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Abstract. We describe intersections of finitely generated subgroups of

semi-abelian varieties with subvarieties in characteristic p.

1. Introduction

A version of the Mordell-Lang Conjecture in characteristic zero asserts

that if G is a semi-abelian variety, Γ ⊆ G is a finitely generated group,

and X ⊆ G is a subvariety, then the Zariski closure of X ∩ Γ is a finite

union of cosets of algebraic groups. Easy examples constructed using the

Frobenius endomorphism show that this statement cannot be true in positive

characteristic. In [Hr], Hrushovski proved a relative version of the Mordell-

Lang Conjecture valid in all characteristics in which all counter-examples are

shown to come from varieties defined over the algebraic closure of the prime

field. By the work of Faltings [Fa], the Mordell-Lang Conjecture is true in

characteristic zero. In this paper, we supply a description of the exceptional

sets in positive characteristic. In a sense to be made precise, the additional

structure on the intersections comes from the group structure and from the

Frobenius, but nothing else.

2. Statement of Main Theorem

The Frobenius endomorphism may create more complicated intersections

in positive characteristic than are possible in characteristic zero. The defini-

tion of the class of F -sets given below provides one reasonable description of

a class of sets naturally arising from the group structure of finitely generated
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subgroups of semi-abelian varieties and orbits under the Frobenius for those

varieties defined over a finite field.

Definition 2.1. The class of F ′-sets is the smallest class of sets F satisfying:

(1) S ∈ F implies that S ⊆ Γ ⊆ G(K) for some finitely generated

subgroup Γ of semiabelian variety G defined over a field K.

(2) ∅ ∈ F
(3) If S ∈ F , S ⊆ G(K), and P ∈ G(K), then S + P ∈ F
(4) If S ∈ F , S ⊆ G(K), G is defined over a finite field Fq, and F : G→

G is the Frobenius endomorphism induced by x 7→ xq on K, then⋃∞
n=0 F

nX ∈ F .

(5) If S ∈ F , S ⊆ H(K), Γ ⊆ G(K) is finitely generated, and ψ : G→ H

is a morphism of algebraic groups, then ψ−1S ∩ Γ ∈ F .

(6) If S ∈ F , S ⊆ G(K), and Γ ⊆ G(K) is a finitely generated group,

then Γ ∩ S ∈ F .

An F -set is one of the form
⋃n

i=1 Si where each Si is an F ′-subset of a

common G(K).

Remark 2.2. If K is a field of characteristic zero and G is a semi-abelian

variety over K, then an F -subset of G(K) is just a finite union of cosets of

finitely generated subgroups.

Remark 2.3. We could have obtained the class of F -sets by adding the

condition that if S, T ⊆ G(K) are two F -sets, then S ∪ T is an F -set to the

recursive definition of the class of F ′-sets.

With the defintion of F -sets in place, we can state the main theorem.

Theorem 2.4. Let K be a field of positive characteristic, G a semi-abelian

variety over K, Γ ⊆ G(K) a finitely generated group, and X ⊆ G a subva-

riety. Then X ∩ Γ is an F -set.

We show in the next section that Theorem 2.4 follows from the main

theorem of [Hr] together with the sepecial case of Theorem 2.4 in which G is

defined over a finite field. We list this special case as a separate proposition.
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Proposition 2.5. Let G be a semi-abelian variety defined over a finite field

k. Let K/k be an extension field, Γ ⊆ G(K) a finitely generated subgroup,

and X ⊆ G a subvariety. Then X ∩ Γ is an F -set.

Remark 2.6. With the exception of one point where we quote a part of the

main theorem of [Hr], our proof of Proposition 2.5 is quite elementary. Even

the result quoted, that under the assumptions of the proposition if X ∩Γ is

Zariski dense in X, then X = Y + a with Y defined over a finite field, may

be proved easily. R. Moosa observed that an easy compactness argument

applied to (X + c) ∩G(K(pn)) proves this fact. In [ℵ V], this fact is proved

as an exercise in the theory of Hilbert schemes.

3. Proof of Main Theorem

Let us start by showing that Theorem 2.4 does follow from Proposi-

tion 2.5.

Proposition 3.1. Proposition 2.5 implies Theorem 2.4.

Proof: The main theorem of [Hr] asserts that X∩Γ is a finite union of sets

of the form [a+ ψ−1X0] ∩ Γ where ψ : H → H0 is a morphism of algebraic

groups from a semi-abelian subvariety H of G to H0 defined over a finite

field and X0 ⊆ H0 is a subvariety also defined over a finite field. We may

assume that each set so considered is non-empty.

