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Proposition 1. Let f : X — Y. Then f is surjective if and only if

fF(tBl) =8B
for every subset B CY.

Proof. First, assume that f is surjective. Choose an arbitrary subset B C Y. We
will show that f (f~'[B]) = B. From Problem 7(b) on Homework Assignment
2, we have that f (f~![B]) C B. Hence it suffices to show that B C f (f~![B]).
To that end, choose an arbitrary point y € B. Since f is surjective, there exists
xr € X such that y = f(x). Clearly

vef{z| f(z) € By = 1 (B).
Thus y = f(z) € f(f~[B]). This demonstrates that B C f (f~![B]).

Conversely, assume that

f(f[B) =8B
for every subset B C Y. Then
fUY)) =Y.
Since X = f~1[Y], we see that Y = f(X), so f is surjective. ]

(b)
Proposition 2. Let f : X — Y. Then f is injective if and only if

ffA)) =4

for every subset A C X.



Proof. Suppose that f is injective. We will show that

fHfA)) =4

for every subset A C X. Choose an arbitrary subset A C X. By Problem 7(a) on
Homework Assignment 2, we have that A C f~* [f(A)]. So if suffices to show that
f7Yf(A)] C A. To that end, choose a point z € f~1[f(A)]. Then f(x) € f(A).
Thus there exists & € A such that f(x) = f(Z). Since f is injective, z = Z, and
so z € A. Thus we have demonstrated that f~![f(A)] C A.

Now suppose that
fHA)] = A

for every subset A C X. We will show that f is injective. Choose points x1, 25 € X
for which f(x;) = f(z2). Then

{wd = (Dl = {0}

Since x5 € f1[{f(z1)}], it follows that x; = xs. O

This statement is false. Consider the map f: {1} — {1,2} given by 1 +— 2. Then
fUHf(@)]) = @ = f(2), and

FOUAAD) = {2h = f({1D).

However, f is not surjective since 1 & f({1}).

This statement is false. Using the same function f as in part (a), we see that f
satisfies

FUF(FBD]) = B,

for all subsets B C {1}. As was pointed out above, f is not surjective.

Proposition 3. Suppose that f: X — Y. Then f is injective if and only if

f(AnB) = f(A) N f(B).
for all subsets A, B C X.

Proof. Assume that f is injective, and that A and B are subsets of X. We will
show that f(AN B) = f(A) N f(B). From the lecture notes as well as Problem
6(a) on Homework Assignment 2, we have that f(AN B) C f(A) N f(B), so we
only need to demonstrate that f(A) N f(B) C f(AN B). To that end, choose
a point y € f(A) N f(B). This means that y belongs to both f(A) and f(B).
Since y € f(A), we may find a point x; € A such that y = f(z;). Likewise, since
y € f(B), we may select a point x5 € B for which y = f(z3). Since f is injective,
and f(x1) =y = f(x2), we deduce that ;7 = x9. Thus z; € AN B, and since
y = f(x1), we see that y € f(AN B).



Now suppose that f(ANB) = f(A)Nf(B) for all subsets A, B C X. We must show
that f is injective. To that end, select points x1, 25 € X such that f(x;) = f(z2).
Define A = {z1} and B = {x3}. Then using our assumption, we have that

JLANB) = f(A) N f(B) = {f(x1)} n{[f(22)} = {f(x1)}.

This implies that A N B is nonempty, for otherwise the set f(A N B) would be
empty. But {z1} N {zy} # @ implies that z; = xs. O

(b) This statement if false. We will demonstrate this by proving that for any function
f: X —Y and all subsets C, D C Y,

frlcuD=frCcluf D]

Not all functions are surjective (for example, f : {1} — {1,2} given by 1 — 1),
and hence the statement is false.

Proposition 4. For any function f : X — Y and for all subsets C,D CY,

fHcuD)= fHClu D).
Proof. Pick arbitrary subsets C, D C Y. Pick an arbitrary element z € f~[C' U D].
Then f(z) € CUD. Thus f(x) € Cor f(z) € D. Thusz € f~'[Clorxz € f~![D].
Thus x € f~'[C]U f~1[D]. Tt follows that

fHcubD]C fHClu D).

On the other hand, it is obvious that f~'[C] C f~'[CUD] and f~'[D] C
f~'[C U D]. Thus

frclufp e v D).

(a)

Proposition 5. For every positive integer n,

Zkg n—}—l).

Proof. Define a set A by

:{nEN*|Zk3 )2}.

Clearly 1 € A since



Now suppose that m € A. Then m is a positive integer such that

Zkg m+1)'

Then

m+1

DB = (m+ 1P+ K

k=1
= (m+1) (m4—|— D
_ Am+D(m+ 1)? +m?*(m + 1)?

4
_ (m+1)?(Am+4+m?)
4

 (m+1)*(m+2)°
— . _

Hence m + 1 € A. By induction, it follows that A = N*.

