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The entire talk on one page

Theo rem 1. Let S be the set of primes that split completely in

F = Q
µ p

¡ 1;
p

2;
p

5;
q

¡ 3(1 +
p

2) ;
q

6(1 +
p

5)
¶

:

Then fo r all n that are pro ducts of elements in S, the 2-pa rt of the
T ate-Shafa revich group of the Jacobian of the curve

Cn : y2 = ¡ 6n( x2 + 1)( x2 ¡ 2x ¡ 1)( x2 + x ¡ 1)

is nontrivial.

Pro of in sho rt:
W e tak e a speci¯c principal homogeneous space of the Jacobian of Cn

that is everywhere lo cally solvable and show that it do es not have any
rational points by viewing it as a double cover of a K3 surface on which
rational points do not exist due to a Brauer-Manin obstruction.
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Goal of this talk:

Understand previous page and why we care.

Main ingredients:

(a) 2-descent on Jacobians

(b) Brauer-Manin obstruction to the existence of rational points
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Let C be a smo oth, geom. irred. curve of genus 2 over a #-¯eld K .

F altings: The set C( K ) of rational points is ¯nite.
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Let C be a smo oth, geom. irred. curve of genus 2 over a #-¯eld K .

F altings: The set C( K ) of rational points is ¯nite.

Many kno wn metho ds to ¯nd C( K ) (in special cases) require kno wing
the Mo rdell-W eil group J ( K ) of rational points on the Jacobian J of C.

Mo rdell-W eil Theo rem:
J ( K ) is ¯nitely generated, i.e., J ( K ) »= J ( K ) to rs © Zr .
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Let C be a smo oth, geom. irred. curve of genus 2 over a #-¯eld K .

F altings: The set C( K ) of rational points is ¯nite.

Many kno wn metho ds to ¯nd C( K ) (in special cases) require kno wing
the Mo rdell-W eil group J ( K ) of rational points on the Jacobian J of C.

Mo rdell-W eil Theo rem:
J ( K ) is ¯nitely generated, i.e., J ( K ) »= J ( K ) to rs © Zr .

J ( K ) to rs
J ( K ) =2J ( K )

= )
J ( K ) to rs
r = rank J ( K )

= )
J ( K )
computable

J ( K ) to rs is easy to ¯nd, so what remains is computing J ( K ) =2J ( K ).

6



There are cohomologically de¯ned ¯nite groups

Sel(2) ( K ; J ) , the 2-Selmer group,
X ( K ; J ) , the Shafa revich-T ate group,

with

0 ! J ( K ) =2J ( K ) ! Sel(2) ( K ; J ) ! X ( K ; J )[2] ! 0:

2-descent: compute Sel(2) ( K ; J ) and decide which
of its elements come from J ( K ) =2J ( K ) (i.e., map to 0).
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There are cohomologically de¯ned ¯nite groups

Sel(2) ( K ; J ) , the 2-Selmer group,
X ( K ; J ) , the Shafa revich-T ate group,

with

0 ! J ( K ) =2J ( K ) ! Sel(2) ( K ; J ) ! X ( K ; J )[2] ! 0:

2-descent: compute Sel(2) ( K ; J ) and decide which
of its elements come from J ( K ) =2J ( K ) (i.e., map to 0).

Assumption: W e can compute Sel(2) ( K ; J ).

Remaining goal: Which elements of Sel(2) ( K ; J ) map to 0?
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Element of Sel(2) ( K ; J ) : a twist ¼: Y ! J of the map [2] : J ! J
(over K there is an isomo rphism ¾ such that

YK
»=
¾

¼

JK

[2]

JK JK

commutes), where Y is lo cally soluble everywhere.

The element Y ! J maps to 0 in X ( K ; J )[2] i® Y ( K ) 6= ; .
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Element of Sel(2) ( K ; J ) : a twist ¼: Y ! J of the map [2] : J ! J
(over K there is an isomo rphism ¾ such that

YK
»=
¾

¼

JK

[2]

JK JK

commutes), where Y is lo cally soluble everywhere.

The element Y ! J maps to 0 in X ( K ; J )[2] i® Y ( K ) 6= ; .

Problem: The surfaces Y are describ ed by 72 quadrics in P15 : : :
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Solution: A quotient of Y .

YK ¾1

¾2

¼

JK

[2]

JK JK

Tw o isomo rphisms ¾1 and ¾2 di®er by translation by a 2-to rsion point,
as the mo rphism

YK
( ¾1;¾2) JK £ JK

( P;Q) 7! P ¡ Q JK

has connected domain and ¯nite image.

