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Chapter 2 - Properties of Meusures ' K .
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A. Rectrictionz of Measures

2,1 Definition. A pair (X, S) is called a measurable space if X is a

set and S 1is a o-ring of subsets of X. A triple (X, 8, u) is called a

measure space if (X, S) is a measurable space and y is a measure on S.

2.2 Definiticn. Let (X, S) be a measurable space. We say that E CX

is S-measurable (or just measurable) if E € S. We say that E CX 1is

locelly S-measursble if ENF €8 for all F € S. If u 1is a non-negative

measure on (X, ), then we say that E CX is p-measurable if E €S D ()
(which was defined in Proposition 1.41). We say that B S;X is 1oéally

y-measurable if E NF is p-measurable for every u-neasurable set F.

We remark that if uy dis o-finite, then the py-measurable sets are
exactly the sete which are measureble with respect to the outer measure

determined by U, as is seen from Theorem 1.kh2.

it is easily seen that if (X, 8) is a measurable space, then the
family of all locally S-measurable sets is & og-field, as is the family of all
locally p-measurable sets if u is a non—negative-measure on S.

If X dis any set, P 1is a.collection of subsets of X, and E CX,
then by P NE we will mean the collection {FNE : T € PL For example, if
S is a g-ring énd E is a locally S-measurable set, then it is éasily seen
that S NE will form a o-ring which is contained in 8. If p is a measure

on S, then we can obtain a measure on S NE by restricting the domain of

p to SNE.,

2.3 Definition. If p is a measure on S and if E is a locally

S-measurable set, then the measufe obtained by restricting the domain of
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Yy to SNE will be called the-restriction of ¥ to E.

Given a measure u' on S ME we can enlarge its domain to obtain a

measure p on S by létting ﬁ(F) = ﬁ'(F N E) for sll F € S. Note that
~if we start with ﬁ on S, restrict ﬂ to E  and then enlarge back to

a measure on S, we 4o not nécéssarily obtain yu back-again. In particular,
there will in genéral be many other ways of enlarging the domain of .u' to

obtain a measure on S.

2.% Proposition. If X is a set, P is a'family of subsets of X

and ECX, then S(PNE)=53(P) NE.

Proof. Since S(P) NE 1is a o-ring which contains P NE, it follows
that S(P NE) C s(P) N E. We must show the reverse inclusion. Let T be
the class of all sets of the form A @ (B-E) where A € S(PNE) and
B € S(P). Symbelically we may write T = (P NE) & (8(P) NE'). It is
easy to verify that T is a ¢g-ring. If F € P, then the relation
F=(FnN E). ® (F-E) and the fact that FNE € PNECS(PNE) show that
F €T, and therefore that P CT. It follows that S(P) C T, and there-
fore that S(P) NECT NE. Since, however, it is clear that

TNE=S(PNE), it follows that S(P) NE C S(P NE)./

For example, this proposition shows that the two natural ways of defin-
ing the Borel sets in the interval [0, 1] coincide; we can either take
the intersections with [0, 1] of the Borel sets in R, or we can apply

directly to -[0, 1] the definition of the Borel sets of a

topological space.
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2.5 Corollarv. If u is a o-finite premeasure on a semiring P, if

E € P and if 5 is the extension of p to S(P) while 1 is the
extension to S(P NE) of y restricted to P NE, then p is just the

restriction of ;. to S(P) NE.

For exsmple, this corollary shows that the two ways in which omne

might define Lebesgue measure on the interval [0, 1) coincide.

B. The Total Veriation of a Mezsure

In Qhapter 1, most of the results which we. proved involved non-negative
measures. The purpose of this section is to define the total variaﬁion of
an arbitrary measvre. This gives us a way to obtain a non;negative measure
vhich is closely related to a gven arbitrary measure, and this will enable
us to extend some of our earlier definitions and results about non-negative

measures to arbitrary measures.

2.6 Definition. If y is an arbitrary measure on a g-ring S, then

the total variation, |i|, of u is defined by

n
[u](E) = sup{izl hu(E)N : B = E . E; €8}

e
W

1

for each E € 8. (Of course, if i is extended real-valued, we let

ol = w.)