Let a′ ∈ H(K) such that (Γ − a) ∩H(K) = (Γ ∩H(K)) − a′. Then we

have:

[a+ ψ−1X0] ∩ Γ = a+ ψ−1[X0 ∩ ψ((Γ− a) ∩H(K))]

= a+ ψ−1(X0 ∩ [ψ(Γ ∩H(K))− ψ(a′)])

= a+ ψ−1([(X0 + ψ(a′)) ∩ ψ(Γ ∩H(K))]− ψ(a′))

By Proposition 2.5, [(X0 + ψ(a′)) ∩ ψ(Γ ∩ H(K))] − ψ(a′) is an F -set.

Hence, [a+ ψ−1X0] ∩ Γ and therefore X ∩ Γ are also F -sets.

In the proof of Proposition 2.5 it is convenient to enlarge Γ. The next

lemma allows for many useful enlargements of Γ.
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Lemma 3.2. If G is a semi-abelian variety defined over a finite field Fq,

K/Fq is a finitely generated extension field, Γ ⊆ G(K) is a finitely generated

subgroup, and F : G → G is the endomorphism induced by x → xq, then

there exists a finitely generated subgroup Γ′ of G(K) such that Γ ⊆ Γ′ and

if a ∈ G(K) and F (a) ∈ Γ′, then a ∈ Γ′.

Proof: Let Γ′ := {x ∈ G(K) : Fmx ∈ Γ for some m ∈ N}. With the

exception of the torsion points of G(K) (of which there are only finitely

many), no element of G(K) is infinitely `-divisible for any prime `. Thus,

to show that Γ′ is finite generated it suffices to show that dim Γ′ ⊗Q <∞
If x1 ⊗ s1, . . . , xr ⊗ sr ∈ Γ′ ⊗Q are linearly independent, then for m� 0,

Fmxi ∈ Γ, so that Fmx1 ⊗ s1, . . . , F
mxr ⊗ sr are linearly independent in

Γ⊗Q. Thus, dim Γ′ ⊗Q ≤ dim Γ⊗Q ≤ rkΓ ≤# generators of Γ <∞.

With this lemma in place we can give the proof of Proposition 2.5.

Proof: The proof proceeds by induction on dimX. To be precise, the

inductive hypothesis is:

Inductive Hypothesis . If G is a semi-abelian variety defined over a finite

field k, K/k is a field extension, Γ ⊆ G(K) is a finitely generated group, and

X ⊆ G is a subvariety of dimension at most n, then G ∩ Γ is an F -set.

When n = 0, this statement is trivial. More generally, working with the

components of X, we may assume that X is irreducible. Replacing G by

G/StabG(X) and X by X/StabG(X), we may assume that X has a trivial

stabilizer. Using Lemma 3.2 we may assume that Γ satisfies the conclusion

of Lemma 3.2.

Using the main theorem of [Hr] (or, as mentioned before, the introduction

to [ℵ V] or an easy argument of your own device), we may assume that

X = Y + a with Y defined over a finite field. Replacing Γ by Γ + 〈a〉, we

may assume that X = Y is defined over a finite field, Fq.
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Let F : G→ G be the Frobenius endomorphism induced by x→ xq. Let

a0, . . . , ar ∈ Γ be coset representatives for Γ/F (Γ). Take a0 = 0. Then,

X ∩ Γ =
r⋃

i=0

X ∩ (ai + F (Γ))

= X ∩ F (Γ) ∪
⋃
ai + ([X − ai] ∩ Γ)

Since X is defined over Fq and ai /∈ G(K(p)), X − ai is not defined over

K(p). Hence, the Zariski closure Zi of (X−ai)∩F (Γ) is a proper subvariety

of X − ai. As X is irreducible, dimZi < dimX. Hence, by induction

(X − ai) ∩ F (Γ) = Zi ∩ F (Γ) is an F -set. Thus, X ∩ (Γ \ F (Γ)) is an F -set.

If x ∈ X∩F (Γ), then either x ∈ X(Falg
q ) (and there are only finitely many

such points in Γ) or F−mx ∈ X ∩ (Γ \ F (Γ)) for some m since X is defined

over Fq. Conversely, if x ∈ X ∩ Γ, then Fmx ∈ X ∩ Γ for any m ∈ N.

So,

X ∩ Γ = (X(Falg
q ) ∩ Γ) ∪

∞⋃
n=0

Fn(X ∩ (Γ \ F (Γ)))

which is the union of a finite set (an F -set) with a Frobenius orbit of an

F -set, so is itself an F -set.
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