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Abstract We introduce a family of canonical affine connections on the contact
manifold .Q; !/, which is associated to each contact triad .Q;"; J / where " is a
contact form and J W ! ! ! is an endomorphism with J 2 D !id compatible to d".
We call a particular one in this family the contact triad connection of .Q;"; J /
and prove its existence and uniqueness. The connection is canonical in that the
pull-back connection #!r of a triad connection r becomes the triad connection of
the pull-back triad .Q;#!";#!J / for any diffeomorphism # W Q ! Q. It also
preserves both the triad metric g WD d"."; J "/ C " ˝ " and J regarded as an
endomorphism on TQ D RfX"g ˚ ! , and is characterized by its torsion properties
and the requirement that the contact form " be holomorphic in the CR-sense.
In particular, the connection restricts to a Hermitian connectionr$ on the Hermitian
vector bundle .!; J; g!/ with g! D d"."; J "/j! , which we call the contact Hermitian
connection of .!; J; g!/. These connections greatly simplify tensorial calculations
in the sequels (Oh and Wang, The Analysis of Contact Cauchy-Riemann maps
I: a priori Ck estimates and asymptotic convergence, preprint. arXiv:1212.5186,
2012; Oh and Wang, Analysis of contact instantons II: exponential convergence for
the Morse-Bott case, preprint. arXiv:1311.6196, 2013) performed in the authors’
analytic study of the map w, called contact instantons, which satisfy the nonlinear
elliptic system of equations

@
$
w D 0; d.w!" ı j / D 0

of the contact triad .Q;"; J /.
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1 Introduction

Let .Q; !/ be a 2nC1 dimensional contact manifold and a contact form " be given,
which means that the contact distribution ! is given as ker" and "^ .d"/n nowhere
vanishes. On Q, the Reeb vector field X" associated to the contact form " is the
unique vector field satisfying X"c" D 1 and X"cd" D 0. Therefore the tangent
bundle TQ has the splitting TQ D RfX"g ˚ ! . We denote by $ W TQ ! ! the
corresponding projection.

Now let J be a complex structure on ! , i.e., J W ! ! ! with J 2 D !id j! .
We extend J to TQ by defining J.X"/ D 0. We will use such J W TQ ! TQ
throughout the paper. Then we have J 2 D !˘ where˘ W TQ! TQ is the unique
idempotent with Im˘ D ! and ker˘ D R " X". We note that we have the unique
decomposition h D ".h/X" C $h for any h 2 TQ in terms of the decomposition
TQ D R "X" ˚ ! .
Definition 1 (Contact Triad Metric). Let .Q;"; J / be a contact triad. We call the
metric defined by g.h; k/ WD ".h/".k/ C d".$h; J$k/ for any h; k 2 TQ the
contact triad metric associated to the triad .Q;"; J /.

The main purpose of the present paper is to introduce the notion of the
contact triad connection of the triad .Q;"; J / which is the contact analog to
the Ehresman-Libermann’s notion of canonical connection on the almost Kähler
manifold .M;!; J /. (See [2, 3, 7, 9, 10] for general exposition on the canonical
connection.)

Theorem 1 (Contact Triad Connection). Let .Q;"; J / be any contact triad of
contact manifold .Q; !/, and g the contact triad connection.Then there exists a
unique affine connection r that has the following properties:

1. r is a Riemannian connection of the triad metric.
2. The torsion tensor of r satisfies T .X"; Y / D 0 for all Y 2 TQ.
3. rX"X" D 0 and rY X" 2 ! , for Y 2 ! .
4. r$ WD $rj! defines a Hermitian connection of the vector bundle ! ! Q with

Hermitian structure .d"; J /.
5. The ! projection, denoted by T $ WD $T , of the torsion T has vanishing .1; 1/-

component in its complexification, i.e., satisfies the following properties: for all
Y tangent to ! , T $.J Y; Y / D 0.

6. For Y 2 ! , rJ Y X" C JrY X" D 0:
We call r the contact triad connection.

Recall that the leaf space of Reeb foliations of the contact triad .Q;"; J / canon-
ically carries a (non-Hausdorff) almost Kähler structure which we denote by
. OQ;cd"; OJ /:Wewould like to note that Axioms (4) and (5) are nothing but properties
of the canonical connection on the tangent bundle of the (non-Hausdorff) almost
Kähler manifold . OQ;cd"; OJ!/ lifted to ! . (In fact, as in the almost Kähler case,
vanishing of .1; 1/-component also implies vanishing of .2; 0/-component and
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hence the torsion automatically becomes .0; 2/-type.) On the other hand, Axioms
(1)–(3) indicate this connection behaves like the Levi-Civita connection when the
Reeb direction X" get involved. Axiom (6) is an extra requirement to connect
the information in ! part and X" part, which is used to dramatically simplify our
calculation in [14, 15].

In fact, the contact triad connection is one of the R-family of affine connections
satisfying Axioms (1)–(5) with (6) replaced by

rJ Y X" C JrY X" D c Y; c 2 R:

Contact triad connection corresponds to c D 0 and the connection rLC C B1 (see
Sect. 6 for the expression of B1) corresponds to c D !1.

The contact triad connection (and also the whole R-family) we construct here
has naturality as stated below.

Corollary 1 (Naturality). Let r be the contact triad connection of the triad
.Q;"; J /. Then for any diffeomorphism # W Q ! Q, the pull-back connection
#!r is the contact triad connection associated to the triad .Q;#!";#!J /.

While our introduction of Axiom (6) is motivated by our attempt to simplify
the tensor calculations [14], it has a nice geometric interpretation in terms of
CR-geometry. (We refer to Definition 4 for the definition for CR-holomorphic
k-forms.)

