, :n € w}).

We have a similar statement without angular component functions.

Theorem 11.5. The theory of o-henselian fields satisfying the o-AEK axioms
resplendently eliminates quantifiers relative to {T',k} U{K, : n € w}.

For residue characteristic zero, we get quantifier elimination relative to just Kj.

Theorem 11.6. The theory of o-henselian fields satisfying the c-AEK axioms and
of residue characteristic zero with an angular component function, in the reduct
to {K, Ko, k,T'}, resplendently eliminates quantifiers relative to {T',k} (and also
relative to {Kop}).

Likewise, we have a better statement for residue characteristic zero without
angular components.

Theorem 11.7. The theory of o-henselian fields satisfying the c-AEK axioms and
residue characteristic zero, in the reduct to {K, Ko, k,T'}, resplendently eliminates
quantifiers relative to Ky.

Theorems 11.4, 11.6 follow directly from the Embedding Theorem. More general
theorems are proved in [29] in the slightly different setting of valued D-fields.

As the forms of Theorems 11.4 to 11.7 are so similar, it should come as no
surprise to the reader that there are formal implications between these statements.

Before proving the formal implications we need a lemma on expansions of valued
fields with isometry to valued fields with isometry with angular components, which
follows from the remarks in section 1 (or see [29]).

Lemma 11.8. If K is a valued field with isometry and enough constants and T :
Uncw Kn = Unecw Kn is an automorphism of the reduct to {K, : n € w}, then
there is an elementary extension (K*,7*) of (K, T) which admits the structure of a
valued field with isometry with angular components with respect to which T* is an
automorphism.

Proposition 11.9. Theorem 11.4 implies Theorem 11.5 and Theorem 11.6 implies
Theorem 11.7.

Proof. We begin with Theorem 11.4 = Theorem 11.5. Let £’ D L(ftisom) be some
expansion of the language of valued fields with isometry by relations on {K,, : n €
w}. Let K be a o-henselian field satisfying the 0-AEK axioms, considered as an
L'-structure. By Lemma 11.8 applied to 7 = id there is an elementary extension
K* > K which admits an expansion to £'({ac, : n € w}).

We check that the hypotheses of Lemma 11.3 apply. As K is a o-henselian field
satisfying the o-AEK axioms, the main point is that K induces no new structure on
{K, : n € w}. For this it suffices to show that every automorphism of {K,, : n € w}
extends to an £’-automorphism of some elementary extension of K.
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Let K be considered as an L’-structure and let 7 be any automorphism of
K |(k,newy- By Lemma 11.8 there is a o-henselian field K* with angular com-
ponents considered as an L'({ac, : n € w})-structure such that K < (K* |z)
and there is some 7% € Autss({ac,mew) (K™ [{K,mew}y) With 7% 2 7. By our hy-
potheses and Theorem 11.4, there is an elementary extension L > K* on which
7* extends to an automorphism of all of L. This automorphism is, of course, also
an automorphism of L |z. Thus, every £’-automorphism of K |k .ne.} extends to
some L’-automorphism of some elementary extension of K. Thus, the implication
Theorem 11.4 = Theorem 11.5 now follows from Lemma 11.3.

The argument in the case of Theorem 11.6 = Theorem 11.7 is the same as that
in the case of Theorem 11.4 = Theorem 11.5 with the exception that we talk only
about K instead of all the mixed structures.

|

We also observe that quantifier elimination with angular components also follows
from quantifier elimination with the mixed structures, in our unramified case.

Proposition 11.10. Theorem 11.5 implies Theorem 11.4 and Theorem 11.7 im-
plies Theorem 11.6 .

Proof. To see this we need to reinterpret the quantifier elimination with mixed
structures in terms of embeddings. Then, arguments as in [4] (lemma 4.3 and
theorem 5.3), apply mutatis mutandis to recover quantifier elimination with angular
components. The point is the interpretation of the angular component map as a
splitting of the corresponding exact sequence of the mixed structure. An embedding
of the underlying groups will then readily induce an embedding of the corresponding
exact sequence. To take care of the extra structure one uses finite ramification. In
the end, the embedding of valued fields is compatible with angular components by
construction. (]

Finally, we note that since in W (F4'¢) angular components are existentially de-
finable relative to the fixed field Q, (remark 1.11), if p(x) is a “relative” quantifier
free formula given by Theorem 11.4, with base field free variables a, then by re-
placing the ac,,’s by their definition we get an equivalent formula ¢(x,x’), where
x’ are new base field variables and the ac,’s do not occur, but the only occurences
of base field quantifiers are of the form 32'(o(2') = 2’ A ...), i.e., 2’ € Fix(o).

