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Abstract

Principal half-eigenvalues of fully nonlinear homogeneous elliptic operators
by

Scott Nathan Armstrong
Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Lawrence C. Evans, Chair

We study the fully nonlinear elliptic equation
F(D*u, Du,u,z) = f

in a smooth bounded domain €2, under the assumption the nonlinearity F'is uniformly
elliptic and positively homogeneous. Important examples of such operators include
the Bellman operator, the Bellman-Isaacs operator, and the Pucci extremal operators.
Recently, it has been shown that such operators have two principal “half-eigenvalues,”
and that the corresponding Dirichlet problem possesses solutions, if the principal half-
eigenvalues are positive. We provide new proofs of these results, and generalize the
ABP inequality to homogeneous operators with positive half-eigenvalues.

The Donsker-Varadhan minimax formula for the principal eigenvalue of a uni-
formly elliptic operator in nondivergence form is generalized to the first principal
half-eigenvalue of a fully nonlinear operator which is concave (or convex), and posi-
tively homogeneous. In the case that the two principal half-eigenvalues are not equal,
we show that the measures which achieve the minimum in this formula provide a
partial characterization of the solvability of the corresponding Dirichlet problem at
resonance.

The existence of solutions of the Dirichlet problem “between” the principal half-

eigenvalues and the “second” eigenvalue is obtained, as well as an anti-maximum



principle, generalizing the famous theorem of Clément and Peletier [22] for linear
operators.
The last chapter, based on joint work with Maxim Trokhimtchouk, concerns the

long-time behavior of solutions of the uniformly parabolic equation
uy + F(D*u) =0 in R" xRy,

where [’ is a positively homogeneous operator. We prove the existence of a unique
positive solution ®* and negative solution ®~, which satisfy the self-similarity rela-
tions

OF (2, 1) = A DE(N2z, At).

We prove that the rescaled limit of any solution of the Cauchy problem with nonneg-
ative (nonpositive) initial data converges to ®* (®7) locally uniformly in R™ x R,.
The anomalous exponents o™ and o~ are identified as the principal half-eigenvalues

of a certain elliptic operator associated to F' in R".

Professor Lawrence C. Evans
Dissertation Committee Chair
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Chapter 1
Introduction

This work is concerned with the relationship between the existence of positive
supersolutions, and the maximum principle for uniformly elliptic equations. To ac-

quaint ourselves with the key ideas, we consider a linear, uniformly elliptic operator

L given by
(1.1) Lu=— Z a” (2) g, + Z V (2)ug, + c(z)u.
ij=1 j=1

We say that L satisfies the weak mazimum principle in smooth, bounded domain
Q) C R", if for any u is a smooth function satisfying

Lu <0 in(,
(1.2)

w<0 on0f,
we have v < 0 in Q. It is well-known (see Evans [39]) that the linear operator L
satisfies the weak maximum principle in @ C R”, provided that ¢ > 0 in Q. To
generalize this fact, suppose that there exists a smooth function ¢ satisfying the
differential inequality

Ly >0 in Q,

and such that ¢ > 0 on 2. We claim that the existence of such a function ¢ implies

that L satisfies the weak maximum principle in £2. To see this, suppose that u satisfies
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(1.2), define w(x) := u(x)/¢(x), and perform a routine calculation to verify that w is

a solution of the differential inequality

- Z p(z) a' wzzzj Z — ¢z, (T)a Z]<x) - Wzi(x)aji(x)) wtcj""(LSO)w <0 in.

ij=1
Since Ly > 0, the operator defined by the left side of the differential inequality above
satisfies the weak maximum principle in Q. Since w = u/p < 0 on 2, we deduce that
w<01in 2. Hence v <0 in €.

It is not difficult to show that the converse of this fact is true; namely, if L satisfies
the weak maximum principle, then there exists a function ¢ which is positive on €2
and satisfies the differential inequality Ly > 0 in €. In fact, we have the following

theorem.

Theorem 1.1. Suppose that L is a linear, uniformly elliptic operator with smooth
coefficients and Q0 C R™ is a smooth, bounded domain. Then there exists a unique
number A\ = A\ (L, Q) such that there exists a function ¢y satisfying the Dirichlet

problem

Loy =\ m €,
(1.3) ! He
p1 =20 on 0f),

and such that @1 > 0 in Q. Moreover,

A1 =sup {\ € R : the operator L — X\ satisfies the weak maximum principle in 2}
= sup {)\ € R : there exists ¢ such that Ly > Ap in ), and ¢ > 0 on Q} .

The eigenvalue A\ (L, Q) is less than every other eigenvalue of the operator L in the
domain €2, and is called the principal eigenvalue of L. It turns out that Theorem 1.1
can be generalized to nonlinear elliptic equations. In fact, our calculations above rely
not on the linearity of L, but on its homogeneity. This observation is the basis of
recent efforts to understand the behavior of solutions to fully nonlinear equations of

the form
(1.4) F(D?*u, Du,u,z) = f in Q,

2



1. Introduction

in the case that the nonlinear operator F' is not necessarily nondecreasing in u, of
which this present work is a contribution.

In this chapter, we state our notation and review common hypotheses we will
impose on the nonlinear operator F', for the reader’s convenience. In Chapter 2 we
give an overview of the theory of viscosity solutions for second-order elliptic equa-
tions, which is the proper context for the study of the fully nonlinear equation (1.4).
In Chapter 3, we develope a theory of principal eigenvalues of fully nonlinear oper-
ators, following the work of Ishii and Yoshimura [57], Quaas and Sirakov [83], and
Birindelli and Demengel [14], and prove several new results. We generalize a famous
minimax formula for the principal eigenvalue of a linear operator due to Donsker and
Varadhan [32, 33| to the fully nonlinear case in Chapter 4, and study the Dirichlet
problem at resonance for concave operators. Our results generalize the Fredholm al-
ternative in the linear case. In Chapter 5 we demonstrate the existence of solutions to
the Dirichlet problem between the principal eigenvalue and the “second” eigenvalue,
using topological methods, and generalize the anti-maximum principle of Clement
and Peletier [22] to the fully nonlinear case. Finally, in the last chapter we adapt
our methods to the study of the long-time asymptotics of fully nonlinear parabolic

equations, demonstrating asymptotic convergence to self-similar solutions.

1.1 Notation and hypotheses

We denote n-dimensional Euclidean space by R™. We write R, = (0,00), and
let S™ denote the set of n-by-n real-value symmetric matrices. The n-by-n identity
matrix is written [,,. If M, N € S", then we write M > N if M — N has only
nonnegative eigenvalues. If M € S", then M* and M~ are the unique elements of
S™ such that M*, M~ >0 and M = M+ — M~. We denote by [v,'] the subset of
S™ consisting of the matrices A for which vI, < A < T'[,. If A € S", then |A| is
the square root of the sum of the squared entries of A, and if x € R”, then |z| is the
Euclidean length of .

Throughout this work, €2 is a bounded subset of R™ with smooth boundary 0f2.
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We write V. CcC Q if V is an open subset of R” whose closure V C Q. If E C R™,
then |E| denotes the Lebesgue measure of E. If F© C R”, then E\F denotes the
intersection of E and the complement of F'. The diameter of € is diam(2).

We denote the space of Radon measures on © by R(Q), and the subset of R(Q)
consisting of nonnegative probability measures by M (Q).

We denote differentiation by subscripts, so that if v : 2 — R is a smooth function,
then u; = Ou/0x;. The gradient of u is the vector Du = (uy, ..., u,), and the Hessian
of u is the matrix D*u = (u;;). We will employ the convention of summing over

repeated indices. For example, we may write (1.1) as
Lu = —a" (x)u;j + U (z)u; + c(z)u.

For ease of reference, we list here some common structural conditions we will
impose on our nonlinear operators in this work. In most cases our nonlinear operator

is a continuous function

F:S"xR"xRxQ— R.

Our most common hypotheses, which we will use in Chapters 3, 4, and 5 are the

following:

(F1) For each K > 0, there exists a constant Bx and a positive constant % <v <1,

depending on K, such that
|[F(M,p,z,x) — F(M,p, z,y)| < Br(IM|+1)|z —y|"
for all M € S”, p € R, z € R, and x,y € Q satisfying |p|, |2| < K.

(F2) There exist constants 61,09 > 0 and 0 < v < I' such that

P’;F(M_N) _51|p_Q| —(50|Z—lU| < F(M,p,Z,ZL’) _F(N7q7wvl'>
< PE(M — N) + dilp — g + Bl — ]

for all M, N € S", p,q € R", z,w € R, z € Q.
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(F3) F is positively homogeneous of degree one, jointly in its first three arguments;
ie.,

F(tM,tp,tz,z) =tF(M,p,z,x) forall t>0
andall M € S", peR", z€ R, v € (0.

In some circumstances, including most of Chapter 4, we will also require F' to be

concave:
(F4) F is concave jointly in its first three arguments; i.e., the map
(M,p,z) — F(M,p,z,x) is concave
for each = € Q.

The statement of some results will require F' to be proper:

(P) For all M € S",p € R*, x € Q, the map z — F(M, p, z,r) is nondecreasing.
In some parts of Chapter 2, we will assume only (F2) and a weaker form of (F1):
(F1lw) For each K > 0, there exist a modulus wg : [0, 00) — [0, 00) satisfying

supwc(t)/(t + 1) < oo,
>0
and a positive constant % < v <1, depending on K, such that

[F(M,p, z,2) = F(M,p, 2,y)| < wk (IM]+ 1)z —y[")

for all M € S", p € R*, 2 € R, and z,y € Q satisfying |p|, |z| < K.



Chapter 2
Viscosity solutions

In this chapter we briefly review the theory of viscosity solutions of second-order
elliptic equations, which is the context for this work. In the first section, we introduce
uniformly elliptic equations and give several important examples. We define the
notion of viscosity solution in Section 2.2, and the rest of the chapter is devoted to
the statements of important results which we will use many times in the following

chapters.

2.1 Uniformly elliptic equations
In this work, we study partial differential equations of the form
(2.1) F(D*u(z), Du(x),u(z),z) =0 in €.

The operator F : S" x R” x R x  — R and the domain  C R” are given, and
we seek to study the unknown function(s) u : 2 — R for which the expression (2.1)

holds.

Definition 2.1. The operator F' and the PDE (2.1) are called uniformly elliptic if
there exist positive constants 0 < v < I' such that

(2.2) ytrace(N) < F(M,p,z,x) — F(M 4+ N,p, z,z) < I trace(N)
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for every nonnegative definite matrix N > 0. In this case, we say that the numbers

v and I' are ellipticity constants for F' and (2.1). Under the weaker condition that
0< F(M,p,z,z) — F(M + N,p, z,x)
holds for every nonnegative N € S”, then we say that F'is degenerate elliptic.

If F satisfies Definition 2.1, then we often refer to (2.1) as a fully nonlinear elliptic
partial differential equation. We use the modifier fully nonlinear to emphasize our
expectation that F' depends nonlinearly on the second derivatives D?u (although we
do not rule out the linear case). We will often suppress the dependence of u on x and
simply write (2.1) as

F(D?*u, Du,u,z) =0 in Q.

It will be convenient to recast the definition of uniform ellipticity in terms of

Pucci’s extremal operators, which we now introduce.

Definition 2.2. Given positive constants 0 < v < I' and M € S", we define

(23) Pip(M)= sup [—trace(AM)], and P (M)= inf [—trace(AM)].

Ae[v,I] ’ A€[.I]

Introduced by Pucci in [81], the operators P and P_ . are called the Pucci mazimal
and minimal operator, respectively. We will usually drop the subscripts and write
Pt and P~ if the identities of the positive constants v and I" can be inferred from

context.

It is clear from the definition (2.3) that for any M, N € S* and ¢t > 0,

(2.4) PH(=M) =P~ (M) <P"(M) =P (=M),
(2.5) Pr(tM) =P (M), P~ (tM) =tP~ (M)
(2.6) PHM + N)<PHM)+PHN), P (M+N)>P (M)+P (N),

with equality holding in (2.6) if and only if MTN~ = M~ N* = 0. From these it is
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easily seen that

(2.7) P (M) = —ytrace(M™") + I trace(M )

(2.8) P~ (M) = —T trace(M™") + ~trace(M ),

(2.9) P (M)-P"(N)<P (M-N)<P"(M-N)<P(M)-P (N),
(2.10) P* is convex, P~ is concave.

We now show that the uniform ellipticity condition (2.2) can be expressed in terms

of the extremal operators Pt and P~.

Lemma 2.3. An operator F : S* xR" xR x ) — R is uniformly elliptic with ellipticity
constants 0 < v < T if and only if

for every M, N € S™.

Proof. 1t is clear from (2.7) that (2.11) implies (2.2). On the other hand, if we have
(2.2), then setting X = (M — N)*, Y = (M — N)~, we see that

F(M) < F(M +Y) 4 I trace(Y)
= F(N + X) + I'trace(Y)
< F(N) — ytrace(X) + I trace(Y)
= F(N) +P*(M — N).

Hence we obtain the second inequality in (2.11). The first inequality is obtained by
multiplying the second by —1. O]

We now give several important examples of fully nonlinear uniformly elliptic PDE,

which we will have in mind throughout this work.

Example 2.4 (Laplace’s equation). In the case that F(M,p,z,x) = — trace(M),

equation (2.1) is Laplace’s equation

(2.12) —Au=0 in Q.
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Notice that this equation is uniformly elliptic with v = [' = 1. Similarly, if we take

F(M,p,z,x) = —trace(M) — f(x), then we recover Poisson’s equation

(2.13) “Au=f inQ.

Example 2.5 (Nondivergence form linear equations). Suppose F' has the form
F(M,p,z,z) = —trace(A(x)M) + b(x) - p+ c(z)z — f(x),

where A: Q —-8S", b:Q —R" andc, f: Q — R. It is easy to see that F' is uniformly
elliptic if and only if A(z) is positive definite, uniformly in x. That is, there exist

constants 0 < v < I' such that
I, < A(x) <TI, forallzeQ.
If A(z) = (a”(z)) and b(z) = (b'(z)), then equation (2.1) is written as
(2.14) Lu := —a"u; +Vu;+cu=f inQ.
The operator L is a linear uniformly elliptic operator in nondivergence form.
Example 2.6 (Pucci’s equations). We call the pair
(2.15) Pin(D*u) = f and P (D*u)=f inQ
Pucci’s equations. Notice that when v = I' = 1, both equations reduce to (2.13).

Example 2.7 (The Bellman equation). Consider a family {L%},ca of uniformly
elliptic linear operators

P o Xy
L% = —a?u;; + bl u; + cqu,

indexed by a parameter v € A. The partial differential equation

(2.16) inf {L% — f*} =0 in

acA

is called the Hamilton-Jacobi-Bellman equation, or just the Bellman equation. If the

ellipticity constants for L are independent of «, then (2.16) is also uniformly elliptic

9



2. Viscosity solutions

with the same ellipticity constants. Notice that the Bellman operator is concave in its
dependence on u. Equation (2.16) arises in the theory of stochastic optimal control, in
which the unknown function w is the associated expected optimal payoff. We refer to
[43, 48, 64] for an introduction to the theory of stochastic optimal control, including
a derivation of (2.16). Notice that Pucci’s (minimal) equation is a special case of

(2.16), where we take A = [v,I'], and L* is the operator
L% = —aijuij.

In fact, any concave equation which is sufficiently regular in x can be written as a

Bellman equation, a fact which underlines the importance of (2.16).

Example 2.8 (The Bellman-Isaacs equation). We may generalize the previous ex-

ample by allowing our linear operators to depend on two parameters
(217) Laﬁu = —agﬁuij + biﬁu]‘ + Caplt,
and then writing
(2.18) inf sup {L*u — f**} =0 in Q.
acA BeB
Equation (2.18) is called the Bellman-Isaacs equation. Just as for the Bellman equa-
tion, (2.17) is uniformly elliptic provided that the operators are L®° are uniformly

elliptic, uniformly in a and 3. The Bellman-Isaacs equation occurs naturally in the

theory of two player, zero-sum stochastic differential games (see [40, 44, 48]).

There are several other important examples of fully nonlinear elliptic equations
which we neglect to discuss, including the p-Laplacian equation, the Monge-Ampere
equation, and the equation of prescribed Gaussian curvature. In this work, we are
primarily concerned with the PDE in Examples 2.6, 2.7, and 2.8, since they are
positively homogeneous in their dependence on u.

For an introduction to the theory of fully nonlinear uniformly elliptic equations,
we refer to the short book by Caffarelli and Cabre [19]. We also wish to mention
a recent, very well-written expository paper by Cabre [17], which has many more

examples of interesting elliptic equations.

10



2. Viscosity solutions

2.2 Viscosity solutions

The theory of uniformly elliptic, quasilinear equations in divergence form was well
developed by the late 1960s (see the seminal work [69]). The variational structure
of these equations permit their attack by “energy methods,” by which we mean it is
useful to multiply an equation by a test function and then integrate by parts. In fact,
this idea even provides a suitable notion of weak solution. The breakthrough estimate
of DeGiorgi [29] and Nash [75], who independently proved that these weak solutions
are Holder continuous, allowed for the systematic development of a nonlinear theory
of divergence form equations.

It was not until many years later that satisfactory progress was made in the
understanding of uniformly elliptic equations in nondivergence form. Since these
equations are not variational, energy methods seldom apply. For example, we cannot
multiply (2.14) and integrate by parts unless the coefficients of L are sufficiently
regularity; i.e., we cannot study (2.14) using energy methods unless we can put L
into divergence form. An energy method approach to attacking a fully nonlinear
equation is even more hopeless (e.g., the idea of gleaning information about solutions
of one of Pucci’s equations (2.15) by multiplying it by a test function and integrating
by parts is absurd).

There were two primary obstacles to a satisfactory theory of the uniformly elliptic
equation (2.1), both of which were tackled in the early 1980s. First, an analogue
of the DeGiorgi-Nash estimate for nondivergence form linear equations was needed.
This difficulty was resolved by Krylov and Safonov [67, 68], who proved a Harnack in-
equality for linear equations in nondivergence form with only measurable coefficients.
Their argument was based on an estimate due to Alexandroff [1], Bakel'man [6], and
Pucci [79], which is now called the ABP inequality and a cornerstone of the theory.

Second, a satisfactory notion of weak solution was needed. Desirable properties for
a class of weak solutions include existence and uniqueness of solutions (under certain
hypotheses on F' and appropriate boundary conditions are imposed), stability, and

agreement with classical solutions.

11



2. Viscosity solutions

In 1983, a definition of weak solution called a viscosity solution was proposed by
Crandall and Lions [28], following the ideas in some earlier papers of Evans [34, 35],
and further developed by Crandall, Evans and Lions [23]. These viscosity solutions
were immediately seen to have very nice stability properties: we can pass to limits
assuming we have only uniform convergence, as we will see below. Furthermore, using
stochastic methods, Lions [72, 73, 74] demonstrated that certain Bellman equations
possess a unique viscosity solution which coincides with the expected optimal payoft
function.

Uniqueness of viscosity solutions for more general classes of second-order equations
was obtained several years later by Jensen [58], using an ingenious argument involving
certain semiconcave approximations. His idea was quickly extended and simplified
by Ishii [55], Ishii and Lions [56] and others (see [25, 59, 60]). After the question of
uniqueness was resolved, a general existence theory was established by Ishii [54, 55]
using the Perron method.

In this section we recall the definition of viscosity solution, as modified by Ishii

[55]. The rest of this chapter is a review of the basic elements of the theory.

Definition 2.9. Suppose that F' = F (M, p, z, x) is continuous and degenerate elliptic.

A wiscosity subsolution of the equation
(2.19) F(D*u, Du,u,z) =0 in Q,

is an upper semicontinuous function u € USC(f?) such that whenever zy € © and

¢ € C?(Q) are such that

(2.20) x +— u(z) — ¢(x) has a local maximum at z,
we have
(2.21) F(D%p(x0), Dp(x0), u(x0), x0) < 0.

A wiscosity supersolution of (2.19) is a lower semicontinuous function u € LSC((Q2)

such that for every xy € Q and every ¢ € C?(Q) for which

(2.22) x — u(z) — ¢(x) has a local minimum at x,

12



2. Viscosity solutions

we have

(2.23) F(D?*¢(x0), Do(x0), u(x0), 70) > 0

If w is a viscosity subsolution (supersolution) of (2.19), then we write
(2.24) F(D*u, Du,u,z) < (>)0 in Q.

A continuous function u € C(£2) is a viscosity solution of (2.19) if it is both a viscosity

subsolution and supersolution of (2.19).

The notion of viscosity solution is compatible with the classical notion of solution

in the following sense.

Proposition 2.10. Assume that F' is continuous and degenerate elliptic. A classi-
cal subsolution (supersolution) of (2.19) is a viscosity subsolution (supersolution) of
(2.19). Conwversely, a viscosity subsolution (supersolution) u € C*(Q) of (2.19) is a

classical subsolution (supersolution) of (2.19).

Proof. Suppose u € C?(2) be a classical subsolution of (2.19), and ¢ € C?*(2) and
xg € Q are such that u — ¢ has a local maximum at z,. It follows from elementary
calculus that

Du(zo) = Do(x), D*u(xg) < D*p(z0).

Owing to the degenerate ellipticity of F', we have
F(D?*p(x0), Do(x0), u(x0), 10) < F(D*u(w0), Du(z0), u(20), 70) < 0.

Thus w is a viscosity subsolution of (2.19).
On the other hand, suppose that u is a viscosity subsolution of (2.19), and u €

C?(2). Then since u — u = 0 has a local maximum at every point z € 2, we have
F(D*u(z), Du(x),u(z),z) <0

at each z € €. N

13



2. Viscosity solutions

Throughout this work, we assume that all differential equalities and inequalities,
unless specifically noted otherwise, are satisfied in the viscosity sense. Thus whenever
we refer to a “(sub or super) solution” we always mean “viscosity (sub or super)
solution.”

We may replace the phrase “local maximum” with “strict local maximum” in
(2.21) and obtain an equivalent definition of viscosity subsolution, a simple observa-
tion but one that will prove to be useful. This is the content of the next proposition

(a proof can be found in [7]).