Proposition 1. In the presence of other defining properties of contact triad connec-
tion, Axiom (6) is equivalent to the statement that " is holomorphic in the CR-sense.

Some motivations of the study of the canonical connection are in order. Hofer-
Wysocki-Zehnder [5, 6] derived exponential decay estimates of proper pseudoholo-
morphic curves with respect to the cylindrical almost complex structure associated
to the endomorphism J W ! ! ! in symplectization by bruit force coordinate
calculations using some special coordinates around the given Reeb orbit which
is rather complicated. Our attempt to improve the presentation of these decay
estimates, using the tensorial language, was the starting point of the research
performed in the present paper.

We do this in [14, 15] by considering a map w W Ṗ ! Q satisfying the equation

@
$
w D 0; d.w!" ı j / D 0 (1)

without involving the function a on the contact manifold Q or the symplectization.
We call such a map a contact instanton. We refer [4] for the origin of this equation
in contact geometry, as well as [14, 15] for the detailed analytic study of priori
W k;2-estimates and asymptotic convergence on punctured Riemann surfaces.

In the course of our studying the geometric analysis of such maps, we need
to simplify the tensorial calculations by choosing a special connection as in the
(almost) complex geometry. It turns out that for the purpose of taking the derivatives
of the map w several times, the contact triad connection on Q is much more
convenient and easier to keep track of various terms arising from switching the
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order of derivatives than the commonly used Levi-Civita connection. The advantage
of the contact triad connection will become even more apparent in [13] where the
Fredholm theory and the corresponding index computations in relation to Eq. (1) are
developed.

There have been several literatures that studied special connections on contact
manifolds, such as [11, 17, 18]. We make some rough comparisons between these
connections and the contact triad connection introduced in this paper.

Although all the connections mentioned above are characterized by the torsion
properties, one big difference between ours and the ones in [11,17] is that we don’t
require rJ D 0, but only r$J D 0. Notice that rJ D 0 is equivalent to both
r$J D 0 and rX" 2 R " X". Together with the metric property, rJ D 0 also
impliesrX" D 0, which is the requirement of the contact metric connection studied
in [11, Definition 3.1] as well as the so-called adapted connection considered in [17,
Sect. 4]. Our contact triad connection doesn’t satisfy this requirement in general,
and so is not in these families.

The connections considered in [11, 17] become the canonical connection when
lifted to the symplectization as an almost Kähler manifold, while our connection and
the generalized Tanaka-Webster connection considered by Tanno [18] are canonical
for the (non-Hausdorff) almost Kähler manifold . OQ;cd"; OJ!/ lifted to ! . (We remark
that some other people named their connections the generalized Tanaka-Webster
connection with different meanings.)

Difference in our connection and Tanno’s shows up in the torsion property of
T .X"; "/ among others. It would be interesting to provide the classification of
the canonical connections in a bigger family that includes both the contact triad
connection and Tanno’s generalized Tanaka-Webster connection. Since the torsion
of the triad connection is already reduced to the simplest one, we expect that it
satisfies better property on its curvature and get better results on the gauge invariant
studied in [18].

This paper is a simplified version of [16], to which we refer readers for the
complete proofs of various results given in this paper.

2 Review of the Canonical Connection of Almost
Kähler Manifold

We recall this construction of the canonical connection for almost Kähler manifolds
.M;!; J /. A nice and exhaustive discussion on the general almost Hermitian
connection is given by Gauduchon in [3] to which we refer readers for more details.
(See also [7], [12, Sect. 7.1].)

Assume .M; J; g/ an almost Hermitian manifold, which means J is an almost
complex structure J and g the metric satisfying g.J "; J "/ D g."; "/. An affine
connection r is called J -linear if rJ D 0. There always exists a J -linear
connection for a given almost complex manifold. We denote by T the torsion
tensor of r.
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Definition 2. Let .M; J; g/ be an almost Hermitian manifold. A J -linear
connection is called a (the) canonical connection (or a (the) Chern connection)
if for any for any vector field Y onM there is T .J Y; Y / D 0.

Recall that any J -linear connection extended to the complexification TCM D
TM ˝R C complex linearly preserves the splitting into T .1;0/M and T .0;1/M .
Similarly we can extend the torsion tensor T complex linearly which we denote
by TC. Following the notation of [7], we denote % D ˘ 0TC the T .1;0/M -valued
two-form, where ˘ 0 is the projection to T .1;0/M . We have the decomposition
% D %.2;0/ C %.1;1/ C %.0;2/. We can define the canonical connection in terms of
the induced connection on the complex vector bundle T .1;0/M !M . The following
lemma is easy to check by definition.

Lemma 1. An affine connectionr onM is a (the) canonical connection if and only
if the induced connection r on the complex vector bundle T .1;0/M has its complex
torsion form % D ˘ 0TC satisfy %.1;1/ D 0.

We particularly quote two theorems from Gauduchon [3], Kobayashi [7].

Theorem 2. On any almost Hermitian manifold .M; J; g/, there exists a unique
Hermitian connection r on TM leading to the canonical connection on T .1;0/M .
We call this connection the canonical Hermitian connection of .M; J; g/.

We recall that .M; J; g/ is almost-Kähler if the fundamental two-form ˚ D
g.J "; "/ is closed [8].

Theorem 3. Let .M; J; g/ be almost Kähler and r be the canonical connection of
T .1;0/M . Then %.2;0/ D 0 in addition, and hence % is of type .0; 2/.

Remark 1. It is easy to check by definition (or see [3, 7] for details) that % is of
type .0; 2/ is equivalent to say that for all vector fields Y; Z on W , T .J Y;Z/ D
T .Y; JZ/ and JT .J Y;Z/ D T .Y;Z/.

