11.5: Taylor Series

A power series is a series of the form
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where each a,, is a number and z is a variable.

A power series defines a function f(z) = -, a,z™ where we

substitute numbers for z.

Note: The function f is only defined for those x with ZZOZO anx"

convergent.

Geometric series as a power series

For |z| < 1 we computed

= 1
nzzoxnzl—x




Taylor Series

If f(x) is an infinitely differentiable function, then the Taylor series
of f(x) at a is the series
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Example

Compute the Taylor series of f(z) =e” at a = 0.




Solution

We know f(")(z) = e® for all n > 0. So f(™(0) = 1 and the Taylor
series of f(z) =e” at a =0 1is

Example

Compute the Taylor series at a = 1 of f(x) = v/x.




Solution
Write f(z) = 2. Then f'(z) = %m%l, (z) = o=

=l

f(z) = 3w >, fW(z) = 2o = %x% In general,
f(“)(m) _ (—1)”+1(2n—21)-(2n—3)~~~3~1x—2’21—1 0 that
f(1) = (_1)n+1(2"_2173'(2"_3)"'3'1 and the Taylor series of

flz)=+vzxata=1is
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Convergence of Taylor series

Given an infinitely differentiable function f(z) with Taylor series
(at a) D07 o by (z —a)™ either Y (b, (x — a)™ converges and is
equal to f(z) for every number x or there is a number R (called the
radius of convergence) for which > (b, (x — a)™ converges and is
equal to f(z) for |z —a| < R while Y 7 b, (x — a)™ diverges for

|z —al > R.




Examples

for all z.

Operations on Taylor series

Differentiation: If f(z) =Y °° £ >0 o anx™, then

n=0 n!
00 (n+1) n 0o n—
f'(w) = 300l = X0y nane” .
Integration: If f(z) =>""" ,a,z", then
[ fx)de =C+ 577 ) Logntl,

n=0 n+1
Products: If f(z) = > " ja,z™ and g(z) =Y .-, byz", then
f@) - g(z) = 2onZo(Xizg aibn—i)z".
Composition (monomial case): If f(z) = > " a,z" and m is

a positive integer, then f(z™) = " a,z"™™.
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Example

Compute the Taylor series at a = 0 of [ e®” dz.
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Solution

T __ 00 1,..n z? _ oo 1.,..2n :
We know e* ="~ —a". So, e =) " " Integrating,

2
Jerde = [0 attde =C + 3007 n!(2i+1)372n+1'

That is,fex2d93:C’—|—x-|-%x3+3—10x5_|_§x7+...'
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Example

1—|—:r2

Find the Taylor series at zero of {775.
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Solution
We know 1 = 3> u" so that 5 = > 0" 23",

Multiplying, 223 = (14 22) 3% 230 = 3% (237 4 230+2) =
l+22+ 22+ +ab + a8+ 2% + 2t 4+
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