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1. Introduction

In this paper we study morphisms and automorphisms of groupoids. Our motivation comes from the study of maps
between orbifolds and group actions on orbifolds. It is well-known that an orbifold can be considered as a Morita
equivalence class of proper étale Lie groupoids (cf. [1]). Hence, among various definitions for morphisms between orbifold
groupoids, it turns out that the orbifold homomorphism (cf. [1]) is most adapted to the purpose of understanding
maps between orbifolds. The orbifold homomorphism is the motivation of the morphism we consider in this paper
(cf. Definition 3.1). Furthermore, motivated by the study of the space of the orbifold homomorphisms in orbifold
Gromov-Witten theory [4,5], it is important to build up a groupoid structure for morphisms of groupoids. This is the
main issue we deal with in this paper.

We now outline our approach.

1.1. Morphism groupoids

Given a pair of groupoids G and H, by a morphism (cf. Definition 3.1) we mean a pair of strict morphisms

Gl K—"yH (1.1)

with i being an equivalence of groupoids. We denote the morphism by (i, K,u) : G — H.
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An arrow between two such morphisms is captured by the following diagram, with « being a natural transformation
for the diagram on the right:

We denote the arrow by (1, K, u1) — (¥1, Ko, us).
We define the (vertical) composition of arrows in Section 3.1 (cf. Construction 3.3). The main ingredient in the
construction is the fiber product of groupoids. Then we get a groupoid of morphisms (cf. Theorem 3.7)

Mor(G, H) = (Mor!(G, H) = Mor%(G, H)).

In Section 3.2, we replace the fiber product by strict fiber product (cf. Definition 2.10) to simplify the constructions. For
this purpose, we focus on full-morphisms (a morphism (v, K, u) is called a full-morphism if ° is surjective). With the
same procedure as in Section 3.1, we get a groupoid of full-morphisms (cf. Theorem 3.14)

FMor(G, H) = (FMor (G, H) = FMor°(G, H)).

We show in Theorem 3.15 that there is a natural equivalence of groupoids i : FMor(G, H) — Mor(G, H).
In Section 4, we consider the composition functors:

o : Mor(G, H) x Mor(H, N) - Mor(G,N), and o : FMor(G, H) x FMor(H, N) — FMor(G, N).
For instance, the composition of (1, K,u) : G — H and (¢, L, v) : H — N, denoted by (¢, L, v) o (¥, K, u), is given by

Yomq vormy
G+——KxyL——>N.

Furthermore, we study the horizontal composition of arrows in (1.2) to get the functor o. We show that these
compositions are associative (modulo certain canonical isomorphisms).
As an application, we study the automorphisms of G in Section 5. An automorphism of G is defined as a morphism
(¥, K, u): G — G, such that after composing with another morphism (¢, L, v) : G — G there are arrows

(W, K wo(d Lv) 5 1, and (¢, L v)o (W, K u) S 1,

where
idg idg
16 = (idg, G, idg): G¢——G ——G .

Denote by Aut’(G) the set of all automorphisms of G. We restrict Mor(G, G) to Aut’(G) to get a groupoid of automorphisms

Aut(G) of G. We show that the coarse space |Aut(G)| is a group, and the automorphism groupoid Aut(G) is a K(G)-gerbe
over |Aut(G)| (cf. Theorem 5.6). As an application we introduce a definition of group action on a groupoid G with trivial
K(G) (see Definition 5.9).

1.2. Relation with other literatures

Moderijk-Pronk [12] found the relation between effective (or reduced) orbifolds and effective orbifold groupoids, that
is an orbifold corresponds to a Morita equivalence class of effective orbifold groupoids. So there are two ways to study
effective orbifolds, one by effective orbifold groupoids, the other one by orbifold charts/atlases. See also for example [1,8]
the relation between orbifold atlases and orbifold groupoids. As the category of manifolds people also want to get a
category of orbifolds. However, it turns out that 2-category and bicategory appear naturally.

On the groupoid side, there is a 2-category 2Gpd of groupoids (or topological groupoids, or Lie groupoids or etc.),
with morphism categories consisting of strict morphisms and natural transformations. Pronk [14] proposed a method,
called right bicalculus of fractions, to construct a new bicategory A[W ~!] out of a bicategory A from a collection W
of morphisms in A that satisfies various axioms. By applying right bicalculus of fractions to 2Gpd with W being the
collection of all equivalences of groupoids, one could get a bicategory 2Gpd[W ~!] of groupoids. Tommasini revisited this
construction in [19] and constructed a bicategory of effective orbifold groupoids with W consisting of equivalence of
effective orbifold groupoids in [18]. The 1-morphisms in the resulting bicategory correspond to our morphisms (1.1).
In a bicategory obtained via right bicalculus of fractions, the compositions of 1-morphisms and 2-morphisms depend
on certain choices. In particular, although different choices for the compositions of 2-morphisms will lead to the same
bicategory when the choices for the compositions of 1-morphism are fixed, different choices for the compositions of
1-morphisms would lead to different resulting bicategories, even if they are equivalent. In this paper, we construct the
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morphism groupoids and write down the composition functor explicitly. Hence we have explicit formulae for compositions
of 1-morphisms and 2-morphisms. On the other hand, the strict fiber product gives a more geometric way to compose
full-morphisms. This would be useful for us to assign smooth structure over the morphism groupoids when we deal
with Lie groupoids. Moreover, we also show that the (horizontal) composition functors are associative under canonical
isomorphisms between fiber products. This implies that what we get are two bicategories with morphism groupoids being
Mor(G, H) and FMor(G, H) respectively.

On the orbifold charts/atlases side, Pohl [13] studied the category of effective (or reduced) orbifolds by using local
charts/orbifold atlas, Borzellino-Brunsden [2] and Schmeding [15] studied the group of orbifold diffeomorphisms of an
orbifold, where they viewed orbifold morphisms as equivalence classes of collections of local liftings that satisfy some
certain compatible conditions, which in fact corresponds to the coarse space |Aut(G)| of our construction. There is also
a 2-category of effective orbifold atlases (cf. [6,17]), which in fact corresponds to the 2-category of effective orbifold
groupoids, a sub-category of 2Gpd. Tommasini [ 18] also constructed a bicategory of effective orbifold atlases by modifying
the construction of the 2-category of effective orbifold atlases, followed his construction of bicategory of effective orbifold
groupoids.

The groupoid structure over |Mor(G, H)| constructed here gives a more concrete description of orbifold morphisms and
would be useful in the study of moduli spaces of pseudo-holomorphic curves in orbifold Gromov-Witten theory. On the
other hand, non-effective orbifolds appear naturally in orbifold Gromov-Witten theory. However, there is no easy way
to describe non-effective orbifolds. It is better to study non-effective orbifolds via orbifold groupoids. Therefore we study
the morphisms between orbifolds via groupoids in this paper.

1.3. Topological and Lie groupoids

All discussions can be easily generalized to the cases of topological groupoids and Lie groupoids. For topological
groupoids, we only need to add the continuous conditions on various maps involved. For Lie groupoids we need first
add smooth conditions on various maps involved, and then replace surjective maps by surjective submersions.

When we construct FMor(G, H) we could also consider more restrictive full-morphisms. For example when we consider
topological/Lie groupoids, we could require that in every full-morphism (¥, K, u) : G — H the ¥° : K® — G is an open
covering of G°, and K is the pull-back groupoid over K° via ¥°. Under this constraint we could make FMor(G, H) into a
topological groupoid. We discuss this issue in the Appendix.

2. Basic concepts of groupoids
For basic concepts about groupoids we refer readers to [1,9,11].
2.1. Groupoids

Let G be a small category with the set of objects denoted by G° and the set of morphisms denoted by G'. Here G! is
the collection of morphisms

¢'= || G'ab.

(a,b)eGOx GO

where G!(a, b)! is the set of morphisms from a to b. We call a morphism x € G'(a, b) an arrow from a to b, and call a and
b to be the source and the target of a respectively. We write

a=s(x), b=t(x), and x:a—b (or a - b),

where s, t : G' — GO are called the source map and the target map of the category G respectively. Denote the composition
of arrows? by

-2 GYa, b) x Gi(b,c) - G'(a,c), (x,¥)+> x-Y.

Definition 2.1. We say that G is a groupoid if

“won

(1) for any a € G°, there exists a unit 1, € G'(a, a) with respect to the composition “.”, i.e, 1, -x =x and x - 1, = x;
(2) for any x € G'(a, b), there exists a unique inverse y € G!(b, a) such that x-y = 1, and y - x = 1,. We denote y by

X

1 In literatures on category, this is denoted by Hom(a, b). In this paper, we use this notation to emphasize the groupoid structure.

2 In this paper we use the convention that the composition of arrows of a groupoid is going from left to right, not the usual notation of
composition of maps.
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Define two maps:

e the unitmapu:G® — G, ar— 1g;

e the inverse mapi: G! — G!, x— x~ ..

Therefore a groupoid G is a pair of sets (G°, G!) with structure maps (-, s, t, u, i). We may denote G by (G! = G°), where
the double arrows denote the source and target maps s and t.

If we assume that G° and G! are topological space and the structure maps are continuous, we call G a topological
groupoid.