Now we describe one way of constructing the canonical connection on an almost
complex manifold described in [8, Theorem 3.4] which will be useful for our
purpose of constructing the contact analog thereof later. This connection has its
torsion which satisfies N D 4T , where N is the Nijenhuis tensor of the almost
complex structure J defined as N.X; Y / D ŒJX; J Y & ! ŒX; Y & ! J ŒX; J Y & !
J ŒJX; Y &. In particular, the complexification % D ˘ 0TC is of .0; 2/-type.

We now describe the construction of this canonical connection. Let rLC be
the Levi-Civita connection. Consider the standard averaged connection rav of
multiplication J W TM ! TM ,

ravX Y WD
rLCX Y C J"1rLCX .J Y /

2
D rLCX Y ! 1

2
J.rLCX J /Y:

We then have the following Proposition stating that this connection becomes the
canonical connection. Its proof can be found in [8, Theorem 3.4] or from Sect. 2 [3]
with a little more strengthened argument by using (3) for the metric property.
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Proposition 2. Assume that .M; g; J / is almost Kähler, i.e, the two-form
! D g.J "; "/ is closed. Then the average connection rav defines the canonical
connection of .M; g; J /, i.e., the connection is J -linear, preserves the metric and
its complexified torsion is of .0; 2/-type.

In fact, a more general construction of the canonical connection for almost
Hermitian manifold is given in [8]. We describe it and in later sections, we will
give a contact analog of this construction.

Consider the tensor fieldQ defined by

4Q.X; Y / D .rLCJ Y J /X C J..rLCY J /X/C 2J..rLCX J /Y / (2)

for vector fields X; Y onM . It turns out that when .M; g; J / is almost Kähler, i.e.,
the two form g.J "; "/ is closed, the sum of the first two terms vanish. In general,
r WD rLC !Q is the canonical connection of the almost Hermitian manifold. In
fact, we have the following lemma which explains the construction above for almost
Kähler case.

Lemma 2 ((2.2.10) [3]). Assume .M; g; J / is almost Kähler. Then

rLCJ Y J C J.rLCY J / D 0 (3)

and soQ.X; Y / D 1
2
J..rLCX J /Y /.

3 Definition of the Contact Triad Connection
and Its Consequences

In this section, we associate a particular type of affine connection onQ to the given
contact triad .Q;"; J / which we call the contact triad connection of the triple.

We recall TQ D RfX"g ˚ ! , and denote by $ W TQ ! ! the projection. Under
this splitting, we may regard a section Y of ! ! Q as a vector field Y ˚ 0. We will
just denote the latter by Y with slight abuse of notation. Define r$ the connection
of the bundle ! ! Q by r$Y D $rY .
Definition 3 (Contact Triad Connection). We call an affine connection r on
Q the contact triad connection of the contact triad .Q;"; J /, if it satisfies the
following properties:

1. r$ is a Hermitian connection of the Hermitian bundle ! over the contact
manifoldQ with Hermitian structure .d"; J /.

2. The ! projection, denoted by T $ WD $T , of the torsion T satisfies the following
properties: for all Y tangent to ! , T $.J Y; Y / D 0.

3. T .X"; Y / D 0 for all Y 2 TQ.
4. rX"X" D 0 and rY X" 2 ! , for Y 2 ! .
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5. For Y 2 ! , rJ Y X" C JrY X" D 0:
6. For any Y; Z 2 ! , hrY X"; Zi C hX";rY Zi D 0:
It follows from the definition that the contact triad connection is a Riemannian
connection of the triad metric. (The statements of this definition are equivalent
to those given in the introduction. We state properties of contact triad connection
here as above which are organized in the way how they are used in the proofs of
uniqueness and existence.)

By the second part of Axiom (4), the covariant derivative rX" restricted to ! can
be decomposed into rX" D @rX" C @

r
X", where @rX" (respectively, @

r
X") is

J -linear (respectively, J -anti-linear part). Axiom (6) then is nothing but requiring
that @rX" D 0, i.e., X" is anti J -holomorphic in the CR-sense. (It appears that
this explains the reason why Axiom (5) gives rise to dramatic simplification in our
tensor calculations performed in [14].)

One can also consider similar decompositions of one-form ". For this, we need
some digression. Define J˛ for a k-form ˛ by the formula J˛.Y1; " " " ; Yk/ D
˛.J Y1; " " " ; J Yk/.
Definition 4. Let .Q;"; J / be a contact triad. We call a k-form isCR-holomorphic
if ˛ satisfies

rX"˛ D 0; (4)

rY ˛ C JrJ Y ˛ D 0 for Y 2 !: (5)

Proposition 3. Axiom (5) is equivalent to the statement that " is holomorphic in the
CR-sense in the presence of other defining properties of contact triad connection.

Proof. We first prove rX"" D 0 by evaluating it against vector fields on Q. For
X", the first half of Axiom (4) gives rise to rX"".X"/ D !".rX"X"/ D 0. For the
vector field Y 2 ! , we compute

rX"".Y / D !".rX"Y /
D !".rY X" C ŒX"; Y &C T .X"; Y //
D !".rY X"/ ! ".ŒX"; Y &/ ! ".T .X"; Y //:

Here the third term vanishes by Axiom (3), the first term by the second part of
Axiom (4) and the second term vanishes since

".ŒX"; Y &/ D ".LX"Y / D X"Œ".Y /& !LX"".Y / D 0 ! 0 D 0:

Here the first vanishes since Y 2 ! and the second because LX"" D 0 by the
definition of the Reeb vector field. This proves (4).

