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1 Introduction

1.1 Existence and understanding

Existence implies feedback and is prior to understanding. That is, things exist, like cells,
childern, massive computer programs using inductive loops, ecological systems with complex
feedback, etc., but we may not or do not understand them.

Understanding comes later in the form of introducing coordinates, i. e., science, describ-
ing the system in question with time and space movements in sequential form. Thus, if the
coordinates (..., 2p,...,x1) (finite or infinite) describe a system at time and space c(t,p),
then if the input 7 is a change in time or space, then coordinates

(cospyeesz)T= (o Yy, Y1)-

Understanding implies sequential form which means that g, depends only on m, x1,...,x,
and not on X, 41, Tny2,.... (See elliptic contractions above Theorem 6.4 in the text, or [12]
with erratum to diagram p. 274, or [13].

Elliptic contractions which are invertible (bi-injections) form the basis of Ukranian
Group Theory [6, 7].

1.2 Philosophical viewpoint towards P vs. NP

Our viewpoint toward P vs. NP is that it is obviously true that P does not equal NP,
but we need to get more sophisticated relevant mathematics involved to prove there are no
polynomial-time programs for NP-complete problems. This is the viewpoint of this paper.
The approach may take 2 to 25 years. For an excellent reference for the standard material
on P vs. NP, see [10].



1.3 Technical philosophical viewpoint towards proving that P # NP

Let T be a deterministic Turing machine always halting and solving problem P; e. g., P
is finding a Hamiltonian Cycle in a graph. Let 7;, be T running for n steps. Then T,, is
“some kind of finite-state machine,” and the limit of T, — T is “some kind of limit.” We
next describe what “sort of finite-state machine” and what “sort of limit.”

1.4 Technical viewpoint

T, is a finite-state length-preserving bimachine (see Section 2), and T, is the iteration or
composition of 77 considered as a bimachine. (See Sections 3 and 8). The limit is the
projective on profinite limit of (771)" = T}, (see Section 6) converging to the problem P.

Profinite limits are clearly mathematically powerful enough to prove P is not equal to
NP but are difficult to use in general (e. g., Fermat’s Last Theorem: see [16, 3]).

1.5 Finite-state automata and bimachines and length-preserving maps

Let A, B be nonempty finite alphabets. We consider A", the set of all finite strings on A
(i. e., the free semigroup with generators A), and consider maps o : AT — BT (often with
A = B) which preserve length (Ip-mappings). We are interested when « can be done with
a finite number of states.

We start with a finite-state automaton given by a right A-automaton (see Section 2)
Ar = (Ig,Qgr, Sr) together with an output function f : Qr x A — B. Then (Ag, f)
determines the Ip-mapping a(Ag, f) = a: AT — B* defined by a(u, A,v) = f(Ig,u,a) for
u,v € A* a € A (so independent of v, i. e., (right) causal). For notation, see Section 2,
page 7. So

al as as e Qp,
goes to
b1 b b3 bn,
I | | |
f(Ig,a1) f(Igar,a2) f(Iraraz,az) ... f(Irai,...,an—1,ay)

Notice this is linear-time, but what is the coefficient? A B-bimachine B (see Section 2) is
given by a right A-automaton Ar = (Ir,Qr,Sr), a left A-automaton A;, = (I, Qr,SL),
and a function f: Qr x A x Qr — B, and it determines ag : AT — BT by

ap(u,a,v) = f(Igu,a,viy) for u,v € A*, a € A.

For notation, see Section 2, page 7. Thus,

aj a9 NN A,
goes to
b1 by . b,
| | |
f(gr,a1,a2---anly) f(Igar,ag,a3---anly) ... f(Igay---an—1,an,1r)
Given a : A* — BT, there is a unique minimal bimachine B(a) so agn) = . See

Proposition 2.3.



Thus, a finite-state bimachine computes b; from the input string
A1y -5 Ai—1,05,Aj415 .- ,0n

by running the right automata A4, starting at the left of aq,...,a;—1 and running right,
which is linear-time in ¢ — 1 (but what is the coefficient? See Section 6), and running
the left automata Aj starting at the right of aj;1,...,a, (again, linear-time of length
n — 1) and running left and then determining b; as f(Igai - - a;i—1,a;,a;+1---aplp) (i. e., as
(result of Ag, a;,result of Ar)).

This can be illustrated as follows:

.AR -AL
(linear time) a; (linear time) .

b;

The first course of business is to prove that the composition of two Ip-maps given by
finite-state bimachines is also given by a finite-state bimachine, and the semigroups of the
(non-minimal) automata can be taken as double semidirect products of matrix multiplica-
tion on upper triangular matrices with coefficients in some semiring. See Section 3. The
pictures are as follows:

R,a1a2a3] T alaa2a3l( X a1a2,a31 K alazas,

a1702a3f a17a2,a31 I( )a1a2,a37
@) (2)y ba
[ blbgbgf T bl, begI 4& blbg, b3[ 4\ blbgbg,
R 2 b, be:J(Q) 1(2)51, ba, baf 5152, b3,
Cc1 C2 c3

So

o = fOID FOID ay,a0as1t), FOITW a1, a9,a51)), fO 1TV ara9, ag, 180T,
4



and this corresponds to the matrix product (see Section 3, Lemma 3.1)

(a1) 0 (a2) 0 ) _ (a1)r(a2)L 0
( fay (G1>R> ' ( fas (a2>R> ~ \Jai(a2)r + (a1)rfay (1) r(a2)r | -

where
fai : Qg%l) X Q(Ll) — B,
fai = f(l)(_a Qs N) written as [_’ @i, N]
So

_(fal(a2)L + (al)Rfaz) ~= [_7a17a2 N] : [_aha?’r\'}

by considering this picture:

az+1
- QA1 ~ T —Qj, Qi1 "~ X —QiQi41,
— A, Qi1 N : —Qg, Qj41, ™~

1.6 Associating a finite-state bimachine to a deterministing Turing ma-
chine solving a problem P which halts for all inputs

This is exposited in detail in Section 8. The following is a brief overview.
Say we are given the instantaneous description (ID) of the Turing machine (TM), say

q
e | [ | ai [ @i ] - L

where everything to the left of a; and to the right of a,, is a blank (), q is the reading head
(reading a;), and aq, ..., a, are arbitrary tape symbols (including blanks). We consider

q
(Bla] - |a]a]an] - [a]B]

Do one move of T, yielding

q
[Blai]- [aica] ai [awi]- [an] B ]
T '
Lap [ay | [aiy | af Jajyy | [ap|apy,

where are tape symbols with one or fewer reading heads attached. Then
Go : ID — ID

given by
Bolat, ... an) =aly,...,al,

is the associated bimachine (i. e., we chop off aj and aj, ).

5



Example 1.1

and

ﬂo( q ):
ol b [<]
q/
a|b el

—

—

and dually for .

If S is the set of all the symbols, then [y : ST — ST satisfies:

1. By is a finite-state bimachine with Sp = S”, with S” being the semigroup with elements

S and s189 = s9;: S, = S!, with S being the semigroup with elements .S and s1s9 = $1;
Qr = 5™ add an identity; Qr, = SY; and f: S x S x S — S is essentially the data
determining 7.

With suitable stopping conventions (see Section 8 for details),

lim By = P,

n—oo

the problem. Here, lim 8§ (w) = é(w) (w) = ﬁo(ﬁé(w) (w)) = ﬁ(t)(w) (w). Time(w) is the
smallest ¢(w) which works, and similarly for space. (See Section 8.)

