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If P and @) are statements, then using De Morgan’s laws we see that
—|[—\P/\—|Q] <:)>—|—|P\/—|—|Q<:>P\/Q
Likewise,
- [PAN=Q] < P=Q,

and
(=[PA=QDA(RIQA=P]) & (P& Q).

So we see that we can build all of the logical connectives out of — and A.
Let P, @ and R be statements. Then using our work above we have
[(P=Q)VER=[-QV(RVP)
& ~([(P=Q)VEIA=[-QV (RV P)])
& 2 ([H(PA=Q)VRINQAN-(RV P))
& S ([FRAPA-QIAN[QA-RAN-P]).
From this point, it is easy to see that the statement is equivalent to = [Q A =R A —P).

We will show that we can write the five common logical connectives =, A, V, =, <
by using only the logical connectiveT. It is clear that

Pl P& —~[PAP|< P
Using De Morgan’s laws, we see that

(PTP)T(QTQ)e (-P)T(-Q) & ~[~PA-Q] < PVQ.
Also,

(PTRTPTQ)e~(PT1Q)e ~[~(PAQ) & PAQ.
Also,

(PTP)T(PTPITIRTQ] < [(=P)T(=P)T[QTQ)
& (~P)va
&

(P = Q).



From our work above we have that

P Q] & [P=QINQ= P

& [(P=Q)1@Q@=P)]1[(P=Q)T(Q=P)
< [RTS]TIRTS],

where the symbol R is used in place of the statement

(PTP)T(PTP))TIQTQ

and S is used in place of

(Q@TR)T(@QTQIT[PTP].

We will show that we can write the five common logical connectives =, A, V, =, <
by using only the logical connective]. It is clear that

P| P& —~[PVPl< P
Using De Morgan’s laws,

(PLP)L(QLQ)e~[=P)V(-Q) < PAQ.

Also,
(PlRLPLIQe~(PLlQ) e -[H(PVQ)]ePVQ.
Also,
(PLP)L(PLIP)IQIQ < [=P)I(P)]][Q]Q
& (P)VQ
& (P=Q).

From our work above we have that

PeQ & [P=QINQ=P]
< [RIR]LIS ]S,

where the symbol R is used in place of the statement

(PLP)L(PLP)]LIQ]Q]

and S is used in place of

[(QLQ)L(QIQIL[PLP].



(¢) From part (a), we see that

(P=-QAR < [(P=-Q)TRT[P=-Q)7A]
& [STRITISTR]

where S stands for the statement

(PTP)T(PTPITIQTQ)T(QTQ).

From part (b), we see that

(P=-QAR & [(P=-Q)|(P=-Q)|[R|A]
& [TIT]L[R|R]

where T stands for the statement
(PLP)L(PLP)]IQLQ)L(QLQ)].

3. (a) This statement is false. Consider the sets A = {1,2}, B = {1}, and C' = {2}.
Then clearly CN(ANB) =@, but CNA={2} and BNA={1}.

(b)
Proposition 1. Suppose that A, B, and C are sets such that C' is a subset of
both A and B. Then C C AN B.

Proof. Pick an element x € C'. Then z € A since C' C A, and x € B since C' C B.
Thus z € AN B. O]

(c) This statement is false. Consider the same sets we used in part (a): A = {1,2},
B = {1}, and C = {2}. Then A\B = {2}, and so (A\B)\C = @. Also notice
that B\C = {1}, so A\(B\C) = {2}. Thus (A\B)\C # A\(B\C).

()

Proposition 2. Suppose that A, B, and C are sets such that (AN B)UC C
AN(BUC). Then C C A.

Proof. Let x € C. Then z € (AN B) U C, which implies that v € AN (BUC).
Thus z € A. O

4. (a)
Proposition 3. Let A, B, and X be sets such that AU B C X. Then

A\B = (X\B)\(X\A).



6.

(a)

Proof. Pick a point © € A\B. Then x € A and « ¢ B. Since A C X, this implies
that z € X. Thusz € X\B and z ¢ X\ A, which implies that x € (X\B)\(X\A).
Now suppose that y € (X\B)\(X\A). Then y € (X\B) but y € (X\A). So we
see that y € X, but y € B. Also, it must be that y € A, for otherwise we would
have y € (X\A). Thus y is an element of A but not B, so y € A\B. O

This statement is false. Consider the (only) function f : {1,2} — {1}, and
let A = {1,2} and B = {1}. Then f(A) = f(B) = {1}, so f(A)\f(B) = @.
However, f(A\B) = f({2}) = {1}. Thus f(A\f(B) # f(A\B).

Proposition 4. Let f : X — Y be a function, and suppose that C, D CY. Then

FHCIN DI = fH[C\D).