12. FROM CHARACTERISTIC p TO CHARACTERISTIC (0

Fix a Witt-Frobenius case (K, vp, kp, 'y, 0p) satisfying the o-AEK axioms for
each prime p, and let (K, v, k, T, o) be a nonprincipal ultraproduct of the (K, vy, kp, I'p, 0p).
Note that (Kp,vp, kp,I'p,0p) is elementarily equivalent to W(k,) with the Witt
Frobenius.

Lemma 12.1. The difference field (k,c) satisfies no o-identities.

Proof. Tt follows from our previous discussion on o-identities (section 3), but in this
case there is a simple direct argument: consider any putative g-identity

F(z,o(z),...c™(2)) =0, zek

ie.
F(z,azP,.. . a"")

0, z€k
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Now if F(zg,...x,) = Y. ¢ -2, and p > max |I|, F(z,zP,...2P") is not the zero
polynomial over k,, so, since k, is infinite, doesn’t vanish identically. [

To get Axiom RG satisfied in the ultraproduct we (apparently) need to make
some assumptions on the k,. Since K, is o-henselian, k, is linearly difference closed,
and if we require Axiom R2 or Axiom R3 for each (k,, ,), by Propositions 3.9 and
3.6 this will make Axiom RG true in the ultraproduct. In particular:

Lemma 12.2. If the k, are algebraically closed, the ultraproduct satisfies Axziom
RG.

Now consider the characteristic p field (k,((¢)),vp, kp, Z, 0y 1) Where o, ; is gen-
uine Frobenius on k,, and o, +(t) = ¢, as in Example 1.4. The following theorem sub-
sumes the AEK theorem relating Q, and F,,((¢)) (by considering the Fix(o)): taking
ultraproducts we get fields satisfying the o-AEK axioms with identical residue fields
and value groups, whence elementarily equivalent.

Theorem 12.3. If D is any nonprincipal ultraproduct on the primes, then

H(W(kp)a Vp, kp, Z,0p) = H(kp((t))a Up, kp, Z, 0 t)
D D

Corollary 12.4. Any sentence true in all (W(Fglg),ap) is true in all but finitely
many (F39((t)), op¢), and vice versa.

The model companion of the theory of difference fields of characteristic 0 is
known as ACF A (“algebraically closed fields with an automorphism”, see [7]).
Nonprincipal ultraproducts of the (W(F;lg),vp,]Fglg,Z,Up) lead to (K,v,k,T,0)
where k is algebraically closed of characteristic 0, and (k,5) | ACF Ay (by unpub-
lished work of Hrushovski and Macintyre [15, 22]). Since ACF Ay is decidable we
get,

Theorem 12.5. The theory of the class of all (W (F39), v, Fal9, 7, 0,,) is decidable.

Note: Using the (quite intricate) quantifier-elimination for ACF Ay given in [21],
one can give one for the class of all (W(Fglg),vp,]Fglg,Z,ap), but in view of the
complexity of this we omit the details.

REFERENCES

[1] J. Ax, The elementary theory of finite fields, Ann. of Math. 88 (1968), 239-271.

[2] J. Ax and S. Kochen, Diophantine problems over local fields I-I1I, Amer. J. Math. 87(1965),
605-648; 111, Ann. of Math. 83 (1966), 439-456.

[3] S. Basarab, Relative elimination of quantifiers for henselian valued fields, Ann. of Pure and
Appl. Logic 53 (1991), 51-74.

[4] L. Bélair, Types dans les corps valués munis d’applications coeflicients, Illinois J. Math. 43
(1999), 410-425.

[5] L. Bélair and A. Macintyre, L’automorphisme de Frobenius des vecteurs de Witt, Comptes
Rendus de I’Académie des Sciences de Paris, Série I 331 (2000), 1-4.

[6] A. Buium, Geometry of p-jets, Duke Math. J. 82 (1996), 349-367.

[7] Z. Chatzidakis, A survey on the model theory of difference fields, in Model theory, algebra
and geometry, MSRI Publications, vol. 39, 2000, 65-96.

[8] R. M. Cohn, Difference algebra, Interscience, 1965.