Proposition 2.11. Suppose that F' is continuous and degenerate elliptic, and u is an
upper semicontinuous function such that (2.21) holds whenever o € C*(Q2) and u — ¢

has a strict local mazimum at xg € Q. Then u is a viscosity subsolution of (2.19).

2.3 Comparison principles

The first general maximum principle for viscosity solutions of second-order, uni-
formly elliptic equations was discovered by Jensen [58]. His result allowed only modest
x-dependence in the nonlinear operator F', and his ideas were quickly extended by
Ishii [55], Ishii and Lions [56], among others, to more general situations.

The following result is essentially contained in [56, Theorem II1.1(1)]. The proof
requires some modifications, which involve replacing hypotheses (3.2) of [56] with
our hypothesis (F2) that F' is Lipschitz in (p, z). The needed modifications to the

argument in [56] are explained by Ishii and Yoshimura [57].

Theorem 2.12 (Comparison principle). Assume that F' satisfies (Flw) and (F2),

and that for some o > 0,
(2.25) 2+ F(M,p,z,x) — oz is nondecreasing

for every M € S", p € R*, z € Q. Suppose that u,v € C(Q) are, respectively, a

subsolution and supersolution of
F(D?*u, Du,u,z) =0 in €,
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2. Viscosity solutions
and that w < v on 9S2. Then u < v in ().

The requirement (2.25) will be weakened to (P) below. At the present time, we

offer the following well-known substitution.

Proposition 2.13. Assume that F satisfies (Flw), (F2), and (P). Suppose that

e >0, and u,v € C(R2) satisfy

(2.26) F(D*u, Du,u,z) < —¢ in ),
and
(2.27) F(D*v, Dv,v,z) >0 in €.

Then u < v on OS2 implies that u < v in €.

Proof. Select K > 0 so large that |ul,|v| < K on Q. Put 0 = ¢/2M. Modify F by
defining
G(M,p,z,z) = F(M,p,z,z) + o(z — K) + ¢.

It is clear that G satisfies (Flw) and (F2), although we must modify d, slightly.

Moreover, G satisfies (2.25). If ¢ is a smooth test function for which
x+— u(r) —¢(x) has alocal maximum at z = xy € €,
then by (2.26) we have

G(D*p(x0), Dp(x0), u(20), T9) = F(D*@(20), Dep(ix0), ulxo), 20) + o (u(xo) — K) + ¢
<—e+40(K-—K)+e<0.

Thus w satisfies

G(D*u, Du,u,z) <0 in .

Similarly, we check that v satisfies
G(D?*v, Dv,v,z) >0 in Q.
We may now apply Theorem 2.12 to complete the proof. O
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2. Viscosity solutions

Using Proposition 2.13, we demonstrate that differential inequalities that hold
in the viscosity sense behave as we expect. The proof is based on an interesting

argument due to Evans [37, 38|.

Proposition 2.14. Assume F, G and H are nonlinearities which satisfy (F1w) and
(F2), and

(2.28) H(M+N,p+q,z+w,x) < F(M,p,z,x) + G(N, q,w, x)

for all M, N € S", p,q € R", z,w € R, and z € Q. Suppose f € C(Q) and u € C()

are such that u is a subsolution of the equation

(2.29) F(D*u, Du,u,z) = f in ,

and g € C(Q) and v € C(Q) are such that v is a subsolution of
(2.30) G(D*v, Dv,v,z) =g in Q.

Then the function w := u + v is a subsolution of the equation

(2.31) H(D*w, Dw,w,z) = f+g in Q.

Likewise, if we reverse the inequality in (2.28) and assume that w and v are superso-

lutions of (2.29) and (2.30), respectively, then w is a supersolution of (2.31).

Proof. Select a test function ¢ € C?(2) such that
(2.32) z+— w(x) — p(x) has a strict local maximum at z = xy € Q.

We must show

H(D*p(0), Dep(x0), w(xo), 20) < f(20) + g(x0).

Suppose on the contrary that
(2.33) 0= H(DQSO(IO% Dep(xo), w(wo), z0) — f(x0) — g(w0) > 0.

16



2. Viscosity solutions

Define ¢ = ¢ —v. We claim that if n > 0 is sufficiently small, then ¢ is a viscosity

supersolution of
(2.34) F(D*¢, D, u(x),z) > f+ 10 in B(zo,n).
Select a smooth test function v such that
x— p(x) —(r) has alocal minimum at © = x; € B(xg, 7).

Then

x—v(z)— (p(xr) —(r)) has alocal maximum at x = x;.

Since v satisfies (2.30), we deduce

G(D*¢(21) — D*p(x1), Dp(w1) — D(1),0(21), 1) < g(21).
Using (2.28), we deduce

F(D*(x1), D(1), uwr), 1)
> H(D*p(x1), Dp(a1), u(zr) +v(21), 21)
— G(D*¢(21) = D*P(x1), Dip(1) — Dip(an), v(21), 21)
> H(D*p(x1), Dip(x1), v(@r) + u(@r), 1) = g(21).
Recalling (2.33), by the continuity of H we may choose 1 > 0 sufficiently small such

that

H(D*¢(y), De(y), v(y) — uly),y) — f(y) — g(y) > 30

for every y € B(xg,n). Thus

N =

F(D*) (1), DY(z1), u(z1), 21) > f(21) + 6.

It follows that ¢ is a viscosity supersolution of (2.34). Notice that we may add any
constant to ¢, and hence @, without altering (2.34). Since the operator F given by

F(M,p,z,z) = F(M,p,u(z), x)
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2. Viscosity solutions

satisfies the hypothesis of Proposition 2.13 , we deduce that

sup (u—@) < sup (u—9),
B(Io,’l]) 33(930:77)

for all sufficiently small > 0. Therefore, the function w — ¢ = u — ¢ cannot have a
strict local maximum at x = ¢, a contradiction to (2.32). This completes the proof

of the first statement. The proof of the second statement is similar. O

As another application of Proposition 2.13, we show that the classical proof of
Hopf’s Lemma (see, e.g., [39]) can be adapted to our viscosity solution setting, using

Evans’ trick.

Proposition 2.15 (Hopf’s Lemma). Suppose u € C(S2) is such that u Z 0 and u < 0

n 2, and suppose that u is a viscosity subsolution of

(2.35) P~ (D*u) — 61| Dul — lu| <0 in Q.

Assume that Q2 satisfies an interior sphere condition at xo € 0S). That is, there exists
a ball B C Q of radius R such that BN 9Q = {x¢}. Then if u(xo) = 0, we have

(2.36) lim inf 280 = @l + he)

h—0+ h >0

for every & € R™ such that £ - v < 0, where v is the outward-pointing unit normal

vector to OB at xq. Moreover, u < 0 in €.

Proof. Suppose first that « < 0 in 2. Assume without loss of generality that the

center of B is the origin, and define a function v by
v(x) = el _ ol
where a > 0 will be selected below. Let V' be the annular region

V={xeB:R/2<|z| <R}.

Notice that

—e kP < y(z) <0

18



2. Viscosity solutions

for each x € V. We claim that if o > 0 is large enough, then v is a supersolution of
(2.37) P~ (D*v) — 6,|Dv| — &olv| >0 inV,
for a small constant § > 0. For z € V| we estimate

P~ (D*(z)) — &1|Dv(@)| — dolv(2)|
> 2ae 1 P (I — 202 ® ) — 206, |z|e 1" — §olu(z)]
> ¢kl (—2anT + 40’v|z|* — 206 |x| — o)
> e—olel? (—QOmF + 0427R2 — 2001 R — 60) .

We see that v satisfies (2.37) for § = e %’ provided we select
o =max {1, (1 +2nI + 26; R + &) (R*y) "'} .
Since u < 0 in 2, we may select € > 0 small enough that
u(z) <ev(xz) forall |x| = R/2.

We also have

u(z) <0=-cev(z) forall |z|]=R.

Therefore, we may apply Proposition 2.13 to deduce that

u<ev in V.

Hence
— h — h
h—0+ h h—0+ h

' . _efozR2 + efa\x0+h§|2

= ¢eliminf
h—0+ h

> —20456_0“R2$0 &

> 0.

This completes our proof in the case that v < 0 in €.
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2. Viscosity solutions

Now suppose that u = 0 somewhere in 2. Let W C ) be the zero set of u in
Q. Select y € Q such that u(y) < 0 and the distance from y to W is less than the
distance from y to 092. Find zy € W such that |zg—y| = R, where R = inf,ew |z —y].
Once again, assume y = 0 and let V' and v be defined as above. Following the same
procedure as above, we conclude that u < ev in V, as well as u < 0 < ev for |z| > R.

Since u(zg) = 0 = ev(xy), it follows that
x+— u(x) —ev(z) has alocal maximum at z = .
Since u is a viscosity subsolution of (2.35), we have
e [P~(D*v) — &1|Dv(z)|] < 0.
This contradicts (2.37), completing the proof. ]

Trudinger [88] noticed that the machinery developed to prove comparison theo-
rems like Theorem 2.12 could be combined with the classical techniques of Alexandroff
[1], Bakel'man [6], and Pucci [79] to produce an ABP inequality for viscosity solu-
tions. This idea was carried to fruition in [20], and a complete proof of the following

theorem can be found in Appendix A of that paper.

Theorem 2.16 (ABP inequality). There exists a constant Co, depending only on n,
v, and 01, such that for any f € C(2) N L™(Q), and any viscosity subsolution of

P~ (D*u) — &|Du| < fin {u > 0},
we have the estimate

(2.38) supu < supu’ + Col| f || ()
Q 29

for Cy := Cy diam(Q).

We may combine Theorem 2.16 with our hypothesis (F2) and Proposition 2.14 to
weaken hypothesis (2.25) in Theorem 2.12.
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2. Viscosity solutions

Proposition 2.17. Assume that F satisfies (Flw), (F2), and (P). Suppose that

u,v € C(Q) are, respectively, a subsolution and supersolution of
F(D*u, Du,u,z) =0 in Q.
Then u < v on 0N implies u < v in 2.
Proof. According to Proposition 2.14, (F2), and (P), the function w := u — v satisfies
(2.39) P~ (D*w) — 6;|Dw| <0 in {w > 0}.
According to the ABP inequality (Theorem 2.16), we have

supw < supw’ = 0.
Q o0

Thus v <wv in Q. ]

Another very useful consequence of the ABP inequality is the following maximum

principle for small domains.

Theorem 2.18 (Maximum principle for small domains). Suppose that u € C(Q)
satisfies

P~ (D*u) — 81| Du| — dolu| <0 in {u > 0},

u <0 on 0f).
There exists a constant £g > 0, depending only on n, 7, 61, d, and diam(2), such
that |Q] < eg implies that u < 0 in €.
Proof. Define

€0 i= <2 diam(£2) - ég(;o) 7n,

where Cy is the constant in Theorem 2.16. If |Q| < &, then according to Theo-
rem 2.16,

supu < supu’ + diam(Q) - Codol|ut|

L’VL(Q)
0 o9
< diam(9) - Codo|QY " sup u™.
Q
1
< = .
< 5 supu
It follows that supgu®™ = 0. O
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2. Viscosity solutions

2.4 Harnack inequalities and Holder regularity

The Harnack inequality for nondivergence form linear equations, due to Krylov
and Safonov [68], has been extended to viscosity solutions by various authors. The
version of the Harnack inequality below is taken from Quaas and Sirakov [83, Theorem

3.6]. See also Fok [45] and Wang [91].

Theorem 2.19 (Harnack Inequality). Suppose that u € C(Q) and f € C(Q)NL"(Q)
satisfy u > 0 in ) and

PT(D*u) + 81| Dul| + dolu| > —|f| in Q,
P~ (D*u) — 61| Du| — dolu| < |f|  in Q.
Then for any compact subset K of €,
supu < C (infu+ /)
where the constant C' depends only on Q, K, n, v, I', 61, and dq.

Interior C'* estimates for viscosity solutions have appeared, for example, in Ishii
and Lions [56], Fok [45] and Wang [90]. The version we quote below is taken from
[45, Theorem 5.21].

Theorem 2.20 (Interior C'* estimate). Assume that f € C(Q2) N L™(£2). Suppose

that uw € C(Q) satisfies

P(D*u) + 61| Dul + dolu| > ~[f] in €,
P~ (D*u) — 61| Du| — dolu| < |f|  in Q.

Then there is a constant o > 0 depending only on n, v, I', 61, such that for any
Q' ccQ,

(2.40) [ullca@) < C (lull 2@ + 1 fllzne))
where C' depends only on n, v, T', §1, dy, diam(92), and dist(£Y', 02).
The following boundary C* estimate is taken from Winter [93, Theorem 1.10]
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2. Viscosity solutions

Theorem 2.21 (Global C'“ estimate). Assume that Q satisfies a uniform exterior

cone condition, f € C(Q)NL*(Q), and p € C(0). Suppose that u € C(Q) satisfies

P*(Dzu) + 01| Du| + dolu| > —|f] in Q,
P~ (D*u) — 61|Du| — folu < |f]  in €,

U= on 0f).

Then there is a constant o > 0 depending only on n, v, I', 61, 3, and the exterior

cone condition such that

(2.41) ullcagy < C (lullre@) + lellcsoa) + 1 flla@) »

where C' depends only on n, v, T', §1, dy, and diam(S).

2.5 Existence and Stability

Ishii [55, 56] discovered an elegant method for establishing the existence of solu-

tions to the Dirichlet problem

F(D*u, Du,u,z) =0 in Q,
(2.42)
u=gq on 02,

once a comparison result like Theorem 2.12 became available. This technique is
described in [26] in some detail. We obtain the following result by combining [26,
Theorem 4.1] with Proposition 2.17 above.

Theorem 2.22. Assume that F satisfies (Flw), (F2), and (P), and g € C(052).

Suppose that there exists a subsolution v, and a supersolution w, of the equation
F(D*u, Du,u,z) =0 in Q,

such that v =g = w on 0. Then there exists a unique solution u € C(Q) of (2.42)
satisfying v < u < w in €.
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2. Viscosity solutions

Several times in this work we will need to establish the existence of solutions
to (2.42) for operators F' which do not necessarily satisfy (P). Before we prove
the needed generalization, we must discuss the stability of viscosity solutions under
uniform convergence. The next proposition can be found in [20, Proposition 3.8]. See

also Sirakov [86, Theorem 4].

Proposition 2.23. Assume that for k > 1, Fy, F' are nonlinear operators satisfying

(F1), (F2), fi, f € C(Q2)NL"Q), and ur, € C() are such that uy is a subsolution

(supersolution) of the equation

Fk(DZUk, Duk, uk,x) = fk wmn €.

Suppose in addition that u € C(Q) is such that u, — wu locally uniformly in Q and
for every ball B C Q2 and test function o € W™(Q), if we define
gk ‘= Fk(D2%07DS07uk7x) - fk and g = Fk(DQ%D%UafC) - fa
then
1= 99 iy = 0 (9= 98 Nl gy = 0)
Then u is a subsolution (supersolution) of the equation
Fi.(D*u, Du,u,z) = f in Q.
We will rely on the following standard existence several times in this work.

Proposition 2.24. Assume that F satisfies (F1) and (F2), and f € C(Q2) N L"(Q)

and g € C(99Q). Suppose that there exists a subsolution v € C(Q) and a supersolution

w € C(Q) of the equation
F(D*u, Du,u,z) = f in Q,
such that v < w in Q and v < g < w on ). Then there exists a solution u € C(£)
of the boundary-value problem
F(D*u, Du,u,z) = f in Q,
(2.43)
u=yg on OS2,

satisfying v < u < w.
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Proof. The argument is well-known. Let ug := v and for each £ > 1, let u; be the

unique solution of the problem

F(DQUk, Duka Uk, .Z') + 50uk = f + 5()Uk_1 in Qa

Uy =g on 0f).
By Proposition 2.17 and a little induction argument, we have u,_; < up < w for
every k > 1. According to the interior C“ estimates (Theorem 2.20), there exists

u € C(Q) such that u;, — w locally uniformly in . Evidently, v < u < w. According
to Proposition 2.23, the function u is a solution of (2.43). O

2.6 Higher Regularity

In this section we will review the regularity theory for uniformly elliptic equations.
For an introduction to this topic, we refer to the books of Caffarelli and Cabre [19]

and Gilbarg and Trudinger [49]. The following C** estimate is due to Trudinger [88].

Theorem 2.25 (Global CY“ estimate). Assume that F satisfies (F1) and (F2), and
Q is smooth. Suppose that u is a solution of the Dirichlet problem (2.42), where
g € CYP(0R). Then u € CY*(Q) for some a > 0 depending only on n, T'/y, v, 3,

and we have the estimate

(2.44) [ullora) < C (lulle@) + lgllorew)
where C' depends on n, I', v, 61, dg, Bx, v and ).

For general F' satisfying (F1) and (F2) but not necessarily (F4), Theorem 2.25
is the most regularity we can expect. However, if we assume in addition that F' is
concave in M, then we can do one derivative better. This insight is independently

due to Evans [36] and Krylov [65, 66]. The following version for viscosity solutions is
due to Caffarelli [18].

Theorem 2.26 (Interior C** regularity). Assume that Q C R™ is a smooth bounded
domain and F satisfies (F'1), (F2), and F is concave or convex in M. Suppose that
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f € CP(Q) for some 3> 0, and u is a viscosity solution of the equation
F(D*u, Du,u,z) = f in Q.
Then u € CE(Q) for some a > 0.

Interior W?2P estimates for viscosity solutions concave, uniformly elliptic equations
were also obtained by Caffarelli [18]. The following extension of Caffarelli’s result to

the boundary is due to Winter [93].

Theorem 2.27 (Global W?2? estimate). Assume that Q@ C R" is a smooth bounded
domain, p > n, and F satisfies (F1), (F2), F is concave or conver in M, and
F(0,0,0,z) = 0. Suppose that f € LP(Q), g € W*P(Q), and u is a solution of the
Dirichlet problem (2.43). Then u € W??(Q2), and we have the estimate

[ullw2r@) < C (llullz=@ + lglwas@) + 1 fllze@)

where the constant C' depends only on n, p, v, I, 41, do, By, v, and €.
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Chapter 3

Principal eigenvalues of

homogeneous elliptic operators

In this chapter we study the Dirichlet problem

F(D?*u, Du,u,z) = Au+ f in Q
(3.1)
u=20 on 0f).
It is well-known that the problem (3.1) possesses a unique solution under the assump-

tion that for every (M, p,x) € S x R" x Q, the map
(3.2) z+— F(M,p,z,x) — Az is nondecreasing.

On the other hand, in the case the F' = L is linear, the Fredholm theory of compact
linear operators provides a complete understanding of the existence and uniqueness
of solutions of (3.1), for any A € R (see Evans [39]). In particular, in the linear case
the Dirichlet problem (3.1) has a unique solution if and only if the parameter A is not
a Dirichlet eigenvalue of F' in the domain €2.

There has been much recent interest in problem (3.1) for values of A for which
(3.2) does not necessarily hold. These efforts began with the work of Lions [71],
who studied the principal half-eigenvalues of certain Bellman operators by stochastic

methods. More recently, Quaas and Sirakov [82, 83] have shown that a nonlinear
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3. Principal eigenvalues of homogeneous elliptic operators

operator F' which is uniformly elliptic, as well as positively homogeneous and convex
(or concave) in (D*u, Du, u), possesses two principal “half-eigenvalues” \{ (F, Q) and
A (F, Q). The former corresponds to a positive eigenfunction ¢ > 0 and the latter to
a negative eigenfunction p; < 0. In [83] it was also demonstrated that the Dirichlet
problem (3.1) has a unique viscosity solution provided that both of these principal
eigenvalues are positive.

Independently, Ishii and Yoshimura [57] have proven analogous results for op-
erators which are not necessarily convex, such as the Bellman-Isaacs operator, and
Birindelli and Demengel [13, 14] have similar results for certain nonlinear operators
which are singular and degenerate elliptic.

The phenomena of nonlinear operators possessing two principal half-eigenvalues
was first noticed long ago by Pucci [80], who found explicit formulas for the eigenvalues
and eigenfunctions of a certain operator (similar to the Pucci maximal and minimal
operators) on a ball. It was also discovered by Berestycki [10] for Sturm-Louisville
equations. For more on principal eigenvalues of nonlinear elliptic operators, we refer
to [15, 16, 41, 61, 76, 77].

The recent work on half-eigenvalues of fully nonlinear, homogeneous operators
owes much to the ideas of Berestycki, Nirenberg and Varadhan [11], who developed
maximum principle tools suitable for the study of principal eigenvalues of linear el-
liptic operators. It is well-known that for a linear operator L, the maximum principle
holds for the operator L — A in ©Q for A belonging to an open interval (—oo, p). In
fact, A\;(L,Q) = p. Alternatively, \;(L,2) can be characterized as the supremum of

all A for which there exists a positive supersolution v > 0 of the equation
Lu>Xu in €.

In [11], these facts are generalized using arguments which require only homogene-
ity, not on linearity. It is these techniques which open up the study of (3.1) for
homogeneous (but nonlinear) operators.

In this chapter, we review the basic theory of principal half-eigenvalues of homoge-

neous elliptic operators. In Section 3.1, we provide new proofs of the results mentioned
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above and discuss several examples. We will explore the relationship to the Dirichlet
problem in Section 3.2, including the presentation of new results asserting the nonex-
istence of solutions to (3.1) for certain f and A between the half-eigenvalues. In the
last part of the chapter, we provide several useful estimates including a generaliza-
tion of the Alexandroff-Bakelman-Pucci inequality to operators with A (F,Q) > 0 or
AL (F,Q) > 0.

3.1 Principal half-eigenvalues and the maximum
principle

In this section, we will explore the relationship between the maximum princi-
ple and positive viscosity supersolutions (and negative viscosity subsolutions) of the
equation

F(D*u, Du,u,z) =0 in €.

We will then demonstrate the existence of the principal half-eigenvalues A (F,2) and

AL (F,Q).