Going from T" — b; = [y (and we could go back: Gy = b; — T') is essentially an (obvious!)
equivalent formulation of Turing machines, so why do it? The taking of powers of Gy under
composition (i. e., running the Turing machine) leads to algebra, namely double semidirect
products (of semigroups) as evidenced by multiplication in upper triangular matrices with
coeflicients in some semiring as was discussed in Section 1.5 before and continued in Sections
3 and 4. Two and three iterations of a bimachine are considered in in Sections 3 and 4 and
large n iterations is considered in Section 6, and then on to the profinite infinite in Sections
9 and 10.



2 Bimachines

Let A, A’ be finite nonempty alphabets. A function o : AT — A’ is said to be synchronous

or length-preserving if |a(w)| = |w| for every w € AT. They shall be usually referred as
lp-mappings.
Letw € AT and i € {1,...,|w|}. We must define a factorization of w to isolate the letter

in the ith position. More precisely, we define \;(w) € A", o;(w) € A and p;(w) € AlvI=?
by the equality
w = Ai(w) oi(w) ps(w).
Let o : At — A" be an Ip-mapping. We extend the domain of a to A* x A x A* as
follows. Given u,v € A* and a € A, we write

a(u, a,v) = oy 41a(uav),

i.e. the value of the output string in the |u| 4+ 1 position. Note that this domain extension
brings no inconsistency. Since

|w| |w|

a(w) = [Joiatw) = [] ai(w), oi(w), s(w)) (1)
=1 =1

for every w € AT, it follows that an lp-mapping AT — A’" is uniquely determined by the
mapping a(,_, ) : A* x A x A* — A’ and vice-versa. More generally, given u,w € A* and

v e AT, we write
|v]

a(u,v,w) = H a(uX;i(v), o (v), pi(v)w).
=1

A semigroup S is said to be A-generated (or an A-semigroup) if there exists a surjective
homomorphism 7 : AT — S. Given w € AT, we may write ws = 7(w). As usual, we
assume that 7 is implicitly determined by the mention of S and we drop the subscript g
whenever possible.

Given A-semigroups S and S’, we say that a semigroup morphism ¢ : S — S is an
A-semigroup morphism if p(as) = ag for every a € A. Clearly, there is at most one A-
semigroup morphism from an A-semigroup into another, and it must be necessarily surjec-
tive. Thus we can define a partial order on the set of all A-semigroups (up to isomorphism)
by

<SS & FJp:5-8.

This is equivalent to
Yu,v € AT (ug =vVs = Uug = US/).

A right A-automaton is a triple Ag = (Ir, Qr, Sr) where Qg is a set, Ir € Qr and Si
is an A-semigroup acting on Qg on the right, so

(¢rSR)SR = qr(SRSR)
for all gr € Qr and sg, s, € Sgr. We recall that this action is faithful if

R RRR:R;Z R:/R
(Yqr € QRr qrs qrSRp) = s s
7



holds for all sg, s, € Sg, i.e. different elements act differently on the set of states. The
action in the right A-automaton Ag is NOT assumed to be faithful. However, we shall
assume that the action is proper, that is, Ir ¢ IrSr. We say that Apg is finite if Qr and
Sk are both finite. Clearly, the action of Sg on Qg induces an action of AT on Qg defined
by qru = qrus,.

Let Ap = (Ir,Qr,Sr) and Ay = (I, Q%R,Sy) be right A-automata. A morphism
¢ : Ar — Al is defined, whenever S}, < Sg, via a mapping ¢ : Qr — Q' such that

* o(Ir) = Ig;
e o(qru) = ¢(qr)u for all ggr € Qg and u € A™T.

This corresponds exactly to the statement that there exists a mapping on the states and
an A-semigroup morphism preserving initial state and the action. If ¢ is onto, we say
that A’, is a quotient of Ap. We say that the morphism ¢ is an embedding (respectively
isomorphism) of right A-automata if S’ = S and ¢ is an injective (respectively bijective)
mapping.

Given a semigroup S, we denote by S’ the semigroup obtained by adjoining an identity
to S (even if S is a monoid). If S acts on some set (), we assume that the new identity acts
on (@ as the identity.

The right automaton Ar = (Ir,Qr,Sr) is said to be trim if Qr = IRS]I%. The trim
part of Ap is defined by

tr(Ag) = (Ig, IrSk, Sg).

Clearly, the inclusion map constitutes an embedding of tr(.Ag) into Ag.

Dually, a left A-automaton is a triple (S, Qr, 1) where Qr, is a set, I, € Qr and S,
is an A-semigroup acting on )1, on the left. The action is also assumed to be proper and
induces canonically an action of AT on Q. Morphisms are defined dually.

Let A, A’ be finite alphabets. An A, A’-bimachine is a structure of the form

B = ((IR, QR, SR)’ f7 (SLa QL?IL))v

where
e (Igr,QRr,Sg) is a right A-automaton;
e (S1,Qr,11) is a left A-automaton;
o f:QrxAXxQp— A a full map.

We refer to the function f as the output function. We say that B is finite if (I, Qr, SRr)
and (S, Qr, ) are both finite. We say that B is faithful if both actions in (Ig, Qr, Sr)
and (S1,Qr, 1) are faithful.

Let B = ((IR7 QR; SR): f7 (SL7 QLy IL)) and B’ = ((I}?j Qk? S}—E)v f/7 (S}ﬂ /Lv Ii)) be A7 Al-
bimachines. We say that ¢ : B — B’ is a morphism of A, A’-bimachines if ¢ = (¢r, ¥L),
where

® vr: (Ir,Qr,Sr) — (IR, Qr, S%) is a morphism of right A-automata,;
e ¢ :(S,Qr,I1) — (S7,Q,I}) is a morphism of left A-automata;
8



o Vu,v e A*Va € A f'(Igu,a,vl}) = f(Igu,a,vly).

If or and ¢y, are both onto, we say that ¢ is onto and B’ is a quotient of B. If i and ¢y, are
both embeddings, we say that ¢ is an embedding. We shall say that ¢ is an isomorphism
if and only if pr and ¢y are both isomorphisms.

It is immediate that the class of all A, A’-bimachines and their morphisms constitutes a
category.

We associate an lp-mapping ag : At — A" to the A, A-bimachine
B = ((Ir,Qr,Sr), f,(Sr,Qr,IL)) by

ap(u,a,v) = f(Igu,a,vly) (u,v € A" a € A).

Proposition 2.1 Let o : B — B’ be a morphism of A, A'-bimachines. Then ag = ag:.
Proof. Write B = ((IR> QR) SR)a f7 (SLa QLa IL)) and B = ((I}% Qle S}{)v f/7 (S/Lv /Lv IL))
For all u,v € A* and a € A, we have

ap(u,a,v) = f'(Izu,a,vly) = f(Ipu,a,viy)
= O‘B(uv a, U)

and so ag = ag. O

A partial converse is given by:

Proposition 2.2 Let B = ((Ir,Qr,Sr), f,(S1,Qr,11)) and B' = ((Iy,Q%R,Sk), [,
(87,Q%.I1)) be A, A'-bimachines such that ag = ap. If pr : (Ir, Qr,Sr) — (Ig, QR, %)
and ¢r, : (Sp,Qr,Ir) — (S57,Q%,1;) are morphisms of respectively right and left A-
automata, then ¢ = (¢r, L) is a morphism from B to B'.