We next compute JrY " for Y 2 ! . For a vector field Z 2 ! ,
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.JrY "/.Z/ D .rY "/.JZ/ D rY .".JZ// ! ".rY .JZ// D !".rY .JZ//

since ".JZ/ D 0 for the last equality. Then by the definitions of the Reeb vector
field and the triad metric and the skew-symmetry of J , we derive

!".rY .JZ// D !hrY .JZ/;X"i D hJZ;rY X"i D !hZ; JrY X"i:

Finally, applying (6), we obtain

!hZ; JrY X"i D hZ;rJ Y X"i D !hrJ Y Z;X"i D !".rJ Y Z/ D .rJ Y "/.Z/:

Combining the above, we have derived J.rY "/.Z/ D rJ Y ".Z/ for all Z 2 ! . On
the other hand, for X", we evaluate

J.rY "/.X"/ D rY ".JX"/ D rY ".0/ D 0:

We also compute rJ Y ".X"/ D LJ Y .".X"//!".rJ Y X"//: The first term vanishes
since ".X"/ # 1 and the second vanishes since rJ Y X" 2 ! by the second part of
Axiom (4). Therefore we have derived (5).

Combining (4) and (5), we have proved that Axiom (5) implies " is holomorphic
in the CR-sense. The converse can be proved by reading the above proof backwards.

From now on, when we refer Axioms, we mean the properties in Definition 3. One
very interesting consequence of this uniqueness is the following naturality result of
the contact-triad connection.

Theorem 4 (Naturality). Let r be the contact triad connection of the triad
.Q;"; J /. For any diffeomorphism # W Q ! Q, the pull-back connection #!r
is the contact triad connection associated to the triad .Q;#!";#!J /.

Proof. A straightforward computation shows that the pull-back connection #!r sat-
isfies all Axioms (1)–(6) for the triad .Q;#!";#!J /. Therefore by the uniqueness,
#!r is the canonical connection.

Remark 2. An easy examination of the proof of Theorem 4 shows that the naturality
property stated in Theorem 4 also holds for the one-parameter family of connections
for all c 2 R (see Sect. 4) among which the canonical connection corresponds to
c D 0.

4 Proof of the Uniqueness of the Contact Triad Connection

In this section, we give the uniqueness proof by analyzing the first structure equation
and showing how every axiom determines the connection one forms. In the next two
sections, we explicitly construct a connection by carefully examining properties
of the Levi-Civita connection and modifying the constructions in [7, 8] for the
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canonical connection, and then show it satisfies all the requirements and thus the
unique contact triad connection.

We are going to prove the existence and uniqueness for a more general family of
connections. First, we generalize the Axiom (5) to the following Axiom: For Y 2 ! ,

rJ Y X" C JrY X" 2 R " Y; (6)

and we denote by Axiom (5; c): For a given c 2 R,

rJ Y X" C JrY X" D c Y; Y 2 !: (7)

In particular, Axiom (5) corresponds to Axiom (5; 0).

Theorem 5. For any c 2 R, there exists a unique connection satisfies Axiom (1)–
(4), (6) and (5; c).

Proof (Uniqueness). Choose a moving frame of TQ D RfX"g ˚ ! given by
fX"; E1; " " " ; En; JE1; " " " ; JEng and denote its dual co-frame by f"; ˛1; " " " ; ˛n;
ˇ1; " " " ; ˇng. (We use the Einstein summation convention to denote the sum of upper
indices and lower indices in this paper.) Assume the connection matrix is .˝i

j /,
i; j D 0; 1; : : : ; 2n, and we write the first structure equations as follows

d" D !˝0
0 ^ " !˝0

k ^ ˛k !˝0
nCk ^ ˇk C T 0

d˛j D !˝j
0 ^ " !˝

j
k ^ ˛k !˝

j
nCk ^ ˇk C T j

dˇj D !˝nCj
0 ^ " !˝nCj

k ^ ˛k !˝nCj
nCk ^ ˇk C T nCj

Throughout the section, if not stated otherwise, we let i , j and k take values from 1
to n. Denote

˝u
v D ' u

0;v"C ' u
k;v˛

k C ' u
nCk;vˇ

k

where u; v D 0; 1; " " " ; 2n. We will analyze each axiom in Definition 3 and show
how they set down the matrix of connection one forms.

We first state that Axioms (1) and (2) uniquely determine .˝i
j j!/i;jD1;### ;2n. This

is exactly the same as Kobayashi’s proof for the uniqueness of Hermitian connection
given in [7]. To be more specific, we can restrict the first structure equation to ! and
get the following equations for ˛ and ˇ since ! is the kernel of ".

d˛j D !˝j
k j! ^ ˛k !˝

j
nCkj! ^ ˇk C T j j!

dˇj D !˝nCj
k j! ^ ˛k !˝nCj

nCk j! ^ ˇk C T nCj j!

We can see .˝i
j j!/i;jD1;### ;2n is skew-Hermitian from Axiom (1). We also notice

that from the Remark 1 that Axiom (2) is equivalent to say that %.1;1/ D 0, where
% D ˘ 0TC. Then one can strictly follow Kobayashi’s proof of Theorem 2 in [7] and
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get .˝i
j j!/i;jD1;### ;2n are uniquely determined. For this part, we refer readers to the

proofs of [7, Theorems 1.1 and 2.1].
In the rest of the proof, we will clarify how the Axioms (3), (4), (5;c), (6)

uniquely determine ˝0
# , ˝

#
0 and .˝

i
j .X"//i;jD1;### ;2n. Compute the first equality in

Axiom (4) and we get

rX"X" D ' 0
0;0X" C ' k

0;0Ek C ' nCk
0;0 JEk D 0:

Hence

' 0
0;0 D 0; ' k

0;0 D 0; ' nCk
0;0 D 0 (8)