G! defines an equivalence relation on G°: we say that
a~b < G'(a,b) # @.
We call the quotient space G°/G' to be the coarse space of G and denote it by |G|. The projection map from G° to |G| is
denoted by |-| : G° — |G|. When G is a topological groupoid, |G| is equipped with the quotient topology.
Definition 2.2. By a strict morphism from a groupoid G = (G' = G°) to a groupoid H = (H! = H®), we mean a functor
from the category G to H. We denote a strict morphism by f = (f°, f1) with
f0:6¢° - H° f':G'— H.
A strict morphism f : G — H is an isomorphism if it has an inverse strict morphism.
For a groupoid G we denote by idg = (idco, idz1) : G — G the identity strict morphism.
Definition 2.3. Letf, g: G — H be two strict morphisms. A natural transformation from f to g, denoted by f = g : G — H
or simply by f = g, is a natural transformation between the two functors.
A strict morphism from f : G — H induces a map |f| : |G| — |H| on coarse spaces. If there is an f = g : G — H, then
Ifl = Igl.
2.2. Equivalence of groupoids

Definition 2.4. Let G and H be two groupoids. A strict morphism f : G — H is called an equivalence if

| Proj
—

(1) the map t o proj, : G X0 yo H H' 5 HO is surjective;

(2) the square

G! ! H!

o |
FOxf0

GO x G0 —— "+ HY x HO.

is a fiber product.
Two groupoids G and H are Morita equivalent if there is a third groupoid K and two equivalences

el k"

Remark 2.5. We have the following two simple facts about the definition of equivalence.
(1) The first condition means that f is essentially surjective.
(2) The second condition means that f is full and faithful, that is for any a, b € G°, f! induces a bijection

f':G'a,b) — H'(f(a), f(b)). (2.1)

Consequently, consider three arrows x,y,z € H! with z = x - y, i.e. they fit into a commutative diagram

a—>

N

C7
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and @, b, ¢’ € G° such that f%(a’) = a, fO(b’) = b, f%(c’) = c. Then from (2.1) we get a commutative diagram in G'

MH 1w

¢ ——" 5y (2.2)
H )
M @) J,
c.

We state two simple facts without proofs.

Lemma 2.6. Given a natural transformation f = g : G — H, if one of f and g is an equivalence then so is the other one.

Lemma 2.7. Given a pair of equivalences G AN H 2 N, the composition ¢ o ¥ : G — N is also an equivalence.

In the following we use ¥, ¢, ¢, ... to denote equivalences, and use f, g, h,u,v,w, ... to denote general strict
morphisms.

On the other hand we have the following obvious criterion for the equivalence between a special kind of subgroupoid?
and the ambient one.

Lemma 2.8. Suppose G° C H® and G := H|co is the restriction® of H on G°. If under the map |-| : H® — |H| we have
|G°| = |H®| = [H|, then the natural inclusion i : G < H is an equivalence.

2.3. Fiber product

Let f: F— Hand g : G — H be two strict morphisms. The fiber product F x4 G (or simply F x4 G) is defined to be
a groupoid as the following (cf. [1]):

1. The object space is
(Fxy G’ =F° Xf0 0 ¢ H! X ¢ 10 g0 G® =F% xyo H' x0 G°.
An object is a triple (a, x, b), with a € F°, b € G° and x € H'(f(a), g°(b)). We draw it as

X

a >b or a :>b. (2.3)

2. Given two objects (a, x, b) and (a’, X', b’), an arrow from (a, x, b) to (d’, X', b’) consists of a pair of arrows (y, z) with
y € Fi(a,d'),z € G(b, b'), such that x - g'(z) = f1(y) - ¥/, i.e. we have the following commutative diagrams

a >b
J/l JZ (2-4)
a X » b

after all arrows are transferred into H'. Hence the arrow space is

1_ ¢l 0 1 0 1
(Fxu G) =F X0 proj, (F Xpo XH' Xpo G ) X proj,c0,s G -

Denote an arrow by (y, (a, x, b), z). The source and target maps are obvious from the diagram (2.4).
3. All other structure maps are obvious.
There are two natural strict morphisms, called projections:

7 :FxyG—F, (a,x,b)—a, (y,(a,x,b),z)ry,
m:FxyG— G, (a,x,b)—b, (y,(a,x,b),z)r z.

It is known that f o 11 and g o 7, are different up to a natural transformation.
We have the following useful result, which can be verified straightforwardly.

Lemma 2.9. When g : G — H is an equivalence, w1 : F xy G — F is an equivalence. Similarly, when f : F — H is an
equivalence, m; : F xy G — G is an equivalence.

3 Here we do not need the precise definition of sub-groupoid. One can think it as a subcategory. For explicit definition of subgroupoid see [9,
Definition 2.4 in Chapter 1].

4 This restriction groupoid G := H|g has object space G° and morphism space e peco H'(a, b) € H'. The structure maps are inherited from H
naturally.
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2.4. Strict fiber product

In this paper we will also consider a simpler version of fiber product which we call strict fiber product. Lemma 2.13
explains that under certain conditions, we may replace fiber products by strict fiber products.

Definition 2.10. Given two strict morphisms f; : G; = (G} = GY) — H = (H' = HO) for i = 1, 2, we define the strict
fiber product G, ;fLH,fZ G, (or simply G; >O<H Gy) as
Gy Xu Gy = (G} 31 G} = G® x40 GO),
where
G} xyo G = {(a,b) | f(a) = f(b) € H*}, and G} x;1 Gy = {(x.y) | f/(x) =f'(y) e H"}
are fiber products of sets.

In the following, we will sometimes also write an object in G? X o Gg in the way as (2.3). For example

1o
@
/ 0 0
a-ora € Gy xyo Gy.

There are natural strict morphisms, also called projections:
ﬁ']IG] >O<H Gz—)Gl, (a,b)'_)(L (va)'_)x

731Gy Xy Gy — Gy, (a.b) > b, (x.7) > y.

It is clear that f; o 71 = f; o 7y.
There is an injective strict morphism connecting these two kinds of fiber products

a=1(¢%q"):G; >O<H Gz — Gj xy Gy,
(a,b) > (@, Tyag. b) (2.5)
(¥, y) = (%, (8(%), To(sy), S Y)-
Set
U% :=Imq° C (Gy xy Gy)°.

Via g we could view G, ;H G, as a sub-groupoid of G; x4 G». In fact we have
Lemma 2.11. q: G; ;H Gy — (G1 xy G2)|yo is an isomorphism.

Proof. Since both ¢q° and q' are injective, we only need to show that
g': (G1 xu G2)'((a, b, (a', b)) = (G1 X1 62)'((4. Typq b, (@, Ty, D)
is surjective. Suppose we have an arrow

(X, (a, 1f10(a)’ b),y) : (a, 1f10(a)» b) - (a/v 1f10(a/)7 b/) (26)

in (G1 xu Gy)". Then f](x) - Loy = Tpo(q) -f(y) ie. fl(x) = £} (y). Hence we get an arrow (x, y) in Gy %u G, which is a
preimage of the arrow (2.6). O

Definition 2.12. An equivalence ¥ : G — H is called a full-equivalence if ¥° is surjective.

Lemma 2.13. When one of f; and f, is a full-equivalence, q : G >O<H G, — Gp xy Gy is an equivalence. In that case,
(G1 Xy G2)|yo is equivalent to Gy Xy Ga.

Proof. By Lemma 2.8 we only need to show that every object (a, x, b) € (G; xy G3)° is connected to an object in U°.
Without loss of generality, we assume that f; is a full-equivalence. Hence f10 is surjective.
Take a pre-image a’ of f(b) under f?, i.e. f2(a’) = f{(b). Then (d’, 1oy b) € U Since x : f2(a) — f{(b) = f2(a’) and

f; is an equivalence, we get a unique arrow (ff)”(x) :a — d'. Then one can see that
(7)), (@.%, b, 1) 2 (a. X, b) = (d', L0, b)

is an arrow in (G; xy G2)! that connects (a, x, b) with (¢, 1f]o(a,), b)ye U°. O
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We also have analogues of Lemmas 2.7 and 2.9.

Lemma 2.14. let iy : G — Hand ¢ : H — N both be full-equivalences. Then the composition ¢ o : G — N is also a
full-equivalence.

Lemma 2.15. When f, is a full-equivalence, 771 : G; ;H G, — Gy is a full-equivalence. When f, is a full-equivalence,
Ty : G1 Xy Gy — Gy is a full-equivalence.

2.5. Canonical isomorphisms for (strict) fiber products

Lemma 2.16. Given four strict morphisms f : H - G,g : K > G, u : K > L, and v : M — L, we have two canonical
isomorphisms and the following commutative diagram

(H ><f.G,g K) ><uoﬂz.L,v M ;> H Xf,G.gOﬂl (K ><u,L,v M)

(H ><f,G,g K) ><uorz’z.L,v M ;> H ><f,G.gon’l (K ><u,L,v M)

Lemma 2.17. For a strict morphism f : G — H, there are canonical isomorphisms H Xiq, ,, G = G = G Xgn,ia, H given by
projections.

3. Morphism groupoids

In this section for each pair (G, H) of groupoids we construct two groupoids of morphisms, Mor(G, H) and FMor(G, H).
Then we will show that these two groupoids are equivalent to each other.

3.1. Morphism groupoids via fiber products

Definition 3.1. By a morphism® from G to H, we mean two strict morphisms in the diagram

Gl K" H

with ¢ being an equivalence. We denote such a morphism by (v, K, u) : G — H, and the set of morphisms from G to H
by Mor%(G, H).

Definition 3.2. Given two morphisms (¥1, K1, uy) : G — Hand (v, Kz, uz) : G — H, an arrow (Y, Ky, uq) 5 (Y2, Ko, uy)
is a natural transformation u; o 74 =Y up o 7Ty, i.e.

K1
/ T 2
T
G K1 X6 Kz Ja H.
\ﬂl
1] u2
Kz

Denote by Mor!(G, H)(¥1, K1, u1), (2, K, u3)), the set of all arrows from (¥, Ky, u) to (2, K2, uy), and by
Mor'(G, H) := || Mor' (G, H)(¥1, K1, ur), (¥2, K, u2))
(¥i,Ki,uj)eMor®(G,H), i=1,2
the set of all arrows between morphisms from G to H.
In the following we will define the vertical® composition of arrows and show that
Mor(G, H) = (Mor (G, H) = Mor(G, H))

is a groupoid.

5 Such a morphism between orbifold groupoids is called an orbifold homomorphism (cf. [1]).

6 We use “vertical composition” to distinguish it from another composition of arrows constructed in the next section. This also fits with the
terminology in 2-category/bicategory (cf. [7,10,16]).
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Given two arrows «; € Mor1(G, H)((i, Ki, uj), (Yir1, Kiz1, uip1)) for i = 1, 2, the vertical composition
oy e ay € Mor' (G, H)((¥1, K1, uz), (3, K3, u3)),

is constructed as follow.

