General method

If R:={(z,y) |a<x<bg(xr) <y <h(x)} then

//Rf(x,y)dxdy = /ab(/gh(m) flz,y)dy)dz

(z)

To compute the iterated integral, first find F'(z,y) for which
%—5 = f(x,y) so that

M) y=h(z)
/ @y = Faa)l 50 = Fhie) - Fg(w)

Then find ®(z) for which ®'(z) = F(z,h(x)) — F(z,g(x)) and we
find

b
/ (F(x, h(z)) — F(z, g(x)))dr = (b) — ®(a)

Putting these together, we have

/ /R F (2, y)dady = (b) — (a)




Example

Let R={(z,y) | 1 <z <2,1<y<e"}. Compute

// fd:voly
RY

Solution

1 5.,.—
= §x3|x:%
8 1
B 3




Another example

Let R={(z,y) | 1 <x <3,In(z) <y <4}. Compute

/ / xeVdxdy
R

Solution

3 4
// e dxdy = /(/ xe¥dy)dz
R 1 In(z)




Changing variables

If the region R is defined by a constant bound on y with the bound
on x varying as a function of y, then one may compute a double
integral over R as an iterated integral where one first integrates
with respect to x and then with respect to y.

Example

Let R = {(x,y) | y <= <2y,1 <y <2}. Compute

/ / e*dxdy
R




/ / e*TVdxdy
R

2 2y
/ (/ e“tVdx)dy
1 Y
2 2y
/ (/ eYe®dx)dy
1 Y

2
| erertznay
1

2
/ (e¥e® — e¥eY)dy
1

Rectangles and Fubini’s Theorem

If the region R is a rectangle with horizontal and vertical sides

relative to the coordinate axes, the one may compute a double

integral over R as an iterated integral by first integrating with

respect to x and then with respect to y or vice versa.
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Example
Let R={(z,y) | 0 <x <2,2<y<5}. Compute

2
//x—dxdy
R Y
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Solution

2 2 5 .2
// x—dxdy = /(/ x—dy)da:
R Y o J2 Y
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Another solution

2 5 2,2
/ 3S—ala?dy = /(/ I—dx)dy
RY 2 Jo ¥
5 3
lz°
= 5 la=0ldy
A=

= /;[%]dy
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