The second claim in Axiom (4) is equal to say

rEkX" 2 !; rJEkX" 2 !: (9)

Similar calculation shows that

' 0
k;0 D 0; ' 0

nCk;0 D 0: (10)

Now the first vanishing in (8) together with (10) uniquely settle down

˝0
0 D ' 0

0;0"C ' 0
k;0˛

k C ' 0
nCk;0ˇ

k D 0:

The vanishing of second and third equality in (8) will be used to determine ˝0 in
the later part. From Axiom (3), we can get

' k
j;0 ! ' k

0;j D hŒEj ; X"&; Eki D !hLX"Ej ;Eki (11)

' k
nCj;0 ! ' k

0;nCj D hŒJEj ;X"&; Eki D !hLX".JEj /; Eki (12)

and

' nCk
j;0 ! ' nCk

0;j D hŒEj ; X"&; JEki D !hLX"Ej ; JEki (13)

' nCk
nCj;0 ! ' nCk

0;nCj D hŒEj ; X"&; JEki D !hLX".JEj /; JEki: (14)

From Axiom (5; c), we have

' k
j;0 C ' nCk

nCj;0 D 0 (15)

' nCk
j;0 ! ' k

nCj;0 D !cıj;k: (16)

Now we show how to determine ˝j
0 for j D 1; : : : ; 2n. For this purpose, we

calculate ' k
j;0. First, by using (15), we write '

k
j;0 D 1

2
' k
j;0 ! 1

2
' nCk
nCj;0.
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Furthermore, using (11) and (14), we have

' k
j;0 D

1

2
' k
j;0 !

1

2
' nCk
nCj;0

D 1

2
.' k

0;j ! hLX"Ej ;Eki/ !
1

2
.' nCk

0;nCj ! hLX".JEj /; JEki/

D 1

2
.' k

0;j ! ' nCk
0;nCj / !

1

2
.hLX"Ej ;Eki ! hLX".JEj /; JEki/

D 1

2
.' k

0;j ! ' nCk
0;nCj / !

1

2
hLX"Ej C JLX".JEj /; Eki

D 1

2
.' k

0;j ! ' nCk
0;nCj / !

1

2
hJ.LX"J /Ej ;Eki

D 1

2
.' k

0;j ! ' nCk
0;nCj /C

1

2
h.LX"J /JEj ;Eki

Notice the first term vanishes by Axiom (2). In particular, that is from rX"J D 0.
Hence we get

' k
j;0 D

1

2
h.LX"J /JEj ;Eki: (17)

Following the same idea, we use (16) and will get

' nCk
j;0 D !1

2
cıjk C

1

2
h.LX"J /JEj ; JEki:

Then substituting this into (15) and (16), we have

' k
nCj;0 D

1

2
cıjk C

1

2
h.LX"J /JEj ; JEki D

1

2
cıjk !

1

2
h.LX"J /Ej ;Eki:

and

' nCk
nCj;0 D !

1

2
h.LX"J /JEj ;Eki D

1

2
h.LX"J /Ej ; JEki:

Together with (8), ˝0 is uniquely determined by this way.
Furthermore (11)–(14), uniquely determine ˝i

j .X"/ for i; j D 1; : : : ; 2n.
Notice that for any Y 2 ! , we derive rX"Y 2 ! from Axiom (3). This is because

the axiom implies rX"Y D rY X" C LX"Y and the latter is contained in !: the
second part of Axiom (4) implies rY X" 2 ! and the Lie derivative along the Reeb
vector field preserves the contact structure ! . It then follows that ' 0

0;l D 0 for
l D 1; : : : ; 2n. At the same time, Axiom (6) implies ' 0

j;k D !' k
j;0: for j;

k D 1; : : : ; 2n. Hence together with (10), ˝0 is uniquely determined. This finishes
the proof.
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We end this section by giving a summary of the procedure we take in the proof of
uniqueness which actually indicates a way how to construct this connection in later
sections.

First, we use the Hermitian connection property, i.e., Axiom (1) and torsion
property Axiom (2), i.e., T $ j! has vanishing .1; 1/ part, to uniquely fix the
connection on ! projection of r when taking values on ! .

Then we use the metric property hX";rY ZiChrY X"; Zi D 0; for any Y;Z 2 ! ,
to determine the X" component of r when taking values in ! .

To do this, we need the information of rY X". As mentioned before the second
part of Axiom (4) enables us to decomposerX" D @rX"C@

r
X". The requirement

rX"J D 0 in Axiom (1) implies rX".J Y / ! JrX"Y D 0: Axiom (3), the torsion
property T .X"; Y / D 0, then interprets this one into

rJ Y X" ! JrY X" D !.LX"J /Y

which is also equivalent to saying

J@
r
Y X" D

1

2
.LX"J /Y or @

r
Y X" D

1

2
.LX"J /J Y: (18)

It turns out that we can vary Axiom (5) by replacing it to (5;c)

rJ Y X" C JrY X" D cY; or equivalently @rY XY D
c

2
Y (19)

for any given real number c. This way we shall have one-parameter family of affine
connections parameterized byR each of which satisfies Axioms (1)–(4) and (6) with
(5) replaced by (5;c).

When c is fixed, i.e., under Axiom (5; c), we can uniquely determine rY X" to be

rY X" D !
1

2
cJ Y C 1

2
.LX"J /J Y:

Therefore, rY ; Y 2 ! is uniquely determined in this process by getting the formula
of rY X" when combined with the torsion property. Then the remaining property
rX"X" D 0 now completely determines the connection.