Construction 3.3. Set K1z = Ky Xg Ky, Koz := Ky Xg K3, Kq3 := Ky Xg K3, K12,23 = Kq2 XKy Ky3. We have the following
diagram

K K
/)‘1245 /]

K12,23 K13
(221
\U/ \U, oy e 0y?
(3.1)
Ko H
/ ﬁ(xz J{ /
Ka3 K3

in which all unmarked strict morphisms are natural projections from fiber products to their factors. Objects and arrows in Ky 23
are of the form

X z , y
k] p > kz W‘IZZ"*) k2 o > k3

AN

> X > z bl y >
k] p >k2 W‘K‘;*)kz p >k3,

with two rows being two objects in K?, ,, and all four columns combine into an arrow in K/, ,,, where

o ki, ki € KO, ky, Ky, ko, K € K9, k3, k3 € KO, and

eack], bcek), dekj, and

e X,V,X,y€G\, z,ZeK}, and

o Yl(a)-Xx=x-y (b b-Z=z-c, yj(c)- =y ¥3(d)
The strict morphism @ : Ky2.23 — Ky3 is given by

DOk, X, ko, 2, Ky, . k3) = (ki, X - 5(2) - ¥, k3),

3.3
@'(a, b, (ki, %, ko, 2, Ky, ¥, k3), ¢, d) = (a, (ki, x - $3(2) - ¥, k3), d). (33)

In the cube (3.1), the square with vertices {Ki3 23, K12, Ka3, K3} has a natural transformation between the two composed strict
morphisms from Ky, 23 to K,. By the definition of @ and projections, the two squares with vertices {K12.23, K12, K13, K1} and
{K12.23, K23, K13, K3} are commutative. Therefore five faces of the cube (3.1) have natural transformations except the face on
the very right, which is the «, e a; that we will define.

The vertical composition a1 e o : K, — H' is given by

aq e ay(ky, x, k3) = aq(kq, x1, ka) - aea(ka, X2, k3) (34)

for some splitting of x into ¥ 9(k;) W Vd(k2) = Y2(ks) in G! with k, € K and x = x;-x,. Therefore (ki, X1, kz, 1i,, ka, X2, k3)
€ K]OZ,23 and satisfies ®°(kq, X1, ka2, 1k, , ko, X2, k3) = (kq, x, k3). It is direct to verify that this definition does not depend on the

choices of the splitting of x and (Y1, Ky, uq) lhic Y (3, K3, us).

“won

Lemma 3.4. The vertical composition “e” of arrows is associative.

Proof. Take three arrows «; € Mor!(G, H)((y, Ki, u;), (Yiz1, Kip1, uipq)) fori = 1, 2, 3. First of all a; e a3 : (K7 xg K3)° —
H' is given by a1 e az(kq, X, k3) = a1 (kq, X1, ko) - aa(ka, X2, k3) with x = X7 - X,. Then (a7 @ az) @ a3 : (Kq xg K4)° — H'is
given by
(a1 ®arz) ®as(ky, x, kg) = (a1 ® ax)(ky, X1, k3) - az(ks, X2, k)
= a(kq, X11, k2) - aa(ka, X12, k3) - a3(ks, X2, ka),

with x = X11 - X12 - X2 and X1 = X11 - X12.
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Similarly oq e (az @ @3) : (Kq xg Kq)° — H! is given by
o e (o e as)(ky, x, k) = ay(kq, X1, ’~<2) cQy e 0l3(’~<2, X2, ka)
= aq(kq, X1, ’~<2) : 012(’22, X21, k3) - 013(’23, X22, Ka).

with X = X; - Xp1 - X» and X, = X1 - Xp». We could take k; = k; for i = 2, 3, and X1 = X1, X12 = X1, Xo = Xp;. Therefore
(10ar)03 = e(aye3). O

There are also unit arrows with respect to vertical composition.

Lemma 3.5. Given a morphism (¥, K, u) € Mor®(G, H), there is an arrow 1¢y k,u) that serves as the unit arrow over (¥, K, u)
with respect to the vertical composition e in Mor'(G, H).

Proof. 1y « . is a natural transformation u o 1 = u o 7y, which as a map 1¢y k) : (K Xg K)° — H!is given by
Tk %K) =u'((y")'(x). O (35)
The inverse arrow of an arrow also exists.

Lemma 3.6. Given an arrow o € Mor'(G, H)((¥1, K1, u1), (2, Ko, up)), there is a natural induced arrow o'

Mor (G, H)(¥2, K2, uz), (¥1, K1, up)) satisfying

cea = 1(y1.Kq.u1)> and o lea = 1(y3.K9,u2)-

€

We call a~! the inverse arrow of o with respective to the vertical composition e.

-1
Proof. By definition « is a natural transformation u; o7y = uy 075 : K; xg Kz — H. Then we see that u; o7 s ujomy
Kz Xa K] — His Cl_l(kz, X, k]) = O{(k], X_l, kz)_l. O

Combining Lemmas 3.4, 3.5 and 3.6 we get

Theorem 3.7. For each pair (G, H) of groupoids, Mor(G, H) is a groupoid.
3.2. Morphism groupoids via strict fiber products

Now we modify the construction in previous subsection via replacing all fiber products by strict fiber products to
construct another morphism groupoid for each pair of groupoids.

Definition 3.8. We call a morphism (¢, K, u) : G — H a full-morphism if ¢ is a full-equivalence.

We denote the set of full-morphisms from G to H by FMor®(G, H). Hence FMor®(G, H) € Mor®(G, H). We could restrict
the groupoid Mor(G, H) to FMor®(G, H) to get a groupoid. Instead, we use strict fiber products to define arrows between
full-morphisms to get a new groupoid.

Definition 3.9. For any two full-morphisms (v1, Ky, uq) : G = H and (v, Kz, uz) : G — H, an arrow (¥, Ky, uy) %
(¥, K3, uz) is a natural transformation « from the strict morphism u; o 771 to the strict morphism u; o 77, in the following
diagram

K1
141 ﬁlT uj
G K; Xg Kz o H
V2 ﬁzl u2
K2

where 77; : Kq >O<G Ky — K;, i =1, 2, are the projections.
Denote by FMor!(G, H)((1, K1, u1), (2, K2, uz)) the set of arrows from (1, K1, u1) to (12, Kz, uz), and set

FMor'(G, H) := | ] FMor'(G, H)(¥1, K1, u1), (¥2. K2, u2))
(¥i,Kj,uj)€FMor%(G,H), i=1,2
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Given two arrows between full-morphisms «; € FMor](G, H)((Yi, Ki, ui), (Wi, Kizq, uiv1)), i = 1,2, the vertical
composition
ar ey € FMor' (G, H)(¥1, K1, u1), (¥3, K3, u3))
is constructed as follows.
Construction 3.10. Set ku = Ky Xg Ky, |~<23 =Ky Xg K3, k]g =Ky Xg Ks, |~<1223 = Kqz XKy Kos. We have thefollowing
diagram
k]z K1

| <

o

/ K2 . I£ / H

with unmarked strict morphisms being natural projections from strict fiber products to their factors. An arrow of K13,»3, denoted
by (a, b, (ky, ko, ko, k3), b, c), can be illustrated in the following form

K12,23

(3.6)

I223

Y00k Tky 1y0tks)
k] > kz —_— kz > k3

[ O O >
1,04 1 1,04

~  vikg) R AR
kq > ky —— ko > k3

with two rows being two objects in K]2 53 and all four columns combine into an arrow in I~<112,23, where

o ki ke K? being objects of K; for i =1, 2, 3,
e ac K/ beKk,,ceKk; being arrows of K;, fori=1,2,3,
o Yi(a) = v (b) = ¥5(c).
The strict morphism ¥ : K323 — Ky is given by
Oky, ka, ko, k3) = (kq, ks),
wl(a, b, (ky, k2, k2, k3), b, ) = (a, c).

Then from the definition of ¥ and natural projections we see that in the cube (3.6) the three squares with vertices
{Ki2.23, K12, Ki3, Ki}, {K12,23, Ka3, K13, K3} and {Ki2,23, K12, Ka3, K2} are all commutative.
The composition « e B : I(0 — G! is given by

o e B(k1, k3) = a(ky, k) - B(k2, k3) (3.9)

foraky € K satisfying ¥(kq) = ¥3(ka) = ¥2(ks). It is direct to verify that « @ B is a natural transformation o @ B : ujof; =
us o 73, hence an arrow « e B : u; — us.

(3.8)

Similar as Lemmas 3.4, 3.5 and 3.6 we have

Lemma 3.11. The vertical composition
& : FMor!(G, H) x FMor'(G, H) — FMor'(G, H)
is associative.

Lemma 3.12. Given a full-morphism (¥, K, u) € FMor®(G, H), there is an arrow 1(y k.u) that serves as the unit arrow over
(¥, K, u) in FMor!(G, H) with respect to the vertical composition e, which is given by

Ty (K xe K = H' 1y cnk k) =u'(¥")7(1,00)):

Lemma 3.13. Given an arrow o € FMor'(G, H)((¥1, Ky, u1), (¥, Ko, up)) there is a natural induced arrow o~

FMor (G, H)((¥2, Ka, uz), (1, K1, u1)), which is given by

S

a (K xg K1 )? = HY,  a ke, ky) = a(ky, ky)~!
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It satisfies

1

aea = 1(yq.Kq.u1)> and o ea = 1(¥y.Kz,uz)-

Therefore
Theorem 3.14. For each pair (G, H) of groupoids, FMor(G, H) = (FMor!(G, H) = FMor%(G, H)) is a groupoid.
3.3. Equivalence between Mor(G, H) and FMor(G, H)

We have the following equivalence of morphism groupoids.

Theorem 3.15. There is a natural strict morphism i = (i, i') : FMor(G, H) — Mor(G, H). Moreover it is an equivalence
between groupoids.

Proof. We first construct the i. The i® : FMor®%(G, H) — Mor%(G, H) is the inclusion.
We next define i'. Take an arrow « € FMor!(G, H)((¥, K, u), (¢, L, v)), then « is a natural transformation

~ o« ~ °
uom = vom:KxgL— H.

o
By Lemma 2.13, q : K Xxg L = K Xg L, is an injective equivalence. This g together with the equalitiesuo7; =uomoq,
Vo, =vo,oq, gives rise to a canonically induced natural transformation

uo %vonz:wa_Gyd,LeH

described as follows. Since q is an equivalence, for any object b € (K x¢ L)°, there are an object a € (K xg L)° and an
arrow x : q°(a) — b in (K xg L)!. Then we set

&(b) = [(uom)'(x)]™" - a(a) - (v o) (x). (3.10)

By using the fact that « is a natural transformation, it is direct to verify that this definition of & does not depend on the
choices of a and x and is a natural transformation. Then we set i'(a) = &.

