Practice Problems: Negating Statements

October 12, 2006

Each of the following statements is actually a definition you will encounter
if you continue in your mathematical studies. Write down the negation of
each statement.

1.

(What it means for a function f : R — R to be bounded). There exists
a constant M > 0 such that |f(z)] < M for all z € R.

. (What it means for a sequence x, of real numbers to converge to 3).

For every € > 0, there exists a positive integer N such that |z, — 3| < ¢
for all positive integers n such that n > N.

(What it means for a sequence x,, of real numbers to be convergent)
There exists a real number ¢ such that for every ¢ > 0, there exists a
positive integer N such that for every positive integer n > N,

|z, — | < e.

(What it means for a sequence of functions f, : R — R to converge
pointwise to another function f : R — R). There exists a function
f R — R such that for all ;5 € R and all € > 0 there exists a positive
integer N such that for all n > N,

| fu(z0) — fz0)| < e

(What it means for a sequence of functions f, : R — R to converge
uniformly to another function f : R — R) There exists a function
f R — R such that for all € > 0 there exists a positive integer N such
that for all n > N and all z € R,

[fulx) = f(z)] <e



10.

11.

12.

(What it means for a function f: R — R to be continuous at the point
xo € R.) For every € > 0 there exists § > 0 such that |f(x)— f(z0)| < €
whenever = € R such that |z — zo| < 4.

(What it means for a function f : R — R to be continuous) For every
zo € R and every ¢ > 0 there exists 6 > 0 such that |f(x) — f(z0)| < ¢
whenever = € R such that |z — zo| < 4.

(What it means for a function f : R — R to be uniformly continuous).
For every € > 0 there exists 6 > 0 such that |f(z) — f(y)| < € whenever
z,y € R such that |z —y| < 0.

(What it means for a function 7 : V' — V on a vector space V to be
linear.) For all vectors v,w € V and all constants a,b € R,

T(av + bw) = aT (v) + bT (w).

(What it means for a collection of operators {f, | « € A} on a Banach
Space X (whatever that is) to be a uniformly bounded). There exists
a constant M > 0 such that for every o € A and all z € X,

[T ()] < Mllz]].

(What it means for a function f : R — R to be a contraction) There
exists a constant 7 < 1 such that

|f(z) = fW)| < vlz =y
for all x,y € R.

(What it means for a subset {vy,vq,..., v} of a vector space V' to be
linearly independent.) For all constants ay, as, ..., a; € R, if

k
E CLj'Uj =0
j=1

then
aj=0 for all je{1,2,...,k}.



13.

14.

15.

16.

17.

18.

19.

(What it means for a function f : R — R to be differentiable at a point
Xo € R)

There exists a real number ¢ such that for all € > 0, there exists § > 0
such that if 0 < |z — 2| < § then

&) = flzo)

r — 2o

—c| <e&.

(What it means for a subset U of R to be open.) For all z € U there
exists € > 0 such that y € U for all y € R such that |z — y| < e.

(What it means for a point y € R to be a cluster point of a subset
UCR)

For all € > 0 there exists x € U such that |z —y| < e.

(What it means for a function f : R — R to be Lipschitz.) There exists
a constant L such that for all z,y € R,

|f(z) = f(y)| < Llz —yl.

(What it means for a function f : R — R to be periodic.) There exists
a real number p > 0 such that f(z + p) = f(x) for all z € R.

(What it means for a subset D of R to be dense.) For every € R and
all € > 0, there exists y € D such that |z — y| < e.

(What it means for a subset W of R to be nowhere dense.) For every
x € R and all € > 0, there exists y € R such that |x — y| < € and a
positive constant § > 0 such that |y — z| < § implies that y ¢ W for
all z € R.