Definition 3.1. We say the nonlinear operator F' satisfies the mazimum principle in

Q if, whenever v € C(€) satisfies

F(D?*v, Dv,v,2) <0 in Q,

v <0 on 0f),
we have v < 0 in €. Similarly, we say F satisfies the minimum principle in € if, for
any v € C(Q) satisfying

F(D?*v, Dv,v,xz) >0 in Q,

v>0 on 0f,

we have v > 0 in €. Finally, we say F' satisfies the comparison principle in € if,

whenever f € C(2) and u,v € C(Q) satisfy
(3.3) F(D*u, Du,u,z) < f < F(D*v,Dv,v,z) in
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as well as
(3.4) u<v on 0,
then v < v in .

According to Proposition 2.17, the nonlinear operator F' satisfies the comparison
principle in any domain, provided it is proper.

A well-known sufficient condition for a linear elliptic operator L to satisfy the
maximum principle in €2 is the existence of a supersolution u of the equation Lu =0
that is positive on Q. The next result is a generalization of this observation to fully
nonlinear, homogeneous operators F. In fact, it contains much more information.
Theorem 3.2 was first discovered in the linear case by Berestycki, Nirenberg and
Varadhan [11] and generalized to convex, homogeneous nonlinear operators in [83].
It is the connection which allows us to study the principal eigenvalues of nonlinear
elliptic operators by maximum principle methods, and so we will use it many times
in this work. Simple modifications of the argument found in [83] allow us to drop the
assumption that F' is convex in (M, p, z), and permit us to consider nonzero f. See

also Theorem 5.3 of [57].

Theorem 3.2. Suppose u,v € C(Q) and f € C(Q) satisfy
(3.5) F(D?*u, Du,u,z) < f < F(D*v, Dv,v,z) in $

and that u(Z) > v(Z) for some & € Q. Assume also that one of the following conditions
holds:

(i) f<0andu<0inQ, v>0 on 0,
or
(1) f>0andv>0inQ, u<0 on .

Then v = tu for some t > 0.
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Proof. We only provide a proof under the assumption (i) holds, since the proof as-
suming (ii) is similar. By (F2), (F3), and Proposition 2.14, for each s > 1 the function

we = su — v satisfies
(3.6) P~ (D*w,) — 61| Dw,| — Solws| < sf —f <0 in Q.

We claim the function wy < 0 in € for sufficiently large s > 1. To demonstrate this,

we use Theorem 2.18. Select a compact subset K C () so large that
[O\K| < &0,

where €y > 0 is as in Theorem 2.18. We may choose s > 1 large enough that ws < 0

on K. Owing to our hypotheses, wy < 0 on 02, and thus
ws <0 on I(Q\K).

Apply Theorem 2.18 to deduce that ws, < 0 in Q\K, and hence in Q. Since w, # 0,
Hopf’s Lemma (Proposition 2.15) implies ws < 0 in 2. Now define

(3.7) t =inf{s: w, <0in Q}.

Since u(Z) > v(Z) we have t > 1. We claim w; = 0. If not, then w; < 0 in Q by
Hopf’s Lemma. Select a small number 0 < ¢ < t — 1 such that w;_, < 0 on K.
Repeating the argument above, we discover w;_, < 0 in €, in contradiction to (3.7).

Thus w; = 0, and so v = tu. O

Remark 3.3. We may relax our hypothesis (F3) and still maintain either (i) or (ii)
of Theorem 3.2. Inspecting the proof above, we see that for Theorem 3.2(i), we need

require only
F(tM,tp,tz,z) < tF(M,p,z,z) forall t>0,

and for (ii) we need only the reverse of this inequality.

It is well-known (for example, see [32]) that the principal eigenvalue \;(L, ) of a

linear elliptic operator L in €2 can be expressed by the maximin formula

ML) g g ST
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where the supremum is taken over all positive functions ¢ € C?(Q). With this in

mind, and following [11] and [83], we define the constants

(3.8)  Af(F,Q):=sup{p: Jv e C(Q),v>0and F(D*v, Dv,v,x) > pv in Q},
and

(3.9) A (F,Q):=sup{p: IveC(Q),v<0and F(D*v, Dv,v,z) < pv in Q}.
Then A\ (F,Q) and \; (F, Q) are the principal half-eigenvalues of F in §2:

Theorem 3.4 (Ishii and Yoshimura [57]). There exist functions ¢f, @7 € CH*(Q)
such that o >0 and o7 < 0 in ), and which satisfy

F(D*gf, Dot o, 2) = \[ (F,Q)pi in Q
(3.10) F(D*p7, Doy, o1, 7) = A (F, Q)97 in Q

Pl =¢; =0 on 9.

Moreover, the eigenvalue N\ (F,Q) (A (F,Q)) is unique in the sense that if p is an
eigenvalue of F in ) with a corresponding nonnegative (nonpositive) eigenfunction,
then p = A\ (F,Q) (p = \[(F,Q)); and is simple in the sense that if o € C(Q) is a
solution of (3.10) with ¢ in place of T (1), then ¢ is a constant multiple of i

(1 ).

In this section, we present a simpler proof of Theorem 3.4 than appears in [57],
using many of the ideas in the recent papers [14, 83], and the methods of [11].
For each A € R, define a nonlinear operator F) by

Ga(M,p,z,x) .= F(M,p,z,x) — Az.
The following is an immediate consequence of Theorem 3.2.
Corollary 3.5. If there exists a solution v € C(Q) of
F(D*v,Dv,v,z) — M > (<) 0 in

for which v > 0 (v < 0) in Q and v Z 0 on 09, then G, salisfies the maximum

(minimum) principle in €.
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3. Principal eigenvalues of homogeneous elliptic operators

From Theorem 3.2 we also obtain the following one-sided comparison principle.

Corollary 3.6. Assume A\ € R and f € C(R2) are such that f # 0. Suppose u,v €
C(Q) satisfy

(3.11) F(D*u, Du,u,z) — Au < f < F(D*v, Dv,v,x) — Av in §

and u < v on 0. Assume also that either (i) f <0 and u <0 in Q, or (ii) f >0
andv >0 1in Q. Thenu <wv in €.

Define constants
pw(F,Q) :=sup{p : G, satisfies the maximum principle in Q},
and
p (F,Q) :=sup{p : G, satisfies the minimum principle in Q}.

We will eventually show that A\f (F,Q) = p™(F,Q) and A\ (F,Q) = u~ (F,Q). The

following lemma is the first step in this direction.

Lemma 3.7. Let 6o > 0 be as in (F2). Then

(3.12) —0y < NE(F,Q) < p*(F, Q) < 0.

Proof. To see that —dy < Af(F,Q), notice that for every z € Q,
F4,(0,0,—1,2) <0< F_4(0,0,1, 2).

We will now show that

(3.13) A (F,Q) < ut(F, Q).

Suppose on the contrary pu(F,Q) < p; < p < A{(F,Q). Then we may select a

function v; € C()) which satisfies
F(DZ’Ul, D’Ul,'Ul, ZL’) — P1U1 S 0 in
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3. Principal eigenvalues of homogeneous elliptic operators

and such that v; < 0 on 02 and v; > 0 somewhere in €). We can also select vy € C’(Q)

such that vy > 0 in €2 and v, satisfies
F(D?vy, Dvy, v, 2) — povp >0 in €.

Since —p1ve > —povy, we may apply Theorem 3.2 to deduce vy = tv; for some
t > 0. This implies p; = po, a contradiction which establishes (3.13). The inequality
AL (F,Q) < p=(F,Q) is demonstrated via a similar argument.

Finally, we will show the operator G, does not satisfy the minimum principle in 2
for all sufficiently large p. By replacing F' with G_s,, if necessary, we may assume F
satisfies (P). Select a continuous function h < 0, h # 0 with compact support in €.

According to Theorem 2.22, there exists a solution v € C'() of the Dirichlet problem

F(D*v, Dv,v,x) = h in ,
v=20 on 0f).

According to the comparison principle, v < 0 in €2. Since h # 0, we have v Z 0. Thus
v < 0 in 2 according to Hopf’s Lemma. Since h has compact support in €2 we may
select a constant py > 0 such that pov < h. Therefore, v is a supersolution of the
equation

F(D*v, Dv,v,x) —pov >0 in €,

and so evidently the operator G, does not satisfy the minimum principle in €2, for any

p > po. Thus p=(F,Q) < po. A similar argument establishes that ™ (F, Q) < co. O

From the proof of Lemma 3.7 we also deduce that

(3.14) (—00, AT (F,Q2)) C {p : G, satisfies the maximum principle in Q}
and
(3.15) (—00, A\ (F,9Q)) C {p : G, satisfies the minimum principle in Q}.

We will see later that we have equality in (3.14) and (3.15).
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3. Principal eigenvalues of homogeneous elliptic operators

We are now ready to show that our operator F' has two principal half-eigenvalues.
Instead of invoking the Krein-Rutman theorem, we choose instead a proof based on
the Leray-Schauder Alternative principle, which is also called Schaeffer’s Fixed Point

Theorem. For the reader’s convenience, we will first state this result.

Definition 3.8. If X and Y are Banach spaces, we say a (possibly nonlinear) map
A X — Y is compact if, for each bounded subset B C X, the closure of the set
{A(x) : x € B} is compact in Y.

Theorem 3.9 (Leray-Schauder Alternative). Suppose X is a Banach space, and
C C X is a convexr subset of X such that 0 € C. Assume A : C' — C' is a (possi-
bly nonlinear) function which is compact and continuous. Then at least one of the

following holds:

(1) the set {x € C' : x = NA(x) for some 0 < X\ < 1} is unbounded in X,
or

(11) there exists v € C' for which v = A(z).

See Theorem 5.4 on page 124 of [52] for a proof of Theorem 3.9. The following
argument is a straightforward adaptation of that found in Section 6.5.2 of [39].

Proof of Theorem 3.4. We assume without loss of generality that F' is proper, since

otherwise we may consider the operator G_s, in place of F. Recalling Theorem 2.22

for each v € C(Q2) we may define u = A(v) to be the unique solution u € C(12) of the

Dirichlet problem
F(D?u, Du,u,z) =v in Q,

u=>0 on 0f).
We claim
(3.16) A:C(Q) — C(Q) is a continuous, compact operator.
Let u; = A(vy) and us = A(vy), and notice the function w = u; — uy satisfies

P~ (D*w) — 6,|Dw| <v; —wvy in {w >0}
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3. Principal eigenvalues of homogeneous elliptic operators
The ABP inequality (Theorem 2.16) allows us to estimate
w < Clloy = v ) < Cllor = v2lo@)-
Reversing the roles of u; and uy we obtain
|ur — uzlle@ < Cllvr — valleg@)-
Using C estimates (Theorem 2.21), we have the estimate
@) lca@) < C (IA®)[IL=@) + [v]li=@) < Cllvlie).

We have demonstrated (3.16).
Let C' C X be the cone C' = {v cC(Q):v> O} of nonnegative continuous func-

tions on €. According to the maximum principle,

A:C—C.
Select a nonzero h € C' which has compact support in 2. We now claim
(3.17) if u € C satisfies u = MA(u + h), then X < A\ (F, Q).

Suppose u and A satisfy the hypothesis of (3.17). According to Hopf’s Lemma, u > 0
in 2. Thus

A€ {p:Tve C(Q) such that v > 0 and G,(D*v, Dv,v,x) > 0 in Q},

and recalling (3.8), we conclude that A < A\f(F, Q). This confirms (3.17).
We now apply Theorem 3.9 to deduce that for each € > 0, the set

D. = {u € C : there exists 0 < XA < Af(F,Q) + € such that u = NA(u+¢ch)}

is unbounded in C(f2). Therefore, we may select sequences {u.} C C and {\.} C
[0, A\f (F, Q) +¢], such that ||uc||cq) > 1 and u. = A\.A(u.+eh). Normalize by setting

ve i= Ue/||te || o). Then
(3.18) ve = AcA(ve + eh/|ucll o))
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3. Principal eigenvalues of homogeneous elliptic operators

Since A is a compact map, we can find ¢f € C and X\* € [0,A](F,Q)] and a
subsequence €, — 0 such that v., — ¢ uniformly on Q and \., — \*, as k — 0.

Passing to limits in (3.18), we have
P = N Algl).

Notice that ||} ]lc@ = lim [|or]lc@ = 1, and so ¢ # 0. According to Hopf’s
Lemma, ¢ > 0 in Q. It is now immediate from the definitions of T (F,2) and
A (F, Q) that

WHE.Q) < X < XHE.Q),

and therefore \* = pu(F, Q) = A\ (F,Q), by Lemma 3.7. In fact, we have equality in
(3.14) and (3.15).

It is evident that the function o] satisfies (3.10). The simplicity and uniqueness of
the eigenvalue \{ (F,2) are immediately obtained from Theorem 3.2. This completes
the proof of all assertions for A\ (F, Q) and ¢]. Making appropriate modifications to

our arguments, we obtain the corresponding assertions for A} (F, Q) and ¢y . O
We henceforth adopt the normalization
(3.19) suppf = sup (—¢;) = L.

For clarity, we will sometimes write ¢ = oI (F,Q) if we wish to display the depen-

dence of the eigenfunctions on F' and 2. The C'%® estimates assert that
(3.20) I3 lera < C.

where the constant C' depends only on €, 7, T, 81, 8, n, and A\ (F,Q). According to
Corollary 3.5,

(3.21) Q' CQ implies that A (F,Q) < A\f(F, ),

since the positive (negative) principal eigenfunction for F' in 2 must be positive

(negative) somewhere on 0fY'.
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3. Principal eigenvalues of homogeneous elliptic operators

Example 3.10. Suppose that F' is concave jointly in (M, p, z). By a simple calcula-

tion, or by looking ahead to Proposition 3.20, we see that
(3.22) F(M—N,p—q,z—w,z) < F(M,p,z,x) — F(N,q,w, x)
for all M, N € S, p,q € R", z,w € R, and = € €. In particular, we have
F(M,p,q,x) < —F(—M, —p, —z, ).
From this we easily deduce that
AN(F,Q) <\ (F,Q).
Similarly, if F' is convex in (M, p, z), then A\ (F, Q) < \](F, Q).

Example 3.11. The eigenfunctions ¢ and ] may fail to be proportional even if

A (F,Q) = M\ (F, ). Consider the nonlinear operator F given by

(3.23) F(D?u) := max {min{—Au, —2Au}, min{ Lu, Lu/2}} ,

where Lv := —a"v;; is a linear, uniformly elliptic operator satisfying
ML, Q) = M (=A,Q) =: A,

for which the principal eigenfunction ¢ of L is not proportional to the principal

eigenfunction ¢ > 0 of —A, with respect to the domain ). It is simple to check that
F(—=D%*p) = —Xp and F(D*@)=\p in Q.

Thus A\ (F,Q) = X = A\ (F,Q), but ¢, (F,Q) = ¢ and ¢ (F,Q) = @ are not propor-
tional.

The operator given by (3.23) is neither concave or convex. If we impose the
hypothesis that F is concave (or convex) jointly in (M, p, z), then AT (F, Q) = A\ (F, Q)
implies the eigenfunctions ] and ¢ are proportional. To see this, notice that (3.22)

implies that the function w := —; satisfies
F(D*w, Dw,w,z) — A\fw <0 in Q.
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3. Principal eigenvalues of homogeneous elliptic operators

Comparing w to ¢ and applying Theorem 3.2, we see that w is proportional to ¢ .
Conversely, the principal half-eigenvalues may fail to be equal, even in the case
that the eigenfunctions are proportional and F' is concave. For example, consider the
operator
G(D*u) = min{—Au, —2Au}.

It is simple to see that
MG, Q) =M (—A,Q) <20 (A, Q) =\ (G, Q),
but oy (F,Q) = ¢1(=A, Q) = - (F,. Q).
Example 3.12. In any domain (2,
AT (P;tr, Q) =/ (P;F,Q) and  A] (P;“I,Q) =\ (P{F, Q).
If v # I', then we have the strict inequality
A (P Q) < AL (P, Q).

The half-eigenfunctions of the Pucci extremal operators are not proportional in any
domain unless v = I or n = 1. A straightforward calculation convinces us that if
o] = —7, then ¢ is both concave and equal to the principal eigenfunction of —A

in 2, which is impossible. For details, see [83].

Example 3.13. Consider the Bellman operator

(3.24) H(D?u, Du, u,z) = sup LFu,
keA

where {L¥ : k € A} is a family of linear, uniformly elliptic operators having the form
Lku = —azjul-j + bfﬁu] + cpu,

with sufficient hypotheses on the coefficients such that H satisfies (F1), (F2), and
(F3). It is immediate that

(3.25) A (H,Q) < inf A\ (L*,Q) <sup A (LF,Q) < A\ (H, Q).
keA keA
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3. Principal eigenvalues of homogeneous elliptic operators

In general, we cannot expect equality in either the first or the last inequality of
(3.25). For an explicit example, let A = {1,2} and L' and L? be linear elliptic
operators with smooth coefficients such that A\ (L', Q) = A\ (L%, Q) =: A, but ¢ :=
o (LY, Q) # o] (L2, Q) =: 5. We claim

A (H, Q) < A< A\ (H,Q).

If, on the contrary \] (H,{2) = A, then we may appeal to Theorem 3.2 to deduce that
—p1 = p; (H,Q) = —¢9, in violation of our assumption that ¢ # 9. Similarly, if
N (H,Q) = A, then o1 = o] (H,Q) = s.

By generalizing this argument, we see that for an operator H given by (3.24),
we have \[ (H,Q) = \[ (H,Q) if and only if A\;(LF, Q) = A\ (L™, Q) and ¢, (L*,Q) =
p1(L™, Q) for every k,m € A.

This observation corrects a mistake in [15, Theorem 1.1}, which incorrectly implies
that the first inequality in (3.25) is an equality in general. (This error was also

repeated in [83].)

We show next that F' has no eigenvalues between A\{ (F, Q) and A\j (F, Q).

Lemma 3.14. Suppose p < max{)\l’(F, ), A\ (F, Q)} is an eigenvalue of F in €.
Then p = min {\] (F,Q), \{ (F,Q)}.

Proof. Suppose that w € C()) is a nontrivial solution of the problem

F(D*w, Dw,w,z) = pw in Q,

w=20 on 0f).
If p < A7 (F,Q), the operator G, satisfies the minimum principle. Therefore w > 0 in
Q. According to Hopf’s Lemma, w > 0. By the uniqueness of the positive principal

eigenvalue, it follows that p = A\ (F,Q). Arguing similarly, we deduce that if p <
A (F,Q), then p = \[ (F,Q). O
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3. Principal eigenvalues of homogeneous elliptic operators

3.2 The Dirichlet problem

In this section we study the existence and uniqueness of solutions to the Dirichlet

problem (3.1) for A less than the principal eigenvalues.
Theorem 3.15 (Ishii and Yoshimura [57]). Assume f € C(Q) N L"(§2).

(i) If f > 0 and X < X (F,Q), then the Dirichlet problem (3.1) has a unique

nonnegative solution u € C(Q).

(i) If f < 0 and A\ < A\ (F,Q?), then the Dirichlet problem (3.1) has a unique

nonpositive solution u € C(£2).

(iti) If X < min {\; (F,Q),\] (F,Q)}, then the Dirichlet problem (3.1) has a solution

ue CQ).

Proof. The uniqueness assertions in (i) and (ii) follow at once from Corollary 3.6.
We will only show existence for (i), since the arguments for (ii) and (iii) are very
similar. Without loss of generality, suppose A = 0 < \{ (F, Q). We will first produce
a solution under the condition f has support on a compact subset of €2. In this case

we may find a large constant A > 0 so that
0< f<ANT in Q.
Then u* := Ay and u, := 0 satisfy
F(D?u,, Du,,u,,r) < f < F(D*u*, Du*,u*,x) in €,

and uv* = u, = 0 on 092. According to Proposition 2.24, there exists a solution

u € C(Q) of (3.1) which satisfies 0 < u < u* in Q.

For general nonnegative f € C(2) N L™()), not necessary with compact support,
we take a sequence {f;} C C(Q) of nonnegative continuous functions with compact
support in Q such that fi, — fin L"(2). Let ux > 0 solve (3.1) with f replaced by
fr. We claim

(3.26) sup ||ug || Lo ) < 00.
k>1

41
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If not, we may assume ||ug||Lo(q) — 00. Set v, = uy/||uk|| @) and notice vy, satisfies
the equation

F(DQUk, ka, vk,x) = fk/HukHLoo(Q) in €.

According to Theorem 2.21, we have the estimate
[vk]low o) < C.

Taking a subsequence, if necessary, we may assume v converges uniformly on €2 to

a function v € C(Q2). Using Proposition 2.23 to pass to limits, we see that v satisfies

the equation
F(D*v,Dv,v,2) =0 in €.

Moreover, v = 0 on 9. Since A (F,) > 0, the nonlinearity F' satisfies the max-
imum principle in €2, and so v = 0. However, ||v||ze~) = lim ||vg| @) = 1. This
contradiction establishes (3.26).

Now we apply the C*“ estimates once again to obtain

lurllca@) < C.

We may select a function v € C'(2) such that, up to a subsequence, uy — u uniformly
on Q. Obviously, v > 0 in Q. Using Proposition 2.23 again to pass to limits, we

conclude that u is a solution of (3.1). O

Remark 3.16. By simple modifications of the previous argument, we deduce similar
results for the inhomogeneous Bellman-Isaacs problem
inf sup {L“’Bu — f“’ﬁ} =0 in €
(3.27) “ B
u=0 on Of.

If F'is given by (2.17) and satisfies (F1), (F2) and (F3), then for any uniformly
bounded family { f**} C C(€2), the Dirichlet problem (3.27) has a solution u € C/()

provided
min {\{ (F,Q), \{ (F,Q)} > 0.
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Likewise, if each function in the family { foob } is nonnegative (nonpositive), and
A (F,Q) > 0 (A (F,Q) > 0), then the problem (3.27) has a nonnegative (nonpositive)

solution u € C(Q). By Remark 3.3, we see that this nonnegative (nonpositive)

solution is unique.

Remark 3.17. If F' is convex or concave, then the Dirichlet problem (3.1) in fact
has unique solutions, as was shown in [83], in the case that both principal eigenvalues
are positive. For general homogeneous F', we do not know if the solutions obtained in
(iii) are unique. Later is this section we give a sufficient condition, discovered by Ishii

and Yoshimura [57], from which we also recover uniqueness for convex operators.