[¡ 1] on J commutes with translation by 2-to rsion points )
it induces a unique involution ¶ of YK , de¯ned over K . Set X = Y=¶.
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Solution: A quotient of Y

[¡ 1] on J commutes with translation by 2-to rsion points )
it induces a unique involution ¶ of YK , de¯ned over K . Set X = Y=¶.

Advantages:
² X is a complete intersection of 3 quadrics in P5.
² X ( K ) = ; ) Y ( K ) = ;

Disadvantage:
² This only gives su±cient conditions fo r Y ( K ) = ; .
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Solution: A quotient of Y

[¡ 1] on J commutes with translation by 2-to rsion points )
it induces a unique involution ¶ of YK , de¯ned over K . Set X = Y=¶.

Advantages:
² X is a complete intersection of 3 quadrics in P5.
² X ( K ) = ; ) Y ( K ) = ;

Disadvantage:
² This only gives su±cient conditions fo r Y ( K ) = ; .

Situation: Such K3 surfaces are everywhere lo cally soluble, but may
still satisfy X ( K ) = ; . Do they?
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T o ol: Brauer-Manin obstruction .
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T o ol: Brauer-Manin obstruction .

For any scheme Z we set Br Z = H 2
¶et ( Z ; Gm).

For any K -algeb ra S and any S-p oint x : Spec S ! X , we get a homo-
mo rphism x¤ : Br X ! Br S, yielding a map

½S : X ( S) ! Hom (Br X ; Br S) :
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T o ol: Brauer-Manin obstruction .

For any scheme Z we set Br Z = H 2
¶et ( Z ; Gm).

For any K -algeb ra S and any S-p oint x : Spec S ! X , we get a homo-
mo rphism x¤ : Br X ! Br S, yielding a map

½S : X ( S) ! Hom (Br X ; Br S) :

Apply this to K and to the ring of adµeles

AK =
Y

v2 M K

0 K v (almost all co ordinates are integral) :
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From class ¯eld theo ry (and compa rison theo rems) we have

0 ! Br K ! Br AK ! Q=Z

Applying Hom (Br X ; ) we ¯nd : : :
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0 ! Hom (Br X ; Br K ) ! Hom (Br X ; Br AK ) ! Hom (Br X ; Q=Z)
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0 ! Hom (Br X ; Br K ) ! Hom (Br X ; Br AK ) ! Hom (Br X ; Q=Z)

X ( K )

½K ½AK

X ( AK )
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0 ! Hom (Br X ; Br K ) ! Hom (Br X ; Br AK ) ! Hom (Br X ; Q=Z)

X ( K ) X ( AK )

½K ½AK
Ã
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0 ! Hom (Br X ; Br K ) ! Hom (Br X ; Br AK ) ! Hom (Br X ; Q=Z)

X ( K ) X ( AK )

½K ½AK

X ( AK ) Br = Ã¡ 1(0)

Ã
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0 ! Hom (Br X ; Br K ) ! Hom (Br X ; Br AK ) ! Hom (Br X ; Q=Z)

X ( K ) X ( AK )

½K ½AK

X ( AK ) Br = Ã¡ 1(0)

Ã

X ( AK ) Br = ; ) X ( K ) = ;
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0 ! Hom (Br 1X ;Br K ) ! Hom (Br 1X ;Br AK ) ! Hom (Br 1X ;Q=Z)

X ( K ) X ( AK )

½K ½AK

X ( AK ) Br1= Ã¡ 1
1 (0)

Ã1

X ( AK ) Br1= ; ) X ( K ) = ;

Br 1 X = ker(Br X ! Br X )
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X ( AK ) Br 1 = ; ) X ( K ) = ; .

Tw o steps:
² Compute Br 1 Z=Br K fo r the desingula rization(!) Z of X = Y=¶.

The Ho chschild-Serre spectral sequence gives

Br 1 Z=Br K »= H 1( GK ; Pic Z ) :
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X ( AK ) Br 1 = ; ) X ( K ) = ; .

Tw o steps:
² Compute Br 1 Z=Br K fo r the desingula rization(!) Z of X = Y=¶.

The Ho chschild-Serre spectral sequence gives

Br 1 Z=Br K »= H 1( GK ; Pic Z ) :

² Compute Z ( AK ) Br 1.
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X ( AK ) Br 1 = ; ) X ( K ) = ; .

Tw o steps:
² Compute Br 1 Z=Br K fo r the desingula rization(!) Z of X = Y=¶.

The Ho chschild-Serre spectral sequence gives

Br 1 Z=Br K »= H 1( GK ; Pic Z ) :

² Compute Z ( AK ) Br 1.