[9] J. Denef, P-adic semi-algebraic sets and cell decomposition, J. Reine Angew. Math. 369
(1986), 154-166.



48

[10]

(11]
(12]
[13]
(14]
(15]
(16]

(17)

LUC BELAIR, ANGUS MACINTYRE, AND THOMAS SCANLON

J. Denef and F. Loeser, Motivic integration and the Grothendieck group of pseudo-finite
fields, in Proceedings of the International Congress of Mathematicians, Vol. II (Beijing,
2002), Higher Ed. Press, Beijing, 2002, 13-23.

L. van den Dries, On the elementary theory of rings of Witt vectors with a multiplicative set
of representatives for the residue field, Manuscripta Math. 98 (1999), 133-137.

A. Duval, Lemmes de Hensel et factorisation formelle pour les opérateurs aux différences,
Funkcialaj Fkvacioj 26 (1983), 349-368.

Y. Ershov, On the elementary theory of maximal normed fields, Doklady 174 (1967), 575-576.
M. Hazewinkel, Formal groups and applications, Pure and Applied Mathematics, 78,
Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York-London, 1978.
xxii+573pp.

E. Hrushovski, The elementary theory of Frobenius, preprint, 1996-97 (see
http://arxiv.org/abs/math.L.O/0406514).

A. Joyal, 6-anneaux et vecteurs de Witt, C. R. Math.-Math. Rep. Acad. Sci. Canada 7 (1985),
177-182.

H. Kikyo, Model companions of theories with an automorphism, J. Symbolic Logic 65 (2000),
1215-1223.

[18] S. Kochen, The model theory of local fields, in Logic Conference, Kiel 1974, L.N.M. 499,

Springer-Verlag, 1975.

[19] G. Kreisel and J.-L. Krivine, Eléments de logique mathématique, Dunod, 1967.
[20] F.-V. Kuhlmann, Quantifier elimination for henselian fields relative to additive and multi-

plicative congruences, Israel J. Math. 85 (1994), 277-306.

[21] A. Macintyre, Generic automorphisms of fields, Ann. of Pure and Appl. Logic 88 (1997),

165-180.

[22] A. Macintyre, Nonstandard Frobenius and generic automorphisms.
[23] D. Marker, Model Theory: An Introduction, Springer, 2002.
[24] J. Pas, Cell decomposition and local zeta functions in a tower of unramified extensions of a

p-adic field, Proc. London Math. Soc. 65 (1990), 37-67.

[25] A. Prestel and P. Roquette, Formally p-adic fields, L.N.M. 1050, Springer, 1984.

[26] P. Ribenboim, Théorie des valuations, Presses de I'Université de Montréal, 1968.

[27] P. Ribenboim, Equivalent forms of Hensel’s lemma, Ezpositiones Math. 3 (1985), 3-24.

[28] T. Scanlon, A model complete theory of valued D-fields, J. Symbolic Logic 65 (2001), 1758~

1784.

[29] T. Scanlon, Quantifier Elimination for the Relative Frobenius, in Valuation theory and its ap-

plications. Volume II, Proceedings of the First International Conference on Valuation Theory
(Saskatoon 1999), F.-V. Kuhlmann et al. eds., A.M.S., 2003, 323-352.

[30] O. Schilling, The theory of valuations, A.M.S., 1950.
[31] G. Whaples, Galois cohomology of additive polynomials and n-th power mappings of fields,

Duke Math. J. 24 (1957), 143-150.

[32] J.-P. Serre, Local fields, Springer, 1979.

UNIVERSITE DU QUEBEC - UQAM, DEP. DE MATHEMATIQUES, CASE POSTALE 8888, SUCCURSALE

CENTRE-VILLE, MONTREAL, QUEBEC, H3C 3P8

E-mail address: belair.luc@ugam.ca

UNIVERSITY OF EDINBURGH, DEPT. OF MATHEMATICS AND STATISTICS, EDINBURGH, SCOTLAND

(CURRENT ADDRESS: QUEEN MARY UNIVERSITY OF LONDON, LONDON, ENGLAND)

E-mail address: angus@dcs.gmul.ac.uk

UNIVERSITY OF CALIFORNIA AT BERKELEY, DEPT. OF MATHEMATICS, EVANS HALL, BERKELEY,

CALIFORNIA 94720-3840, USA

E-mail address: scanlon@math.berkeley.edu