In contrast to the situation for linear operators, while no A\ satisfying
(3.28) min {A; (F,Q), \{ (F,Q)} < X < max {\[ (F,Q),\ (F,Q)}

is an eigenvalue of F' in €2, neither for such A\ do we have general existence or unique-
ness of solutions of (3.1). The failure of uniqueness has been studied by Sirakov [85].

We now present the following nonexistence result.

Proposition 3.18. Assume A > X[ (F,Q) and f € C(Q) are such that f > 0 and
f #0. Then the problem

F(D*u, Du,u,z) > Mu+ f in
(3.29)
uw >0 on 0)

has no nonnegative solution u € C(Q). Moreover, under the additional assumption
(F,Q) <A< A (F.Q),
problem (3.29) does not possess a solution u € C().

Proof. Suppose a solution u > 0 of (3.29) exists under the assumptions that A\ >
A (F,Q) and f € C(Q) is such that f > 0. We claim f = 0. If u = 0 we have nothing
to show, so suppose u # 0. According to Hopf’s Lemma, v > 0. The definition of
A (F, Q) implies that A < A\ (F,Q), from which we deduce A = A\ (F,Q). Applying
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Theorem 3.2, we see that u is a positive constant multiple of the eigenfunction ¢ .
This implies f = 0, as desired.

Now suppose in addition that A < A7 (F,€), and that there exists a solution u
of (3.29). According to our argument above, if f # 0, then u must be negative
somewhere in 2. Applying Theorem 3.2, we see that u = tp] for some ¢t > 0. In

particular, this implies A = A (F, Q) and f = 0, a contradiction. Il
Arguing in a similar fashion, we obtain the following proposition.

Proposition 3.19. Assume A > A\ (F,2) and f € C(Q) are such that f < 0 and
f #£0. Then the problem
F(D*u, Du,u,z) < Au+ f in

(3.30)
uw <0 on 0N)

has no nonpositive solution u € C(Q). Moreover, under the additional assumption
(3.31) AL(FLQ) S A< AT (F9),
problem (3.30) does not possess a solution u € C().

See Sirakov [85] and Felmer, Quaas, and Sirakov [42] for much more on the fail-
ure of existence and uniqueness of solutions of (3.1), for A between the two half-
eigenvalues.

We now discuss sufficient conditions for the solutions obtained in Theorem 3.15(iii)

to be unique. To this end, and following [57], we define nonlinear operators F* and
F, by

(3.32) F*(M,p,z,x) =sup{F(M + N,p+q,z +w,z) — F(N,q,w,x)},
and
(3.33) F.(M,p, z,2) = inf {F(M + N,p+q,2 +w,z) = F(N,q,w,x)},
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where the supremum and infimum above are taken over (IV,q,w) € S" x R” x R. If

G and H are arbitrary real-valued functions on S"™ x R" x R x € satisfying
GM —-N,p—q,z—w,z) < F(M,p,z,x) — F(N,q,w, )
<HM—-N,p—q,z —w,x),

then G < F, < F* < H. The next proposition summarizes useful properties of F*
and F, as they relate to F.

Proposition 3.20. The operators F* and F, have the following properties:
(1) F* and F, satisfy (F1), (F2), and (F3);

(i1) for each x € Q, the map (M,p,z) — F*(M,p,z,x) is conver, while the map
(M,p,z) — F.(M,p, z,x) is concave;

(iii) for all M, N € S", p,q € R", z,w € R, and x € (,

F.(M—-N,p—q,z—w,z) < F(M,p,z,x) — F(N,q,w, )
SF*(M_N7p_QaZ_w7x)a

() for all M €S, peR", z€ R and x € Q,

F*(M7p>zax) = _F*(_M7 -, —Z,CU);

(v) F'=F*if and only if (M,p,z) — F(M,p,z,x) is convex, while F' = F, if and
only if (M,p,z)— F(M,p,z,z) is concave; and

(vi) The principal eigenvalues of F* and F. are related to those of F' by

AL, Q) = A (F, Q) S A(F, Q)AL (FLQ) < AT (F7,Q) = A\ (F, Q).
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Proof. The properties (i), (iii) and (iv) are immediate from the definitions (3.32) and

(3.33), and (vi) follows at once from these. To deduce (ii), observe

F* (M, p1, 21, 2) + F*(Ma, p2, 22, )
= inf {F(My + Ni,p1 + q1, 21 + w1, ) — F(Ny, qu,wy, )}
+inf { F(Ma + Na, p2 + g2, 22 + wa, &) — F(Ny, go, w2, 7) }
= inf {F'(M; + My + Ni,p1 +p2 + q1, 21 + 22 + wy, )
—F (M + Ny, pa+ qu, 22 +wi, ) }
+inf {F(Ma + No, p2 + G2, 22 + wa, ) — F(Na, go, w2, 7) }
> inf {F(My + My + Ny, p1+ p2 + qu, 21 + 22 + wi, 2) — F(Ny, qu,wy, )}
= F*(My + Ma,p1 + p2, 21 + 22, 7).

Recall that for a positively homogeneous function, the notions of convexity and sub-
linearity are equivalent. Thus F* is convex in (M, p, z). From (iv), we see that F, is
concave in (M, p, z), confirming (ii). It is clear by now that F' = F* if and only if F’

is sublinear, from which (v) follows. O

The following result of [57] is also a consequence of Theorem 1.5 of [83] once we

have Proposition 3.20 above.

Theorem 3.21 (Ishii and Yoshimura [57]). If A\{ (F*,Q) > 0, then F satisfies the
comparison principle in €.

Proof. Suppose that u,v € C(Q) and f € C(£2) are such that
F(D*u, Du,u,z) < f < F(D*v,Dv,v,z) in €,

and u < v on 9f). Proposition 3.20(iii) and Proposition 2.14 imply that the function
w = v — u satisfies

F*(D*w, Dw,w,x) >0 in €,

and w > 0 on Q. If A\ (F*,Q) > 0, then the minimum principle holds for F* in €.

Thus w is nonnegative on 2. [
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Remark 3.22. I do not know whether A; (F*, Q) is equal to min {\{ (F, Q), \{ (F, Q) }
in general, or if A\] (F*,€) > 0 is necessary for F' to satisfy the comparison principle
in €.

3.3 Estimates

In this section we establish some estimates for the principal half-eigenvalues, and
prove a generalization of the ABP inequality. Several of our results have been pre-
viously shown for concave operators by Quaas and Sirakov [83], and many of our

arguments are based on the methods of Berestycki, Nirenberg and Varadhan [11].

Lemma 3.23. Suppose that ) contains a ball B of radius R < 1. Then we have the

estimate
(3.34) S0+ A\ (F,Q) < CR?,
where C' depends only onn, v, I', and 6.

Proof. We may suppose without loss of generality that B is centered at = = 0.

Consider the auxiliary function ¢ given by

p(z) == (R* - |x|2)2.

AN

Performing a routine calculation, we see that
Do(z) = — (R* = |z]*) z, D?*p(z)=— (R |2°) [, + 2z ® .
In the ball B we have

PH(D*¢) + &1|Dg| < nl' (R? — |2f*) — 29]af* + 61 (R* — |a?) |2]

< 4Bp [(nT + 61) — 27|z*8] ,
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3. Principal eigenvalues of homogeneous elliptic operators

where we have defined 3 := (R? — |z|?)™*. Let 0 < a < 1 be a constant to be selected

below. In the region (1 — a)R? < |z|*> < R* <1, we have 8 > a"'R72 and

PH(D?*@) + 61|Dy| < 4B [(nI + &) — 2|z |*B]
< 48¢ [(nF +d1) — 2704_1]

<0,
provided that we choose
o :=min {1, 2y(nl' + &) }.
In the region 0 < |z] < (1 — a)R?, we have 3 < a~!R™2, and thus
PH(D*p) + 61| Dy| < 4Bp(nT + 41
<A4(nl +6)a 'R %p
=: CR?p.
In summary, we have shown that
PH(D%p) +01|Dp| < CR™p in B.
Since ¢ = 0 on 0B, it follows from Theorem 3.2 that
A (PH(D*)+6,|D-|,B) <CR™2
Thus we have
8o+ AT (F, Q) < 0o+ Af (F, B) = A (F + 00, B) < A\{ (PH(D*)+6|D-|,B) < CR™,
as desired. O
The next proposition is a straightforward adaptation of [11, Theorem 9.1]
Proposition 3.24. Suppose that there exists a supersolution u of
F(D*u, Du,u,z) > Au in €,

such that 1 <u < k. Then
/\T(FaQ> Z )\+51/ka

where €1 > 0 depends only on diam ), v, 4, and dg.
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3. Principal eigenvalues of homogeneous elliptic operators

Proof. Assume without loss of generality that infgx; = 0 = A. Define the constants

d = diam €2, and

1
o:=max{l,y (1 +6)(1+6)}, e := §e_ad.

. Then a routine calculation verifies that

oxr1

Set w(x) := —e1e
P~ (D*w) — 6| Dw| = 17" (y0® — §10) > 1(dp + 1)e”™.

Set v :=wu + w. Then

DO |
VAN
4
IA
<
IN
&

and
F(D?*v, Dv,v,x) — %v > F(D*u, Du,u,x) + P~ (D*w) — &;|Dw| — So|w| — 1

> ey (e”™ — 1)

> 0.
It follows that A\ (F,Q) > e /k, as desired. O

Lemma 3.25. There exists a constant €5 > 0, depending only on diam 2, v and 6y,

such that
(3.35) So + AT (F,Q) > e,
Proof. Notice that the function u = 1 satisfies

P~ (D*u) — 6;|Du| >0 in Q.

According to Proposition 3.24, there exists a constant €5 > 0 which depends only on

diam €2, v and 9y, such that
AL (PT(D*) = 61D - ],Q) > e

Since

P~(M) = éilp| < F(M,p, z,x) + dolz],

it is immediate that

S0+ A (F,Q) = AT (F 460 - ,9) > Af (P‘(DZ-) —6|D - |,Q) > 9. O
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3. Principal eigenvalues of homogeneous elliptic operators

Lemma 3.26. For any A < A/ (F,Q), there exists v € C1*(Q) satisfying

F(D?v, Dv,v,2) > A +1 inQ,

(3.36)
v>1 m €,
as well as the estimate
(3.37) supv < C (1+ (A](F,Q) =),
Q

where the constant C' depends only on €2, n, v, I', and 6,. Moreover, we may take

v e CY(Q), and if F is jointly concave or convex in (M, p,z), then we may take

v e C*(Q).

Proof. According to Lemma 3.23, there exists a constant 7 > 0, depending only on
n, v, I, 61, and the geometry of the domain , such that dy + A{ (F,Q) < 7. Select
smooth domains 2 CC Q9 CC Q3 CC ) such that

[\ | < (2Con) ™",

where Cj is the constant in the ABP inequality (Theorem 2.16). Select a smooth
function ¢ such that 0 < g < 1, g =0 on Q;, and ¢ = 1 on Q\Qy. According to
Theorem 2.22, there exists a unique solution u of the boundary value problem

P~ (D*u) — 6|Du| =g in Q,

u=20 on 0f).

(3.38)

Then u € C%%(R2), and according to the ABP inequality,
1
ogugamm@gqmmmmgf in Q.
n

Define w := 1+ fu for §:=2(1 4 n). In the set 2\, the function w satisfies

P (D) — 81| Dw| — (A + do)w > B — (A -+ o) (1 i %) > 1.

According to the Harnack inequality (Theorem 2.19), there exists ¢ > 0, depending
on the appropriate constants and the geometry of €2, such that the positive principal

eigenfunction ¢ of F satisfies
ef >c onfly
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3. Principal eigenvalues of homogeneous elliptic operators
Define v := w + Ap], where A > 0 will be selected below. In the set Q\Qy, we have

F(D2v, Dv,v,z) — v > A (F(DQcpf, Dot ol z) — )\gpf)
+ P~ (D*w) — 6| Dw| — (A + do)w

> 1.

In the set €13, the function v satisfies

F(D?*v, Dv,v,x) — \v
> A(F(D*¢f, Dot of 1) = Apl) + P (D*w) — 61| Dw| — (X + dp)w
> Ac(AF(F,Q) — A) — 1 (1 + zﬁ)
n
=Ac(\[(F,Q) =N +1+2n
=1

Y

provided that we choose
2(1+1n)

TN (B -
Therefore, the function v satisfies (3.36) and
1+n 2(1+n)
no cA(FQ) =)

The following extension of Theorem 2.16 is a generalization of the result in the

1<v<1+ O

convex case due to Quaas and Sirakov [83]. Our proof below is based on some argu-
ments in [11]. Our analysis in Chapter 4 will rely crucially on the dependence of the

right side of (3.39) on A.

Theorem 3.27 (Generalized ABP Inequality). There exists a constant C', depending
only only on 2, n, v, T, and 1, such that for any X < X\{ (F,Q), f € C(Q) N L"(),

and any subsolution u € C'(£2) of
F(D*u, Du,u,z) < Mu+ f in {u> 0},
we have the estimate

(3.39) sgpuJr <O T+ (FQ) =M (s;ga ut + Hf+HLn(Q)) :
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3. Principal eigenvalues of homogeneous elliptic operators

Likewise, for any A < \[ (F,Q), f € C(Q) N L), and any supersolution u € C(Q)

of
F(D*u, Du,u,z) > Mu+ f in {u <0},

we have the estimate
(3.40) supu” < Gy (L+ (A (F,9) - N7 (s;gg u” ||f‘||m<m) .

Proof. 1t suffices to show only the estimate (3.39), since (3.40) follows immediately
by applying (3.39) to the operator —F'(—M, —p, —z, x). Let w be the unique solution
of the problem

PT(D*w) + 6 |Dw| = —fT in Q,
(3.41) (D*w) + 6| Dw| = —f

w=—u" on 0f).

Then w < 0, and according to the ABP inequality (Theorem 2.16), we have the
estimate
[w][ Lo @) < S;QPUJF + Coll f "Ml (-
Define z := u + w, and check that in the domain €2 the function z satisfies
F(D?*z,Dz,2,1) — \z
< F(D*u, Du,u,x) — M+ P (D*w) + 6,| Dw| + do|w| + Aw| < n|w|,

where 7 is as in the proof of Lemma 3.26 above. Notice that z < 0 on 0. According
to Theorem 3.2 and (3.36),

2 < (nllwllze) v,

where v is as in Lemma 3.26. Therefore,
supu < sup z + |[wl| g (o)
Q Q
< (L4 nlv]l @) lwllze@)
<€+ OHED) =37 (supu” + ol e ) O

Remark 3.28. Notice that the constant C in Theorem 3.27 is independent of dy.
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Chapter 4
The Dirichlet problem at resonance

Consider a nondivergence form uniformly elliptic operator

with smooth coefficients in a smooth, bounded domain 2 C R™. The celebrated
minimax formula of Donsker and Varadhan [32, 33] states that the principal eigenvalue

A (L, Q) of L can be expressed by the minimax formula

(4.2) M(L,Q) = min  sup /Q <@)(x)du(x).

HEM(Q) ueC? (Q) U
Here M(2) denotes the space of Borel probability measures on €, and C2() is the
set of positive C? functions on Q. The minimum in (4.2) is achieved by a unique

probability measure p, given by

dp(x) = 1 (x)pi () de,

where ¢, is the principal eigenfunction of L, and ¢7 is the principal eigenfunction of

the adjoint operator L*, normalized according to

| e@gidr=1.
Consequently, we may characterize the solvability of the boundary value problem
Lu=XM\(L,Qu+ f inQ,
u=>0 on 0f),

(4.3)
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4. The Dirichlet problem at resonance

in terms of the measure u. According to the Fredholm alternative, there exists a

solution of the problem (4.3) if and only if

i dp.
o ¥1

(4.4) 0= / f ()6} () da =

In this chapter, we will generalize the minimax formula (4.2) to the first principal
eigenvalue of an operator that is concave (or convex), as well as uniformly elliptic and
positively homogeneous. Motivated by the solvability condition (4.4), we will show
that the probability measures(s) attaining the minimum provide a partial answer to

the question of existence of solutions to the corresponding Dirichlet problem.

4.1 A generalized Donsker-Varadhan formula

Throughout this chapter, in addition to hypotheses (F1), (F2), (F3), we assume
that F' satisifes

(F4) F is concave jointly in its first three arguments; i.e., the map
(M,p,z) — F(M,p,z,x) is concave
for every z € Q.

Recall that a positively homogeneous function is concave if and only if it is superlinear.
Thus (F3) and (F4) imply that

(4.5) F(M+ N,p+q,z+w,z) > F(M,p,z,z) + F(N,q,w, x)
for all M, N € S", p,q € R, z,w € R and x € 2. We may rewrite this as
(4.6) F(M—-N,p—q,z—w,z) < F(M,p,z,z) — F(N,q,w, x),
and in particular we have

(47) F(M7p727'r) < _F(_M> —-b, _2737)'
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4. The Dirichlet problem at resonance

We may replace concavity with convexity in the hypothesis (F4) and our results with
still hold, provided that we make appropriate sign changes in our statements. This
follows from the simple observation that if G satisfies (F1)-(F3) but is convex in

(M, p, z), then the operator

G(M,p,z,z) = —-G(—M,—p, —z,x)
satisfies (F1)-(F4).
Remark 4.1. Recall from Proposition 3.20 and Theorem 3.21 that, due to (F4), the
operator F(D?u, Du,u,z) — \u satisfies the comparison principle in Q if and only if
A < A\ (F,9Q). For a simpler argument, suppose u and v satisfy
F(D?*u, Du,u,z) — Au < F(D*v, Dv,v,x) — Av  in €,
u<o on Of).

Set w := u — v, and use (4.6) together with Proposition 2.14 to get
F(D*w, Dw,w,z) —  Aw <0 in Q.

Now recall that w < 0 on 02, and employ Theorem 3.27 to conclude that w < 0 in
Q, in the case that A\ < A\] (F,Q). For A > A\ (F,Q), the principal eigenfunction o}

is a witness to the failure of the comparison principle for the operator F' — X in (2.

In this section we prove the following generalization of (4.2) to fully nonlinear
elliptic operators that are concave and homogeneous. Recall that M () denotes the

space of nonnegative Borel probability measures on €.

Theorem 4.2. Suppose that 0 C R™ is a smooth bounded domain, and F' is a nonlin-
ear operator satisfying (F1), (F2), (F3), and (F4). Then the principal half-eigenvalue
A\ (F,Q) satisfies the minimaz formula

N ~ min s E(D*¢(z), Dpl@), p(2),7)
(48) AF) = HEM(Q) gpeC?E?Q)/Q p(z) dule).

Moreover, for each probability measure p € M(Q) which attains the minimum in

(4.8), there exists a function ¢}, € LM =1(Q) such that ¢y, > 0 ae inQ and
dp = o da.
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4. The Dirichlet problem at resonance

Before we prove Theorem 4.2, we summarize some ideas from the last chapter and

introduce some notation. The following propositions do not require (F4).

Proposition 4.3. Suppose that A < X\ (F,Q) and f € C() N L"(Q) is nonnegative.
Then there is a unique nonnegative viscosity solution ™/ € C(Q) of the Dirichlet

problem

F(D*oM DM oM 2y = MM+ f i Q,

(4.9)
oM =0 on 0f).

Moreover, if f £ 0, then

(4.10) lim sup !gp’\’f} = +o0,
AAAT(FQ) Q
and the normalized function ¢ := @M /||o™ || () converges uniformly on Q to

the positive principal eigenfunction i of F in §, as X — \] (F, ).

Proof. The existence and uniqueness of o™/ is asserted by Theorem 3.15. Notice that
if (F4) is in force, then p*/ is the unique solution of (4.9), according to Remark 4.1.

We now demonstrate (4.10) under the assumption that f > 0 and f # 0. In this
case we have o/ > 0 and o™ # 0. Using the homogeneity of F, we see that the

function M is a viscosity solution of
(4.11) F(D*eM DM oM 2) = A + /M || by in Q.

If (4.10) does not hold, then we may find a subsequence A\ — A{ (F, ) and a number
0 < 1n < oo such that

Jim, [ ey =

It is clear that n > 0, since f # 0. Recall that ||¢™/||f=) = 1. By using the local
C“ estimates (Theorem 2.20), and taking a further subsequence, we may assume that

there exists a function ¢ € C'(§2) such that

=k,

@™ — & locally uniformly on Q as k — oo.
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4. The Dirichlet problem at resonance

Passing to limits in (4.11), we see that ¢ is a viscosity solution of
F(D*¢,Dg,¢,7) = N[ (F,Q)¢+ f/n in Q.

Since f/m > 0, this contradicts Proposition 3.18. We have established (4.10). We
may now pass to limits in (4.11) to deduce that ¢ = ¢}, and that the whole sequence

@M converges uniformly as A — A (F, Q) to o O
Arguing in a similar way as Proposition 4.3, we obtain:

Proposition 4.4. Suppose that A < X[ (F,Q) and f € C(2) N L"(Q) is nonpositive.
Then there is a unique nonpositive viscosity solution @/ € C(Q) of the Dirichlet

problem
F(D*oM, DM oM x) =AM + fin Q,

(4.12)
o™ =0 on 0S.

Moreover, if f £ 0, then

(4.13) lim sup ‘gb’\’f| = 400,
AN (FQ) Q

and the normalized function g™ [||@™ || () converges uniformly on Q to the nega-

tive principal eigenfunction py of F in Q, as A\ — A\ (F, Q).
Remark 4.5. If f,g,h € C(Q) N L™(Q2) are such that h < f + g, then
(4.14) oM< M LM in Q

for any A < AT (F, Q). To see this, notice that according to (4.5) and Proposition 2.14,

the function v := ™ + ¢©*9 is a supersolution of the equation
F(D*, D, 2) 2 X+ f+9 2 M+ h.

By Remark 4.1,
M <.

In the case that f, g and h are nonnegative, then (4.14) implies that
(4.15) ™ [z2o0) < ™ [lzoo() + 10 £ -
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4. The Dirichlet problem at resonance

The proof of Theorem 4.2, like the original in [32] for linear operators, will employ
a minimax theorem due to Sion [84]. For the convenience of the reader, we will now

state this result.