Proof. For all u,v € A* and a € A, we have

['Ipu,a,vl)) =ap(u,a,v) = ap(u,a,v)
= f(Iru,a,vlyL)

and so ¢ = (@R, ¢r) is a morphism. [

An A, A'-bimachine B = ((Ir,Qr, Sr), f, (Sr, Qr,I1)) is said to be trim if both (Ir, Qr, Sr)
and (Sp,Qpr, ) are trim. The trim part of B is defined by

tr(B) = ((Ir, IrSk, Sr), f', (SL, S+1L,11.),

where f’ is the restriction of f to I RSII% X A x Si[ 1. Clearly, the ordered pair of inclusion
maps IpSh — Qr, SLIL — Qr, constitutes an embedding of tr(B) into B.

We show now we can associate in a canonical way a bimachine to an Ip-mapping. Let
a: At — A’ be an lp-mapping. Given u,v € AT, we write

UPRY if Va,y,z € A*Va € A a(zuy,a,z) = a(zvy,a,2);
uprLv if Va,y,z € A*Va € A a(x,a,yuz) = a(z,a, yvz);

UTRV if Vy,z € A*Va € A a(uy, a, z) = a(vy, a, 2);
9



UTL if Va,y € A*Va € A az,a,yu) = a(z,a,yv).

Clearly, pr and py, are congruences on A', and so Sg = A" /pr and S = A" /pp are
A-semigroups. On the other hand, 75 is a right congruence and 7, a left congruence on A™
satisfying

PR < TR, pL S TL (2)

We can extend 7 to a right congruence on A* by defining 17z = {1}. Let Qr = A* /7R
and Ir = 17p. We can define a right action of Sp on Qg by

(utr)(vpr) = (W)t (U € A*,v € AT):

indeed, if urgru’ and vprv', then (uv)rr(u'v)pr(u'v") and so (uv)Tr(u'v") by (2).
Similarly, we extend 77, to A* and let Q, = A*/71, and I, = 177.. We define a left action
of SL on QL by
(upp)(vry) = (wv)1,  (u € At v € A%).

Let f:Qr x Ax Qp — A’ be defined by
flutr, a,v7) = a(u, a,v).

It follows easily from the definition of 7g and 77, that f is well defined. Therefore

Bo = ((Ir,Qr,Sr), f, (SL,QL,IL))

is a well-defined trim A, A’-bimachine.
The following result shows that we can view B, as the minimum bimachine of «.

Proposition 2.3 Let a: AT — A'" be an lp-mapping. Then:
(i) ag, = «a.

(it) If B' is a trim A, A’-bimachine such that ap = «, then there exists a (surjective)
morphism ¢ : B — B,

(i1i) Up to isomorphism, B, is the unique trim A, A’-bimachine satisfying (ii).
Proof. (i) Given u,v € A* and a € A, we have

ag, (u,a,v) = f(Iru,a,vIr) = f(urg,a,vrr)
= a(u,a,v)

and so ap, = «.
(ii) Assume that B = ((I, Q. SR), f', (SL, Q% I1)) is a trim A, A’-bimachine such that
ap = o. We define mappings g : Q — Qr and ¢ : S — Sg by
or(Ipu) = utg, Vr(vsy) =vpr (u€ A% vE A™).
Suppose that vgr = wgr . Let ,y,2 € A" and a € A. We have (zvy)g; = (zwy)s;, and so
a(zvy, a,z) = ap(zvy,a, z) = f'(Irzvy,a,217) = f(Izzwy, a, 217)
= ap (zwy,a, z) = a(zwy, a, z)

10



and so vpr = wppr and so g is well defined. Similarly, we can show that g is well defined.
It is immediate that i is an A-semigroup morphism and ¢gr an onto morphism of right
A-automata.

Similarly, we define an A-semigroup morphism ¢, : S7 — Sz, and an onto morphism
v 1 Q) — Qr of left A-automata by

pr(uly) =ury, Yr(ve) =vpr (ue€ A%, v e AT).

Since ap = a, it follows from Proposition 2.2 that ¢ = (¢g, 1) is an onto morphism
of B’ onto B,.

(iii) Suppose that B’ is another trim A, A’-bimachine satisfying (ii). Then we have onto
morphisms ¢ : B — B, and ¢’ : B, — B’. Since there is at most one morphism from one
trim right A-automaton into another, it follows that gy} and ¢Rpr are both identity
mappings, and so g is an isomorphism. Similarly, ¢y, is an isomorphism and so is ¢. [J

We end this section by remarking that changing the initial states in a bimachine may
give a new perspective on the computation of the associated lp-mapping.

Proposition 2.4 Let B = ((Ir,Qr,Sr), f,(SL,QrL, 1)) be an Ay, As-bimachine and let
u, w € AT; v € Aii_ If B = ((IRquRvsR))fa (SLuQ[anL)); then

ag(u,v,w) = ap(1,v,1) = ap(v).
Proof. It follows from the definitions that

a(u, v, w) = 11 an(uri(v), oi(v), pi(v)w)
=TI, f(Iruri(v), 0i(v), pi(v)wlL)
=TI, e (Ni(v), 0i(v), pi(v))

= a[g/(l, v, 1) = Oé[y(’l)).

An early reference on bimachines is [?]. Also see [5, vol. A] and [15].

3 The block product—composing two bimachines

We develop in this section a construction on bimachines appropriate do deal with compo-
sition.
BY = (17, QR si). £V (5. Q) 1)

be an A;, A;yi-bimachine for ¢ = 1,2. After some preparation, we shall define an A;, As-
bimachine

B@OBpM — gy — ((Igl),le),Sgl)),f(m, (5221)’62(51)’[221)))
11



called the block product of B® and BW.
The block product construction involves sets of mappings whose domain is often a

direct product of the form Qg) X Q . Following [15], we shall use the notation q%) gq(l)

g(qg),q(L)) for g € UQE%UXQ(LD = Q(1>UQ(1), () Q(l) and q ) e QL . To be consistent,

we shall write maps with domains of type QE,% on the right and type Q(L) on the left.
We define

(1)
g1 _ S 0
— | R @9
" Sh Sk
A straightforward adaptation of [5, vol.B, p.142] shows that Sgl) is a semigroup for the
product
(1) /(1)
A AT L
gs )\ W)\ oo, o]
R R g8’ +sp'd sp’s'R
where

D+ P = (oD + ()
(2)

Following [5, vol. B], we use here + to denote the semigroup operation of Sj’, re-
gardless of being commutative or not, to emphasize that we are doing the natural matrix
multiplication. However, we shall revert to the more classical - notation in the sequel.

Let

o) — Q9 | o)
R T YR R -

It will be often convenient to represent the elements of le), termed R-generalized 2 step

21)

crossing sequences, as 1 x 2 matrices. The semigroup SI(%

(1)
s 0
('7 q?) ( g 5(1)> = (75511) -qg)g qg)sgz))’
R

acts on le) on the right by

Where 1 1 1 1 1 1
(vs - ql(q)g)(q(L)) — y(sPgMy. qﬁg)gq(L)-

Once again, we note that this is a form of matrix multiplication (but we refrain from using
+ for the action).
To show that this is indeed an action, we compute

1
1 1 S S
(’y q(l)) o (01) (8/2) ?1) :(7 q(”) ol
R g sp g sy R W), (1))
9sr, R RSR

= (D) D ) D)

12



(1) /(1) (1)
M) (sL 9 s 0 Y _ (L. m OROAY SN
((’Y qr ) ( g 8%))) ( g S%)) ('YSL 9 9 9r SR ) ( J S/g%l)
= ((vs(Ll) 498 (g s)g’ (qg)sg))8’2)> :

Since Sl(%l) acts on Qg), the second columns coincide. For the first columns, we compute

(1) o ()) (1)(95/(1) (1)

(st)s M DG = (P g - g (g5

s gD

=7 (s (M) - 1aG g PaiD) - (6 s5)g'aM]

= (s (Mg - qG g Vg - (6 s g'al

= (vs\" - ¢ g) (" g )'(q() (1))g’q(L)

hence we have indeed an action.