2.7 Theorem. The total'variation, Iul, of a measure W is a non-

negative measure.

Proof. It is clear from its definition that |u| is a non-negative
extended real valued function, on S. We remark that it is also clear that

|u| is monotone, that is, that if E CF, where E, F €8, then
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lul(E) < [u][(F). To prove the itheorem we need to show that lu| is

countably additive.

, m
Suppose first that E=F® G with F, G€S. If F= & F, and
n m n i=1 *
G= ® G,, then E= & F, & ©& G,, and so
j=1 Y i=1 % g=1 Y

B

| (B) > ) I (F I+ E Hp.(G.)ll.
i=1 * 3=1 *

It follows that |u|(E) > |u|(F) + |u}(G). By induction it follows that
| n ,

n :
if E= @ E;, then W(E) > T |ul(E).
i=1 i=1
(<] n
Suppose now that E = @ Ei. Then ED @ Ei for all n, and so,
i=1 n i=l n
since |u] is monotone, |u|(E) > |y (& Ei> = 3 |p|(Ei) for all n.
i=1 i=1 ,
(o]
Thus |p| (E) Z_-E lp{(Ei).
: i=1
(o]
To prove the opposite ineguality, suppose that E = @ E. and also
n | =1
that E= & Fi' Then
i=1
n n o) n o)
) Hu(Fi)ll = ) Ilu(Fiﬂ ® )l = ) Iu(® FiﬂE.)ll
i21 i=1 - j=1 9 121 §=1 J
n o ) n o
= n
IHY wE nEN < [ ] (@ nE
i=1 j=1 i=1 j=1
0 n oo >
= Z Z I (F, ﬂEJ.)ll < Z |u|(Ej),
J=1 i=1 J=1
) n co .
since E. = @ (Fi N Ej) for each j. Thus [u|(E) < } ‘p](Ej), and
i=1 J':l

so |u| is countably additive./
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Note that Iu(E)! < |p|E) for all E € S, so that vlp] mey be thought
of as a non-negative measure which in a sense éominates Y. In exercise 1 at
the end of this chapter you will be asked fo show that lﬁ! is the smallest
non-negative measure having this property.

As a result of Theorem 2.7 we can éxtend some of our earlier definitions
which were originally made only for non—négativé méasures.

5.8 Definition. An arbitrary measure | is sald to be g-finite

(totally o-finite) if |u| is o-finite (totally o-finite).

2.9 Definition. If 1y is an arbitrary measure on a o-ring S, then a

set B CX is said to be (1ocally) p-measurable if it is (locally) Jul-

measurable (see Definition 2.2). A set F € H(S) is called a p-null set
(or just a pull set) if |u|*(F) = 0. We denote the fawmily of u-null sets
by N(u).

We remark again that Theorem 1.L42 shows that if is o-finite, thren
the p-measurable sets are exactly the sets vwhich are measurable with respect

to the outer measure determined by Iu].

2.10 Definition. An arbitrary measure U is said to be complete if

every p-null set is in the domain of .
The fact that we have used the term U-measurable in Definition 2.9
suggests that we should be able to extend | +to a measure on the o-ring of

p-measurable sets. The following théorem, which generalizes Proposition l.hi,

shows that this is in fact the case.

N

5.11 Theorem. Let (X, S, 4) be an arbitrary measure space. Define

"N

I on the o-ring of y-measurable sets, 5 & N(u), by U(E ®F) = u(E)

where E €S and F € N(u). Then I is a well defined complete measure

which extends Uu.
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Proof. If E € & and IU‘(E) = 0, then u(E) = 0. As a consequence,
it is easily seen that the proof of Proposition 1.4 applies to thiélcaée

also./

C. Bounded Meesures

2,12 Definition. A measure |y is said to be bounded if it does not

take the value +x, that is, if all its values are in a Banach space. If
p  is bounded and if in addition X € 5 (so that Iu(O < ©), then yu is

said to be totally bounded.