Definition 4.6. Let A and B be sets. A function f : Ax B — R is called convez-like
in A if, for any x,y € A and 0 < o < 1, there exists z € A such that

f(z,0) <af(z,b)+ (1 —a)f(y,b) forevery b€ B.

Similarly, f is called concave-like in B if, for any x,y € B and 0 < a < 1, there exists
z € B such that

fla,z) > af(a,z) + (1 —a)f(a,y) for every a € A.

Theorem 4.7 (Sion [84]). Suppose that A is a compact topological space, B is a set,
and f: Ax B — R is concave-like in B, and upper semi-continuous and convex-like

i A. Then

(4.16) inf sup f(x,y) = sup ingf(:c,y).

z€A yEB yEB Z€
Proof of Theorem 4.2. Let J : M(Q) x C%(Q2) — R denote the functional
F(D%*p(x), Do(x), p(x),
o ) = [ FLD D) ol
Q p(z)
We will show now that J satisfies the hypotheses of Theorem 4.7. First, recall that

du(x).

M(€) is a compact topological space (with respect to the usual weak-star topology),
and for each fixed ¢ € C2(Q), the map

= J(p, )

is a continuous and linear on M(€). In particular, J is continuous and convex-like

in M(Q). To see that J is concave-like in C%((2), select u,v € C2(Q) and 0 < a < 1.

A simple calculation shows that for w := u®v!~®, we have
D D
(4.18) Dw=w (oz—u + (1 — a)—v> :
u v
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4. The Dirichlet problem at resonance

and

(4.19) D*w=w ozD—Zu—i-(l—oz)D—Qv—(a—cf) (&—&)@(&—&)}.

u (% u (% u (%

The operator P has the property that

Por(—p®p) =7lpf

for any p € R™. Thus we may use (F2) and (4.5) to get the inequality

F(D?u, D 1 —«)F(D*, D
(4.20) F(D*w, Dw,w,z) > w <a (D*u, Du,u, x) N (1 —a)F(D?*v, Dv,v,x)
u v

ya(l — )

2
+ 22 lvDu — uDv| ) :

Discarding the last term, integrating with respect to u € M(Q), and rewriting in

terms of J, we have
J(/% ’LU) = aJ(M? u) + (1 - Q)J(Ma U)'

This confirms that J is concave-like in its second argument.
According to the definition (3.8) of A (F, Q) and the C*“ estimates available for
concave uniformly elliptic equations, we see that

2
peC2 () PEL o(z)

Recall that for any fixed continous function g € C(2),

inf g(x) = inf du.
inf g(x) HeM(Q)/ﬂg 1

Using Sion’s minimax theorem (Theorem 4.7), we deduce that

)\T(F,Q) = sup inf F(D290(33),D30($),g0($),x)
pecs (@) "€ p()

(4.22) = sup inf J(u, )
@ecgr (®) HEM(Q)

= inf  sup J(w, p).
HEM(Q) SOGC-QF(Q)
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4. The Dirichlet problem at resonance
Select a sequence {j;} € M(Q) for which
sup S (px, ) — A (F, Q).
peC3(Q)
Up to a subsequence, there exists y € M(Q) such that py — p weakly in M(Q). We
have
sup J(p,p) = sup  lim J(up, ) < lim sup  J(u, ) = A (F, Q).
PECT () peC? (Q) ke k=0 pec? ()
Recalling (4.22) we have
sup J(p, ) = A (F, Q)
peC3 ()
and thus the infimum in the last line of (4.22) is actually a minimum. We have
established the fomula (4.8).
Denote the set of minimizing measures by
(4.23) V(F,Q) = peM(Q): sup J(up) = (FQ) .
peC? (Q)
We have just seen that V(F,(2) is nonempty. From (3.21) we see that u(E) > 0 for

any pu € V(F,Q) and Borel set E with |E| > 0.
We claim that for any p € V(F,2) and any nonnegative f € C'(£2) N L"(Q2),

(4.24) i+ dp < liminf (A](F,Q) = A) @™ || 1)

QP A/A ()
We will first demonstrate (4.24) under the assumption that f is smooth and positive
on €. For each A\ < A\ (F,Q), let ¢*/ and ¢/ be as in Proposition 4.3. Employing

C%2 estimates we have o™ € C2(Q2), and ™/ > 0 in Q. Using u € V(F, ) and (F2)

we obtain, for any € > 0,
)\()OA’f — (505 + f
du.
M +e

NED 2 S +o)2 |
Q

Rearranging, we obtain

—(5o+)\)€+f A
4.25 _ dp < (AN (F,Q) — A | poo (.-
(4.25) /Qg0>\7f_|_€/||gp)\,fHLoo(Q) p< (AEQ) =) oM [le@)

60



4. The Dirichlet problem at resonance

Since the integrand is positive for small enough ¢ > 0, Fatou’s Lemma allows us to
send € — 0 to get
| 2 < GHED =) 16 o
Now we pass to the limit A — A (F, ), using Proposition 4.3 and Fatou’s lemma
again, to get (4.24) in the case that f is positive and smooth.
For general nonnegative f € C(2) N L"(R), select a sequence {fi} of smooth,
positive functions such that f;, — f pointwise and in L™(2). Using Fatou’s Lemma,

Theorem 3.27 and (4.15), we see that

f o Jr
—dp < liminf [ —du
Q1 koo Jo f

<liminf liminf (Af(F, Q) —A) [[o™* || =)
koo 2 /0 (F)

< liminf liminf (AJ(F, Q) — A\ Moo + oM=L o
—  k—oo A/AT(EQ)( 1( ) )(HQO ||L () HSO HL (Q))

< liminf (A (F,Q) = A) [|[o™] () + C1 iminf || fi — f]l1n ()
A/ (FQ) k—o0

= liminf (AJ(F,Q) — ) [|[o™] (0.
AT (FQ)

This demonstrates (4.24).
According to Theorem 3.27 and (4.24), for any ¢ € V(F,2) and f € C(Q2)NL™(Q2),

we have the estimate

f f
[ Ll < [ Law< i,
Q @1 Q%1

Here (' is as in Theorem 3.27. Therefore, the linear functional

f
[ / —+dﬂ
Q ¥1
can be extended to a bounded linear functional on L"(f2), and there exists ¢} €

L"=1(€) such that || || pr/m-1q) < C1 and

dp(x) = i (x) ), (x) d.

Recall that p(F) > 0 for any Borel set E of positive Lebesgue measure. Thus the set
{apz = 0} is of zero Lebesgue measure. This completes the proof of Theorem 4.2. [J
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4. The Dirichlet problem at resonance

Remark 4.8. The principal eigenvalue A\ (F,Q) also satisfies the relaxed minimax

formula

F(D*p, Dg, ¢, x)
®

426) AR = minsw ol [ s
® Q

where the minimum is taken over all positive 1 € L™ ™1 (Q) and the maximum over

positive functions ¢ € W2"(Q) N CY(Q).

4.2 The Dirichlet problem at resonance
In this section we give a partial characterization of the solvability of the Dirichlet
problem

F(D*u, Du,u,z) = A\ (F,Q)u+ f in Q,
u=20 on 012,

(4.27)

in terms of the set V(F, Q) of minimizing measures. Notice that in contrast to the sit-

uation for linear operators, V(F, ) is not a singleton set in general (see Example 4.17
below).

Theorem 4.9. Suppose that 2 C R™ is a smooth bounded domain, and F' is a non-
linear operator satisfying (F1), (F2), (F3), and (F4), and f € C(Q) N L"(2). Then
the inequality

4.2 *dr <
429 35 [ St =0

is necessary for the solvability of the Dirichlet problem (4.27). Suppose in addition
that

(4.29) A(F,Q) < M\ (F,Q).

Then the strict inequality

4. *d

(4.30) ug}(z%ﬂ)/gf@“ x <0

is sufficient for the solvability of the Dirichlet problem (4.27).
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4. The Dirichlet problem at resonance

The hypothesis (4.29) is relatively generic for a nonlinear, concave operator. For
instance, in Example 3.13 we discovered that the Bellman operator H given by (2.16)
fails to satisfy (4.29) only if the linear operators belonging to the family {L*}rca
share the same principal eigenvalue and principal eigenfunction.

In the borderline case that

a *dr =0,
uerwr/l(F},{Q)/gf%‘ !

solutions of (4.27) may or may not exist; see Example 4.18 below.

Soon after completing the research for this chapter, and submitting my article [2]
for publication, I became aware of the recent, very interesting work of Felmer, Quaas,
and Sirakov [42], which contains results similar to Theorem 4.9. In particular, using
topological techniques, they have shown that under assumption (4.29), for each fixed
function h € L"(2), there exists a number ¢* = t*(h) such that the Dirichlet problem
(4.27) has a solution for f := h — te] provided that ¢ > ¢*, and has no solution if
t < t*. Using Theorem 4.9, we see that t* can be expressed by

(4.31) t*(h) = uere(&g;ﬂ)/ﬁhgou dx.

Moreover, in [42] there is much information about the set of solutions along the curves
ft = h —te]. In particular, results in [42] together with (4.31) imply that if (4.29)
and (4.30) hold, a solution of (4.27) is unique. The preprint [42] also contains results
for the Dirichlet problem in the case that A (F,Q) < A < A\{ (F,Q), and to which my
methods do not obviously apply.

We also wish to mention the work of Sirakov [85], who has studied the existence
and nonuniqueness of solutions of (4.27) in the case that A} (F, Q) < A < A\{ (F, Q).

Our proof of Theorem 4.9 will proceed by a series of partial results and lemmas.

We will assume without loss of generality that
A (F,Q) =0,
so that the Dirichlet problem (4.27) reads
F(D?u, Du,u,z) = f in Q,
u=20 on 0,

(4.32)
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4. The Dirichlet problem at resonance

Define the set

(4.33) S(F,Q) ={f e C(Q)NL"(Q) : there exists ¢ € W>"(Q2) such that
¢ >0in Qand F(D*p, D, p,z) > f in Q}.

Owing to the superlinearity (4.5) of F, it is immediate that S(F, ) is a convex cone in
C(Q). For each n < p < oo, let S,(F, ) denote the LP(Q)-closure of S(F, Q) NLP(Q),
and let S (F, ) denote the C(Q)-closure of S(F,Q) N C(Q).

Lemma 4.10. Assume that f € C(Q) N L"(). The Dirichlet problem (4.32) is
solvable provided that f € S(F,Q) and A\ (F,Q2) > 0. On the other hand, if (4.32)
has a solution, then f —e € S(F,Q) for every e > 0.

Proof. Suppose A (F,§2) > 0, and there exists a nonnegative function ¢ € W2"(Q)
such that

(4.34) F(D*p,Dg,p,x) > f in Q.

According to Proposition 4.4, there exists a unique nonpositive solution 1 € W?2m(Q)

of the Dirichlet problem

F<D2waDwaw7x) = _|f| in Q,
Y =0 on 0f).

Since ¢ < 0 < ¢ on , the existence of a solution u € W?"(Q) of (4.32) follows from
Proposition 2.24 and the W?2? estimates.

On the other hand, suppose that u is a solution of (4.32). According to the W?%?
estimates, u € W?"(Q). Let € > 0, and select a compact subset K C € such that
u > —e on Q\K. Select k > 0 so large that u+ ke > 0on K. Set p := u+kp] +e.
Then ¢ > 0 on Q and

F(D*p, Dy, 0,x) > f — e in Q.
Thus f — dpe € S(F, Q) for each € > 0. O

64



4. The Dirichlet problem at resonance

Remark 4.11. If f € C(Q)NLP(?) for some p > n, then a solution u of (4.32) satisfies
u € C*(Q). Revising the argument above and using Hopf’s Lemma (Proposition 2.15),
we see that for such f the solvability of (4.32) implies that f € S(F, Q).

We will now characterize S,(F, Q) in terms of V(F, ().

Lemma 4.12. For eachn < p < 00,

gp(F,Q):{fELp( : max /fcpudx<0}

peV(F.Q)

Likewise,

EOO(F,Q):{fEC( : max /fgpuda:<0}

HEV(F,Q)

Proof. According to elementary Banach space theory, a closed convex cone is the

intersection of the half-spaces that contain it. Thus we have

(4.35) 5,9 = {feLp(Q):/Qfgd:cg()}

9€Ep

for each n < p < oo, where we have defined
E, = {g e /-1 (Q) /Qfgdx < 0 for every f € S(F, )N L”(Q)} :
Similarly, if we set
EOO::{I/ER /fdy<0foreveryfES(FQ)ﬂC(Q)},

then

Sw(FQ) = {feC /fdy<0}

veEF
It is clear that £, C E, for n < p < ¢ < oo, under the standard inclusion LP(§2) C
R(Q).
We claim that

(4.36) Eex C{reR(Q):dv= cp,, dx for some p € V(F,Q), ¢ > 0}.
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4. The Dirichlet problem at resonance

Select v € E,. Since S(F,§2) contains every nonpositive function in C(Q), the
measure v > 0. Assume that v # 0. Define a probability measure u € M(Q) by

dp = c 'l (z)dv, c:= / of dv.
Q

We will show that u belongs to V(F, ). Select a test function ¢ € C2(£2). For each
0 <a<1ande >0, define

«a

Wy e = QOQ(QOT + 5)1_ ’

and
hae = F(D*Wq e, DWe ey Wac, T).
Then w, . € C2(Q), ha € C(Q), and by (4.20) we have

[QF(DZ% Do, g,x) (1- Q)F(Dzwi Dot of +e,)

ha,az ¥ Wee -
v p1 t+e
Using v € E and (4.5) we have
1
02+ [ hocdv
@ Jo
Z/F(ngpaDSOa@?‘r)w 1—0{/F 8017D9017S01 +¢€, x)waﬁdy
Q ¢ Q ef +5
F(D%*p, D
2/ ( e ) Otst+ a/)\ ——Wa,dv
Q 2 « Q + e
1-— J
_ a/ +0€ W, dV.
a  Joypi te

Recall that A{ (F,Q) = 0, and rearrange to obtain

2 _
/F(D 2 D@?@ax)wa’g dv < 1 Oé/ 508 (Pa dv
Q ¥ ‘Pl + &)«

]__
<0 e

We may now send £ — 0 to deduce that

F(D2p, Dy, ¢, 1) .
/ ( 90809090 )(p(ﬂ)l v < 0.
Q
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4. The Dirichlet problem at resonance

Now pass to the limit o — 0 to get
/ F(D*p, Dy, p, )
Q ¥

It follows that p € V(F, ), as desired. We have demonstrated (4.36).
On the other hand, select that p € V(F,2) and f € S(F, Q). We will show that

dp < 0.

(4.37) / Jo,de <0.
0
Select ¢ € W2"(Q2) such that ¢ > 0, and
F(D*¢,Dp,p,x) > f in €

For s > 0, define w, := ¢] + sp, and notice that

OE/F(DQwS,DwS,wS,x) "
Q

Ws
- / F(D*pl, Dot ot s @) + sF (D%, Dp gy @)
~Ja 1 s

Z/JFLCW-
P18y

/fgo“ (sol +890) =0

Now we may let s — 0 to get (4.37). We have shown that

Thus

{ap; u€V(F,Q), ¢ > 0} CE,.
Combining with (4.36), we have that
E, = {cp}: p e V(F,Q), ¢ >0}
for all n < p < o0, as well as equality in (4.36). The result now follow from (4.35). O

The necessity of (4.28) for the solvability of the Dirichlet problem (4.27) follows
at once from Lemmas 4.10 and 4.12. The sufficiency of (4.29) and (4.30) is obtained

from the next lemma.
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4. The Dirichlet problem at resonance

Lemma 4.13. Suppose that A\{ (F,Q2) >0, and f € C(Q2) N L"(Q) is such that

ma *dr < 0.
MEV(I“%(Q) /Q f(p“

Then f € S(F,Q).

Proof. Suppose first that f € C'(Q). According to Lemma 4.12, the function f +¢ €
Soo(F, Q) for every sufficiently small € > 0. Hence there exists g € S(F, Q) such that
lg — (f +¢&)|lLe() < e. In particular, g > f. Thus f € S(F,9Q).

For general f € C(Q2) N L"(Q2), we may assume without of generality that f is
bounded below. Select a > 0 small enough that

max /(f+a)gp;’;dx<0.
0

REV(FQ)

Select g € C(€) such that ¢ < f in €, and
1f = gllin@) < a/2Ch,

where Cy > 0 is as in Theorem 3.27. Then g + o € S(F, Q). Consider the function
¢ = @ /79 which satisfies

F(D*¢,Dp,p,2) =—p+ f—g inQ,
=0 on 0f2.

According to Theorem 3.27, 0 < ¢ < 2C1||f — gl|zn(0) < @, and thus
F(D*p,Dp,0,x) > f—g—a in Q.

Therefore, f — g — a € S(F,Q). It follows that
f=@+a)+(f—g—a)eS(F,Q). O

Proof of Theorem 4.9. Our result is immediately obtained from Lemmas 4.10, 4.12
and 4.13, above. O
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4. The Dirichlet problem at resonance

Remark 4.14. Suppose u and v are solutions of (4.27) such that u(Z) > v(Z) at some
point & € ). Using the concavity and homogeneity of F', we see that the function

w = u — v satisfies
F(D*w, Dw,w,z) < X\ (F,Qw in Q.

Comparing w with ¢ and applying Theorem 3.2, we deduce that w = tp] for some
constant ¢ > 0. Thus the difference of any two solutions of (4.27) is a multiple of
the principal eigenfunction, and in particular does not change sign in €2. According
to the hypothesis (4.29) and Theorem 3.27, there exists a constant C' such that any
solution of (4.27) is bounded below by —C. Therefore, if (4.27) is solvable, then it

possesses a minimal solution.
As an application of our techniques, we offer the following refinement of (4.24):

Proposition 4.15. Suppose f € C(2) N L™(Q) is nonnegative and let o™ be as in
Proposition 4.3. Then

f | X
4.38 max du= lim AF(F Q) — A NI
( ) MEV(F,Q)/Q of H AN (FQ) ( 1 ( ) ) o™ | Lo ()

Proof. Assume without loss of generality that f # 0. Define
k := max ——d
pev(FQ) Jo of a
and

[ := limsup ()\f(F, Q) — )\) HCPA’fHL‘X’(Q)'
A AT(FQ)

Recalling (4.24), it is enough to show that & > [. Suppose on the contrary that k < [.
Select 0 < ¢ < (I — k)/2. According to Lemma 4.13, there exists a supersolution
u > 0 of

F(D*u, Duyu,z) > M\ (F,Qu+ f — (k+¢&)pf +5 in Q,
provided ¢ > 0 is sufficiently small. We may write (4.9) as
F(D*oM, DM oM o) = M(F.Q) + f = (W (F,Q) = A) ™ i Q.
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4. The Dirichlet problem at resonance

Take a subsequence \; — Af (F, Q) such that

L= lim (A\F(F,Q) = A) 197 ]| oo -

J—o0

According to Proposition 4.3,
(4.39) (MH(F,.Q) = A) ¥ — 1ol uniformly in = Q.
Hence for j sufficiently large,
(AT (F,Q) = X)) 987 > (k+¢e)pf — /2.
Thus the function w := ¢/ — u satisfies the inequality
F(D*w, Dw,w,z) — A\ (F,Qw < —6/2 in Q.

Since w < 0 on 02, we may apply Theorem 3.2 to deduce that w < 0 in €2. Hence
for j sufficiently large,
oM <wuoin Q,

in contradiction to (4.10). Hence | < k. O

4.3 Examples

Theorems 4.2 and 4.9 suggest that, in analogy with linear operators, we should
interpret the functions ¢, as one-sided “principal eigenfunctions of the adjoint of
the linearization of F.” As we will see below, the set V(F,{2) is not a singleton set
in general. However, if the operator F is differentiable in (M, p,z) at the point
(D¢} (z), Dot (z), ¢f (z), ) for every z € Q, and this derivative is continuous, then
there is only one minimizing measure p € V(F,€)) and ¢}, is the principal eigenfunc-
tion of the adjoint of the linearization of F' about ¢}, as we will now show.

To state this result precisely, we now introduce the standard notion of weak so-
lution for linear elliptic equations in double divergence form, following Bauman [9].

Suppose L is the linear, uniformly elliptic operator given by (4.1), with bounded,
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4. The Dirichlet problem at resonance

00
loc

(), then we say a function v € L (Q) is a weak

continuous coefficients. If f € L o

solution of the adjoint equation
(4.40) L'v=f inQ,

provided the following integral identity holds for every smooth function ¢ with com-

/Qszﬁdx:/Qf@Z)dx.

A weak solution v of (4.40) is formally a solution of the double divergence form PDE

pact support in €2:

- (aij(x)v)ij - (b’(:c)v)l +e(x)v=f in Q.

Weak solutions of (4.40) do not possess much regularity; in fact, they need not
be locally bounded. Since the inverse of L is a compact linear operator on L"(£2),
the inverse of the adjoint of L is a compact linear operator on L™ ™~V (Q). Thus
a weak solution v of (4.40) must necessarily belong to L?/ (n_l)(Q), and belongs to

L™ (=1(Q)) provided that f does.

Proposition 4.16. Suppose that at every point x € €2, the operator F' is differentiable
in (M,p,z) at
(D*of (x), Doy (), 1 (), ) ,

and this derivative is continuous in x. Let L be the linear elliptic operator
(141) L= B, (D% (2), Def (2), o1 (2),2)
+ B, (D01 (2), D (2), 91 (), 7) u; + F. (D*pf (2), Do (2), ¢ (2), 7) u.

Then the set V(F,Q) consists of a unique measure p characterized by the fact the that

*

@, 1s the unique (suitably normalized) weak solution of the adjoint equation
(4.42) L gy = X (F,Q);, in Q.