5 Properties of the Levi-Civita Connection
on Contact Manifolds

From the discussion in previous sections, the only thing left to do for the existence
of the contact triad connection is to globally define a connection such that it can
patch the ! part of rj! and the X" part of it. In particular, we seek for a connection
that satisfies the following properties:
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1. it satisfies all the algebraic properties of the canonical connection of almost
Kähler manifold [7] when restricted to ! .

2. it satisfies metric property and has vanishing torsion in X" direction.

The presence of such a construction is a manifestation of delicate interplay between
the geometric structures ! , ", and J in the geometry of contact triads .Q;"; J /.
In this regard, the closeness of d" and the definition of Reeb vector field X" play
important roles. In particular d" plays the role similar to that of the fundamental
two-form ˚ in the case of almost Kähler manifold [8] (in a non-strict sense) in that
it is closed.

This interplay is reflected already in several basic properties of the Levi-Civita
connection of the contact triad metric exposed in this section. We list these
properties but skip most proofs of them in this section since most results are well-
known in Blair’s book [1]. We also refer readers to [16] for the complete proof with
the same convention.

Recall that we have extend J to TQ by defining J.X"/ D 0. Denote by ˘ W
TQ ! TQ the idempotent associated to the projection $ W TQ ! ! , i.e., the
endomorphism satisfying ˘2 D ˘ , Im˘ D ! , and ker˘ D RfX"g.

We have now J 2 D !˘ . Moreover, for any connection r onQ,

.rJ /J D !.r˘/ ! J.rJ /: (20)

Notice for Y 2 ! , we have

˘.r˘/Y D 0; .r˘/X" D !˘rX": (21)

Denote the triad metric g as h"; "i. By definition, we have

hX; Y i D d".X; J Y /C ".X/".Y /
d".X; Y / D d".JX; J Y /

which gives rise to the following identities

Lemma 3. For all X; Y in TQ, hJX; J Y i D d".X; J Y /, hX; J Y i D
!d".X; Y /, and hJX; Y i D !hX; J Y i.

However, we remark hJX; J Y i ¤ hX; Y i in general now, and hence there is no
obvious analog of the fundamental 2 form ˚ defined as in [8] for the contact case.
This is the main reason that is responsible for the differences arising in the various
relevant formulae between the contact case and the almost Hermitian case.

The following preparation lemma says that the linear operatorLX"J is symmet-
ric with respect to the metric g D h"; "i.
Lemma 4 (Lemma 6.2 [1]). For Y;Z 2 ! , h.LX"J /Y;Zi D hY; .LX"J /Zi.
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The following simple but interesting lemma shows that the Reeb foliation is
a geodesic foliation for the Levi-Civita connection (and so for the contact triad
connection) of the contact triad metric.

Lemma 5 ([1]). For any vector field Z onQ,

rLCZ X" 2 !; (22)

and

rLCX" X" D 0: (23)

Next we state the following lemma which is the contact analog to the Prop 4.2
in [8] for the almost Hermitian case. The proof of this lemma can be also extracted
from [1, Corollary 6.1] and so we skip it but refer [16] for details.

Lemma 6. Consider the Nijenhuis tensor N defined by

N.X; Y / D ŒJX; J Y & ! ŒX; Y & ! J ŒX; J Y & ! J ŒJX; Y &

as in the almost complex case. For all X; Y and Z in TQ,

2h.rLCX J /Y;Zi D hN.Y;Z/; JXi
!hJX; J Y i".Z/C hJX; JZi".Y /

In particular, we obtain the following corollary.

Corollary 2. For Y;Z 2 ! ,

2h.rLCY J /X"; Zi D !h.LX"J /Z; Y i C hY;Zi
2h.rLCY J /Z;X"i D h.LX"J /Z; Y i ! hY;Zi
2h.rLCX J /Y;Zi D hN.Y;Z/; JXi:

Proof. This is a direct corollary from Lemma 6 except that we also use

N.X"; Z/ D !J.LX"J /Z (24)

N.Z;X"/ D J.LX"J /Z: (25)

for the first two conclusions.

Straightforward calculations give the following lemma which is the contact
analog of the fact that the Nijenhuis tensor is of .0; 2/-type.
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Lemma 7. For Y;Z 2 ! ,

JN.Y; JZ/ !˘N.Y;Z/ D 0
˘N.Y; JZ/C˘N.Z; J Y / D 0:

Together with the last equality in Corollary 2 and Lemma 7, we obtain the
following lemma, which is the contact analog to Lemma 2.
Lemma 8.

˘.rLCJ Y J /X C J.rLCY J /X D 0: (26)

The following result is an immediate but important corollary of Corollary 2 and
the property rX"X" D 0 of X", which plays an essential role in our construction of
the contact triad connection.

Proposition 4 (Corollary 6.1 [1]). rLCX" J D 0.
The following is equivalent to the second part of Lemma 6.2 [1] after taking into

consideration of different sign convention of the definition of compatibility of J
and d".

Lemma 9 (Lemma 6.2 [1]). For any Y 2 ! , we have rLCY X" D 1
2
J Y C

1
2
.LX"J /J Y .

6 Existence of the Contact Triad Connection

In this section, we establish the existence theorem of the contact triad connection in
two stages.

Before we give the construction, we first remark the relationship between the
connections of two different c’s. Denote by r"Ic the unique connection associated
to the constant c, which we are going to construct. The following proposition shows
that r"Ic and r"Ic0 for two different nonzero constants with the same parity are
essentially the same in that it arises from the scale change of the contact form. We
skip the proof since it is straightforward.

Proposition 5. Let .Q;"; J / be a contact triad and consider the triad .Q; a"; J /
for a constant a > 0. Then ra"I1 D r"Ia.