We next show that i = (i%, i) is a strict morphism and an equivalence. By the construction above °(y/, K, u) e
i%(¢, L, v). We next show that it also preserves the vertical composition. For two arrows (y/, K, u) = (o, L,v), (¥, L,v) i
(¢, M, w) in FMor!(G, H) we have oz & 8 : (K xg M) — H!, with

o e Bk, m) = alk,1)- B(l, m)
for some I e L° satisfying ¢°(I) = ¥°(k) = ¢°(m). We next show that i'(«¢ e 8) = il(a) @ i'(B8) : (K xg M)° — H,
Objects in (K xg M)° are of the form (k, x, m) with x : ¥/°(k) = ¢°(m) in G. Take an arrow in (K xg M)’
(T (") 7' (X)) : ¢k, m') — (k. x, m),
where m’ satisfies ¢°(m’) = ¥°(k) (see similar construction in the proof of Lemma 2.13). Then

(
i'(a® Bk, x, m) = [(uom) (1, (@)1 - e Bk, m') - (womp) (Th, (") (%))
=u'(1)-a e Bk, m) - w'((¢") (%)
=alk,I)- B, m) - w'((¢")'(x)
for some I' € L° such that ¥°(k) = ¢°(I') = °(m’).
On the other hand, for this I, we have (k, 1,04, ) € Imq° and (1y, (¢")"'(x)) : (I, 1,049, m') — (I', x, m) is also an
arrow in (L xg M)!. Therefore
i'(@) ®i'(B)(k, x, m)
=i'(a)(k. 1y00, [) - i'(BXI, x, m)
= i'(@)(k, Ty, I) - v o 1) (1, (@)1 I™" - BU, m') - (w0 712)! (11, (7)™ (%))
=a(k,I')-v'(1y)- B, m') - w'((e") (X))
alk, I')- B, m') - w'((¢") ().
Hence i'(x) o i'(B) = i'(a ® B). Consequently i = (i¥, i') : FMor(G, H) — Mor(G, H) is a strict morphism.
We next show that i is an equivalence. First of all, for every morphism (¥, K, u) € Mor%(G, H) there is another

morphism (idg o 71, G X K, u o 172) € Mor’(G, H). Obviously (idg o 71, G Xg K, u o 75 is a full-morphism, hence belongs
to Im i°. We claim that there is an arrow o € Mor!(G, H)(¥, K, u), (idg o0 771, G X K, u 0 15)). Now we construct the c. By
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definition « is a natural transformation uo 71 = uomy 075 : K Xg (G Xg K) = H. Set @ = (Q' = Q%) := K x5 (G xg K).
An object in Q° is of the form

X y ,
k R » (g R » k')

denoted by (k, x, g, y, k). It is mapped by u o 77 and u o 7, o 7, respectively to u°(k), u’(k’). From (k, x, g, y, k') we get
an arrow x -y : ¥%(k) — ¥9(k’) in G'. Then since v is an equivalence we get a unique arrow (Y1)~ (x-y): k — k" in K.
We define

atk,x,g,y, k) :=u (¥ x-y)=u' o (¥ x)-u o (¥ )W)

Then it is direct to check that this is the arrow we want. Hence i° is essentially surjective.
Finally we show that i is full and faithful. In fact the inverse map (i')~! of

i' : FMor'(G, H)((¥1, Ky, u1), (Y2, Ka, uz)) = Mor'(G, H)({®(¥1, K1, u1), (%2, Ka, u2))
is given by
(" ) =aoq®: (Kq ;<G Ko)° — (Kq xg K2)° — HI.
Hence i is an equivalence. O
This i : FMor(G, H) — Mor(G, H) factors through
i : FMor(G, H) — Mor(G, H)lgye0(6.1y <> Mor(G, H).

Hence all three groupoids are equivalent.

Remark 3.16. We can give another definition of e via the construction of i' and definition of . Suppose we have two
arrows in a, 8 € FMor!(G, H)(¥, K, u), (¢, L, v)), then via i' we get two arrows

i'(a),i'(B) € Mor'(G, H)(¥, K, u), (¢, L, v)).
Then we have i'(«x) o i'(8), and
asp=>")"{"(ei'(B)=("(@)ei'(B)oq’,

with ¢° : K 53 — K9 5.

In fact, the injective strict morphism q in (2.5) from strict fiber product to fiber product together with identity strict
morphisms of Ky, K3, K3, H gives us a strict morphism from the cube (3.6) to the cube (3.1), and ¥ is the composition of
@ and ¢° : KD, 55 — KD3 5.

4. Composition of morphism groupoids

In this section we show that there are natural composition functors on morphism groupoids:
o : Mor(G, H) x Mor(H, N) — Mor(G, N),
and o : FMor(G, H) x FMor(H, N) — FMor(G, N).

]

4.1. Composition functor “o

Given two morphisms (¥, K,u) : G — H and (¢, L,v) : H — N, let M := K xy L be the fiber product of u : K — H and
¢:L— H,letm;: M — Kand m, : M — L be the corresponding projections. By Lemma 2.9, 71 is an equivalence. Hence
by Lemma 2.7, ¢ o m; : M — G is also an equivalence.

Definition 4.1. The composition of (v, K, u) and (¢, L, v) is defined to be
(¢7 L,V)O(W,K,U) = (¢°7T17M,V07T2) :G—N.

This can be summarized in the following diagram
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For a groupoid G, we call

idg idg
16 := (idG,G,idg): G+<——G——G

the identity morphism of G. We also denote it by 1. However it is not the unit for composition of morphisms since
G xg H # H.
Now we describe the horizontal composition of arrows. Take two arrows

B
(Y1, K1, u1) = (Y2, Ka, uz) 2 G = H, (g1, J1,v1) = (¢2,d2,v2) : H = N.

The horizontal composition 8 o & of « and B is an arrow

Bo
(1, d1, V1) 0 (Y1, Ky, u1) 2 (2, Ja, va) o (¥, Ko, up) : G — N.

We describe the construction.

Construction 4.2. Set K2 = Ky Xg Ky, L := K1 Xy Jd1, J1i2 :=J1 X Jda, M = Ky Xy Ja, and U := L xg M. We have the
following diagram

(4.1)

Voo

The arrow B o o we want is a natural transformation S o« : vi o Ty 0 Ty => vy 0 T 0 W : U — N. An object in U° is of the
form

. X z y .
Jj1 <H ...... k1 ...... G> kZ ...... H>]2’

denoted by (j1, X, k1, z, ka, y, j2). We define the horizontal composition by

Boa(i. X, k1,2, k. y.j2) = Bli1. X" - a(ky, 2. kz) - y. Ja).
It is direct to verify that this is an arrow o « : (¢1, J1, v1) o (Y1, Ky, ug) = (@2, Ja, v2) o (¥2, K3, uz).

Lemma 4.3. Combining with composition of morphisms we get a horizontal composition functor
o : Mor(H, N) x Mor(G, H) — Mor(G, N).

So “o” is a strict morphism of groupoids.

Proof. Fori =1, 2, take
i : (Y, Kiy ui) = (Yig1, Kiga, uig1) : G — H
Bi : (#i, Ji, vi) = (Dit1, Jiv1, Vig1) t H = N.
Then we need to show that
(Broar)e(Broa) = (Brefr)o(arear).
Note that they are both defined on the object space of
Q=(Q" = Q°% = (Ky xuJ1) xg (K3 xp J3).
We first compute (81 o a1) @ (B2 o ). Take an object (ji, x, ki, z, k3, ¥, j3) € Q°. By definition
(B1oar)e (B2 0aa)i1, % ki, 2, k3, ¥,]3)
=B1oailj1, x, ki, z1, ko, w, j2) - B2 0 022, w, k2, 22, k3, ¥, J3)
for some (ky, w, jo) € (Kz x4 J2)° and z = z; - z, in G'. Then we get
(B1oar)e(az 0 Ba)i1, %, ki, 2, k3, ¥, j3)
=p1(1, x " - ea(ke, 21, ka) - w, j2) - Baliz, w - aa(ka, 22, k3) - . j3)



14 B. Chen, C-Y. Du and R. Wang / Journal of Geometry and Physics 145 (2019) 103486

Similarly

(B1 0 B2) o (a1 ®az)(1, %, k1,2, k3, ¥, j3)

= B e Balj1, X" -y @ ax(ky, 2, k3) - v, j3)

= B1 e Baljn, X - ke, 21, k) - aa(ka, 22, k3) - Y, j3)

=BG, X" -k, 21, k2) - w, j2) - BalGas w ' - a(ky, 21, ko) - . J3),
with ky, w, jo, z1, z; being same as those above. This finishes the proof. O

“_

Lemma 4.4. Under the canonical isomorphism of fiber products in Lemma 2.16, the horizontal composition functor “o” is
associative.

Proof. Take three arrows in Mor! as follows:

L Ji Ky
V1 up [ Vi 1 w1
) ”W\ ™
G o oy H Jog Jloaz 3N K Jaz M
I2 J2 Kz

with ly; = 17 Xg I, J12 = J1 Xp J2, Ki2 = Ky Xy Ky, We first consider the compositions of (1, I3, uy), (¢1,J1, vq) and
(¢1, Ky, wy). We get two compositions

(Iﬁo]‘[‘l,l] XH (J] XN K),WOJTZ O]T2) and (woﬂ] O]Tl,(ll XH J1) XN K,WOJTz).

Then via the canonical isomorphism I; xy(J1 xyK) = (11 xyJ1)xnK we could identify them. From this natural identification
we could get a natural arrow between them. We next show that via such canonical isomorphisms of fiber products, we
can also identify (a3 o a;) o &y with a3 o (arp 0 aq).