Proof. According to (F2), our operator F'is Lipschitz in (M, p, z), uniformly in z € €.
Thus the coefficients

aij@j) = _Fmij (DZ(:OIF(Z.% Dgpf($), @f(m)a :L') )
V' (z) = B, (D¢ (2), Dg{ (x), @] (), ),
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4. The Dirichlet problem at resonance

and

c(x) = F. (D*f (x), D¢ (x), o] (2), )

belong to C(Q2) N L>®(2). Select a measure p € V(F,Q2) and a smooth function 1)
with compact support in . There exists § > 0 such that function ¥* := ¢ + s¢p > 0

in Q2 for s > —6. The map s — J(u,1*) has a local maximum at s = 0. Thus we

obtain
9 s
0= &JQL?QP ) o

- [ 2 (Febeay|

B /Q 88 < ¢8 s=0 :

B / —a"(x)¢y; + ' (2) + c(x)y  F(D*¢) (2), Dot (2), ¢f (x),2)

- : = | du
Q ¥1 (¢1)

_ /Q (Lt — M (F,Q)¢) &, dor

Differentiating under the integral sign can be justified using the dominated conver-
gence theorem and the fact that F' is Lipschitz in (M, p, z), uniformly in z. It follows
that ¢ is a weak solution of (4.42). According to the Fredholm alternative, A{ (F, )
is a simple eigenvalue of the operator L*. Therefore, V(F, ) = {u}. O

Example 4.17. We now demonstrate that V(F, () is not a singleton set in general.

Observe that if Fy and F; satisfy (F1)-(F4) and
Fy(M,p,z,x) — X\ (F1,Q)z < (M, p, z,z) — M\ (F2,Q)z,
then we may immediately deduce that o (Fi,Q) = o (F, Q), and
V(Fy, Q) CV(F,Q).

From this we see that the maximum of two linear operators with proportional principal
eigenfunctions but disproportional adjoint eigenfunctions should have two distinct

minimizing measures.
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4. The Dirichlet problem at resonance
For an explicit example, consider the operator
G(D?*u, Du,u, ) = min{—Au, —Au +b(z) - Du} — |u|, =€ B.

Here B is the unit ball in R™, and we require b : B — R"™ to be a smooth vector field

satisfying

(4.43) z-b(x)=0, xz€B,
and

(4.44) divb # 0.

Let \; and ¢, denote the principal eigenvalue and eigenfunction of —A in B, respec-

tively. Since ¢, is radial, we have b - Dy = 0. It follows that
M =X (G,B)+1=)(G,B) -1,

and ¢, = ¢ (G, B) = —¢] (G, B). Let ¢, denote the principal eigenfunction of the
operator

Liu:= —Au—b - Du — (divb)u,

which is the adjoint of the operator L; := —Au+b- Du. Owing to (4.43) and (4.44),
we see that the functions ¢; and ¢, are not proportional.

The measures

=gy de/lleilliag) and e = orpada/lleieelle

belong to V(G, B). To see this, notice that py € V(—A, B) and pus € V(Ly, B), and
apply the argument above. Alternatively, let u € C’i(Q) and check that

/ G(D?u, Du, u, )
Q

A —
s < / T g <M — 1= AH(G, B).
QO u
Hence py € V(G, B). Similarly, ps € V(G, B).

We conclude by demonstrating that in general the necessary condition (4.28) is
not sufficient, nor is the sufficient condition (4.30) necessary for the solvability of the

boundary value problem (4.27).
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Example 4.18. Consider the operator
G(D?u) := min {—A, —2A}
Observe that in any domain (2,
A=A (G Q) = M (A, Q) <20 (A, Q) = A\ (G, Q)
and
01 (G, Q) = 01(=A, Q) = —¢1 (G, Q) =: g1
According to Proposition 4.16,
V(G Q) = {u},
where p is the probability measure given by
du(x) = (p1(2))* dz /|1l 72(0)-
Suppose that f € C1*(Q) is such that

ma; * = dr =
. /Q fo /Q for

Then there is a solution u of the Dirichlet problem

=

—Au= N Nu+ f in €,
u=2>0 on 0f),

(4.45)

which is unique up to multiples of ¢;. We will argue that a solution v of the Dirichlet

problem
G(D*v) = \v + in €,
i (D) = Mo+ f
v=>0 on 0f2,
exists if and only if
f>0 on 09.
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If v is a viscosity solution of (4.46), then v € C**(Q). Define

g :=—Av — A\,

/g(pldmz()
0

g>G(D*) = \v=f inQ.

and notice that

as well as

It follows that ¢ = f and G(D?*v) = —Awv. In particular, we conclude that v is

superharmonic in €2. Thus
f=—-Av—Xv=—-Av >0 on 0.
On the other hand, suppose that f > 0 on 02. Then a solution u of (4.45) satisfies

—Au >0 on 0f.

Using Hopf’s Lemma (Proposition 2.15) and u € C3(f2), we may select k > 0 so large
that the function wy := u + k¢; is superharmonic in 2. It follows that wy satisfies

the boundary value problem (4.46).
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Chapter 5

Between the first and second

eigenvalues

In this chapter, we study the existence and qualitative behavior of solutions of the

Dirichlet problem (3.1) for certain values of \ satisfying
A > max {AI(F, ), A\ (F, Q)} )

In the linear case ' = L, the Fredholm alternative provides existence and uniqueness

of solutions of (3.1) for values of A between the first and second eigenvalues of L:
M(L, Q) < X< AL, Q).

In our nonlinear setting, since we can make little use of linear functional analysis, the
questions of existence and uniqueness of solutions of (3.1) are more subtle. Even in
the case of the Bellman equation, stochastic methods do not seem to apply since the
Feynman-Kac formula diverges for A > max {\] (F,Q), \{ (F,Q)}. See Lions [71] for
details.

In Section 5.1, we will use the theory of Leray-Schauder degree to show that there
exists § > 0 such that solutions of (3.1) exist for all f € C'(2) N L"(Q2), and all A
satisfying

max { A} (F,Q),A\{ (F,Q)} < XA <max {\{(F,Q),\[(F,Q)} +6.
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5. Between the first and second eigenvalues

Section 5.2 concerns the behavior of certain of the solutions of (3.1), whose ex-
istence we provide in Section 5.1. As we saw in Chapter 3, if A\ < A (F,Q) and
u € C(9) satisfy

F(D?u, Du,u,z) > Au in Q,
u >0 on 0f),
then v > 0 in Q. If in addition v # 0, then v > 0 in by Hopf’s Lemma. In
contrast, we will demonstrate that in certain circumstances, the opposite conclusion
holds provided
AN(F,Q) <A (F,Q) < A< A\ (F,Q) +n,

and 7 > 0 is sufficiently small: the function v < 0 in €2. This is a generalization of

the famous anti-mazimum principle of Clément and Peletier [22] in the linear case.

5.1 Existence of solutions to the Dirichlet problem

In this chapter, we assume that our nonlinear operator F satisfies (F1), (F2), and

(F3). It will be convenient to use the notation
A(F, Q) == max {\[ (F,Q),\[ (F,Q)}.
We define the “second eigenvalue” of the operator F'in () by
(5.1) Mo (F, Q) :=1inf {p > N\ (F, Q) : pis an eigenvalue of F in Q}.

We admit the possibility that \y(F, ) = 400, which may occur, for example, if F’
is a linear operator which is not symmetric. We will see below that A\o(F, ) is an
eigenvalue of F in (2, provided it is finite, and that \y(F,Q) > A\ (F,§2). The main
result of this section is the following theorem, asserting the existence of a solution of

(3.1) if the parameter A is strictly between \;(F, Q) and Ay(F, Q).

Theorem 5.1. Assume f € C(Q) N L"(R2), and

)\I(F, Q) <A< )\2(F7 Q)

Then there ezists a solution u € C(2) of the Dirichlet problem (3.1).
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Theorem 5.1 is new even for convex F', and so far as we know, is the first general
existence result for a wide class of fully nonlinear operators which do not satisfy the
comparison principle.

Our argument will utilize the theory of Leray-Schauder degree. The plan is to build
a homotopy between our problem (3.1) and the corresponding Dirichlet problem for
the laplacian, and then argue solutions must exist along the path of the homotopy.
Our proof of Theorem 5.1 is similar to degree-theoretic arguments employed in other
contexts. See, for example, the papers [16, 30, 31].

We now briefly introduce the concept of Leray-Schauder degree. More can be
found on this topic in the books by Fonseca and Gangbo [46] and Granas and
Dugundji [52], including a proof of Theorem 5.3 below.

Let X be a Banach space. We denote the identity map on X by Zyx. The set of
(possibly nonlinear) compact maps from X to itself is K (X), and we define the set

K1(X) of compact perturbation of the identity by
Ki(X)={Ix+A: Ac K(X)}.
The norm topology on X is written
7(X)={W C X : Wisopen}.
We need to define an appropriate notion of homotopy.

Definition 5.2. We say A : X x [0,1] — X is a homotopy of compact operators on
X if:

(i) the map u +— A(u,s) is a compact operator on X, for each fixed s € [0, 1],
and

(i) for every € > 0 and C' > 0, there exists n > 0 such that |[s—t| < nand ||ul]|x < C
imply [|A(u, s) — A(u, t)||x <e.

Theorem 5.3 (Existence of Leray-Schauder Degree). There ezists an integer-valued

function

deg : Ki(X)x1(X)x X = Z
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with the following properties:
(1) If deg(B, W, f) # 0, then f € B(W).
(i1) If B € Ki(X) is injective, then deg(B, W, f) € {—1,+1} for each f € B(W).

(i) If A : X x [0,1] — X is a homotopy of compact operators on X and By =
Ix+A(-,s), then for any open subset W C X and f € X such that f & Bs(OW)
for every s € [0,1], the map s — deg (Bs, W, f) is constant.

We want to define a homotopy between (3.1) and the corresponding Dirichlet
problem for the laplacian, which “stays between” the principal eigenvalues and the

second eigenvalue \y. We first show that \;(F, Q) < \o(F, Q).

Lemma 5.4. There exists a positive number n > 0 such that F' has no eigenvalue p
i §2 satisfying
X1(F’79) < IOSX1<F7Q) + 1.

Proof. Suppose on the contrary that there exist real numbers {\;} such that

MF,Q) <)X and Ay — A (F,Q) as k — oo,

and functions {u,} C C(Q2) satisfying the Dirichlet problem

F(D?*uy, Dug, uy, ©) = \yug  in €,

(5.2)
ur =0 on 0f,
and subject to the normalization |lug|c@) = 1. The C* estimates (Theorem 2.21)
imply that
||uk||oa(g) S C

By taking a subsequence, if necessary, we may assume that there exists u € C(Q)

such that

(5.3) up — v uniformly on €.
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Passing to limits, we deduce that u is a solution of the equation
F(D*u, Du,u,z) = A\ (F,Q)u in Q.

According to Theorem 3.4, the function u is proportional to ¢} or ;. Either way, u
does not change sign on (2.

As in the proof of Theorem 3.2, we may choose a compact subset K of 2 for
which |2\ K| is small enough to ensure the operator I’ — \; satisfies the maximum
and minimum principles in Q\K for every & > 1. Recalling (5.3), we see that for
sufficiently large k, the function u; does not change sign on K. Then u; does not

change sign in €. Recalling (5.2), we derive a contradiction to our assumption that
Ap > Xl(F, Q) O]

Lemma 5.5. If \2(F,Q) < oo, then there is a nonzero function py € C*(Q) which
1s a solution of the Dirichlet problem

F<D2§027D9027g027x> :)\Z(Fa Q)SOQ in QJ

p2=0 on 0N.

(5.4)

Proof. Take a sequence py, — A\(F, Q) of eigenvalues, with corresponding eigenfunc-

tions uy, € C(Q), satisfying the problem

F(D*uy, Dug, uy, ©) = pruy,  in Q,
(5.5)
up =0 on 0f,
and subject to the normalization ||ug|[z~@) = 1. According to Theorem 2.21, we

have the estimate

Thus, up to a subsequence, u;, converges to a function ¢, € C(2) uniformly on Q.
Noticing that ||¢a|/z~@) = 1, and passing to limits in (5.5), we see that ¢, is a
nontrivial solution of problem (5.4). Now we quote Theorem 2.25 to deduce that

9 € CH*(Q), which completes the proof. O
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For each 0 < s <1, define a nonlinear operator Fj by
(5.6) Fy(M,p,z,x) := —sltrace(M) + (1 — s)F'(M,p, z, x).

It is simple to verify that F; satisfies hypotheses (F1), (F2), and (F3). Recall that

according to Lemma 3.23, we have

(5.7) sup A (Fy, Q) < 0.

0<s<1
In order to construct a homotopy which satisfies Definition 5.2, we must first verify
that the functions s — A\ (F,, Q) and s — A\y(F}, Q) are appropriately continuous.

Lemma 5.6. The map s — A\ (F, Q) is continuous on [0, 1].

Proof. Suppose {sp} C [0,1] is such that s — s. Let A, = A\](F,,Q) and ¢ =
©7 (F,, ) denote the negative principal eigenvalue and eigenfunction of Fy, in €.

Recalling (3.12), (3.20), and (5.7), and by taking a subsequence, if necessary, we may

assume there exists A € R and ¢ € C({2) such that Ay, — A and ¢ — ¢ uniformly on
Q. Notice that ¢ < 0 and |||~y = 1. Passing to limits, we deduce the pair (), ¢)

is a solution of the problem

F,(D*p, Dp,p,x) = Ap in €,
=0 on 0f2.

According to Theorem 3.4 we have A = A[ (F§, Q). We have shown the map s —
AT (Fy, ) is continuous. By arguing in a similar way, we deduce that s — A\ (Fy, Q)

is continuous. The lemma follows. O
Lemma 5.7. The map s +— \o(Fj, Q) is lower semi-continuous on [0, 1].
Proof. Consider a sequence s — s for which
p= khjEO Ao (F,, Q).
We must demonstrate

81



5. Between the first and second eigenvalues

If 4 = 400, then (5.8) is immediate. Thus we may assume p < co. By taking a sub-
sequence, if necessary, we may also assume that \o(Fj,,€2) < oo for all k. According

to Lemma 5.5, for each k£ > 1 we may select an eigenfunction ¢ € C(Q) of Fj, in €,

with corresponding eigenvalue \y(Fj,, §2), and which satisfies the normalization

l@rllzeo@) = 1.

The C* estimates (Theorem 2.21) imply that
sup ||kl ce (@) < 0.
k>1

By taking another subsequence, we may assume ¢ — ¢ uniformly on Q, for some
function ¢ € C(Q2). Notice that ||¢||z=@) = 1. Passing to limits, we conclude that
the pair (o, u) satisfies the equation

F(D*p, Dy, p,x) = pp  in Q,

(5.9)
p=0 on 0f).

We now employ a familiar argument to show

(5.10) M (F,, Q) < p

The continuity of s + A (Fy, Q) implies that A\ (F,,Q) < u. If, on the contrary
M(F,,Q) = p, then ¢ does not change sign in 2. Thus ¢, does not change sign on
a large fixed compact subset K C 2, provided k is sufficiently large. If we choose K

large enough, then the operator
Gr(M,p,z,x) := F(M,p, z,x) — Xy(Fs,, Q)2

satisfies both the maximum and minimum principles in Q\ K, for all £ > 1. Thus the
function ¢, does not change sign in €2, provided that k is sufficiently large. This is a
contradiction to Theorem 3.4, confirming that (5.10) holds.

Now (5.8) follows from (5.9), (5.10) and the definition (5.1) of A\y(Fy, Q). O
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Proposition 5.8. Suppose that

(5.11) M(F,Q) < A< M(F,Q).

Then there is a continuous function p : [0,1] — R such that 1(0) = X and

(5.12) M (Fs, Q) < u(s) < Ao(Fs, Q) forall s € [0,1].

Moreover, there exists a constant C such that for any f € C(Q)NL"(2), 0 <s <1,

and any solution u € C(Y) of the Dirichlet problem

F,(D*u, Du,u,z) = p(s)u+ f in Q,
u=20 on 052,

we have the estimate
(5.13) lullca@y < Clfllzn(e-

Proof. The existence of p € C10,1] satisfying p(0) = A and (5.12) follows from
Lemmas 5.4, 5.6, and 5.7. Indeed, if we select n > 0 so small that

n < min ()\Q(FS, Q) — M\ (Fy, Q)) )

0<s<1
and € > 0 small enough that
e < %min{n, Mo(F,Q) — A A — M(F.Q)},
then the function
p(s) := max {Xl(Fs, Q) + e, min{ A, Orgtigs{)\g(Ft, )} — 6}} ,

has the desired properties.
According to the C* estimates (Theorem 2.21), to demonstrate (5.13) it suffices

to estimate
(5.14) [ullzoe@) < Cllf||lzn)-
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5. Between the first and second eigenvalues

We will establish (5.14) by an indirect argument. Suppose on the contrary there
are sequences {f,} € C(Q) N L*(Q), {ux} € C(Q) and {s,} C [0, 1] satisfying the
Dirichlet problem

Fsk<D2uk7Dukaukax) :H’(Sk’)uk’_‘_fk in Qv

(5.15)
u, =0 on 09,
but
Nkl Lo ) /|| filln@) — 00 as  k — oc.
Define

Vg 1= U/ || k|| L ()

and notice that v is a solution of the equation
(5.16) F,, (D*vg, Dug, vg, @) = p(sp)vg + fi/llugllzeo@) in .
The C* estimates (Theorem 2.21) imply that

vkllea@) < C (lvrlle@) + [ felln@y/lunllLe@)) < C.

By taking a subsequence, if necessary, we may assume there exists s € [0,1] and

v € C(Q) such that
sy — s and v, — v uniformly on Q.

Recall that

||fk||L"(Q)/||uk||LOO(Q) —0 as k — oo,
and use Proposition 2.23 to pass to limits to see that v is a solution of the problem

F,(D*v, Dv,v,z) = p(s)v in Q,
v=20 on 0.

(5.17)

Since ||v||zeo() = limg—oo ||Vk]|zo@) = 1, we see that p(s) is an eigenvalue of the

operator Fy in Q. This contradiction to (5.12) establishes (5.14). O
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5. Between the first and second eigenvalues
For the rest of this section, and without loss of generality, we assume that
(5.18) the operator Fy satisfies (P) for every 0 < s < 1.

Otherwise, we may simply replace F' with the operator F' + &y, with dy as in (F2).
We also fix a number A satisfying (5.11), a function p given by Proposition 5.8, and
a function f € C(Q) N L"().

We will first prove Theorem 5.1 under the additional assumption that
(5.19) feC(Q)NLP(Q) for some p > n,

and then relax this assumption by approximation.

Define a map Ay : C(Q) x [0,1] — C%(2) by
Ag(v, s) == u,
where u € C*(Q2) is the unique solution of the Dirichlet problem

F,(D*u, Du,u,z) = pu(s)v+ f in Q,
u=20 on 0f),

(5.20)

given by Theorem 2.22. Also define an operator By, : C(Q) — C(Q) by
By s(v) :=v — As(v, s).

Notice that Bys(v) € C%(Q) for each v € C*(Q), and that for u,v € C(Q), the

equation
(5.21) u = Bys(v)
is equivalent to the function w := v — u solving the Dirichlet problem

F,(D*w, Dw,w,z) = u(s)v + f in Q,
(5.22) ( ) (5)
w=20 on 0f).

With this notation, in order to prove Theorem 5.1 we must demonstrate the existence

of a function v € C*(Q2) which satisfies
(5.23) Byo(v) = 0.
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5. Between the first and second eigenvalues
We will accomplish this by demonstrating
(5.24) deg(Bro, W, 0) # 0
for some open subset W C C*(£2), and then appealing to Theorem 5.3(ii).

Lemma 5.9. Assume that f € C(Q2) N LP(QQ) for some p > n. Then the map Ay is

a homotopy of compact transformations on C*(Q2), in the sense of Definition 5.2.

Proof. For each s € [0,1] and v € C(Q), if u = As(v, s), then by the C"* estimates
(Theorem 2.25), (5.18), and the ABP inequality (Theorem 2.16), we have the estimate
felone < € mas (o - ol + 1

s€[0,1]

(5.25)
< C (L4 [vflp=qey) -

Thus for each fixed s € [0, 1], the map v — Ay(v,s) is a compact operator on the
Banach space C*(£2).

We have left to show that the map s — A (v, s) is uniformly continuous, uniformly
in the set

{ve (@) s Jollcm <1} x [0,1]

Let {si}, {tx} € [0,1], and v, € C*(2) be such that ||vg|/ce@) < 1 and |sp —tx] — 0
as k — 0o. Define uy := Ay (vg, si) and @y, := Ay (vg, t;). We must show that

(5.26) lup — Gkllca) — 0 as Kk — oo.

In fact, it is enough to show that (5.26) holds up to the selection of a subsequence.

Recalling the estimate (5.25) above, and by taking a subsequence, we can find
s € [0,1], functions u, @ € C*(Q2), and v € C(Q) such that s, — s, vy — v uniformly
on 2, and

up —u and U —u in C*Q) as k — oo,
Using Proposition 2.23, we may pass to limits to deduce that u and u are both
solutions of the problem
F,(D*u, Du,u, ) = p(s)v+ f in Q,

(5.27)
u=0 on 0f).
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5. Between the first and second eigenvalues

Since Fj satisfies (P), we have uniqueness for solutions of (5.27). Thus v = @, and

(5.26) follows. O

Lemma 5.10. Assume that f € C(Q) N LP(Q) for some p > n. Then there exists
R > 0 such that for

(5.28) W .= {U e CYQ) : Hcha(Q) < R},
we have
(5.29) deg(By1, W,0) € {—1,+1}.

Proof. We will show By is injective and then apply Theorem 5.3(ii). As mentioned
above, it is easy to see the equation v = By (v) is equivalent to the function w = v—u

satisfying the Dirichlet problem
—TAw=pl)v+ f in
w =20 on 012,
which can be rewritten as

—TAw —p(l)w =p(l)u+ f in Q,
w =10 on 0f).

(5.30)

Since A\ (—I'A, Q) < p(l) < X(—TA,Q), the Fredholm theory for linear compact
operators (see Evans [39]) implies (5.30) has a unique solution w € W?m(Q) for each
u € C(). Hence the equation

Bsi(v) =u
has a unique solution v € C%(f2) for each u € C*(Q2). That is, By, is bijective.
According to (5.13), the unique solution v € C*(Q2) of

Bf’l(l)) =0

must satisfy the estimate ||v[|ce@) < C||f|lzn), and hence v € W if we choose

R :=1+C| f|lzr@)- Now (5.29) follows from an application of Theorem 5.3(ii). [
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5. Between the first and second eigenvalues
We are now in a position to confirm (5.24).