We remark that a boundsd measure need not be g-finite. An exemple of

such a measure will be given in exercise of Chapter 5.
The following proposition justifies the name '"bounded".

2,13 Proposition. If Y is a bounded measure, then there exists a

constant K < o such that [u(E)] < X for all E € domain y.

Proof. Suppose not. Then for each n we can find 2 nmeasurable set

co

E_ such that Iu(E))l > n. Let E = \:{ E_, so that E € 5. By comstruc-
tion, y is unbounded on E, that is? for each & € R there exists a
measurable set F CE such that [u(F)I > a. If the E = were disjoint

we would easily get a contradiction. We now construct three sequences of
measurable sets, Fn, G and Hn’ by indéction,so that the Gn acts like

the En but in addition are disjoint, and so that y 1is unbounded on each

H . Choose F C E such that |lu<Fl)" > lu(E) + 1. Then nﬁ(FlHI > 1

and Bu(E-F )1 > 1 (since Iu(E-F)1 = Iu(B) = u(F)E 2 (@] = huEFDI] 2 1)
It is easily séen that ﬂ must bé unbounded on either Fl or E—Fl since

otherwise it ﬁould not be unbounded on E. Let Hl be'one of Fl or
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E—Fl in such a way that u is unbounded on Hl’ and let Gl be the

other of the two sets. We have thus defined F,, G, and H. If F .,

have been chosen, choose Fn g.Hn such that

G and Hn— 1

n-1 1
“u(Fn)" Z’"U(Hn—l)" + 1. Then, as before, Hp(Fn)" > 1, "u(Hn—l - Fn)ﬂ > 1,

and y is unbounded on either F_ or H - F . Let H_ Dbe one of
n - n-1 n n

F or H - F in such a way that y is unbounded on H_, and let
n n-1 n : . n

G_ be the other of the two sets. The important thing to notice is that

not only is "u(Gn)" > 1 for each n, but also the Gn are all disjoint.

© © ) ©
et G= & Gn' Then u(G) = 2 u(Gn), and so 2 u(Gn) is a series
n=1 n=1l n=1

which converges to a finite (since p is assumed bounded) value, but this

is impossible since "p(Gn)H > 1 for each n./

2.14  Definition. Let Aﬁ be a measure on a g-ring S. A locally

w(F NE) for all

S-measureble set E is said to carry u if u(F)

0. We also sometimes

F €S, that is, if FNE = ¢ implies that up(F)

say that uy lives on E.

2.15 Proposition. Let u be a measure on a ¢g-ring S. If pu is a

bounded measure, then there exists E € 5 on which p lives.

Proof. By Proposition 2.13 we know that sup{"ﬁ(F)ﬂ : F €S} < o,
We define a sequenée, En, of elements of S by induction. Choose

- 1
E, €S so that Iu(B)I > 5 sup{lu(F)l : F €8}, If Ej,...,E , have

n-1

been chosen, choose En so that En n ® Ei = ¢ and

. 1 . n-1 , i=1 >4
lu(EM > = sup{lp(F)l : FN & E, =@, FES}. Let E= & E_€ S.

n’" =2 . i _ n
i=1 n=1
. © S . .

Then u(E) = z p(En), so the series converge to a finite value, and so

n=1




Hu(En)" converges to 0 as n goes to . We show that E .carries .
Suppose that F € S and FNE =@. Then F flEP = ¢ for each n, and
s0, by the definition of the E_, we have Hu(En)H Z.% lu(F)l for every

n. Since the Hﬁ(En)H converge to 0, it follows that ﬁ(F) = 0./

In view of Proposition 2.15, it is natural to extend a bounded measure
Y to a measure ﬁ' on the g-field of all locally measurable sets F by
setting ﬁ'(F) = u(F NE), vhere E carriés ﬁ. It is then easily seen
that if p is c—finité so is y'. Thus, in a séhse; the only time we
must work with o-rings instead of o-fields in order to preserve g-finiteness

is when we have an extended rezl valued measure.

If y is a non-negative measure then it too can be extended to the
o-field of locelly measurable sets F by letting
u'(F) = sup{u(E) : ECF, E € domain u}. However, in general this W'
will not be g~finite even if u is o-finite, and so it is usually not useful

to make this extension.