Proof. Pick an element z € f~'[C]\f~![D]. This means that z € f~[C] and
x & f~1[D]. Hence f(x) € C but f(x) ¢ D. This implies that f(z) € C\D, and
hence z € f~1[C\D].

Now pick an element z € f~'[C\D]. Then f(z) € C\D. Hence f(z) € C but
f(z)€ D. Thus z € f~1[C] but 2 &€ f~1[D], and so z € f~H[C]\f~' [D]. O

Proposition 5. Suppose that X and Y are sets, and v € X andy € Y. Then
the ordered pair (z,y) C P(X UY).

Proof. Let z € (z,y) = {{z},{z,y}}. Then either z = {z} or z = {z,y}. In the
first case, clearly 2 C X C X UY since x € X.. In the second case, z C X UY,
since x € X and y € Y. Either way, 2z C X UY. Hence z € P(X UY). O

Proposition 6. If X and Y are sets, then the Cartesian product X XY €&
PP(P(XUY))).

Proof. Let (z,y) € X x Y. Then from the proposition above, (z,y) C P(XUY).
Hence (z,y) € P(P(X UY)). Therefore,

X xY CPPXUY)).

Thus
X XY eP(PPXUY))).

Proposition 7. Let f : X — Y be a map, and suppose that A, B C X. Then

f(ANB) C f(A) N f(B).



Proof. Let y € f(AN B). Then there exists an element x € A N B such that
f(z) =y. Since x € A, and y = f(x), we see that y € f(A). Likewise, y € f(B).
Thus y € f(A) N f(B). O

Equality in the above proposition need not hold. For example, consider the func-
tion f:{1,2} — {1}, and sets A = {1} and B = {2}. Then AN B = &, and so
f(AN B) =@ while f(A)N f(B) ={1}.

Proposition 8. Let f: X — Y be a map, and suppose that A, B C X. Then

f(AUB) = f(A)U f(B).

Proof. Pick an element y € f(AU B). Then there exists an element z € AU B
such that y = f(x). If € A, then clearly y € f(A). Likewise, if € B then
y € f(B). Either way, y € f(A) U f(B).

Conversely, suppose that y is an element of the set f(A) U f(B). If y € f(A),
then there exists an element © € A C AU B such that y = f(z). If y € f(B),
then there exists an element z € B C AU B such that y = f(z). Either way, it is
clear that y € f(AU B). O

Proposition 9. Suppose that f : X — Y s a function and A and B are subsets
of X. Then
f(A) o f(B) C f(Aa B).

Proof. Suppose that y is an element of f(A) A f(B). Theny € f(A) ory € f(B),
but not both. In the first case, that y € f(A), there exists an element x € A such
that y = f(x). Since y € f(B), it must be the case that x ¢ B. Hence x € A A B,
and we deduce that y € f(A A B). If, on the other hand, y € f(B), then there
exists an element z € B such that y = f(z). Since y ¢ f(A), we deduce that
z€ AA Bandye€ f(AA B). In both cases, y € f(A A B). O

Equality need not hold in the above proposition. For example, suppose that
f:{1,2} — {1}, let A = {1} and B = {2}. Then A A B = {1,2}, and hence
f(A A B) ={1}. However, f(A) = f(B) = {1}, s0 f(A) A f(B) = @. Thus

f(A) & f(B) # f(AA B).

Proposition 10. Let f : X — Y be a function, and suppose that A C X. Then

AC (A

Proof. Pick an arbitrary element © € A. Then clearly f(z) € {f(z2) | z € A} =
f(A). Thus z € {z € X | f(2) € f(A)} = [T [f(A)]. O
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(b)

Equality need not hold in the above proposition. Consider the function f :

(1,2} — {1}, and A = {1}. Then f~' [f(4)] = {1,2} £ A.

Proposition 11. Let f : X — Y be a function, and suppose that B CY. Then

f(f[B]) € B.

Proof. Let y be an arbitrary element of the set

FUB) ={f@)eY |z e f[B]}.

Then there exists an x € f~![B] such that y = f(z). But since z € f~![B], we
see that f(xz) € B. Thus y € B. O

Equality need not hold in the above proposition. Consider the function f : {1} —
{1,2} given by 1+ 2, and set B = {1}. Then f(f~'[B]) = @ # B.

Proposition 12. If f: X - Y and BCY, then f~'[Y\B] = X\ f ' [B].

Proof. Pick a point x € f~![Y\B]. This means that f(z) € Y\B. Hence f(z) ¢
B. Thus z € f~'[B], and so x € X\ f~! [B].

Now pick a point z € X\f ' [B]. Then f(z) ¢ B. Hence f(z) € Y\B, which
implies that z € f~! [Y\B]. O