Proposition 5.11. Let f and W be as in Lemma 5.10. Then
(5.31) deg(Byo, W,0) € {~1,+1},

Proof. According to (5.13), we have 0 € By (OW) for every s € [0,1]. Now apply
Lemma 5.9 and Theorem 5.3(iii) to deduce that

the map s+ deg (B, W,0) is constant.
Recalling (5.29), we see that
deg (By,s, W,0) = deg (By1,W,0) € {—1,+1},
for every s € [0, 1]. O
We will now complete the proof of Theorem 5.1.

Proof of Theorem 5.1. Suppose first that f € C(Q) N LP(£2) for some p > n. Accord-
ing to Theorem 5.3(i) and Proposition 5.11, there exists a function v € W C C%(2)
such that Byo(u) = 0. Recalling the definition of By, we see immediately that u is
a solution of the Dirichlet problem

F(D*u, Du,u,z) = p(0)u+ f in Q,

(5.32)
u=2>0 on 0f).

Since £4(0) = A, the problem (5.32) is equivalent to (3.1).

For general f € C(2) N L™(Q), select an approximating sequence {f.} C C(Q)
such that fr, — fin L™(Q). Let uy be the solutions of (3.1) with f = fx. According
to (5.13), we have the estimate

urllcay < Cll fellzn < C.

Thus we may select a function v € C(£2) such that, up to a subsequence, u;, — u
uniformly on Q. Using Proposition 2.23, we pass to limits to deduce that u is a

solution of (3.1). O
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5. Between the first and second eigenvalues

Remark 5.12. Although a general uniqueness theorem would be unexpected, I do
not know whether the solutions of (3.1) given by Theorem 5.1 are unique, even in the
case that F' is jointly concave or convex in (M, p, z). Recently Felmer, Quaas, and
Sirakov [42] have shown that if F' is concave or convex in (M, p, z), and the quantities
M (F,Q) — A\ (F, Q)| and A — A\ (F, ) > 0 are sufficiently small, then solutions of

(3.1) are unique.

5.2 The anti-maximum principle

In this section we prove the following anti-maximum principle for homogeneous

elliptic operators.
Theorem 5.13. Let p > n, and suppose f € C(Q) N LP(Q) is such that f # 0.

(i) If f >0, then there exists a small positive constant n = n(f) > 0 such that if

M(F,Q) <A (F,Q) < X< A (F,Q) +0,

then any solution u € C(2) of (3.1) satisfies u < 0 in €.

(ii) If f <0, then there exists a small positive constant n = n(f) > 0 such that if

AL(FLQ) S A (F,Q) < A< A (F,Q) 41,

then any solution w € C(2) of (3.1) satisfies u > 0 in .

A generalization of the well-known anti-maximum principle discovered by Clément
and Peletier [22] in the linear case, Theorem 5.13 is, to our knowledge, the first result
of its kind for a wide class of fully nonlinear operators. See also Godoy, Gossez and
Paczka [50] for an anti-maximum principle for the p-Laplacian operator.

Our argument, similar to the method employed in [12], is based on Hopf’s Lemma

and Propositions 3.18 and 3.19.
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5. Between the first and second eigenvalues

Proof of of Theorem 5.13. We will prove only (i), since the argument for (ii) is similar.
Assume on the contrary there are sequences {\;} C (A (F, ), 00) and {u;,} C C(Q)
such that

A — AL (F,Q)

and w;, satisfies

F(D*uy,, Duy,, up, ) = \yu, + f in Q,
(5.33) ( )
up =0 on 0f);

but each w; is nonnegative somewhere in €. Select x;, €  such that u, attains a

nonnegative local maximum at z,. In particular, we have
(5.34) ug(xg) >0 and  Dug(xy) = 0.
By taking a subsequence, if necessary, we may assume
(5.35) T — X

for some g € 2. We now assert

(5.36) sup || ugl| Lo () = 0o.
k>1

On the contrary, suppose

sup ||ug || Lo ) < 00.
k>1

By once again applying the C* estimates and taking a subsequence, we find a function
u € C(Q) such that up — u uniformly on Q. Passing to limits in (5.33), we see that
u is a solution of the problem

F(D*u, Du,u,z) = A\{ (F,Qu+ f in Q,

u=20 on 0,

in violation of Proposition 3.18. We have demonstrated (5.36).

Without loss of generality, we may assume ||ug||zq) — 00. Normalize by setting

Vg 1= U/ || uk || Lo (@)
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5. Between the first and second eigenvalues
and verify that v, satisfies

F(DQUk, Dy, vy, ZL’) = \pU + f/”'UkHLOO(Q) in €2,
v =10 on 0f).

(5.37)

By using the O estimates (Theorem 2.25), and taking a subsequence, we may

assume
(5.38) v — v in CYQ),

for some v € C1*(Q). Notice that the only use of the assumption p > n in our
argument is to get (5.38).

Passing to limits in (5.37), we deduce that v is a solution of

F(D?*v,Dv,v,x) = A\{ (F,Q)v in Q,
v=20 on Of).

Recalling that ||v||z~q) = 1, we have v = ty] for t = £1. We will complete the proof
by demonstrating that both ¢ = 1 and ¢ = —1 lead to contradictions.

Ift = —1then v = —¢p; > 0 in 2. Choose a compact set K C () large enough
that the maximum principle holds for the operator F' — Ay in Q\ K, for each k£ > 1.
If we take k to be sufficiently large, then v, > 0 on K, and thus v, > 0 on €2, due to
our choice of K and the fact that f > 0. Recalling (5.37), we derive a contradiction
to Proposition 3.18. Thus ¢t = —1 is impossible.

Finally, consider the case t = 1, which implies v < 0 in 2. Using (5.34) and (5.35),
we deduce v(zo) = 0, and hence zy € 9. However, we also deduce Dv(zy) = 0, in
violation of Hopf’s Lemma. This rules out the possibility ¢ = 1, which completes the

proof of the theorem. n

We now state a more general anti-maximum principle. Consider a family {F}, ..,
of nonlinear operators such that for each fixed s € [0, 1], the nonlinearity Fj satisfies

(F1), (F2), and (F3). We also assume that the map
(M7p’ 27 1‘7 S) — FS(M7p7 Z? ':C)
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is continuous on §" x R” x R x 2 x [0, 1]. An examination of the proof of Theorem 5.13
convinces us the same argument may be employed, with only minor modifications, to

establish the following result.

Theorem 5.14. Assume p > n and f € C(Q x [0,1]) is such that f > 0, f(-,s) €
LP(Q2) and f(-,s) £ 0 for every s € [0,1]. Suppose

AN (Fs, Q) < A (Fy, Q) < AT (Fo, Q) forall 0<s<1.

Then there ezists a constant n = n(f) > 0 such that for every 0 < s <n, any solution

u € C(Q) of the Dirichlet problem

F,(D*u, Du,u,x) = A\ (Fo, Du+ f(-,5) in Q
u=20 on 0N

must satisfy u < 0 in €.

The corresponding generalization of Theorem 5.13(ii) is left to the reader.
The hypothesis p > n in the statement of Theorem 5.13 is necessary, even for

linear operators, as the following result of Sweers attests.

Proposition 5.15 (Sweers [87]). Suppose n > 2. Then there exists f € L™(2) with
[ >0, such that for all \;(—A, Q) < X < Aa(—A,Q), the unique solution u € W*"(Q)

of the boundary value problem

—Au=Xu+f in ),

u=20 on 012,
changes sign in Q.
Remark 5.16. Sweers’ result above is not entirely surprising, since the constant
7 > 0 in the anti-maximum principle depends on the function f. In other words, we
expect some regularity on f to be required for the anti-maximum principle, due to its
lack of uniformity in f. To better understand this lack of uniformity, a constructive

proof of the anti-maximum principle is needed. I am aware of no such argument, even

for the linear case.
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Chapter 6

Long-time asymptotics for

homogeneous parabolic equations

This chapter is based on joint work [4] with my colleague Maxim Trokhimtchouk.
The connection between the scaling invariance of the mathematical expressions
for certain physical laws and the asymptotic behavior of physical phenomena is of
fundamental importance to the study of mechanics. In this chapter, we have in mind
the study of self-similar solutions of diffusion equations and their relationship to the
long-time behavior of solutions to of the Cauchy problem. A classical example is the

heat equation
(6.1) u—Au=0 inR" xRy,

which is invariant with respect to the scaling (z,t) — (0/%z, o), for any o > 0. It is
well-known that a solution u(x,t) of equation (6.1) with nonnegative and integrable
initial data converges in a certain sense to a multiple of the Gaussian kernel

n |73‘2

O(x,t) := (4mt)"2e” ot .

Precisely, the rescaled solutions u?(z,t) = 0™/?u (c'/?z,0t) will converge locally

uniformly to C®(z,t), where the constant C' is given by
C= / u(z,0) dx.
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6. Long-time asymptotics for homogeneous parabolic equations

The Gaussian kernel ® satisfies the relation
O(z,t)=02d (01/2x, at) ,

and for this reason @ is called a self-similar solution of (6.1).
Another important example of a diffusion equation is the generalized porous

medium equation
(6.2) u— AV(u) =0 in R" x Ry,

where ¥ is an increasing function of u. The study of self-similar solutions of (6.2)
and the long-time asymptotics of solutions to the Cauchy problem is well-developed,
particularly in the case that U(u) = v™ for m > 1. It originated with the celebrated
work of Barenblatt, Zel’dovich, and Kompaneets, and was later developed Friedman,
Kamin, Vézquez, and others (see Vazquez [89] for a well-written introduction to the
subject as well as a comprehensive list of references).

While the literature on self-similar solutions and asymptotics of solutions of dif-
fusion equations is vast, relatively little is known in the case of the fully nonlinear

parabolic equation
(6.3) us + F(D*u) =0 in R" x Ry

Here F'is a positively homogeneous, uniformly elliptic operator. In this chapter, we
show that equation (6.3) exhibits a unique positive and negative self-similar solution,
and that these self-similar solutions characterize the long-time asymptotic behavior
of solutions of the Cauchy problem with initial data which does not change sign.

The Barenblatt equation of elasto-plastic filtration

A A
(6.4) ut—max{l_u7,1+u7} =0 inR"xR,,

where 0 < v < 1, is a particular example of a fully nonlinear parabolic equation of
the form considered in this chapter. It arises in filtration theory as a model for an
elastic fluid flowing through an irreversibly deformable elasto-plastic porous medium

(see Barenblatt, Entov, and Ryzhik [8]). Kamin, Peletier and Vazquez [62] proved
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Theorems 6.1 and 6.12, below, for equation (6.4), using different methods from those
employed in this chapter. Their arguments makes use of the rotational symmetry of
the equation to reduce the problem to an ODE. The authors then employ a shooting
argument in the phase plane to obtain Theorem 6.1 for equation (6.4). Their proof
of Theorem 6.12 for (6.4) relies on a careful analysis of its self-similar solution at
infinity. These estimates also rely on ODE theory in a crucial way.

Self-similar solutions of equation (6.4) have also been considered by Caffarelli and
Stefanelli [21], and the dependence of the anomalous exponents on the parameter a
has been examined by Goldenfeld, Martin, Oono, and Liu [51] as well as Aronson and
Vazquez [5].

A proof of the existence of viscosity solutions to the Cauchy problem, maximum
principles as well as estimates for uniformly parabolic equations can be found in the
papers of Crandall, Kocan, Lions, and Swiech [24], Crandall, Kocan, and Swiech
[27], and Crandall, Ishii, and Lions [26]. See also the papers of Wang [90, 91, 92]
for more on the regularity theory of viscosity solutions of fully nonlinear, uniformly
parabolic equations, and the books of Friedman [47] and Lieberman [70] for more an

introduction to parabolic partial differential equations.

6.1 Existence of self-similar solutions in the whole
space

In this chapter, we assume that F' = F(M) is a function F' : S" — R satisfying
(F2) and (F3), which read

(6.5) P;F(M—N)gF(M)—F(N)gP;F(M—N) for all M,N € S",
and

(6.6) F(nM)=nF(M) forall MeS" n>0.

The main result in this section is the following theorem, which asserts the existence

of self-similar solutions of (6.3).
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Theorem 6.1. Assume that F satisfies (6.5) and (6.6). Then there exist unique
constants o = aT(F) > 0 and o= = a~ (F) > 0, for which the uniformly parabolic

equation (6.3) possesses solutions ®T > 0 and @~ < 0, satisfying the relations
ot (x,t) = 0% @ (022, 0t)  and O (x,t) = 0 O~ (0"%z,0t)
for all 0 > 0, and such that for some constants C,a > 0,
®F(x,1),—® (z,1) < Cexp(—alz|?) for all z € R".

Moreover, the solutions ®* and ®~ are unique up to multiplication by a positive

constant.

We call the numbers a™ and o~ the positive and negative anomalous exponents
of the operator F', respectively. We emphasize that in contrast to the case of a linear
parabolic equation, a® # n/2 and a* # o™, in general.

To motivate our approach, suppose that there exists a solution ® > 0 of equation

(6.3) and an exponent o > 0 which satisfy the relation
(6.7) O(x,t) = 0P (al/zx, ot) for every (z,t) € Q, o > 0.
For ¢t =1 this reads
(6.8) O(z,1) =P (01/23:, o).
Formally differentiate (6.8) with respect to o at ¢ = 1 to discover that
(6.9) O, (2,1) = —ad(x, 1) — %x -D®(z,1).
Inserting (6.9) into the PDE (6.3) for ®, we discover
F(D*®(z,1)) — %x - DO(z,1) = ad(z,1) forall z € R™.

Defining ¢(y) := ®(y,1), we see that the pair (o, p) is a solution of the elliptic

eigenvalue problem

1
(6.10) F (D*p) — Sy Dy =ap inR"
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To prove Theorem 6.1, we will reverse the calculation above. Studying the elliptic
eigenvalue problem (6.10), we will show that there exists & > 0 and ¢ > 0 which
satisfy (6.10) and such that ¢ decays at a suitable rate as |y| — oco. We will then
define ® by

O(x,t) =t % (t_l/Qx) ,

and check that @ is a solution of (6.3) which also satisfies (6.7).
Another way to derive (6.10) is to consider the continuous rescaling of (6.3) given

by the change of variables

1/2

y=1t""z, s=logt, o(y,s) =t"d(x,t),

and then to look for a stationary solution ¢(y,s) = ¢(y). Thus the appearance
of (6.10) in our context is similar to the emergence of the so-called Fokker-Planck
equation in the study of self-similar solutions of the porous medium equation (see
Véazquez [89, Section 18.4]). An elliptic equation similar to (6.10) also arises in the

study of the self-similar solutions of the semilinear parabolic equation
g — Au = |[ulfP'u in R" x R,.

See the papers of Peletier, Terman, and Weissler [78] and Haraux and Weissler [53].

Our methods for demonstrating the existence and uniqueness of o™ and o~ are
similar to those in Chapter 3, although extra complications arise from the unbound-
edness of R™. The special form of (6.10), particularly the gradient term, provides us

with enough compactness to overcome these obstacles.

Lemma 6.2. Let o« € R, r > 0, and assume that u € C(R™\B,) salifies

1
(6.11) P;F(DQu) 3y Du < au inR"\B,,

u <0 on 0B,,

and u(y) < Ce™ W’ for some constants C,a > 0 and p > 1. Then there exists a
constant R = R(a, ") > 0 such that r > R implies that u < 0.
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Proof. Set R :=2(a+1'+1). A routine calculation verifies that the function ¢(y) :=

eV satisfies

(612) P (D%(y)) — 5y Dely) > (T +1l/2) ol) > (a + Do in {ly| > R}

Suppose on the contrary that there exists |yo| > r such that u(yo) > 0. Let
n:=1inf{p >0:pp >uin R"\B,}.

Then 1 > 0, ny > u in R™\ B,, and owing to the faster decay rate of u, there exists
ly1| > r such that np(y1) = u(y1). In particular, the map

y— u(y) —ne(y) has a local maximum at y = y;.

Recalling that u is a viscosity solution of (6.11), we see that

B 1
P~ (nD*p(y1)) — gy Dp(yn) < aulyn) = nap(y) < nla+ e(wn),
a contradiction to (6.12). O

The next lemma is an analogue of Theorem 3.2, adapted to the present context.

The argument is nearly identical to the proof of the latter.
Lemma 6.3. Assume that u,v, f € C(R"), f >0, and o € R satisfy
1 1
F(DQU)—§y-Du—au§f§ F(Dzv)—Ey-Dv—av in R™.

Suppose also that v > 0 and u(y) < Cexp(—aly|P) for some p > 1 and every y € R™.

Then either u < v in R™ or u = tv for some constant t > 1.

Proof. Let R = R(«,T") be as in Lemma 6.2. For s > 1, define wy := u — sv. Then

_ 1 R,
P%F(DQwS)—§y-Dws—awS <f-sf<0 inR"™

For any s > 1 so large that w, < 0 on Bg, Lemma 6.2 implies that w, < 0 on R™\ By.
Hopf’s lemma then implies that w, < 0 in R™. Define

t:=inf{s >1:ws; <0inR"}.

98



6. Long-time asymptotics for homogeneous parabolic equations

Thent > 1and w; < 0. If t =1, then v < v in R”, and we have nothing left to show.
Suppose that ¢ > 1. We claim that w, = 0. If not, then by Hopf’s lemma, w; < 0.
Select 6 > 0 so small that t — ¢ > 1 and w;_s < 0 on Bi. Then w,_5 < 0 on R, as

we argued above. This contradicts the definition of ¢, completing the proof. O]

Corollary 6.4. Suppose that u,v € C(R") and o € R satisfy
1 1
F(D?u) —§y~Du—au§0§F(D2v)—§y~Dv—ow in R".
Suppose also that v > 0 and u(y) < Cexp(—aly|?) for some p > 1 and every y € R™.

Then either u < 0 in R™, or u = tv for some constant t > 0.

Proof. Suppose that u(yy) > 0 for some y, € R™. Using the homogeneity of F

and by multiplying u by a large positive constant, if necessary, we may assume that

u(yo) > v(yo). According to Lemma 6.3, there exists t > 0 such that v = tu. O

In our analysis, an important role with be played by the functions {¢"} . ,, which
we define by

¢ (y) =M.
Lemma 6.5. For a = 1/41", the function ¢* satisfies
ny a - 2 1a 1 a (TL — 1),)/ 1 a n

6.13 (—) < D — =y < [ —=+ = R"™.
(6.13) )t <Pt - ot < (U4 e

Likewise, for a = 1/4~, the function ¢* satisfies

(6.14) (%

Proof. For any a > 0, the Hessian of ¢* is given by

1 1 r .
+ 5) ¢* < Por(D*¢") — 2Y- ¢ < (%) " in R™.

D*¢%(y) = ¢"(y) (4a’y ® y — 2al)

and has eigenvalues (4a?|y|* — 2a)¢®(y) with multiplicity 1 and —2a¢®(y) with mul-
tiplicity n — 1. Hence

[SIE

ag®(y)(2yn — dayly|?), for all [y < (2a)~z,

P«ZF(DQW(Q)) =
ad®(y)(2y(n — 1) + 2T — 4al|y|?), for all |y| > (2a) 2.

D=
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Therefore, for each a > 0,

- a 1 a a -5
(615)  Por(D*6") — gy Do" = a(2yn —danly* + [y*) ¢* for [y < (2a)7,

and

- a 1 a
(6.16) (D) — Ly- Do
=a(2y(n—1) 4+ 2T — 4al'|y|* + |y|*) ¢* for |y| > (2a)" 2.
In particular, for every a < (4T')~!, we have
— a 1 a a : n
(6.17) 77%F(D2¢ ) — SY D¢* > (2ayn)p® in R".
For a = (4T')~! we carefully check that

1 1 1
(6.18) Por(D*6") = Sy~ D" < (% + 5) ¢* in R™.

Similar calculations demonstrate that
1
(6.19)  PI(D*¢") — 5V D¢® = a (2T'n — 4al'|y|* + [y|*) ¢* for |y| < (2a)" 2,

and

(620) Pi(D*") — - Do*

=a (20(n — 1) + 2y — dayly]* + |y?) 6" for [y| > (2a)72.
Thus for any a > (47)~!, we have
1
(6.21) P;TF(DQQS“) 3y D¢* < (2al'n)p® in R™.

Finally, for a = (47)~!, we calculate

1 (n—1r 1 ,
+ 24aN _ o0 2 > - a n
P’y,F(D o) 29 D¢* > <—27 + 2) e* in R™. O
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For the rest of this section, we let b denote the special constant

1
b:=—.
8T
From (6.15) and (6.16), we see that ¢° satisfies
1 ny 1
. (D2 — 2Dt > (™Y L 212 ¢ in R™
(6:22) Po0%6) — 0D = (L4 3P ¢ R

Define a norm ||-||, on C(R") by

ol e sup [ 0l
X yern 1+ [yl?

and let X denote the Banach space
X = {u€ CR") : [Jully < oo}
Notice that convergence in X implies uniform convergence in R". Define the set
C:={ueX:0<u(y) <Cexp(-bly|*) for some C > 0}.
Notice that C is a convex subset of X.

Proposition 6.6. For each v € X such that v > 0, there exists a unique solution
u € X of the equation

(6.23) F(D?u) — %y -Du=v inR"

Moreover, u € C.

Proof. We will first demonstrate existence. For each R > 0, let « be the unique
solution of the Dirichlet problem

F (D2UR) — %y -Dur =v in Bg,

ugp =0 on 0Bpg.

Set K := ||v]|y max {(4T)/(n7),2}. According to (6.22), the function ¢ := K¢’ is a

supersolution of

1 ) N
F(D*)) = sy D > ol (1+[y*) ¢ > v in R".
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By the maximum principle, 0 < ur < ¢ = Ke M for every R > (0. Using local C*
estimates for uniformly elliptic equations (Theorem 2.20), we deduce that for each
fixed Ry > 0,

sup [unllce(g) < oo
R>Ro+1

Thus we may extract a subsequence R; — oo such that
ug, — u locally uniformly in R"

for some u € C(R™). Evidently, 0 < u <1, thus u € C. From the stability properties
of viscosity solutions under uniform convergence, it follows that u is a solution of
(6.23). Uniqueness follows from Corollary 6.4. Indeed, if u;,us € C are solutions of

(6.23), then the function w := uy; — uy satisfies
- 2 1 : n
P(Dw)—;g‘Dng in R".
Comparing w with ¢?* and using Corollary 6.4, we deduce that w < 0 in R™. m

We denote by X, the set
Xi={ueX:u>0}.