Let 21 21 1
12 = (3§, 1)),

(1)
where 7821) € Qg)QL is defined by 7(21)((](;)) = Ig). The action is proper since I}(%l) ¢
Ig)Sl(%l) implies that 11(%21) ¢ Igl)Sgl).

The semigroup Sgl)

phism defined by

(21)

is not an Aj-semigroup, so let ng : At — Sp’ be the homomor-

(IS(L1) 0

O
ga Sggl)

where

aw9Va” = (FV (g, a, q(Ll)))Sg>

for all qR € QR and q(l) € Q(Ll). We define
S = nr(Ah).

It is clear that, given w € A", we may write

1
o g



(1) ¢ 9 S(z‘)Q(E )

for some gy
(1% (21) QRI) S(21 ).
Dually, we deﬁne

. We have now completed the definition of the right A;-automaton

( )

QP = Q) x "H QP

It will be often convenient to represent the elements of QS-JZI), termed L-generalized 2 step
crossing sequences, as 2 X 1 matrices. Let

) = (10,5,

where qg)(s(()m) = If).
We define

21)

Similarly, S(L is a semigroup for the product

(1) (1)
(S(Ll) 0 > (8/g) 0 >_ sps'L 0

(1) JAVICO NN )
h Sp h s R hS/(Ll) . S%)h, Sg)slg)

qg)(hS/(Ll) (l)h,) 1 _ =(q (l)h( /(1) (1)))(( (1) ())h/ (1))

The semigroup S(L21)

where

acts on QL on the left by
(1) (1)

(4 0) ()
1 = )
h 3%) ) hal!) Sg)é

2 008) = Dl (D
We omit verifying that this is indeed an action.
Let n, : AT — S(Lm) be the homomorphism defined by

where

CLS(L1) 0
nr(a) = )
hg) asg)
where
( )h( (f(l)( q(L )))S(LQ)

for all qR € QR and q(l) € Qg). We define

S — (At
14



It is clear that, given w € A", we may write

wS<Ll> 0
nL(w) = "
hw ng)
(1) (1
for some h(l) “k S( L We have now completed the definition of the left A;-automaton

(S, QEY, 1Y),
Finally, the output function fb : le) x A1 X Q(Lﬂ) — Ag is defined by

(1)
Oy 4@)se (qg )) = 1P (1ag?), (a0, q1), (g 0)9).

This completes the definition of the bimachine BPOBM. Note that if B2 and B are
both finite, so is BAOBW.
We want to give an interpretation of (7 qg)> and why it is termed an R-generalized

2-step crossing sequence. The interpretation of (,Y qg)) is first given by a picture

IP =Py, ¢
)

(1R, ) — (lay)),
Here, (, ) represents a member of Q%) X QLz fori=1,2.
Now in words, in considering B20OBW | if — is an input (i. e., a member of Af) which

takes the R initial state of B@0OBW to (7, qg)) under the action, then if B@AOBW is started

in the R initial state with the first left automaton started in qg), then the second right state

will be 'y(qg)) (which does not depend on q(L2), the second state of the left machine).
For an informal proof, we must check that this interpretation persists under an appli-

cation of a letter a € A;. Well,

0
(i)-o= 6 (3 o

(with ar, = a ),
SL

= (’YaL( ) ql(lz)gé(bl)( )qj(’%l)aR> aR = aS<1>)
R

with () standing for the variable (q(Ll)).
But now, looking at the following pictures, we see this gives the new correct interpreta-
tion.

(1D, ) —= 1y

R qR 7anL {qR aR7qL

(P, )— <v<an<;> ),

15



: 1
(with @ = y(azqp) - SO (I k) a,q1).)
Note this interpretation of (y,qg%)) and its dual also motivates the definition of the
output function f1. Also, see Section 1.5 of the introduction.
(1)

Next we expose the nature of the morphisms ¢g,,’ that play an important part in the
definition of nr and 5(21)

Lemma 3.1 For allw € AT, qg) € Qg% and q ) e Q(l), we have

|w|

gy oM al) = Hf oi(w), pi(w)ay )] g-

Proof. We use induction on |w|. The case |w| = 1 follows from the definition, hence we
assume that |w| > 1 and the lemma holds for shorter words. We may write w = va with
a € Ay. Thus

w1 O v.a1 0 a,u 0
st s s
We(21) = Veo(21) A g(21) =
(1) Sk S Sk (1) (1)
Jw ng) 9v Usg) Ja QSS)
w (1 0
s

g agm vl wyn
U SL SR “ SR

By the induction hypothesis, we get

qg)(gf;l)asén S<1>g§ Na = qi) gt (agl) - (gl v)gt" g

= [TT2 £ (g Ai(0). 03(0) paw)agy ) g [F D (g v, ) g
= [(T12 SO (g M), i), iCw)a ) FD (@ Ay (1), 010y (). g (w)a ) g2

= T2 FO g AiCw), oi(w). w)ap )] g

o

and the lemma holds. [J

Similarly, we get:

Lemma 3.2 Forallw € AT, qg) € QR and qL € Q , we have

|w|

= [T 7O @ Niw), oi(w), wi(w)a; g
=1

16



In view of Lemmas 3.1 and 3.1, We shall from now on use the notation g&,l ) or hq(j ) to

oW
denote also the mapping in r A+QL defined by

|w|

a9 Vi) = ¢ n Pl Hf Ai(w), o (w), pi(w)gs”).

We shall use the simplified notation

[ w O [ w O
Wsgn = gg)w Wy A w

when no confusion will arise.

For technical reasons, it is sometimes useful to consider the constant mapping g( ) = h(l)

defined by q%) gg )qé) = 1. Note that, under this convention, the formulae

(v, ) w = (yw - ¢ g, ¢ Ww) (3)
and ) .
w(gt",8) = (wgl", hPgl) - wd) (4)

hold for every w € A*.

Our next result shows that the block product of bimachines is adequate to deal with
the composition of Ip-mappings:
Proposition 3.3 Let BDY be an A1, Ag-bimachine and let B2 be an Ao, Ag-bimachine.
Then apgempa) = 0ge) 0ga) -
Proof. Keeping the same notation used so far, we fix u,v € A* and a € A. By Lemmas
3.1 and 3.2, we have

agen (u, a,v) = fC )(Igl)u a,v

(1)
_ e/ @D (1) u 0 v 0 I
ff( )((70 Iy ) (gl(})u) ,a, (hg,l)v 5(()%1)

vlg)

1(21))

= fFEU((A@D . (DD 1Dy g,
(i 1 W) (70 gD

= FO((4F - 1 i) (aor ), fO U u, a,01), (1 ua)(nV 1 - 068EY))
= O 1 g (o1 ), 1O w001, (T ua)h 1) 1),
On the other hand, by (1), we have
o (uav) = [T agoy (Ai(uav), oi(uav), pi(uav))

H\uav| (I g)Ai(uav), oi(uav), pi(uav) ]g))
17



and so
g ) (1, 0,0) = FO U Ny (0000 (1av)). 01 (0w (1av)). i (cipen (uav)) 1),
(1(2) H‘u| (I( I\ (uav), o;(uav), u;(uav) I( ))
f(l)(Ig)u, a, vlg)) (H‘U‘TZL”H )(Ig))\i(uav), o;i(uav), pi(uav) Ig))) Ig))

Therefore we only need to show that

Iﬁz)gu avI Hf I( )/\ (uav), o;(uav), p;(uav) I() (5)
and v
(I(l)ua h(l H fa I(l))\ (uav), o;(uav), p;(uav) I( )) (6)
i=|ua|+1
Clearly,

1968 (1)) =TT, FOTD N (), 05(w), s (u)avIt?)

