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Congruence Relations between Modular Forms

1. This article is concerned with the notion of congruence primes in the
theory of modular forms, as in the work of Doi and Hida [1], Doi and Ohta
[2], and Hida [3], [4], [6]. Our main aim is to point out how the explicit
caleulation of such primes, in a particular example involving forms of
weight 2, leads to a non-trivial problem concerning finite subgroups of
Jacobians of modular curves.

Let & = 2 and N = 1 be integers, and take § to be either the complex
vector space of holomorphic modular forms or the vector space of holo-
morphie eusp forms of weight % on one of the classical modular groups
ILy(N) or Iy (). We denote by S(Z) the lattice of forms in S with integral
g-expansion, and by T, (for n > 1) the »™ Hecke operator on S.

Suppose that we are given a direct sum decomposition

8 =X0Y (1.1)

in which X and XY are both stable under the 7', and both generated by
their intersections with S(Z). A prime number p is a congruence prime
relative to this decomposition if there is a non-trivial modp congruence
linking X to Y: there exist

feXnB(Z), geYnS(Z)
such that
f =g modpS(Z), [ =0 modpS(Z).
For example, taking S to be the space of weight-% modular forms
on SL(2,Z), we may choose X (resp. ¥) to be the space of Eisenstein

geries (resp. cusp forms) in 8. The congruence primes are those prime
numbers which divide the numerator of the constant term of the normali-
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zed Eisenstein series of weight %, i.e., the fraction B, /2k, where B, is the
k™ Bernoulli number. Thus congruence primes are irregular primes, and
the congruence link befween X and ¥ may be used in studying the arith-
metic of cyclotomic fields. Doi has asked whether, more generally, one
can characterize congruence primes and interpret the link between X
and ¥ in terms of arithmetic.

In his articles citied above, Hida discussed these questions of Doi,
the first quite generally, and the second in reference to cusp forms with
complex multiplication. Especially, the articles [3] and [4], together
with the author’s [10], give an interpretation of congruence primes in
terms of parabolic cohomology. Here we assume that § is a space of cusp
forms and use the well known Shimura isomorphism to realize § as a certain
parabolic cohomology group V constructed with real coefficients. Via
this isomorphism, § is endowed with a second integral lattice V(Z), the
image in V of the analogous cohomology group made with integral coeffi-
cients. Replacing 8(Z) by V(Z) in the definition of “congruence prime”,
we obtain the alternate notion of eohomology congruence prime.

TaEEOREM 1.2 ([4], [10]). Every cohomology congruence prime is a con-
gruence prime. Conversely, if p is a congruence prime not dividing (k —1)!N,
then p is a cohomology congruence prime.

This theorem shows that the two notions of congruence prime are
essentially equivalent. On the other hand, one feels that the set of cohomo-
logy congruence primes may be precisely calculated in certain contexts.
(For example, Hida showed in some cases how the cohomology congruence
primes are the prime divisors of a rational integer which may be inter-
preted as the ““algebraic part” of a determinant of periods of forms in X.)

2. To test this idea, we are going to work out an explicit example. Since
it is more pleasing to consider congruences between eigenforms for the
Hecke operators, rather than congruences between arbitrary forms, we
begin by reviewing the notion of primes of fusion. These will be maximal
ideals of the Hecke ring associated to § whose residue characteristics are
precisely the congruence primes.

We let T be the subring of End(S8) generated by the Hecke operators
T, acting on 8, and we similarly define Ty and Ty by replacing § by X
and Y. Then Ty and Ty are naturally quotients of T, which in turn is
a subring of the direct sum Ty @Ty. A prime of fusion is a prime ideal
of T containing the conductor of the ring extension

TeTy®Ty.

