Let A: X, — X, be the solution operator of (6.23). That is, A(v) := u, where u
is the unique solution of (6.23). Then A (X,;) C C. It will be convenient to use the

notation

1
F,[u] :== F(D*u) — 5Y Du — au.

Define the constant

(6.24) ot (F) :=sup{a: there exists ¢ € X,\{0} such that F, [p] > 0 in R"}.

We call o™ (F) the positive anomalous exponent of F. When there is no ambiguity,
we will drop the dependence on F' and write ot = a(F'). From Corollary 6.4 and

Hopf’s Lemma, it is clear that the anomalous exponent satisfies
at <inf {a : there exists ¢ € X, \{0} such that F, [p] <0 in R"}.
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Thus from Lemma 6.5 we see that

Moreover, if v # T', then all of the inequalities in (6.25) are strict. If F' and G are
two uniformly elliptic, positively homogeneous operators such that F' < G, then it is

obvious from the definitions that

(6.26) “Lcat(p) < —.

We will show that o™ is an eigenvalue of the operator A, using the Leray-Schauder
alternative (Theorem 3.9). First, we must verify that the nonlinear operator A is

continuous and compact.
Proposition 6.7. The operator A is continuous and compact with respect to ||-|| .

Proof. Let {v}r>1 € X such that [Jug]|y < 1. Set uy := A(vy). Let € > 0 be given,
and fix a large constant R > 0 to be selected below. As in the proof of Proposition 6.6,
from (6.15) and (6.16) we see that the function ¢ := M¢® satisfies

P~ (D*¢) — %y D> (1+yf*)¢* > v, inR"

for M := max {(41")/(n),2} and every k > 1. It follows that u; < 4 for every k > 1.

Using local C* estimates, we have
sup [|ugl|ce (s, < oo.
k>1
Therefore, we may select a subsequence, which we also denote by k, such that

I - = 0.
A1 o = e =0
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Choose R := (2M/e)"/*. Then for any y > R and k,1 > 1,

[u(y) — w(@)| e _ 20y  2M
1+ |y|? - 14+ R? 1+R2— 7

It follows that

lim sup ||ux —wlly <e.
K—oop 1>k

A diagonalizing procedure now produces a subsequence of {u;} which is Cauchy in
X. Therefore, A is compact.

To see that A is continuous, suppose in addition that the sequence vy converges
strongly in X to a function v € X. In particular, vy — v uniformly in R". We can
find u € X and a subsequence uy; such that uy, — win X, and hence uniformly in R™.
By the stability properties of viscosity solutions with respect to uniform convergence,

it follows that u = A(v). By uniqueness, the full sequence uy converges to u. Il

We are now ready to demonstrate the existence of a principal eigenvalue of our
elliptic eigenvalue problem in the whole space. Our argument is very similar to the

proof of Theorem 3.4.

Proposition 6.8. There exists a unique ¢ € X such that p*(0) =1 and
1
(6.27) F(D*p") — JY- Dot =atpt in R™

Moreover, pt € CNCLY(R™), and ¢ € C2*(R™) if F is concave or conve.

loc loc

Proof. Select w € C such that ||w||, = 1. We claim that for any ¢ > 0,
(6.28) if u € C and a > 0 satisfy u = aA(u + ew), then a < a™.
Indeed, for such o > 0 and u € C, we have

F,u] >0 inR"™

Since w # 0, if & > 0 then u # 0. We see from definition (6.24) that in this case
a < a™. Obviously if & = 0, then u = 0. Our claim (6.28) is confirmed.
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We may now apply Theorem 3.9 to deduce that for each € > 0, the set
D. :={u € C : there exists 0 < o < a* + £ such that u = aA(u + cw)}
is unbounded in X. Select u. € D, such that |lu.||, > 1. Let o > 0 such that
e = e A(ue + ew)

Evidently, a. > 0. Normalize by setting v. := wu./||u| y, and notice that by the

homogeneity of A, the function v. satisfies
Ve = aeA (v +ew/ [Jue|x) -

By the compactness of A, we may select ™ € X, a number 0 < o* < at, and a

subsequence €; — 0, such that
Ve, — o in X and g, — .

Since A is continuous, it follows that ¢ = a*A(p™). Thus ¢ € C. Clearly ||pT ||y =
1, and thus o* > 0. By Hopf’s Lemma, ¢ > 0 in R".
We will now argue that o* = o', and that ¢* is unique up to multiplication by

a positive constant. Suppose that o > a* and ¢» € X;\{0} are such that
F(D?*)) — %y DYy > arp in R™

Then

(6.29) For [¢T] =0 < Fo [0] < For W]

According to Corollary 6.4, we have ¢ = tp™ for some ¢t > 1. This implies that
a* = «a. Recalling (6.24), we see that a* > aT. Recalling that by construction
o* < at, we deduce that a* = at. Moreover, we have shown that ¢ is unique up
to multiplication by a positive constant.

The last statement in the proposition follows from the regularity results found in

Section 2.6. 0
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Proof of Theorem 6.1. Define
ot T

(6.30) O (x,t) =t (%) :
Assuming that ®* and ¢t are smooth, and using (6.27), we easily verify that &
is a solution of (6.3). If &+ and ¢ are not smooth, our calculation can be made
rigorous in the viscosity sense by the use of smooth test functions. The uniqueness of
a™ and ®* is established by performing this computation in reverse and appealing to
Proposition 6.8. All of the corresponding assertions regarding a~ and ®~ now follow

from the result demonstrated above applied to the operator F(M) := —F(—M). O

We conclude this section with an estimate of our self-similar solutions from above

and below, and an example.

Lemma 6.9. For each 0 < a < (41')7!, there exists a constant C > 0 such that
(6.31) p"(y) < Cexp (—alyl?) .

Likewise, for each a > (4v)~', there exists a constant C' > 0 such that

(6.32) exp (—alyl”) < Co* (y).

Proof. By construction, since ¢t € C we have that the estimate (6.31) holds for
a; = (8T)~1. We will therefore only show (6.32), as a similar argument obtains (6.31)
for all a; < (4I')~!. For a > (47)~!, by (6.20) we have that

1
PT(D?*¢") — 59 D¢* < at¢® in R™\B,,
provided that we take r > 0 so large that

2I'(n — 1) + 27v) — a*
r>(2a)"' and T2>a( (n—1)+2) @

day — 1
Also take r > R, where R = R(«at,T') is the constant in Lemma 6.2. Let C' be so
large that ¢* < C'v*™ on B,. Then the function w := ¢* — C'p* satisfies

1
P (D*w) = gy Dw <0 inR™\B,,

and w < 0 on 0B,. According to Lemma 6.2, the function w < 0 in R™. That is,
o < CQOJF in R™. ]
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Corollary 6.10. For each 0 < a; < (40)7! < (4y)7! < ay, there exists a constant
C > 1 such that

(6.33) C1" exp (—as|z]?/t) < @F(z,t) < Ct=*" exp (—a1]z]?/t)
for all (z,t) e R" x R,.

Example 6.11. Consider the case that F' is convex. Then F' is a supremum of a
collection of linear operators L* with constant coefficients, and each of which satisfy

(6.5) and (6.6). Since a™(L*) = a~(L*) = n/2 for every k, we deduce that

a (F) < = <at(F).

|3

We claim that these inequalities are strict unless F' is linear. Suppose that a™(F) =
n/2. Let ¢ and ¢, be the functions obtained in Proposition 6.8 for F and LF,
respectively. Notice that

Eopplp] =0= Lﬁ/g [or] < Foy2 o] in R™

According to Corollary 6.4, ¢ = ¢ for every k. That is, the fundamental solutions
of the constant-coefficient linear parabolic operators L* are equal. This implies that

L* = L for every k (see Friedman [47]). Hence F' = L.

6.2 Asymptotic convergence to self-similar solu-

tions

In this section we show that rescaled solutions of the Cauchy problem with non-

negative initial data converge to self-similar solution ®*.

Theorem 6.12. Let the hypotheses of Theorem 6.1 be in force, and consider a
viscosity solution u € C(R™ x Ry) of the uniformly parabolic equation (6.3) such
that |u(z,0)] < Kyexp(—B|z|*) for some constants B, Ky > 0. If u(-,0) > 0 and
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u(-,0) # 0, then there exists a constant C* > 0 such that the rescaled solutions given
by

w(z,t) =0 u (01/2x, ot), (z,t) e R" xRy
converge locally uniformly in R™ x R as 0 — oo to the function C*®T. Likewise, if

u(-,0) <0, u(-,0) # 0, then there exists a constant C* > 0 such that the functions
u’(z,t) =0 u (01/2x, ot), (z,t) e R" xRy
converge locally uniformly to C*®~ as 0 — 0.

Our proof of Theorem 6.12 employs the “four-step method” of Kamin and Vazquez
[63] in a new setting. The idea is to squeeze the rescaled functions u” between two
multiples of the self-similar solution ®*, and show that the gap between them must
vanish asymptotically. Similar to [62], the primary difficulty in carrying out this

1/2

analysis is controlling the behavior of the solutions as ¢t~'/#|z| — oco. This is overcome

by the construction of a special comparison function.

We will only prove the first assertion of Theorem 6.12, as the second statement
follows at once by applying the former to the operator F(M) := —F(—M). For ease
of notation, we write « = a*(F') and & = ¢*.

Fix a solution u = u(z,t) of the equation
(6.34) uw + F(D*u) =0 in R" xRy,
subject to the initial condition
(6.35) u(z,0) = g(x),

where we require the initial data g to be continuous, not identically zero, and to
satisfy the condition

0 < g(x) < Koe
for some constants B, Ky > 0. For ¢ > 0, we denote
u” = Tou(z,t) = o%u (o' 2z, 0t) .
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For each o > 0, the function u” is a solution of (6.34).
We intend to show that as the parameter ¢ — o0, the rescaled solutions u”
converge locally uniformly in R™ x R, to a positive multiple of ®(x,t). Recall that

® is invariant under 7,:
(6.36) ®(x,t) =1, P(x,t) = oD (01/2:1:,01%) for all (z,t) e R" xRy, o> 0.

Our proof of Theorem 6.12 will consist of a series of lemmas. As a preliminary
step, we show that u is bounded between positive multiples of ®, possibly shifted in

time.

Lemma 6.13. For each 7 > MLB there exists a constant C' > 0, depending only on

Ky and 7, such that
(6.37) u(z,t) < CP(x,t+71) forall (x,t) € R" x Ry.
Proof. It 7 > ﬁ, then according to Corollary 6.10,

O(x,7) > rreC e Blal® = c(T)e_BmQ,

provided we choose ¢(7) > 0 small enough. Thus C®(x,7) > g(x) for C' := Ky/c(7)
and z € R™ The maximum principle implies that C®(x,t + 7) > u(x,t) for all
(z,t) € R" x R,. O

Lemma 6.14. For each to, 7 > 0, there exists C' > 0, depending only on B, Ky, tg,

and T, such that
(6.38) O(z,t) < Culx,t +7) forall xeR" t>1.

Proof. By the strong maximum principle, u(z,7) > 0 on R™. Let C' > 0 be so large
that

O(x,ty) < Culx,tg+7) forall [z <1,
and

O(x,t) < Cu(z,t+7) forall [z| =1, 0 <t <ty.
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Applying the maximum principle, we have ®(x,ty) < Cu(z,ty + 7) for all z € R",

and (6.38) follows from another application of the maximum principle. O
For 7 = 1/(2yB), we use (6.36) to rewrite the inequality (6.37) in terms of u” as
(6.39) u(x,t) < CO(x,t+7/0) forall (x,t) e R" xRy, o>0.

Recalling (6.33), we see that for some constant C(t) > 0 depending only on a lower
bound for ¢ > 0, in addition to B and K, we have the estimate

(6.40) u’(z,t) < C(t)exp (—|z|*/8T(t+7/0)) forall (z,t)eR" xR, o> 1.

According to (6.40) and local C* estimates for solutions of uniformly parabolic equa-

tions (see Wang [90, Theorem 4.23]), we obtain
sup [|[u7 | e gy < o0
o>1

for any compact parabolic domain @ C R" x R,. Therefore, for every sequence
o — 00, we may select a function U € C'(R"™ x R, ) and a subsequence, also denoted
by o, such that u”* — U locally uniformly in R” x R,. By the stability of viscosity
solutions with respect to uniform convergence, each such rescaled limit U is a solution
of equation (6.34).

Let S denote the set of such sequential limits {U} of the family {u”},>1. We will
prove Theorem 6.12 by showing that S is a singleton set consisting only of a positive

multiple of ®.

Lemma 6.15. There exists a positive constants C > 0 such that for all U € S,
(6.41) Cl'o<U<CP inR"xR,.
Proof. From (6.39), we see that for each U € § and (z,t) € R" x R,
U(x,t) < limsupu’(z,t) < CP(x,t).
For the other direction, fix ¢y, 7 > 0. According to (6.38), for each ¢ > 0 the inequality

(6.42) o ‘P (01/295, at) < Co %u (01/233, ot + 7')
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holds for all (z,¢) € R" x R, and all sufficiently large o > 1. Rewrite (6.42) as
O(x,t) < Cu’ (z,t +7/0).

Take the lim-inf of the right side as ¢ — oo to see that ®(x,t) < CU(x,t) for any
Ues. O

Notice that Lemma 6.15 and local C'% estimates allow us to conclude that
(6.43) SUP Ul e gy < 00,
€S

for each compact subset Q C R™ x R,

Define the constant
(6.44) C* :=inf {C > 0 : there exists U € S such that U < C®}.

In light of Lemma 6.15, 0 < C* < co. We will eventually show that S = {C*®}.
There are two basic steps in the proof. First, we will show that U < C*® for every
U € §. Second, we show that if U Z C*® for some U € S, then we can find another
function V' € S and a small number 6 > 0 such that V' < (C* —§)®, in contradiction
to the definition (6.44) of C*. Most of the subtlety in the proofs of these statements
arise from difficulties in managing the “tails” of ®. These obstructions will be removed

by the construction of a special subsolution, which will use as a comparison function.

Lemma 6.16. For each a > L

o there exists r,m > 0 and a subsolution w of

(6.45) ws + Pl (D*w) — %y -Dw<0 inR"xR,,
satisfying the initial conditions

w(y,0) < e ™ forall |y <r, and w(y,0) < —ne ¥ for all ly| > r,
and such that for each R > 0 there exists a time S > 0 such that

w(y,s) >0 forevery |y <R, s> 5.
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Proof. Select a constant a > (4X)~" and set o(y) == ¢*(y) = e . Recall from
(6.21) that
1
PH(D?*p) — SY Dy < (2aAn)¢ in R™.
Let # := 14+2aAn and ry := 2(5+A+1), and define a function ¥(y) = min {e‘”, e"y‘}.
Recalling (6.12) and that the minimum of supersolutions is a supersolution in the vis-

cosity sense, we see that
1
P~ (D*y) — 5y Dy >0 in B, 14,
and
1
P~ (D*)) — 5Y DY = (B+1)¢ in RMB,,.

Now define @(y, s) := e ¢ (y) and ¥(y, s) := —e~B+Dsy(y). Then

and
Vs + PT(D*)) — %y DY < (B4 1)e”BHDsemy in R™ x R,
where y = 1 on B,, and xy = 0 on R"\B,,. Set
S
Cp+1
Then @(y, s) > 6(8+ 1)e”#FVs1 for all y € B,, and s > 0. Therefore, the function
w = @ + 61 satisfies (6.45).

We now investigate the set of (y, s) for which w > 0. For every |y| > 7,

2
ety > (.

w(y,s) = e P (e‘“'yP — 56_56_‘3") .

From this expression, we observe that w(y, s) > 0 whenever s > aly|*> — |y| +1og é and
s > r1. Finally, select r > 0 large enough that r > 7 and as? > s + log% whenever

s > r. This choice of r ensures that
0 v
w(y,0) < —5e vl for all |y| > r.
Taking 7 := 0/2, the proof is complete. O
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Corollary 6.17. There exist r,n > 0 such that for any R > 0 and any subsolution u

of
uy + P (D*u) <0 in R" x (1,00)

satisfying initial conditions

el for every |z > 7,

u(z,1) < =1 for every |z| <7, and u(x,1)<ne”
there exists T' > 1 such that
u(z,t) <0 forall t>T, |z| < RV

Proof. Let r, n, and w be as in Lemma 6.16 for a = % Define

X

v(x,t) = —w Jogt ), (x,t) € R" x (1,00).
(2.0)i=—w ( Tlogt) . (00) € B x (L)
Then v is a supersolution of the equation

v+ P (D*v) >0 in R" x (1, 00),
such that

—alz|?

v(z,1) >ne l for every |z| > 7, and wv(z,1) > —e for every |z| <.

In particular, v > u at time ¢ = 1 and thus v > w in R" X (1,00) by the maximum
principle. According to the conclusion of Lemma 6.16, for each R > 0 there exists

S > 0 such that

v(z,t) = —w (t_l/Qx,logt) <0 forall ¢t Y?|z| <R, logt>S.
Hence the conclusion is obtained for T' = exp(S5). O
Lemma 6.18. For any U € S,

(6.46) Uz, t) < C*®(x,t) forall (z,t) € R" x R,.
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Proof. Let r,n be as in Corollary 6.17 and fix a small number ¢ > 0. Recalling (6.40),
we may choose constants C,a > 0 such that

u’(z,1) < Cyexp(—alz|?) forall z € R", o > 1.
Set m := min|; <, ®(x,1) and select r; > r such that

1 —alz|?

%e < 776"9”| for all x| > ry.
According to the definition (6.44) of C*, we may select o; > 1 such that
u’t(z,1) < (C" +e)®(x,1) forall |z| <r.
Define w := u”* — (C* — 2¢)®. Then w is a subsolution of the parabolic equation
w; + P~ (D?*w) <0 in R" x (1, 00),
and at time ¢ = 1 the function w satisfies
w(z,1) < —ed(x,1) < —me forall |z| <7,
w(r,1) < —e®(z,1) <0 forall |z| <,
and
w(z, 1) < u(z,1) < (me)ne ! for all |z| > ry.

According to Corollary 6.17, for each R > 0 there exists a time 7' = T'(R) > 1 such
that
w(z,t) <0 forall z < RtY? and t > T.

This reads
ofu (cﬁ/zm, 01t> < (C* +2e)®(x,t) forall z < RtY? and t > T.
Thus for any o > oy,
u’(z,t) = o%u (Jl/Qx, ot)
o%u (ai/2(0/01)1/2x, 01(0/01)75)
(0/01)* (C* 4 2¢) P ((0/01)1/2:1:7 (o/01)t)
= (C" +2¢) P (x,t)

IN

114



6. Long-time asymptotics for homogeneous parabolic equations

provided that (o/01)"2z < R(ct/oy)"* and ot/oy, > T(R). In particular, for each
(x,t) € R" x Ry, there exists oo > oy large enough that

u’(x,t) < (C*+2) D (z,t) forall o> o,
It follows that for any U € S,
U(z,t) < (C*42e)®(z,t) forall (z,t) e R" xR,.
The conclusion is obtained by sending £ — 0. O]

To complete the proof of Theorem 6.12, we will need elementary properties of S

contained in the following two lemmas.
Lemma 6.19. IfU € S, then 7,U € S for any o > 0.

Proof. Select a sequence o; — oo such that u?/ — U locally uniformly in R™ x R,.
It is easy to check that for &; := o0;, the sequence u% — 7,U locally uniformly in
R™ x R,. [

Lemma 6.20. The set S is closed in the topology of local uniform convergence.

Proof. Let U; € § such that U; — U locally uniformly in R® x R,. Fix a compact

subset @ of R™ x R, and select o; — oo such that

sup |[u” — U;| < 277,
Q

It is clear that u% converges to U as j — oo, uniformly on (). Now a diagonalization
argument produces a sequence ¢; — oo for which the functions u? converge to U

locally uniformly in R” x R, as j — oo. O]

Lemma 6.21. Suppose that U € S and C > 0 are such that U < C®. Then either
U = C® or there ezists 6 >0 and V € S such that V < (C' — 9)®.
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Proof. Suppose that U € § and C' > 0 are such that U < C®, but U # CP in R"xR,..
By the strong maximum principle, U(z,t) < C®(x,t) for every (z,t) € R" x R,. Let

r,mn > 0 be as in Lemma 6.16, and choose € > 0 so small that
U(z,1) < (C —e)P(x,1) for every |z| <.

Let m := minj; <, ®(x,1). Select 6 > 0 small enough that

-0
651/2 > and §Y2®(z,1) < el for all |z| > r.
m

Denote by w the function

which is a subsolution of the equation

w, + P~ (D*w) <0 in R™ x R,

Moreover,
w(z,1) < 6Y20(z,1) < e * for every |z| > r,
and
(€ -9)
w(z,1) < — 51/ O(x,t) < —n for every |z| <.

According to Corollary 6.17, for any R > 0 there exists T(R) > 1 such that
Ulz,t) < (C —0)®(x,t) provided that |z| < RVt, and t > T.
It follows that for each (z,t) € R™ x R, there exists ¢’ > 1 large enough that
T,U(z,t) < (C—06)®(x,t) forall o>o'.

According to Lemma 6.19, 7,(U) € S. Recalling (6.43), we may select V' € C'(R" x
R, ) such that up to a subsequence, 7,U — V locally uniformly in R" x R,. It is
clear that

V< (C-9)d.

According to Lemma 6.20, V' € S. O
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Proof of Theorem 6.12. According to Lemmas 6.18 and 6.21 and the definition (6.44)
of the constant C*, the function C*® is the only element of S. The proof of Theo-

rem 6.12 is complete. Il

Remark 6.22. It would be very interesting to discover a simple way to express the

constant C* appearing in Theorem 6.12 in terms of the initial data u(z,0).
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