D. Convergence Properties of Measures

The following two propositions will be very useful in later chapters.

2,16 Proposition. Let | be a measure on a o-ring S. If ‘{En}z=l

is a sequence of elements of S, and if E_ 4 E, that is,xif E CE
o n _ n — ntl
for each n and \,) E =E, then u(E ) converges to u(E) as n goes
n=1 n n
to o,
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@ n
r . . L, = e & £ - = ® (47) -
Proo Clearly E = B, 2 (Ei Ei_l) and E = E; 2 (E. Ei_l),

and so

uE) = uie) @ uE, - 8 )
. n .
= lim (u(El) + izl u(Ei - Ei_l)) = lim u(En)

as desired.f

2.17 Proposition. Let u be a measure on a o-ring 5. If '{Enfzzl

is a sequence of elements of & such thet E + E, that is, E_2E
n n — ntl

O .

for each n and /ﬁ\ E =E, and if Hu(Ek)ﬁ < o for some k, in case
n=1 }

U is an extended real-valued measure, then u(En) converges to U(E) as

n goes to o,

- .

Proof. We can assume that Iu(El)" < «© gince we can ignore & finite
mumber of terms if we wish. But (El - En) 4 (El - E), sc by Proposition 2.

(e, - En) converges to u(El - E) as n goes to . Thus, since

1

w(E)) - u(E) = u(E, - B) and -ﬂ(El) - u(B) = u(E, - B), we find thut

u(El) - ﬂ(En) converges to u(El) - u(B) as n goes to «. Since u(El)
is assumed finite, it follows that u(En) converges to W(E) as n goes

to ./

Note that Proposition 2.17 is not true without the hypothesis that

“u(En)H < © for some n. As an example, let p be Lebesgue measure on

R and let En = [n, o).
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Exercises

1. If ¢ is a vector valued measure, show thsat |U| is the smallest
extended real valued measure such that lp(E) §_|UI(E) for all
E €5, that is, if Vv is a non-negative measure on the domain

of 1 such that lu(e)l < v(E) for all E in the domain U, then

|| (B) < V(E) for all E in the domain W.

A measure ¥ is said to be of bounded varisgtion if Iul is a bounded

measure. Show that any measure with values in a finite dimensional
. . . s n
Banach space is of bounded variation. (You may assume that B =R
with the usuzl Fuclidean norm, since it can be shown that all norms

on a finite dimensional vector space are equivalent, that is, any two norms,

Il ana | "0, satisty kI I < “O < gkl I for suitable constants

X and K.)

Compute the total veriations of those set functions in problem 1 of
Chapter 1 which are measures. How does your result compare with problem 2

above?

Let B be a Banach space and let (X, S) be a measurable space. Then the
collection of B-valued measures on S forms a vector space when W+V
is defined by (u+v)(E) = u(E) + V(E) for all E €S, and Of is
defined by (ou)(E) = a(u(E)) for E € 8. ($he field of scalars for
the vector space of measures is taken to be the same as the field
scalars for B. Note that we cannot form a vector space in this way if
we admit measures téking the value +®.) Let M Be the collection of
all B-valued measures on S which are of bounded variation. It is
easy to see that M is a subspace of the vector space of all B-valued

measures on S. Furthermore, we can define a function I I from M o R by




- 2.11 -

Il = supl|ul(E) : E € s}.

Show that | I is a norm on M. (This is called the total variation
norm. ), and show that (M, I ) is”a Banach space. (Be sure to show

that the set functions which you claim are measures really are.)

Two measures W and Vv on (X, S) are said to be mutuelly singular

if there are disjoint locally measurable sets E, and F such that

E carries uy and F carries v.

a) Show that if u and Vv are mutually singular then so are lpl
and Iv!, and that if Y and Vv have bounded variation, then

sl = Bul + Bl = lu-vlt.

b) TFind Borel measures (i.e. measures on Borel sets) p and VvV on

[0, 1] which are mutually singular but are not carried on disjoint

closed sets.