The arrow (a3 o o) o 1 is a natural transformation between strict morphisms over

A= [(l1 xp J1) xn K] X [(I2 xn J2) xn Kz]
and a3 o (ap o arq) is a natural transformation between strict morphisms over
B == [lh xu (J1 xn K1)] Xg [I2 Xp (J2 Xy K2)].

Under the canonical isomorphisms for fiber products given by Lemma 2.16 we get a canonical isomorphism A = B. In
particular, the identification over objects is given by

. x . y . X . y
(l:] ...... H>]1) N ..... » k] l:1 H> (11 ...... N> k])
zZ:G <> z G
(g oo b o) e s ko, i :> (T s ky)

We write them both as ((i1, x, j1, ¥, k1), z, (i2, X, j2, ¥, k2)). Then by definition of horizontal composition of arrows we have
(a3 0 0z) o o1((in. X, j1, ¥, k1), 2, (i2, X, o, §, ko)) = @3 0 (i, v, ke X1 - g (i, 2, i) - X, o, §, K2)
= a3(ky,y " oa(in X aalin, 2, i2) - X, j2) - 7, ka),
and
as o (o 0 o1)((i1, X, j1, ¥, k1), 2, (2, X, o, J, k2)) = ees(ke, y ™" - oz 0 (i, X, 1, 2, 12, X, J2) - §. ka)
= as(ky,y " oa(n x " aalit, 2, i2) - X, j2) - 7, ka).

Hence we could identify the two kinds of compositions of morphisms and arrows simultaneously via the canonical
isomorphisms of fiber products. This finishes the proof. O

“wn

4.2. Composition functor “o

Definition 4.5. Given two full-morphisms (v, K, u) : G — H and (¢, L, v) : H — N, the composition is defined to be

(¥, K, )3 (¢, L,v) == (¥ 0 711, K Xy L, vo 72) : G — N,
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which is summarized in the following diagram

K >y L
PR S N T Ny L A\

Now suppose we have two arrows between full-morphisms (¥, K1, uy) 2z (Y2, Ky, uz) : G — H, (¢1,J1,v1) i
(¢2,J2,v2) : H— N. The horizontal composition 8 ¢ @ should be an arrow

(@1, J1, vi)o (1, Ky, uq) LALY (@2, J2, v2) 0 (Y2, Kz, u2),

o o o
i.e. an arrow (Y o 771, Ky Xy J1, vy 0 713) ﬂ (¥y 0 79, Ky Xy Ja, vp 0 7T3).
Unlike the horizontal composition of arrows between morphisms in previous subsection, the construction of horizontal
composition of arrows between full-morphisms is slightly subtle. We now describe the construction.

Construction 4.6. Set K1 := K; Xg Ko, L := Ky Xy J1, J12 1= J1 Xu Ja, M := Ky Xy Jo, and U := L xg M. We have the
following diagram (comparing with (4.1))

The arrow B8 6 o we want is a natural transformation v o 7, o 74 ﬂ:m; Vo 0 71y o 715 : U — N. An object in Uo is of the form
(k1. j1, k2, j2) with uS(ki) = ¢9G1), ud(ka) = @3(>) in H® and (ki) = (k) in GO. It is mapped by vi o 7> o 71 and
vy 0 773 o 7, respectively to v9(j) and v3(j,). From ¥0(k1) = y2(k,) we see that (ki, k) € K%, hence we get an arrow in H'
from the arrow (Y1, K1, u1) — (¥, Ko, u)

#%01) = ud(ky) K20 10(ky) = 0(s).

This gives us an object

. a(ky,kz) .
I Y2 € (J1 X4 .y J)’.

Only if $9(i1) = ¢9(2) and a(ky, ky) = 140, we get an object

. a(ky,ka) . ~ o
I vir €% = (1 Xgy g, J2)°

In general this is not the case. However since by Lemma 2.13, the natural strict morphism q : Jiz — J1 Xg, u.¢, J2 iS an
equivalence, we could get an arrow in Jq; as follows.
Since ¢1 and ¢, are both full-equivalences, there are ji ejg, and ja 1 ej? such that

#2G21) = ¢3G2), and ¢ 2) = $Y(i).

Therefore (j1,j1.2), (j2.1,J2) ej?z. Via the equivalence ¢ o 71, (by Lemma 2.7, ¢1 o 771 is an equivalence), these two objects in
I3, are mapped respectively to ¢3(j1) and $9(j.1) = ¢3(j), which are connected by a(k, k). Hence by Remark 2.5 there is a
unique arrow in J,

.o Uprom) 1™ Halki ko)) . .
U1.J1.2) AL B (2,1, J2)-

Denote by (xo, y) = [(¢1 0 71)'1~ (a(ks, k2)).

Remark 4.7. In fact
Xo = (9]) ek, k2)), Yo = (¢3) '(a(ky, k2)).
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We now explain this. Since ¢; and ¢, are both full-equivalences, then from (ji, j»,1) and (ji.2,j2) we get unique arrows
(¢1) (k1. k2)) 1 j1 — jo1.  and () '(a(k, k2)) 2 12 = Ja-

Then by the bijections of arrows under equivalence we have
(P1) (alkr, k2)), (63) (elk, k2))) = [pr 0 1)1 ((ks, Ka)) = (X, Var)-

We can also use ¢, o 7, to get [(¢ o 72)' 17 (a(k1, k2)). However we get nothing else but
[(¢1 0 71)' 1 (a(ky, ka)) = [(p2 0 72)' 1™ (eulks, k2)) = (X, Var)-

Let us continue the construction. By applying the natural transformation B to the arrow (x,,Yy,) we get a commutative
diagram in N'

Bli1.J1,2

. ) .
U?(h) Ug(h,z)
nien )l JJ% Va)
. Bli2,1.02) .
v0(i2,1) v9(j2)

We define B3 : U° — N to be
B 5ok, jii ka, j2) = B(1.012) - v3(Va) = V{(Xa) - BU21. J2)-
It is direct to see that this definition does not depend on the choices of j1, and jo 1, and gives us an arrow (¢1, Ly, vq) o

(W1, Ky, uq) ﬁii (¢2, L2, v2) o (W2, Ko, up). This finishes the construction.

Remark 4.8. We can also get 85« via the horizontal composition in Mor! and i' in Theorem 3.15. The procedure is
similar to the way to get & from e in Remark 3.16. Given « and S as above, we get i'(«) and i!(8). Then we have

Boa=(i'(B)oi'(@))oq’
with ¢° : 0% — U°.
Via this remark we have similar results for 6 as Lemma 4.3.
Lemma 4.9. Combining with composition of full-morphisms we also get a horizontal composition functor
6 : FMor(G, H) x FMor(H, M) — FMor(G, N)

i.e. the vertical and horizontal composition of arrows between full-morphisms are compatible. Therefore o is a strict groupoid
morphism.

Similar to Lemma 4.4 we have

Lemma 4.10. The horizontal composition functor o is associative under the canonical isomorphism of strict fiber product of
three groupoids in Lemma 2.16.

5. Automorphism groupoids
In this section we study the morphism groupoid Mor(G, G) of a groupoid G.

5.1. Center of a groupoid

To study the automorphisms of groupoids we introduce a new concept of centers of groupoids. We first recall the
concept of groupoid action on spaces.

Definition 5.1. For a groupoid G and a space X, a (left) G-action on X consists of

e a map, called the anchor map, p : M — G°,
e an action map p : G' X500, M — M satisfying

p(u(x, p)) = t(x), wu(lg,p)=p, and wu(x, wy,p))= uy -x,p)

whenever the terms are well defined.
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Given an action of G on M there is an induced groupoid G x M with

(GxMP =M, (GxM)' =G x,0,M,

P
and source and target maps given by

s(x,p) =p, tx,p)= ux,p).

Other structure maps are obvious.
For a groupoid G and an object a € G° the isotropy group of a in G is I'; := G!(a, a), which is a group. Denote by Z(I7)
the center of the isotropy group I. Set

760 = U Z(I,) € G

aeG

There is a G-action on ZG°, whose anchor map and action map are
p:2G° — G, x> s(x) = t(x),
wiG xg00, 26" > ZG°, (y.x) >y x-y.
Definition 5.2. We define the center groupoid of G as ZG = G x ZG°.
There is a natural strict morphism 7 : ZG — G with 7% = p and n! given by
7' G xg00,26° > G (1,x) >y
Definition 5.3. By a section of = : ZG — G we means a section o : G° — ZG° of the projection 7° : ZG® — G such that
it is invariant under the G-action in the meaning of that for every arrow x : a — b in G'
ob)= ux,o(a)=x""-o(a)-x, ie. x-o(b)=oc(a)-x. (5.1)
We denote by K(G) the set of sections of 7 : ZG — G. It is easy to see that

Lemma 5.4. K(G) is a group.

Proof. The multiplication is induced from the composition of arrows in G. The identity for the multiplication is the unit
section 1: G° - ZG% ar (a,1,). O

We call £(G) to be the center of the groupoid G.

5.2. Automorphisms

Definition 5.5. Let (1, K, u) € Mor’(G, G). If there exist another morphism (¢, L, v) € Mor’(G, G) and two arrows
(W K w)o(d Lv) S 16, (¢, Lv)o(p.Ku) B 1
in Mor!(G, G), we call (, K, u) an automorphism of G. So is (¢, L, v).

Let Aut%(G) be the set of automorphisms of G and Aut!(G) be the induced arrows from Mor!(G, G), i.e. we have the
following groupoid

Aut(G) = (Aut'(G) = Aut’(G)) = Mor(G, G)|5,0(c)-

The main theorem of this section is:

Theorem 5.6. Aut(G) is a K(G)-gerbe over its coarse space |Aut(G)|. Moreover, |Aut(G)| is a group.

The proof of this theorem consists of Section 5.4 (See Corollary 5.12) and Section 5.5.

5.3. Group action on trivial center topological groupoids
Motivated by Theorem 5.6 we may consider group actions on topological groupoids.

Definition 5.7. The automorphism group Aut(G) of G is defined to be |Aut(G)|.
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Example 5.8 (Automorphism Groupoid of Classifying Groupoid). Consider the Classifying Groupoid [e/G] := (G = e) of
a Group G. The automorphism groupoid is equivalent to the action groupoid G x Aut(G), where Aut(G) is the group of
automorphisms of G and G acts on it by conjugation. This is a Z(G)-gerbe over the coarse space

Aut(G)/(G/Z(G)) = Aut(G)/Inn(G) = Out(G),
where Inn(G) and Out(G) are the group of inner and outer automorphisms of G.