= Hli'l @ (Il(%l))\i(uav), oi(uav), p;(uav) Ig)

and so (5) holds.

Similarly,
(1 ua)n 1D =TT, f O waki(v), oi(v). (o) 1)
=TT FOUD N (wa), ), auaw) 150)

and so (6) holds as well. [J

We prove next two other results on morphisms that will become useful in later sections.
Proposition 3.4 Let BW be an Ay, As-bimachine and let B and B'@ pe Ay, Ag-bimachines.
Let @ : B® — B'® be q morphism. Then there exists a morphism o2V . BAOBL —
B'¥oB® naturally induced by ).

Proof. Let BY = (1), QY. 1), £, (577, Q). 1{")) and B'Y = ('), '), 53, £,
(5", QD 1)) Let o = (gog%), o', Write BN~ BOOB0 and 5 - pOOE.

We define a mapping gog% ). : (21 Q/(21

sogl)(% qg)) Y, qfql)),

where

(@) = o2 (v(¢M)).

18



It is routine to check that

21 21 1 1 21
o () = el G ) = (. I ) = IR

Next we show that cp(Rzl) preserves the action. Let (v, qg)) € Q(21 and a € A;. We can

write o ) ,
eV ((1,dW)a) = 02V (va - W gtV ¢ Va) = (1, ¢V a),
@2 (y,da = (. ¢ )a = (va- ¢ g, ¢\ a).

(1), @ (1)

It remains to prove that % ~va - qp ga - For every q;° € Q(Ll), we have

@) =2 ((va- ¢ a ) (@) = 2 (v(agl) - ¢ g gl

2 1 1 1 1) (1
= ((a))) - a 960l = o/ (aai) -l ol
= (va- g5 95")(a)
(21) .
and so gy * preserves the action.
Now we prove that
Usgl) USI(:?U us,gn Us,gm ( )

holds for all u,v € A*. It is immediate that this is equivalent to have

dD gDl — D) 1 g Ly (D) (1) _ D) 1)) 5 o)

for all qg) € Q(l) and q(l) € Q(Ll). Since S/g) is a quotient of 5(2), (7) holds and so cp(2 ) is

a morphism of right Aj-automata.

(1) (1) o)

Similarly, we define a morphism of left A;-automata ¢} I I

(a0 = (a9,

where ) o
a8 = (4 9)e .

Finally, let u,v € A] and a € A;. Since ©?) is a morphism, we have
SOOI, a,01PV) = OO (you - 1968 10), FO(a a.ql), I BT - vag))
= OUR - 1 g (@I, FO(ay a0, (1 ua)ni 10 - 1)
=P - 19 (@), {0 .0, (1 w1 1P
:f’(Ql)(I'gl)u,a,vI'fl)),
thus ©2Y is a morphism as claimed. O

19



Proposition 3.5 Let BY be an A;, Ai1-bimachine fori = 1,2. Then there exist canonical
surjective homomorphisms

5(5” (s 2”,622”121) (521),629),121))-

Proof. Write B® = ((I 1(;3), ER, 0y, @, (S(L ,QLZ )) for i = 1,2. Since Sg) is a

(21)

quotient of S, there is a canonical surjective homomorphism

g (I, QY si) — (1. QR S))

defined b
Y (21) 1) (1)
En (vap’) =ap’-

Similarly, there is a canonical surjective homomorphism

& (s ) — (s Q) 1)

defined by
(g, 0)el = ¢

g

We end this section by observing by means of an example that the block product of
faithful bimachines is not necessarily faithful.

Example 3.6 There exists a finite faithful Ay, As-bimachine B and a finite faithful
Ay, As-bimachine B such that BAOBY is not faithful.

Proof. Assume that Qg) = {I(g),pg),q%)} S(Q) {0,1} (multiplicative) and SI(%‘,) acts on
Q' b

QRO—q%)l—q@) Ig)lng)lng).
Assume furthermore that Im f = {0} and SI({) is a proper quotient of S(Ll). It is immediate

that there exist faithful finite bimachines satisfying these conditions.
Let u,v € A be such that Ug(1) = V(1) but Ug(1) =+ V1) Then
R R L L

usg) 0 'Us(Ll) 0
and
1 1
g Uy g Vgl
. (21) . B @ .
have the same action on Q" since g, ° = gy * has constant image 0. [
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4 The quest for associativity

We consider next the product of three bimachines and discuss associativity. Let B®) =
((II(%Z),Q%),S%)), f (@) ( T ,Q )) be an A;, A;11-bimachine for i = 1,2,3. We shall use
the simplified notation

BB = Ao, pEI) = (BGORHoBM.

The following result shows that we can get associativity at the semigroup level (for three
bimachines, but not necessarily for four bimachines!).

Lemma 4.1 51(5)(21)) = 51(3(32)1) and S](:?’(Ql)) = S](:(?’?)l)'
Proof. Let u,v € AT™. We show that

US}(S(QI)) = Usg(zn) & USE%(32)1) = Usﬁéwm' (8)
Clearly, Ug(321)) = Vg(3(21) holds if and only if
R R
(Al) S<21 - US(21)7

(A2) 5(21 - US(Ql)a

(A3) <v(72g§)>g£2”<q8’,5) = (7, qg))gfl)(qg)ﬁ) in 5( ) for all (%qR ) € QR and (¢, 6) €
Qr

Now (A1) is equivalent to

(Ad) ugny = vgm;

(A5) ugny = vgm;

(A6) q( )g( )q(L) q(l)g( )qé) in S( ) for all q ) ¢ Q(l) and q(Ll) c Q(Ll)'

Similarly, (A2) is equivalent to (A4), (A5) and

(AT) qg)hq(})q(;) = qg)hq(})q(L) in S( ) for all q( ) ¢ QR and ¢ ) e Q(l).
On the other hand, US((32)1) = US((32)1) holds if and only if (A4) and (Ab5) and

(A8) q%)gé )q(L) qg)gq() )q(L) in 5(32) for all q(l) € QR and q ) e Q(l)

hold. Therefore we may assume that (A4) and (A5) hold, and we must prove that

((A3) A (A6) A (AT)) < (A8). 9)

Assume first that (A8) holds. Let qR € QR and q(l) € Q(Ll) Write

|ul

z=qVgWel = Hf Ai(w), oi(u), i (u) g,
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y =y 9Vq} H FO @G N (w), 0:(v), () a57).

Note that
i—1
005y (i(wpi(u) af) = TT £ N (W), 0(w), 5 (w)af) = Ni(w).
j=1
Similarly,

7

(g Ni(u)oi (u) )b !

gv

'Q

SIS
I

=

N

—~
8

~

By (A8), = y holds in §%”. Thus # = y holds in both % and 5\ and so (A6) and
(A7) hold.