In regard to this proposition, one could say that for each given contact structure
.Q; !/, there are essentially two inequivalent r0; r1 (respectively three, r0; r1
and r"1, if one fixes the orientation) choice of triad connections for each given
projective equivalence class of the contact triad .Q;"; J /. In this regard, the
connection r0 is essentially different from others in that this argument of scaling
procedure of contact form " does not apply to the case a D 0 since it would lead
to the zero form 0 "". This proposition also reduces the construction essentially two
connections of r"I0 and r"I1 (or r"I"1).
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In the rest of this section, we will explicitly construct r"I"1 and r"Ic in two
stages, by construct the potential tensor B from the Levi-Civita connection, i.e., by
adding suitable tensors B to get rB D rLC C B WD rLC C B1 C B2.

In the first stage, motivated by the construction of the canonical connection on
almost Kähler manifold and use the properties of the Levi-Civita connection we
extracted in the previous section, we construct the connection r tmpI1 and show that
it satisfies Axioms (1)–(4), (5;!1), (6).

In the second stage, we modify r tmpI1 to get r tmpI2 by deforming the property
(5;!1) thereof to (5;c) leaving other properties of r tmpI1 intact. This r tmpI2 then
satisfies all the axioms in Definition 3.

6.1 Modification 1; r tmpI1

Define an affine connection r tmpI1 by the formula

r tmpI1Z1
Z2 D rLCZ1 Z2 !˘P.˘Z1;˘Z2/

where the bilinear map P W ' .TQ/ $ ' .TQ/ ! ' .TQ/ over C1.Q/ is defined
by

4P.X; Y / D .rLCJ Y J /X C J..rLCY J /X/C 2J..rLCX J /Y / (27)

for vector fieldsX; Y inQ. (To avoid confusion with our notationQ for the contact
manifold and to highlight that P is not the same tensor field asQ but is the contact
analog thereof, we use P instead for its notation.) From (26), we have now

˘P.˘Z1;˘Z2/ D
1

2
J..rLC˘Z1J /˘Z2/:

According to the remark made in the beginning of the section, we choose B1 to be

B1.Z1;Z2/ D !˘P.˘Z1;˘Z2/ D !
1

2
J..rLC˘Z1J /˘Z2/: (28)

First we consider the induced vector bundle connection on the Hermitian bundle
! ! Q, which we denote by r tmpI1;$ : it is defined by

r tmpI1;$X Y WD $r tmpI1X Y (29)

for a vector field Y tangent to ! , i.e., a section of ! for arbitrary vector field X on
Q. We now prove the J linearity of r tmpI1;$ .
Lemma 10. Let $ W TQ! ! be the projection. Thenr tmpI1;$X .J Y / D Jr tmpI1;$X Y
for Y 2 ! and all X 2 TQ.
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Proof. For X 2 ! ,

r tmpI1X .J Y / D rLCX .J Y / !˘P.X; J Y /

D .JrLCX Y C .rLCX J /Y / ! 1
2
J..rLCX J /J Y /

D JrLCX Y C .rLCX J /Y ! 1
2
˘..rLCX J /Y /C 1

2
J..rLCX ˘/Y / (30)

D JrLCX Y C .rLCX J /Y ! 1
2
˘..rLCX J /Y /

where we use (20) to get the last two terms in the third equality and use (21) to see
that the last term in (30) vanishes. Hence,

$r tmpI1X .J Y / D $r tmpI1X .J Y / D JrLCX Y C 1

2
$..rLCX J /Y /:

On the other hand, we compute

J$r tmpI1X Y D J
!
rLCX Y ! 1

2
J..rLCX J /Y /

"
D JrLCX Y C 1

2
$..rLCX J /Y /:

Hence we have now $r tmpI1X .J Y / D J$r tmpI1X Y for X; Y 2 ! .
On the other hand, we notice that r tmpI1X"

Y D rLCX" Y . By using Proposition 4,

the equality $r tmpI1X .J Y / D J$r tmpI1X Y also holds for X D X", and we are done
with the proof.

Next we study the metric property of r tmpI1 by computing hr tmpI1X Y;Zi C
hY;r tmpI1X Zi for arbitrary X; Y;Z 2 TQ.

Using the metric property of the Levi-Civita connection, we derive

hr tmpI1X Y;Zi C hY;r tmpI1X Zi !XhY;Zi

D hrLCX Y;Zi C hY;rLCX Zi !XhY;Zi ! h˘P.˘X;˘Y /;Zi ! hY;˘P.˘X;˘Z/i
D !h˘P.˘X;˘Y /;Zi ! hY;˘P.˘X;˘Z/i; (31)

The following lemma shows that when X; Y;Z 2 ! this last line vanishes. This
is the contact analog to Proposition 2 whose proof is also similar thereto this time
based on Lemma 7. Since we work in the contact case for which we cannot directly
quote its proof here, we give complete proof for readers’ convenience.

Lemma 11. For X; Y;Z 2 ! , hP.X; Y /;Zi C hY; P.X;Z/i D 0: In particular,

hr tmpI1X Y;Zi C hY;r tmpI1X Zi D XhY;Zi:
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Proof. We compute for X; Y;Z 2 ! ,

hP.X; Y /;Zi C hY; P.X;Z/i

D 1

2
hJ..rLCX J /Y /;Zi C 1

2
hY; J..rLCX J /Z/i

D !1
2
h.rLCX J /Y; JZi ! 1

2
hJ Y; .rLCX J /Zi

D !1
4
hN.Y; JZ/; JXi ! 1

4
hN.Z; J Y /; JXi (32)

D !1
4
h˘N.Y; JZ/C˘N.Z; J Y /; JXi D 0; (33)

where we use the third equality of Corollary 2 for (32) and use the second equality
of Lemma 7 for the vanishing of (33).

Now, we are ready to state the following proposition.