Now suppose that G is a groupoid with trivial £(G). Then the automorphism groupoid Aut(G) is equivalent to the
group |Aut(G)|. This observation leads to the following definition.

Definition 5.9. Let K be a group and G be a groupoid with trivial X(G). A K-action on G is a morphism
(V,H,@):KxG— G

satisfying the following two conditions:

" i (V. H.®) . . ..
(1) For every k € K, the composition {k} x G & Kxa v G induces an automorphism of G, where iy is the natural
embedding. This defines a map @ : K — Aut’(G).
(2) |@]| : K — |Aut(G)| is a group homomorphism.

5.4. Isotropy groups of automorphisms

Proposition 5.10. For a (¥, K, u): G — G in Aut®(G), there is a group isomorphism
W K(G) S My, 0> 0% 1y k) (5.2)
where o x 1(y x,u) is defined by (5.3) in the proof. Hence Iy k u) is canonically isomorphic to K(G).
First we find that automorphisms of G have the following nice properties.
Lemma 5.11. Suppose (¥, K, u), (¢, L, v) € Aut’(G), and
WK wo(d Lv) 5> 16, (¢, Lv)o(¥. K u) D 16
Then the strict morphisms
uomom :(LxgK)XgG—> G, and vomom :(KxglL)xgG— G
are both equivalences. Consequently
ul : K(kq, ko) = G'(w(kq), u®(ky)), and |u|:|K| — |G
are both surjective. Same properties hold for v.
Now we proceed to prove the proposition.

Proof of Proposition 5.10. First of all we define the arrow ¥(o) = 0 * 1y ku) € I{yku)- Since it is an arrow from
(¥, K, u) to itself, it is defined over (K xg K)°® = {(kq, x, ko) | x : ¥°(k1) = ¥°(k,) in G'}. It is given by

o * 1y kw(ki, X, ka) - = o (u0(k1)) - 1y k.u(ki, x, k2) (5.3)
= o (k) - u'(v") ' (x) (Eq. (3.5)).
=u'(¥")7'(x) - o (u’(ky)), (Eq. (5.1)).

where (y1)71(x) : k; — ky is the unique arrow in K(kq, k) that is mapped to x by ¥r!. We next show o x 1(y « ) belongs
to Iy ku), i.€. it is a natural transformation u o my = uom, : K xg K — G. Take an arrow in (K xg K)!

(a, k1, X, ka), b) : (K1, %, ky) = (ki, %, ky). (5.4)

Hence v !(a)-% = x- ¥!(b) in G'. Consequently a- (y')"'(%) = ()" '(x)- b in K' and u'(a) : u®(k;) — u°(k;) in G'. Then
we have

o * 1wk, X, ko) - u'(b) = o (u®(ky)) - u'((¥")~'(x)) - u'(b)
= o (k1)) - u' (¥ (%) - b)
=o(u(ky)) - u'(a- (") '(%)
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= o (k) - u'(a) - u'(¥") (%)
=u'(a) - o(u(ky)) - u'(¥") (X)) (Eq. (5.1))
=u'(a) - o * 1y ki, &, k2).

Therefore o * 1(y ku) € I{y k.u) and hence ¥ is well defined. We next show that ¥ is a group homomorphism.
For two sections o, § € K(G) we have

(0 * 1y ku)) @ (8 % Ty kw))(ki, X, k)
=0 * 1y ku) (K1, X1, K5) - 8 % 1y k(K X2, k2)

= o (k) - u' (¥ x)) - u (¥ )7 (%)) - 8(u°(ks))
= o((k)) - u' (¥ ') - (W) () - 8(u(k2))
= o (k) - u' (¥ (3 - %)) - 8(u(ky))
= o (k) - u' (¥ ' (x)) - 8(u°(k2))
= o (k1)) - (u’(ky)) - u' (¥ 1) ')
)-u' (¥ )™ )

= (o - 8)(u’(kq)
(0 - 8)* 1y ku)ki, X, k2),

where X = X1 - Xo. Hence ¥(o) e W(8) = ¥(o - §), and ¥ is a group homomorphism
We next construct the inverse map @ of ¥. Given an arrow (¥, K, u) — (v, K, u), by applying both « and 1(y k.
the arrow (5.4) in (K x¢ K)', we get two commutative diagrams
u®(k;
J{u (b)

Iq x.ky) 1(1// Ku)(k1.X.ka)

u®(ky u®(k; u®(k;
u (a)l Ju (b) an ul(a) J
u0(ky), u(kq)

~ X 1(1/, K, )(kl %,ky)
uO(ky) u

Consequently we have
a(ky, x, k2) - 1y kuw(ke, X, ko)™ u'(a) = u'(a) - alki, %, ko) - 1(¢.K,u)(kl7 %, ky)7!
By Lemma 5.11, the map u! : K'(kq, k1) — G'(u®(k;), u®(k;)) is surjective. Therefore

a(ky, X, k2) - 1y kuw(ke, X, k) 'y =y alk, % k) - 1y .Ku) (kq, %, ky)7?

for every y € G! with s(y) = u®(kq). In particular when k; = k; = k, x = 100 K1 =k x = 10 for every
y : ud(k) — u®(k) we have
a(k, 1you. k) -y =y - a(k, 1,04, k). (5.5)

Therefore by taking k = k we see that for every k € K°, a(k, 100 k) € Z(Lyohy)-
For every a € Im (u°) take a pre-image k € K° of a under u®. We first define ®(a) on Imu® by
¢(a)(a) = (X(k, 11//0(,{), k) € Z(Fa) (5.6)

This is independent of the choices of k. Suppose there is another k' e K° satisfying u®(k’) = a. Then since u! : K'(k, k') —
G!(a, a) is surjective, there is an arrow x : k — k' in K! satisfying u'(x) = 1,, which gives us an arrow

(X, (k, ll/fO(k), k), X) : (k, 11//0(k)’ k) — (k/, lwo(k/), k,)
n (K xg K)'. By applying « to this arrow we get
alk, 100, k) - u'(x) = u'(x) - (K, 1,040, k),

i.E. a(k, 1w0(7(), k) = a(k’, 1w0(k/), k’).
We next extend ®(«) to the whole G°. Since by Lemma 5.11 |u| : |K| — |G| is surjective, every object b € G° is
connected to an object a = u°(k) € Imu® by an arrow x : a — b. We then extend ®(«) to the whole G° by

@(a)b) =x""- d(a)a)-x.

One can see that this is similar to the construction of i! in the proof of Theorem 3.15. It is also direct to check that the
definition of @(«) does not depend on various choices and it is indeed a section in K(G). It is direct to see that @ is the
inverse map of . This finishes the proof. O
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This proposition implies that all objects of the groupoid Aut(G) have isomorphic isotropy groups. Consider the following
subset of Aut!(G)

ker Aut(G) := {a € Aut'(G) | s(a) = t(@)}.

Then source and target maps restrict to a projection s = t : ker Aut(G) — Aut®(G). From the proof of Proposition 5.10 we
see that the fiber of ker Aut(G) — Aut’(G) is a group isomorphic to X(G). On the other hand, from this subset we could
construct a new groupoid (Autl(G) = Aut’(G)) with

Aut'(G) := Aut'(G)/ker Aut(G),

where the quotient is taken by identifying an arrow « € Aut!(G) with an arrow 8 e « for 8 € ker Aut(G) satisfying
s(a) = s(B). Denote the corresponding projection to quotient set by p' : Aut'(G) — Autl(G). Then we have a strict
morphism

(p". idpy0(6)) : Aut(G) — (AUE'(G) = Aut’(G)), (5.7)

which is surjective over arrows and the kernel of p' is (p!)~"(u(Aut®(G))) = ker Aut(G). Note that p' [ker aut(G)= S = t, hence
p' : kerp! — Aut’(G) is a projection with fiber isomorphic to i(G). Therefore the groupoid Aut(G) is a k(G)-gerbe’
over (tht](G) = Aut’(G)). By Proposition 5.10 we see that (Avut](G) = Aut’(G)) is equivalent to the trivial groupoid
(JAut(G)| = |Aut(G)|) which represents the space |Aut(G)|. Therefore

Corollary 5.12. The groupoid Aut(G) is a X(G)-gerbe over its coarse space |Aut(G)|.

5.5. Group structure over |Aut(G)|

In this section we show that the coarse space |Aut(G)| of the automorphism groupoid of G is a group. The proof consists
of the following five lemmas.

Lemma 5.13 (Multiplication). The composition o induces a multiplication over the coarse space |Mor(G, G)|.
Proof. Let (¥, K, u), (¥, K, u'),(4,L,v) € Mor%(G, G) and (¥, K, u) = (', K, u") be an arrow. Then we have two arrows

(see Construction 4.2)

aol(g L v) (p,Lv)ox

(¥, K, u)o (¢, L, v) — (¢, K, u) o (¢, L,v), (&, L,v)o(¥,K u) —— (¢, L, v)o (¥, K, u)
Therefore we get a well-defined multiplication |(¥, K, u)| o |(¢, L, v)| = |(¥, K, u) o (¢, L, v)| on |Mor(G, G)|. This finishes
the proof. O
Lemma 5.14 (Associativity). The induced multiplication over |Mor(G, H)| is associative.
Proof. For simplicity, here we denote morphisms by a single word. The associativity means that every triple A, B, C of
morphisms in Mor®(G) satisfies

(IAl o [B]) o |C| = |A] o (|B] o [C|).
We have shown in Lemma 4.4 that via the isomorphism of fiber products of a triple of groupoids, the composition (AoB)oC
is identified with A o (B o C). Then it is direct to construct an arrow (Ao B)o C — A o (B o C). The lemma follows. O
Lemma 5.15 (Identity). The identity in with respect to the multiplication over |Mor(G, G)| is the image of 1 = (idg, G, idg)
in |Mor(G, G)|.