Given (7,¢%) € Q¥ and (¢, 5) € QY. we have by (3)
(v, a5))g (a1, 0) =TI, SOV (. 0l ) Au(w), oi(w), () (1, 6)
=TI, PO (i) - alg gty @i (), ai(w), (i) @ B gl - s(w)d)
= 1%, FO(r(uaf?) - 4 o501, (i) af), FD (g Niw), o), pi(w) ),
(g Ao (w)hl),ai - (g 1)9)
=12, F@ gy - Ni@), 0i(), i) - (a3 1)9)

= (v(ug!")) g (4 u)s).

Similarly,
(7,495 (@M, 6) = (v(wg)) g (a5 0)9).

On the other hand, (A8) holds for q( ) and q(l) if and only if @ (32) = Y42 if and only
lf R R
(B1) zge) =yge;

(B2) zge) =yge;

(B3) qg%)g( )q(L) = qg)g( )qé) in Sg’) for all qg) € Qg) and qf) € Q(LQ).
By (A4) and (A5), we may take

(2) (1)

an — y(ug") = v(vg"), ¢ =

and deduce ) . . .
(7.a5")9%V (a1, 8) = (7, 4 )gi* (4", 6)
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from (B3). Thus (A3) holds.

Conversely, assume that (A3), (A6) and (A7) hold. Let q(l) Q(l) and qL € QL .

Since (B1) and (B2) are equivalent to (AG) and (A7), respectively, it remains to prove that
1) 1)
(B3) holds. Let q ) ¢ QR and qL IS Q . There exist v € Qg)QL and 6 € “F Qg) such
that (uq(Ll)) = q%) and (q %) )0 = q(L). In view of (A4) and (A5), (B3) follows from (A3)
since
2 1 1 1 2 2
a7 9047 = (v, a3 )9V (@}, 0) = (v, a ) (5. 8) = a7 9P .

Thus (9) holds and so does (8). Therefore Sg(m)) = SI(%(:Q)I). Similarly, we can show
that §°*1) = g(B 4

Unfortunately the right Aj-automata of Bg(m)) and ng)l) are not in general isomor-
phic, as one can easily show using a cardinality argument on the states, and the same goes
: Qg@l)) R Q%?ﬁ)l)

for the left Aj-automata. However, we can define morphisms. Let g
be defined as follows. Given

( 1) 1)
Q
(G (52D D)y e QP % (@Y x Q) = QE*Y),
we set a )
QL
(7(3(21))’ (7(21)’(]%1)))% _ (7((32)1)’q§%1)) c ng) (1) QR32)1 ’
where 0®
SO (D) = (8,01 € QPP %@ = QY
and _
Bola &y = 4B (D P,
— = (1)
where qg) € “r Qf) is the constant mapping with image q(LQ).

Dually, we define ¢y, : Q(Lg(gl)) — Q(L(32)1) as follows. Given

(16", 62),00) & (@ x ¥ i) x *F gf) = eV
we set
o1 (@D, 520, 66 Z (¢ 5(321) ¢ oIV 5 T gD _ o)
where
qg)5((32)1) — <qg)5(21)75q§§>) c Q(L2) (3) 232)
and

qg)qu) _ (qg),qg))cs(?’(m)

— Q(l)
where qg) € Qg) L

Lemma 4.2 (i) pg: (Il(g,(m)),Qg(m)),sg(zl))) — (I}(é32)1)’Q%32)1)’S§%(32)1)) is a surjec-
tive morphism of right Ai-automata;

(2)

is the constant mapping with image qp’.
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(it) o : (S} 5321 ,QF (3(21)) , £3(21))) (S( (32)1 ,QL , ((32)1)) is a surjective morphism
of left A1 automata.

Proof. We give a proof for ¢y, the other case being dual. We have
o (I (3(21))) (1(21) 5(3(21))) @L((Ij(;l)7 5(()21)), 5((]3(21))) _ (IS)7 5((32)1))’

L
where
W5(G21) — (qgmfgﬂ%sqg)) = (If),qu>)
and
qu)g W = (qu)v a)e ) =1,
Thus

a0 = (17, 67) = 1

and so §((32)1) = (56(32)1) It follows that (pL( 13 (21))) = 12(32)1).
Next let ((q;, (1 ),5(21)) 5B ¢ Qf(m ,and a € A;. We have

al(qg,), 6®), 64E0) = (a(gy”,52), h™ (qp), 6@) - as32)

= ((agf”, ngf1) - as@0), A (g1, 521)) - a3},
hence X 1
SDL(C‘((Q(L)75(21))75(3(21)))) _ (aq(L)jn(:s(m)))
for the corresponding mapping 7®). On the other hand,
apr((q),6@D),66C0) = (g, 6(BDV) = (g, n{Dg(" - as3DD).
Therefore, to show that ¢y preserves the action, we only need to show that

PBE) — RO 5B, (10)

Let q(l) € Qg). Writing b = f( )(qg—i),a q(Ll)) we have

qg)( ((ll)q(Ll) ) ad((32)1)) _ qg)hf})qg) ) (qg)a)5((32)1))

= b((¢%a)s@V e 1) )

dr ' a
= (b- (ai’a)0®). 0 (q @)6C)) b= )

and . ) .
ax'n = (a) (hDg;!) - as®V), L)),

where

G <) = = (¢, ¢P)(R@D (g1, 52D} . q53(21)),

a
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Since

qg)(hgl)q(;) _a5(21)) _ qg)h( ), (1) (q( )a)5(21) —p. (qg)a)(;(m)’

(10) will follow from
h (g @) - be ) = /). (11)
R qr

‘We have

ai g (@ @)5) - be o | = 4 1 (g a)0@) - (a5 b)),

= f2 )(qg)’@ (qg)a)(g(m)) . (qg)b, qg)a)5(3(21)),

q%)&? (1) (qg)’ g%))(h@l)( (1) 5(21)) . a(5(3(21)))

= (b (2) %))hgzl)( (1) 5(21)) ((@7 qg))a)é(g(ﬂ))

= (g2, ¢D), 0, (g, 6@D)) - (¢Pa- ¢ PV, ¢{Va)sC)

— (2,6, (g a)s®) - (¢Pa- ¢P g, gt a)sBC),

thus we only need to show that

(@ = @ g,

Indeed, for every p ) e Q L

(W (1) (1))(p(1)

apr ) -dgp Qa pL

= 4ifb = 4P},

hence (11) holds and so does (10). Therefore ¢y, preserves the action and so is a morphism
of right Aj-automata in view of Lemma 4.1.

To show that ¢y, is onto, take

o
) € @ x ¥ g =

(2)
We define 621 e QRQ andn()e Rdi)foreachq EQR by

ap'n = (ax 0%, m,00).

Finally, we define §3(21) ¢ Q 5

(3 qﬁé))a(?’@m = (1 Do
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and show that
(a”sm) = ¢ ((af),6V), 55D,

We have or((q}”, 821),56C0) = (7, 5(GN) with
g 8D = <q§.§>6<2”,qu>>, ae, w = — (¢, )56,
We must show that 6(G21) = 5 which follows from E,m =1 Indeed,
R R

qg)ﬁqg> = (qg),qﬁi))é(?’(m” (q( (g} )))77 W= q}a)n 2

and so gy, is onto as claimed. [J

Theorem 4.3 (B®OB)OBW is a quotient of BAO(BAOBM),
Proof. By Proposition 3.3, we have

Ap3(21) = ApE)ARE1) = AEB)ARER)AE((1) = Op32) (1) = Ap((32)1)-

By Proposition 2.2 and Lemma 4.2, ¢ = (¢Rr, 1) is an onto morphism from B to B'. O

5 The trim block product

6 Iterating the block product

We intend to compose an arbitrary number of bimachines via block product. Since the block
product is not associative, we must choose the bracketing to be considered. Our choice is
bracketing from left to right, that is, priority is assumed to hold from left to right. In the
case of three bimachines, this means that (B®)0B®)OBM is our option.