Things will turn out easier when we have an elliptic ¯b ration.
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Making the theo ry and the ideas explicit

Consider C : y2 = f , with f 2 K [X ] separable of degree 6.

Set A = K [µ] = K [X ]=f , a pro duct of ¯elds.

( P; Q) ( xP ¡ µ)( xQ ¡ µ)

J ( K ) =2J ( K ) Á A ¤=K ¤A ¤2

27



Making the theo ry and the ideas explicit

Consider C : y2 = f , with f 2 K [X ] separable of degree 6.

Set A = K [µ] = K [X ]=f , a pro duct of ¯elds.

( P; Q) ( xP ¡ µ)( xQ ¡ µ)

J ( K ) =2J ( K ) Á A ¤=K ¤A ¤2

J ( K v) =2J ( K v) Áv
A ¤

v=K ¤
vA ¤

v
2

W e consider the computable fak e Selmer group

Sel(2)
f ( K ; J ) = f x 2 A ¤=K ¤A ¤2 : x 2 im Áv fo r all vg:
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For ± 2 Sel(2)
f ( K ; J ) ½ A ¤=K ¤A ¤2 we set

X± = f ® 2 A ¤ : ±®2 = c2µ2 + c1µ + c0g ½ A ¤:

Then the corresp onding

X ± ½ P( A)

is a complete intersection of three quadrics C3 = C4 = C5 = 0.
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For ± 2 Sel(2)
f ( K ; J ) ½ A ¤=K ¤A ¤2 we set

X± = f ® 2 A ¤ : ±®2 = c2µ2 + c1µ + c0g ½ A ¤:

Then the corresp onding

X ± ½ P( A)

is a complete intersection of three quadrics C3 = C4 = C5 = 0.

F act: The K3 surface X ± is the quotient Y±=h¶i .

For every » 2 A K with »2 = ±, the set

f »¡ 1( sµ + t) : s; t 2 K g

corresp onds to a line on X ±.
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After ¯xing one square ro ot » of ± in A K , the remaining square ro ots of
± are parametrized by ¹ 2( A K ) and the lines by ¹ 2( A K ) =f§ 1g.

Since we have A K
»=

L
! ;f ( ! )=0 K , the lines are parametrized by parti-

tions of the ro ots of f into two parts.

Tw o lines intersect if and only if their partitions di®er by one element.
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1

2
12

34

134

156

56

35

36 45

46

135

146

136

145

3 4 5 6

23 13

123

24 25 2614 15 16

124 125 126

Intersection among 32 lines on Z



Prop osition: Generically the group Pic Z has rank 17, generated by the
set ¤ of 32 lines.

Co rolla ry: GK acts on Pic Z through a subgroup of Aut int ¤ (which has
size 23040).

W e can compute H 1( G; Pic Z ) fo r all 2455 possible subgroups G of
Aut int ¤ (up to conjugacy).
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Z=2

Z=4
( Z=2) 2

Z=4
( Z=2) 2

( Z=2) 3 ( Z=2) 3

Z=2 £ Z=4 ( Z=2) 2

Z=2 £ Z=4 Z=2 £ Z=4

Z=2 Aut int ¤
12

15
20 120

24 24
48 48

96 96

These 11 subgroups, including Aut int ¤,
induce all nontrivial Brauer elements.
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Z=4
( Z=2) 2

Z=4
( Z=2) 2

Z=2 Aut int ¤
12

15
20 120

24 24
48 48

96 96
( Z=2) 3 ( Z=2) 3

Z=2 £ Z=4 ( Z=2) 2

Z=2 £ Z=4 Z=2 £ Z=4

Step 2, Computing Z ( AK ) Br 1, is di±cult
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1

2
12

34

134

156

56

35

36 45

46

135

146

136

145

3 4 5 6

23 13

123

24 25 2614 15 16

124 125 126

An elliptic ¯b ration



There is a group E of order 384 such that if the Galois action facto rs
through E , then Z has an elliptic ¯b ration over K , where four of the
¯b ers consist of four lines intersecting in a cycle.

H 1( G; Pic Z )
»= Br 1 Z=Br K

H 1( G; Pic vert Z )

W e need to express a nonzero element of Br 1 Z=Br K as an Azuma ya
algeb ra...
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De¯nition: A central simple algeb ra over K is a simple K -algeb ra
with center equal to K .

\De¯nition": An Azuma ya algeb ra is to a central simple algeb ra, as
a sheaf is to a vecto rspace.

For a; b 2 K , let ( a; b) denote the central simple algeb ra over K , gener-
ated by 1; i; j ; ij with i 2 = a, j 2 = b, and j i = ¡ ij .