Proposition 6. The vector bundle connection r tmpI1;$ WD $r tmpI1 is an Hermitian
connection of the Hermitian bundle ! ! Q.

Proof. What is now left to show is that for any Y; Z 2 ! ,

hr tmpI1X"
Y;Zi C hY;r tmpI1X"

Zi D X"hY;Zi;

which immediately follows from our construction of r tmpI1 since

r tmpI1X"
Y D rLCX" Y; r

tmpI1
X"

Z D rLCX" Z:

With direct calculation, one can check the metric property when the Reeb direction
gets involved.

Lemma 12. For Y; Z 2 ! , hr tmpI1Y X"; Zi C hX";r tmpI1Y Zi D 0.
Now we study the torsion property of r tmpI1. Denote the torsion of r tmpI1 by

T tmpI1. Similar as for the almost Hermitian case, define%$ D ˘ 0T tmpI1;$C . Here we
decompose

T tmpI1j! D $T tmpI1j! C ".T tmpI1;$ j!/X"

and denote T tmpI1;$ j! WD $T tmpI1;$ j! , The proof of the following lemma follows
essentially the same strategy as that of the proof of [8, Theorem 3.4]. We give the
complete proof for readers’ convenience.

Lemma 13. For Y 2 ! , T tmpI1.X"; Y / D 0; and

T tmpI1;$ j! D
1

4
N $ j! ; ".T tmpI1j!/ D 0:
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In particular, %$ j! is of .0; 2/ form.
Proof. Since r tmpI1 D rLC ! ˘P.˘;˘/ and rLC is torsion free, we derive for
Y; Z 2 ! ,

T tmpI1.Y;Z/ D T LC .Y;Z/ !˘P.Y;Z/C˘P.Z; Y /

D 1

2
JrLCY JZ ! 1

2
JrLCZ J Y:

from the general torsion formula.
Next we calculate !˘P.˘Y;˘Z/C˘P.˘Z;˘Y / using the formula

1

2
JrLCY JZ ! 1

2
JrLCZ J Y D 1

4
$.ŒJ Y; JZ& ! $ŒY;Z& ! J ŒJ Y;Z& ! J ŒY; JZ&/

D 1

4
$N.Y;Z/:

This follows from the general formula

!P.Y;Z/CP.Z; Y / D 1

4
.ŒJ Y; JZ&!˘ŒY;Z&!J ŒJ Y;Z&!J ŒY; JZ&/; (34)

whose derivation we refer [16, Appendix].
On the other hand, since the added terms to rLC only involves !-directions, the

X"-component of the torsion does not change and so

".T tmpI1j!/ D ".T LC j!/ D 0:
This finishes the proof.

From the definition of r tmpI1, we have the following lemma from the properties
of the Levi-Civita connection in Proposition 5.

Lemma 14. r tmpI1X"
X" D 0 and r tmpI1Y X" 2 ! for any Y 2 ! .

We also get the following property by using Lemma 9 for Levi-Civita connection.

Lemma 15. For any Y 2 ! , we have r tmpI1Y X" D 1
2
J Y C 1

2
.LX"J /J Y .

We end the construction of r tmpI1 by summarizing that r tmpI1 satisfies Axioms
(1)–(4),(6) and (5;!1), i.e., r tmpI1 D r"I"1.

6.2 Modification 2; r tmpI2

Now we introduce another modification r tmpI2 starting from r tmpI1 to make it
satisfy Axiom (5;c) and preserve other axioms for any given constant c 2 R. We
define r tmpI2 D r tmpI1 C B2 for the tensor B2 given as
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B2.Z1;Z2/ D
1

2
.1C c/ .! hZ2;X"iJZ1 ! hZ1;X"iJZ2 C hJZ1;Z2iX"/ :

(35)

Proposition 7. The connection r tmpI2 satisfies all the properties of the canonical
connection with constant c. In particular r WD r tmpI2 with c D 0 is the contact
triad connection.

Proof. The checking of all Axioms are straightforward, and we only do it for Axiom
(5;c) here.

r tmpI2J Y X" C Jr tmpI2Y X"

D r tmpI1J Y X" !
1

2
.1C c/ JJ Y C Jr tmpI1Y X" ! J

1

2
.1C c/ J Y

D !Y C .1C c/Y D cY:

Before ending this section, we restate the following properties which will be use-
ful for calculations involving contact Cauchy-Riemann maps performed in [14,15].

Proposition 8. Let r be the connection satisfying Axiom (1)–(4),(6) and (5; c),
then rY X" D ! 1

2
cJ Y C 1

2
.LX"J /J Y . In particular, for the contact triad

connection, rY X" D 1
2
.LX"J /J Y .

Proof. We already gave its proof in the last part of Sect. 3.

Proposition 9. Decompose the torsion of r into T D $T C ".T /X". The triad
connection r has its torsion given by T .X"; Z/ D 0 for all Z 2 TQ, and for all
Y; Z 2 ! ,

$T .Y;Z/ D 1

4
$N.Y;Z/ D 1

4
..LJ Y J /Z C .LY J /JZ/

".T .Y;Z// D d".Y;Z/:

Proof. We have seen $T tmpI2j! D $T tmpI1j! D 1
4
N $ j! . On the other hand, a

simple computation shows N $.Y;Z/ D .LJ Y J /Z ! J.LY J /Z D .LJ Y J /Z C
.LY J /JZ, which proves the first equality.

For the second, a straightforward computation shows

".T tmpI2.Y;Z// D ".T tmpI1.Y;Z//C .1C c/ hJ Y;Zi D .1C c/ d".Y;Z/

for general c. Substituting c D 0, we obtain the second equality. This finishes the
proof.
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