@1, (¢ ,K,u) Ay, K,u),1

Proof. We construct two arrows 1g o (¥,K,u) ——— (¥, K, u), and (¥,K,u) o 1¢ ——— (¥, K, u) for every
automorphism (¥, K, u) € Aut’(G). The composed morphism (¥, K, u) o 15 is

idgomq uormry

G<«—W =G XidG»Ga‘/f K —> H.

7 Here by a K(G)-gerbe we mean a set level gerbe. It consists of a strict morphism p = (p°, p') : G — H of groupoids such that object sets
G® = HP, maps p° = ide and the fibers of the kernel kerp! — G are isomorphic to K(G) as groups.
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The arrow «ay k4,1 We want is a natural transformation in the diagram

y
1
G

4

with L = (L' = I°) := W Xi4gon;,6,¢ K- Elements in L° are of the form
, y x
Kot (g v k),

withx: g — ¥°k), and y : g — ¥°(k'). We denote it by (K, y, g, x, k). From this object we get y~1 - x : ¥°(k') — (k).
Since v is an equivalence, we get a unique arrow (¥ 1)"1(y~!-x): k' — k. We set

Ay kK, y, g x k) =u' (¥ 'y X))
Then it is direct to check that this is the arrow we want. aq ¢y k) is defined similarly. O

Lemma 5.16 (Closedness). |Aut(G)| is closed with respect to the multiplication on |Mor(G, G)|.

Proof. For simplicity, here we also denote morphisms by a single word. Suppose we have automorphisms A, B, A’, B’ €

5
Aut®(G, G) and arrows Ao A’ 5 16, A’ 0 A L 16, BoB L 16 B 0B <> 1. We next show Ao B ¢ Aut’(G). We have
arrows

(AoB)o(B' oA')—> Ao(Bo(B' oA')) - Ao((BoB)oA)

1a0(yolyr) ap 101,
— s

Ao(1goA)— (Ao1g)o A’ AoA 5 16

and

(BBoA)o(AoB)— B o(A'oc(AoB))— B o((A"0oA)oB)

1A/o(/3015) ag 4018
-

8
B'o(1lgoB)— (B o1g)oB——— B 0B = 1g,

where unmarked arrows are obtained from Lemma 4.4 and a4 ¢, o ¢ are the arrows defined in the proof of last lemma.
Therefore A o B € Aut’(G, G), and |Aut(G)| is closed under the multiplication. O

Lemma 5.17 (Inverse). Every |u| € |Aut(G)| has an inverse.

Proof. This follows from the definition of Aut®(G). O

Combining these five lemmas and noting that 15 € Aut’(G), we finish the proof of that |Aut(G)| is a group.
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Appendix. Topology on morphism groupoid

In this appendix we restrict ourselves to topological groupoids and explain how to assign topology for a morphism
groupoid. Since the general case is rather technically complicated and away from central topic of the paper, instead of
working for Mor(G, H) or FMor(G, H), we focus ourselves on a natural sub-groupoid of FMor(G, H), which we denote by
OFMor(G, H), together with certain assumption on G. We point out that such assumption does not rule out the case we are
interested in. In particular, this appendix explains how one can assign topology for the refinement morphism groupoid of
orbifold groupoids and shows that the coarse space of the automorphism groupoid of an orbifold groupoid has a natural
topological group structure.

We call a full-equivalence ¥ : K — G an open refinement, if K° is a disjoint union of open subsets of G° and K is
the pull back groupoid along the inclusion K° < G° with v being the corresponding strict morphism of groupoids. We
denote by

OFMor®(G, H) = | ] SMor(K, H)

¥:K— G, open refinement
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the set of open refinements of G. By restricting FMor(G, H) over OFMor®(G, H), we obtain a subgroupoid
OFMor(G, H) = FMor(G, H)| o0 1)

of FMor(G, H). We remark that when G and H are both orbifold groupoids, OFMor(G, H) is Morita equivalent to the
groupoid of orbifold homomorphisms (cf. [1]).

In the following we construct a natural topology over OFMor(G, H) by using compact-open topology. In later context,
the space of continuous maps C(X, Y) between two topological spaces X and Y is always assigned with the compact-open

topology.
A.1. Topology on SMor(K, H)

We first consider the topology over the groupoid
SMor(K, H) = (SMor(K, H) = Smor’(K, H))

of strict morphisms from K to H, where SMor®(K, H) is the space of all (continuous) strict morphisms from K to H, and
SMor'(K, H) is the space of all (continuous) natural transformations.
As

SMor(K, H) € C(K°, H%) x C(K', H"),

we use the induced topology over SMor®(K, H).
As

SMor!(K, H) € SMor®(K, H) x C(K°, H),

we use the induced topology over SMor!(K, H).
Lemma A.1. SMor(K, H) is a topological groupoid.

Proof. We first show that the source and target maps
S, T : SMor'(K, H) — SMor°(K, H)
are continuous. As S is the composition
SMor!(K, H) <> SMor®(K, H) x C(K°, H') 2% sMor®(K, H),

it is continuous. On the other hand, the map T(u = (1%, u'), o) = v = (v°, v!) is given by

V(x) =t(o(x), v'(g)=o(s(g)) " -u'(g)- a(t(g)).
Note that o is a section of (u°)*s : (u°)*H! — K°, and t o ¢ is the composition

t

I (W0(x).0(x)) N

H]

Hence t o o is continuous on (u°, o) since t is continuous. Similarly, since multiplication, inverse map on H', s and t are
all continuous, o(s(g))~! - ul(g) - o(t(g)) is continuous on u'.
We next consider the inverse map I : SMor'(K, H) — SMor'(K, H) and the multiplication

M : SMor!(K, H) x5 SMor'(K, H) — SMor'(K, H).

For the inverse map we have
I(u,0) = (T(u,0),07").

Hence it is continuous, since inverse map on H' is continuous. For the multiplication map we have
M((u,0), (T(u,0),0") = (u, 0 -o’).

It is continuous since the multiplication on H! is continuous.
Finally, the unit map U : SMor®(K, H) — SMor!(K, H) is given by

U(u) = (u, 1),

where 1,(x) = 1,0.,. Since 1: H® — H' is continuous, U is continuous. O
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A.2. Topology on OFMor(G, H)

Now we consider the topology over OFMor(G, H) = (OFMor(G, H) = OFMor?(G, H)). As
OFMor®(G, H) = || SMor®(K, H),

¥:K—G, open refinement

we assign OFMor°(G, H) the topology of disjoint union of topologies of each component.
We next define the topology on OFMor!(G, H). Given any two open refinements ¥ : K — G and ¢ : W — G, denote

the set of arrows from the component SMor’(K, H) to SMor®(W, H) by Mor' (v, ¢). Then

OFMor'(G, H) = |_| OFMor!(v/, ).
Vv.é

We define the topology on OFMor!(G, H) to be theodisjoint union of tgpologies of each OFMor!(v, ¢) described below.
Recall that we have the two projections 71 : K xg W — K, 15 : K xg W — W. So we have two continuous maps
7} 2 SMor®(K, H) — SMor®(K X W, H), 7} : SMor®(W, H) — SMor?(K X W, H).
Consider the map
% )« SMor(K, H) x SMor®(W, H) — SMor®(K xg W, H) x SMor®(K xg W, H)
and
S x T : SMor!(K xg W, H) — SMor®(K xg W, H) x SMor®(K xg W, H).
Then OFMor!(yr, ¢) is the fiber product of these two maps, that is
OFMor'(, ¢) = SMor’(K, H) x 1.5 SMor'(K x W, H) x1_zs SMor’(W, H).

So it inherits a topology from this fiber product.
Theorem A.2. Suppose that G° is a regular topological space, then OFMor(G, H) is a topological groupoid.

Proof. The source and target maps are

(projy., projs)
-

OFMor' (v, ¢) SMor°(K, H) x SMor’(W, H),

projections to factors, hence are continuous.
We next consider the multiplication map

M : OFMor(, ¢) x1.s OFMor!(¢, ¢) — OFMor! (v, ¢).

Take two arrows o : u — wand 8 : w — v in OFMor!(y, ¢), OFMor'(¢, ¢) respectively. Let « ® 8 : u — v be their
multiplication. Take an open neighborhood of ¢ @ 8 : u — v:

Uu XT[T,S Uasﬂ XT,T[; Uv-

We next construct two open neighborhoods of « : u - w and 8 : w — v whose images under M are contained in
Uy XT[T,S Ua;ﬁ XT,nZ* U,.

Note that by the definition of topology over SMor'(K >O<G V, H),
Uysp C SMor'(K x V. H) € SMor®(K x V, H) x C((K xg V)°, H').
So for simplicity we could assume that
Uvsp = (77U, x [A, U]) N SMor' (K xg V, H),
where
[A. UL = {f : (K %6 V)' — H' | f(A) C U} € C((K X6 V), H")

is an open set in C((K >O<G V)°, H') with A C (K >O<G V)? being a compact subset and U € H' being an open subset. We
next construct open neighborhoods of « and g.

For simplicity, we could assume that A € K, NV, with K, a component of K° and V}, a component of V°. So we can
view A C G°. Now A is covered by W° via W® — G°. Without loss of generality we could assume that A € W; N W,
since A is compact. By the assumption that G° is regular, for every x € AN W;, there is an open neighborhood Uy; € W;
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of x such that x € Uy; € Uy; € W;. These open neighborhoods form an open cover of A. So we get a finite sub-cover of
A, say Uy, 1, ..., Uy 1, Uy g2, - - -5 Ux, 2. Then we take

k n
A = UUXJ.J NA, and A, := U Uya | NA
j=1 j=k+1
Both A; and A, are compact subsets of G° and covered by W; and W, respectively. So A; and A, are compact subsets in
both (K xg W)° and (W xg V).
Now consider the open subset m~'(U) € H! x, (H', where m : H! x; ;H' — H! is the multiplication map of H. Suppose
the projections of m~!(U) to both factors of H! x, s H! are U; and U,. Note that U; and U, are both open subsets of H'

since the projections to both factors are open. Then we get two open subsets of C((K >°<G W)°, H') and C((W >°<G V)0, HY)
respectively, which are

[A1, Ui N (A, UsT = f = (K 6 W)° = H' | f(A1), f(A2) € U3},
and  [A1, Us] N [As, Us] = {f : (W X6 V)’ > H' | f(A1), f(A) € Un}.
Then one sees that
(77U, x ([A1, Ur] 0 [Ag, Uy])) N SMor' (K xg W, H)
is an open neighborhood of « in SMor!(K >O<G W, H), denoted by U,. Let U, be an open neighborhood of w. So
U, Xt U, XT3 Uw is an open neighborhood of @ : u — w in Mor(y, ¢). Similarly we get a neighborhood Ug of

in SMor!(K xg W, H)
Up = (75U x ([A1, Us] N [Ag, U])) N SMor (W xg V, H)

and an open neighborhood U,, Xat,s Ug XT3 U, of 8 : w — v in Mor(¢, ¢). Then we have

M ((Us .5 Ve %155 Un) Xprispraiy (U X5 Up X175 Ue) ) € Ua s U X1z Use

Therefore M is continuous.
The inverse map and unit map are obviously continuous. Therefore Mor(G, H) is a topological groupoid. O

One can see that the assumption that G° is regular is used to construct a finite cover of a compact set A in terms of
compact sets subject to a given open cover of A. It is more subtle to construct smooth structure over OFMor(G, H) when
G and H are Lie groupoids, and we deal with this issue in [3].