(b)

Proposition 6. For every positive integer n,

n n 2
>0 3k
k=1 k=1
Proof. In the lecture notes (and in class) we saw that

Z” p ot 1)
2
k=1

Thus from part (a) we have

(a)
Proposition 7. For every integer n,

1 1

k=1



Proof. The statement is true for n = 1, since
11 1
a1l
2k 2 21
k=1

Suppose that the statement is true for n = m; that is,

m

Sl
2k om’
k=1
Then
m+1 1 B 1 m 1
Z ok om+l Z ok
k=1 k=1
1 1
= 2m+1 + (1 o 2_m>
_ 1 2
- + om+1  gm+1
1
= 1= 2m+1 :

Thus the statement is true for n = m+1, and the result now follows by induction.
O

(b)
Proposition 8. For every integer n,

n

1 1 1
Sa-3(i-3)
32 3n
k=1

Proof. The statement is true for n = 1, since

Then

k=1 k=1
1 1 1

= (1= =
3m+1 + 2 ( 3m>

B 1 2 3

T 9 " 9.3gmtl 9. 3m+l
1 1

= 5 (1 B 3m+1> '

ot



Thus the statement is true for n = m+1, and the result now follows by induction.
O

6. We will find a formula for the sum .
> K
k=1

and then prove our formula is true by induction. To find a formula, we must first make
a “flexible” guess. It is clear that

n
nt < ZkA <n’.
k=1

Moreover, we already saw that

3

and so it seems that a good guess is

n
Z Y = agn® + ain® + aon® + asn® + aqn + as.
k=1
We will now calculate the coefficients a; under the assumption that our guess is indeed

correct, and that we can prove our formula works by induction. First of all, we require
that our formula works for n = 1, which means that

1
1:Zk4:a0+a1+a2+a3+a4—|—a5.
k=1

Now if a proof by induction will work, it must be the case that assuming that our
formula works for n = m implies that it also holds true to n = m + 1. Let’s sketch out
how this proof would work:

Assume that

m
E E* = agm® + aym?* + asm?® + asm? + agm + as.

k=1
Then
m—+1 m
B = (mAD) > K
k=1 k=1

= (m*+4m® +6m? +4m + 1) + agm® + aym* + agm?® + asm?® + aym + as

= aym® + (1 +a;)m" + (4 + ag)m® + (6 + az)m* + (4 + ax)m + (1 + as).

6



Now expand

ap(m +1)> + a1 (m+1)* + as(m + 1)* + ag(m + 1)* + as(m + 1) + a5
= agm® + (5ag + ay)m* + (10ag + 4a; + az)m® + (10ag + 6a; + 3ay + az)m?
+(5ag + 4a1 + 3az + 2a3 + ag)m + (ag + a1 + az + a3 + as + as)

We will try to choose the coefficients a; so that our two expressions are equal. Thus
we require

1+ay =5a9g+aq — Qg =

57

and 1

44 a9 = 10ag +4a1 + a2, — a1=§,
and

6+a3:10a0+6a1—|—3a2+a3 > as = —,
and
4 4 a4 = dag + 4ay + 3as + 2a3 + ay — CL3:0,

and

1
1+G5ICL0+CL1+CL2+CL3+CL4+CL5 — a4:—%.
Remembering that 1 = Z;lcﬂ k* = ag 4+ a1 + as + ag + a4 + as, we see that a; = 0.

Hence our guess is that

1 1 n(n+1)2n+1)(3n%* +3n — 1)
4 _—— g
Zk: b+ n +3n 30" 30 .

Proposition 9. For every positive integer n,

Zk4 n(n+1)(2n +1)(3n* + 3n — 1)
30 ’

Proof. Clearly for formula above is correct for n = 1, since in this case it reads

s, 10+DER+1)(B+3-1)
d ok =1= o .

k=1

Now assume that for some positive integer m, the formula is true for n = m. Then we
calculate

m+1 m
DB = (m+ D) Y K
k=1 k=1

m(m + 1)(2m + 1)(3m? + 3m — 1)‘

— 1)4
(m+1)"+ 30




An easy calculation demonstrates that

(m+1)* + m(m +1)(2m —1-310)(3m2 +3m—1)

(m+1)(m+2)2m+3)3(m+1)2+3(m+1)—1)
30 '

Thus our formula is true for n = m + 1, and the result now follows by induction. [

7. (a) This statement is false. Consider the functions f : {1} — {1,2} and ¢ : {1} —
{1,2} given by f(1) =1 and ¢g(1) = 2. Then

flatH{L,2)) = F({1}) = {1},
but
g (T HL2Y) = g({1}) = {2},

and so f (g7 [{1,2}]) # ¢ (/7" [{1.2}]).

(b) This statement is false. Consider the functions f : {1,2} — {1,2}and g : {1,2} —
{1,2} given by f(z) = x and g(z) = 2 for each = € {1,2}. Then

e 2h] = {2} = {2}

However,
g_l [f({17 2})] = g_l [{1’ 2}] = {1> 2}'
Thus f~ [g({1,2})] # ¢~ [f({1,2})].