Prop osition 2. Let Á : V ! P1 be an elliptic ¯b ration, and supp ose that
V has bad ¯b ers of t yp e I 4 over P = ( ® : 1) , where [Q( ®) : Q] = 4.
Supp ose further that the ¯eld of de¯nition of the comp onents of the
¯b er at P is Q( ®;

p
c) , where c 2 Q( ®) is of square norm. Then the

pullback of the algeb ra coresQ( ®) =Q( c; t ¡ ®) 2 Br Q( t) to V (where t
is the co ordinate on the standa rd a±ne patch of P1) is an element of
Br Á V .
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Theo rem 3. Let f facto r as the pro duct of three quadratic polynomials
f 1; f 2; f 3, let ±i be the images of ± in Q[x]=( f i ) , and let V be the K3
surface constructed from f ; ±. Supp ose further that the splitting ¯eld of
f is of degree 8; that the norm of ±1 is a square; that the norms of ±2
and ±3 multiplied by the discriminant of f 1 are squares; and that the ±i
are otherwise generic, so that the ¯eld of de¯nition of the lines of V has
degree 32 . Then both elliptic ¯b rations associated to the facto rization
f = ( f 1)( f 2f 3) satisfy the conditions of Prop osition 2, and the elements
of the vertical Brauer group constructed in that prop osition map to
the same (nontrivial) element of H 1( Q; Pic V ) and hence to the same
element of Br V=Br K .
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Theo rem 4. Let f facto r as the pro duct of three quadratic polynomials
f 1; f 2; f 3, let ±i be the images of ± in Q[x]=( f i ) , and let V be the K3
surface constructed from f ; ±. Supp ose further that the splitting ¯eld of
f is of degree 8; that the norm of ±1 is a square; that the norms of ±2
and ±3 multiplied by the discriminant of f 1 are squares; and that the ±i
are otherwise generic, so that the ¯eld of de¯nition of the lines of V has
degree 32 . Then both elliptic ¯b rations associated to the facto rization
f = ( f 1)( f 2f 3) satisfy the conditions of Prop osition 2, and the elements
of the vertical Brauer group constructed in that prop osition map to
the same (nontrivial) element of H 1( Q; Pic V ) and hence to the same
element of Br V=Br K .

Cn : y2 = ¡ 6nf 1f 2f 3

f 1 = x2 + 1; f 2 = x2 ¡ 2x ¡ 1; f 3 = x2 + x ¡ 1;

± =
³
3; ¡ (1 +

p
2) ; (1 +

p
5) =2

´
2 K [x]=f 1 £ K [x]=f 2 £ K [x]=f 3:
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I will spare you the details of actually evaluating the Azuma ya algeb ra
on the rational points.

The lo cal inva riants are constant at every prime. It is 1
2 at 2 and it

equals 0 everywhere else. This do es not sum to 0...

W e conclude that X ± do es not have any rational points, so neither do es
the homogeneous space Y± that covers X ±.
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I will spare you the details of actually evaluating the Azuma ya algeb ra
on the rational points.

The lo cal inva riants are constant at every prime. It is 1
2 at 2 and it

equals 0 everywhere else. This do es not sum to 0...

W e conclude that X ± do es not have any rational points, so neither do es
the homogeneous space Y± that covers X ±.

It remains to check that Y± is lo cally solvable everywhere...
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S =
½

p : p split in Q
µ p

¡ 1;
p

2;
p

5;
q

¡ 3(1 +
p

2) ;
q

6(1 +
p

5)
¶¾

:

Cn : y2 = ¡ 6n( x2 + 1)( x2 ¡ 2x ¡ 1)( x2 + x ¡ 1) :

± =
³
3; ¡ (1 +

p
2) ; (1 +

p
5) =2

´

A standa rd (but slightly tedious) computation:
± is in the Selmer group, i.e., Y± is lo cally solvable everywhere.
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S =
½

p : p split in Q
µ p

¡ 1;
p

2;
p

5;
q

¡ 3(1 +
p

2) ;
q

6(1 +
p

5)
¶¾

:

Cn : y2 = ¡ 6n( x2 + 1)( x2 ¡ 2x ¡ 1)( x2 + x ¡ 1) :

± =
³
3; ¡ (1 +

p
2) ; (1 +

p
5) =2

´

A standa rd (but slightly tedious) computation:
± is in the Selmer group, i.e., Y± is lo cally solvable everywhere.

W e reduce to the case of primes of bad reduction fo r Cn, namely
1 ; 2; 3; 5, and primes dividing n.

At primes dividing n we have ± = (3 ; 3®2; 3¯ 2) = 1 in A ¤=K ¤A ¤2.
The primes 1 ; 2; 3; 5 we do by brute fo rce.
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