We introduce the following recursive notation: given n > 2, let [n,n—1] = (n,n—1). If
[n, k] is defined for k € {2,...,n — 1}, let [n,k — 1] = ([n, k], kK — 1). Whenever convenient,
we shall assume that [n n] (n)

Let B®) (( Q ) f@ ( QL , )) be an A;, A;+1-bimachine fori =1,...,n.
Then

B = (... (B™WOBr-hosm-2)O. . )oB®).

It will be convenient to develop an alternative characterization of the states in the
iterated block product. For all n > 2 and k € {1,...,n — 1}, we define

n)Q(k) Q([/k"v‘l) X... XQ(Ln_l) Q(k) Q(Lk+1) X --~><Q(Ln_2)

P}[%ka] Q QRIL 1
(k)
X . XQgH)QL xQyp
Dually, we define
(k) (n=1) . x@®
Pl Z ) Wit el g
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The elements of PI[%” A and Pgl’l] are termed respectively R-generalized and L-generalized n
step crossing sequences.

Intuition for the following material is as follows. Bl is already defined, but to see
what it is and what the action is, we first note the states are in one-to-one correspondence
with

Q(l) Q(”*l) _ Q(l) Q(”*Q) Q(1> Q(Q) Q(l)
P}[%n,l}: gt)LXXL Xle)LXXL LXLXQg)LXg)

N - QM
— (bijection) (B[ 2]) . XQE%)

xeg)

and we write a member of this as

(1aw) QY — B,

Now we use the same formula as we did for the action of B& OB, namely for a € A,

(1) o (=m0

(v, qr") -a=(v,q5") 1
f f g8 AR = ag)

= (var() - qWgV, ¢Var),

where - is the inductively defined action on PI[;f A Tt is as simple as that. The details will
follow.

Also, an interpretation can be given to (yp,...,71) € PI[; A similar to the case n = 2
already given in Section 3, justifying why (vy,...,71) is called an R-generalized n-step
crossing sequence, namely the following.

The interpretation of (Yn,...,71) € P][;? A s first given by a picture

(I )= n.qp))
(1 )= vty ) ar”)

n—1 — n—1 n—2 n—1
(II(-".{ )7 )—>(I](~2 )Vn—l(QS)77q(L ))7q(L ))

(1 )= e, -)
Here, (, ) represents a member of Qg) X Q(Li), for ¢ = 1,...,n. Now in words, in con-
sidering BI™1!, if — is an input (i. e., a member of A7) which takes the R intitial state
of Bl to (Yny - -572,71) € Pl[g’l] under the action with the first, second, third, ...,
(n — 1) left automaton states being assigned arbitrarily to q(Ll), q(L2), e q(Ln_l) (no q(Ln) is
given), then the final right states will be Ig)’yl, II(%Q)")/Q(QS)), e Il(%n_l)’yn_l(q(Ll), .. ,q(Ln_2)),
II(%")’yn(qg), el qénfl)). The proof is similar to the n = 2 case.

To make a little more sense of the previous pictures, perhaps the following will be helpful.
See [15].
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Let B be an A, B-bimachine. The representing category of B, Cat(B), is the category
with objects Qr X Qr and arrows Qr X A* X Qr, so that the arrow (qr,t,qr) is written

(gr, ) == (,az)
and determines
(qr-tqr) —— (art, q)-
The multiplication in the category is

t
(qr. tqr) —— (qrt,qr = uqy) —— (qrtu,qr)
equals
t
(qr,tqr = tugy) —— (qrtu,qL)

plus identity arrows. The generating arrows QQr X A X Q1 come equipped with an output
function (qgr,a,qr) — f(qr,a,qr). Later, we may identify some co-terminus (same domain
and range) arrows.

Now this category can be looked at as a “generalized action” generalizing the right

action qgr RR grt and the left action uqr, < qr: given arrow (qr,a,qr), consider

(qr, ) = (,qv),

then fill in by the previous actions to

(ar,aqr) —— (qra,qr),

and similarly for ¢ € AT as follows: if t = ay,...,a, € A", then the arrow (qg,t,qr)
decomposes as follows. (Take n = 3 for ease of exposition.) Starting with (qg,t,qr), we

have
t=aiaza3
) —— (

(QR’ aQL)a

which decomposes as
(gr, ) == (qra1, ) % (qraiag, ) —- (QRalCLQa?n ), and
( aGIGZGSQL) S ( 7a2a?)QL) S ( G3QL) ( QL)

and combining yields the factorization in Cat(B) as

(QR, alazastL) (QRalv a2a3QL) (QRalaz, GSQL) S (QRa1a2a3a QL)

And then the output of B is given by

as
QR701QQGSQL ]— QRalaCLQGSQL <l— QRa1a2,a3QL W QRa1a2a3,QL

QR, ai, a2a3QL QRah a2, G3QL QRal(IQa asg, QL

b1 by bs
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So Cat(B) equipped with the output function on the basic arrows Qg x A x Q1 determine
B (and hence ap) and conversely.

If we start with L and R automata (I,S7,S,A) and (A, S, ST, I) for some semigroup
S with generators A, then the Cat of this is the 2-sided Cayley graph denoted Kayley(S)
(notice the “K”).

So looking at Cat(BI™!), for generating arrows a € A1, we have

a=a1 € 4
1 1
(3’ )

VW, ar, ¢t

as
(a5 a)

FO?, ar,¢t?)

\

as

(qg) qr,

f(n) (qg)7 ai, QETL))

Now each f() can be done by one move (one Turing bit) of the Turing machine (see Section
8) if we assume B = gy for all i, so in this Turing machine situation, it takes n compu-
tations to go from aj to an+1, so in the bimachine 31! consider to be taking all of AT as
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inputs if we are computing this by

A Al
(linear time)a; (linear time)
ap...... Ajevennn an,

G
bi...... bi...... bn

The coefficients of this linear time for .Ag) and AS—Jn) should be n by the above arguments,

so if an input string a; ...a;_1 is fed into Ag) (the right automaton of ™), then in time
(1 — 1) - n, the output b;_q

can be computed.
Let us look at this in more detail in the Turing machine context of B® = f, (see Section
8). So, for example, in the Turing machine

%

The general idea is: given a deterministic Turing machine 7" and input I D of length k and
considering T}, (T running n times) and T}, considered as the bimachine B! and if the
time and space functions for 7" are time( ) and space( ), then consider:
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space(k) al...a;—1 @G; Qi1 ... 0k space(k)

t

\

b;

—

(riding the reading head). Or better, following the I Ds and not the reading head:

pace(k)al ¢ 7 akSpacek (IDl)

(ID3)

(IDn)

(Computation table, [10], p. 167.) Now take the adjoint (i. e., consider columns instead of
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rows):

@ spauce(lc)a1 o ak space(k)
R ¥ BN

AW AP

b;
This is the dual table, showing the bimachine action. Now Steve Cook’s Theorem showing
CIRCUIT-SAT is NP-complete (and also that CIRCUIT VALUE is P-complete) is read off from
the computation table (see [10], 165-172), so the bimachines give a moving algebraic picture
(with semigroups and the representation as elliptic maps, etc.) of the computational table.
Note in all the tables that each entry represents one Turing move bit! But how can

aq Qp,

b . by
32



be turned into
ALY AP

(linear time) a; (linear time)?