A.3. Automorphisms

We can also define automorphisms in OFMor’(G, G) in the same manner as Definition 5.5. We denote the set of all
automorphisms in OFMor®(G, G) by OAut’(G). So OAut’(G) = OFMor%(G, G) N Aut’(G). Then we also get a subgroupoid
of OFMor(G, G)

OAut(G) := OFMor(G, G) .
0Aut?(G)
Suppose G° is regular, then OFMor(G, G) is a topological groupoid by Theorem A.2. We then assign OAut(G) the induced
topology. With the quotient topology, its coarse space |OAut(G)| is also a topological space.

As in Section 5 we have a group structure over |OAut(G)|, and OAut(G) is a (set level) K(G)-gerbe over |OAut(G)|.

Remark A.3. Since now G is a topological groupoid, we could endow ZG° the subspace topology from the inclusion
ZG® C G'. Then one can see that the G-action on ZG° is topological,® hence ZG = G x ZG° is a topological groupoid. So
now K(G) consists of all continuous sections of ZG — G. We could view X(G) as a subspace of the space of continuous
sections of w : ZG® — GY, the latter one has the compact-open topology. Then we assign K(G) the induced topology, with
which K(G) becomes a topological group.

Theorem A.4. Suppose G° is regular, then OAut(G) is a topological K(G)-gerbe over |OAut(G)|.

Here by a topological X(G)-gerbe p = (p°, p') : G — H we mean that p is a strict morphism of topological groupoids,
p° = id, and the kernel ker p' is a locally trivial bundle of groups whose fiber is isomorphic to K(G).

8 A topological action of a topological groupoid on a topological space is a groupoid action for which the anchor and action maps are both
continuous.



B. Chen, C.-Y. Du and R. Wang / Journal of Geometry and Physics 145 (2019) 103486 25

Proof. First as in (5.7), Section 5.4, we have the projection
—1
p=(p", idopy0(q)) : OAUt(G) — (OAut (G) = OAut’(G)).

We only have to show that p' : kerp' — OAut’(G) is a locally trivial bundle of group with fiber isomorphic to x(G).
By the map ¥ in (5.2), Proposition 5.10, we have a map

¥ : OAut’(G) x K(G) — kerp! = ker OAut'(G).

By the same proof used in the proof of Theorem A.2 we can see that ¥ is continuous. By the map @ in (5.6),
Proposition 5.10, we see that there is also another map

@ : kerp! = ker OAut!(G) — OAut’(G) x K(G).
The map kerp' — OAut’(G) is continuous. We only have to show that the map proj, o @ : kerp! — K(G) is

continuous. This also follows from the proof used in the proof of Theorem A.2. Therefore @ is also continuous. Then
by the proof of Proposition 5.10 we see that @ is the inverse map of ¥. So they are both homeomorphisms. This shows

that kerp! is a globally trivial bundle of groups. Finally, by Proposition 5i10, ¥ gives the isomorphisms between fibers

of kerp' and K(G). Therefore p = (p', OAutO(G)) : OAut(G) — (OAut (G) = OAut’(G)) gives rise to a topological
1

(G) gerbe over (OAut (G) = OAut’(G)). On the other hand, (OAut (G) = OAut’(G)) is equivalent to its coarse space

|(0Aut (G) = OAut’(G))| = |OAut(G)], since for this groupoid the isotropy groups of objects in OAut’(G) are all trivial.
Therefore, OAut(G) is a K(G)-gerbe over |OAut(G)|. O

Remark A.5. Under the assumption that G° is locally compact, Hausdorff and G is proper étale, we explain that |OAut(G)|
is a topological group. First notice that, under the current situation there is a continuous map

OFMor’(G, G) = || SMor°(K, H) — | ] (Kl 1G]) — C%(IGl, [G]).

¥:K—G, open refinement ¥:K—G, open refinement

It is direct to see that this continuous map descends to a continuous map |OFMor(G, G)| — C°(|G|, |G|). In particular, we
get a continuous map |OAut(G)| — Homeo(|G|). From the definition of composition of morphisms in Definition 4.5 one
can see that |OAut(G)| — Homeo(|G|, |G|) is also a group homomorphism. Denote the image by Homeo.(|G|).

Under the above assumption Homeo(|G|) is a topological group w.r.t. compact-open topology. So Homeo,(|G|) is also
a topology group with induced topology.

Since G is proper étale one can show that |OAut(G)] — Homeo,(|G|, |G|) is an open covering map. So from the
commutative diagram

|OAUt(G)| X |OAut(G)| ———————  |OAut(G)|

| l

Homeo,(|G|, |G|) x Homeo,(|G|, |G]) —— Homeo.(|G], |GI)

we see that the multiplication on |OAut(G)| is continuous. Similarly, the inverse map over |OAut(G)| is also continuous.
Hence |OAut(G)| is a topological group.
Therefore when G is an orbifold groupoid, |OAut(G)| is a topological group.

References

[1] A. Adem, ]. Leida, Y. Ruan, Orbifolds and Stringy Topology, Cambridge University Press, Cambirdge, 2007.
[2] J.E. Borzellino, V. Brunsden, A manifold structure for the group of orbifold diffeomorphisms of a smooth orbifold, . Lie Theory 18 (2008)
979-1007.
[3] B. Chen, C.-Y. Du, K. Ono, Groupoid structure of moduli space of orbifold stable maps, 2019, in preparation.
[4] W. Chen, Y. Ruan, Orbifold Gromov-Witten theory, Contemp. Math. 310 (2002) 25-86.
[5] W. Chen, Y. Ruan, A new cohomology theory for orbifold, Comm. Math. Phys. 248 (2004) 1-31.
[6] C.-Y. Du, L. Shen, X. Zhao, Spark complexes on good effective orbifold atlases categorically, Theory Appl. Categ. 33 (2018) 784-812.
[7] T. Leinster, Basic bicategories, arXiv:math/9810017, 1998.
[8] E. Lupercio, B. Uribe, Gerbes over orbifolds and twisted k-theory, Comm. Math. Phys. 245 (2004) 449-489.
[9] K. Mackenzie, Lie Groupoids and Lie Algebroids in Differential Geometry, Cambridge University Press, Cambirdge, 1987.
[10] R. Meyer, C. Zhu, Groupoids in categories with pretopology, Theory Appl. Categ. 30 (2015) 1906-1998.
[11] L Moerdijk, J. Mrcun, Introduction to Foliations and Lie Groupoids, Cambridge University Press, Cambridge, 2003.
[12] L Moerdijk, D.A. Pronk, Orbifolds, sheaves and groupoids, K-Theory 12 (1) (1997) 3-21.
[13] A.D. Pohl, The category of reduced orbifolds in local charts, J. Math. Soc. Japan 69 (2) (2017) 755-800.
[14] D.A. Pronk, Etendues And stacks as bicategories of fractions, Compos. Math. 102 (1996) 243-303.
[15] A. Schmeding, The diffeomorphism group of a non-compact orbifold, Diss. Math. 507 (2015) 1-179.
[16] L. Shen, Adjunctions in quantaloid-enriched categories (Ph.D. thesis), Sichuan University, 2014.


http://refhub.elsevier.com/S0393-0440(19)30167-6/sb1
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb2
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb2
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb2
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb3
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb4
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb5
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb6
http://arxiv.org/abs/math/9810017
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb8
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb9
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb10
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb11
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb12
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb13
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb14
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb15
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb16

26 B. Chen, C-Y. Du and R. Wang / Journal of Geometry and Physics 145 (2019) 103486

[17] M. Tommasini, Orbifolds and groupoids, Topol. Appl. 159 (2012) 756-786.
[18] M. Tommasini, A bicategory of reduced orbifolds from the point of view of differential geometry, J. Geom. Phys. 108 (2016) 117-137.

[19] M. Tommasini, Some insights on bicategories of fractions: representations and compositions of 2-morphisms, Theory Appl. Categ. 31 (2016)
257-329.


http://refhub.elsevier.com/S0393-0440(19)30167-6/sb17
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb18
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb19
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb19
http://refhub.elsevier.com/S0393-0440(19)30167-6/sb19

	The groupoid structure of groupoid morphisms
	Introduction
	Morphism groupoids
	Relation with other literatures
	Topological and Lie groupoids

	Basic concepts of groupoids
	Groupoids
	Equivalence of groupoids
	Fiber product
	Strict fiber product
	Canonical isomorphisms for (strict) fiber products

	Morphism groupoids
	Morphism groupoids via fiber products
	Morphism groupoids via strict fiber products
	Equivalence between Mor(G,H) and FMor(G,H)

	Composition of morphism groupoids
	Composition functor ``''
	Composition functor ``''

	Automorphism groupoids
	Center of a groupoid
	Automorphisms
	Group action on trivial center topological groupoids
	Isotropy groups of automorphisms
	Group structure over Aut()

	Acknowledgments
	Appendix. Topology on morphism groupoid
	Topology on SMor(K,H)
	Topology on OFMor(G,H)
	Automorphisms

	References