How can such Agg) and A(Ln) exist?

aiq e ;1

must know the “future” (i. e., the other side L), hence

ql(ql) at...ai—1 qg)
qg%n—l) qén—l)
e

Ag), for input a; ...a,, must “guess the future”

0

(n-1)

the flow back to the left to
a;

Papadimitriou calls this quite subtle ([10], p. 54). [17]
Note to the dual table, we can apply Proposition 2.4 and replace B! by

s ( space(k), ay ... ap, space(k))’

showing the power of generalized crossing sequences.

Whenever © = (zp,...,x2,21) we shall write 7j(x) = z; for j = 1,...,n. Dually, for
y= (y1,...,yn) we shall write ym; =y; for j =1,...,n.
Clearly,

P}[%n,nfl] _ Q%L,nfl] P[[/n,nfl} _ Q[IrlL,nfl}.

)
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[n,n—1]

We define next a natural bijection Hg’k] : Qgg’k] — Pgl k] by induction on k. We take 0},
to be the identity maping. Assume that k € {1,...,n—2} and Hg’k—ﬂ] is defined. Since the

bimachines are arbitrary, HQ’H is essentially the same as Ql[g_kﬂ’l], thus we shall assume

that k = 1 for the sake of notation.
Let

2@t (1) [n,1]
('Ya')’l)eQR XQR =R
We proceed to define (91[[?’1} (7,71) in three steps.

n

Step 1: We use the bijection QR’2] to define a bijection

(1) (1)
= QR < Q) — P Q.

More precisely, we consider (v,71) — (,7v1) where

~ (1 2 1
() = 05" (v(g)))-
Step 2: We dissociate 7 into its components according to the bijection

1 2 -1 2
Q@@ @

Q" )2 x (Y

We write @, ’71) = (’/7\717 v 7’/7\27’71)'
Step 3: We use the natural bijections

pi? jor x (e,

QZQ)X...XQS:?_I) Q(Ll)x...xQ(Lj_l)

. (1) .
Q7 o - Qy

to define a mapplng (:Y\n) s 7:)/\2771) = (rYTM s 572771)7 where

1 j—1 ~ /(1 2 j—1
vilal ) =A@ @),

We make a liberal use of the mappings m; in the following lemma, that provides an
explicit description of the mappings ; from . Brackets have been omitted for the sake
of simplicity, since there is only one possible bracketing interpretation in each case. For
instance, we must have

(@) @) (@) = (@) @) ().

Lemma 6.1 For j=2,...,n, we have
@ (=) mmy y(ay)- . (af ™) ifj<n
ij(QL 7"'7qL7 ): (1) ( 1)
w2y lay) - () if j =n.
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Proof. If n = 2, the lemma holds trivially since 9%’1}

n > 2.
By definition, we have v; = WjQ%’l

is the identity, hence we assume that

](7, ~1). We must show by induction on n that
(1) (-1

j—2 o
_ mmy ylay) - (ap ) if j <n
0 a0 ) = 1 1
w5 2y (g) . @) ifj=n
holds for j = 2,...,n. We have
n,1 1 1
0 )@ af ) =)
=3
=md(ap ) e af )
n,2 1 2 i—1
=m0 (@ N @)
n, 1 2 1
=105 (my (), v (@ N @Y

Ij j = 2, then we get

260 (7)1 () = m68 A (o (687), miv(gl?)) = Ty (al)

as required since j = 2 < n.
Otherwise, the induction hypothesis yields

mm) @ @NE@?) . @) i <n
,9[”71}( ( I 1))_
[71'] R Y, 7))\, 4y, ) 2 (n-1)
w53 (@) @) - (@) if j=n

and the lemma follows. [J

The action of S 1) o0 Q "1 induces an action P[n U Sk 1] Pl[g A defined by

(9[n 1]( [nl])) [n,1] g[n 1]( [n,1] [n 1])

The next lemma, although being of technical nature, unveils some of the properties of the
action.
But first, here is some intuition and pictures for the following.

( (1) q(l))

aH—l

This denotes an input string a’; € A;r and an output string @41 € A;CH. If B is started

in states qg) and qg) (see Proposition 2.4), then @’; is mapped to @41, i. e.,

()

Op (u, E)“’w) = 77;4_1
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with Ig)u = q%) and q(Li) = wIS). See Proposition 2.4.
Then, for some @ € A7,

gy 252 M ¢V @,
(2) (2) 2) —
dr qy, qr" " a2
I VA P
(n) qn E)
dr R n
with @1 = @ and
(g ——qi)
71’-9—1
and qg) - @ ; denoting action in (Qg), Sg), Ay).
There is also the dual formulation
T1-qt” ¢ gV
T g
an qy, q(Ln)
Now the two-sided semidirect multiplication is seen to be
qg) a1 qg)
qén 1)
&
g\ — By gV ¢V @ g
n— < n— n—1 — n—1
qj('% 1) b, q(L 1) qg% . . (n—1)
(n) (n) —
dr dr n

Another way to look at this is the following.
Proposition 6.2

(a) Given @ € Al and q(l) cees q](: b (notice the n — 1), this gives a member of the
wreath product see [5, vol. BJ, or [12].

n n 1 1
(Q()S( Yoo SR)’SI(%))
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(notice the n), denoted

(b)

for i < n—1 is given by projecting

from

n 1 1
QW Sy 0. 0 (N, 50))

to

(@55 00 (@R, SR,
Proof. The proof is straighforward, but the statement is subtle. [J

We note that, for all q%’j] € Q%’ﬂ (j <n) and u € AT, we have

m(ag?w) = mi((raai ) m(a?))u) = (rala )

since the action on the second component does not depend on the first.

Lemma 6.3 Let (y,,...,71) € PI[:’H and u; € Af. Then (Yn,-..,71)u
with (1) (j-1) (1) (5-1)
1 1 1 —
vilay s naf ) = (lway’s - ujmag) ™))y,
where the words ua, . .., u, are defined recursively by

1 = (’y;l,

ujpr = (3 (gl uag? )P (=1, - 1)

Proof. Assume that (y,,...,71) = 9%’1] (7,71)- Then

(v, 71)u = (yu - 7191(“), Yiu).

Since 94 = yu1, the lemma holds for j = 1. Suppose next that j € {2,...

Lemma 6.1 and (13) yield
73‘(‘1(;)7'--»(1(5_1)):7?17% (vur - g (@) @)

= mm) 2(v(wrg))ual(¢) - (¢ 7V
37

).

,n—1}.



We show that

1 i—1 j—ip, i 1 i—1 i i—1
ilapvap ) =mm (w  yngy) - (wieagy Dwil(ar) - g (19)
for i = 2,...,j by induction on i.
This was already proved for ¢ = 2. Assume that it holds for ¢ € {2,...,j — 1}. Then by
Lemma 6.1

Yias e ) = md 2 ugl)) - (iead )@ @)

= mmy [(my oy (urgl)) - (uimagl V), mimh 2 (g - (uieagl ) )
(a) .. (¢ ")

= wlw%_i[(wé_lv(ulqg)) e (ui_lqg_l)),yi(ulqg), . ,ui_lqg_l)))ui]
(¢/))...(¢f ")

= mrd T ngl) (gl - (gl wig)))el)
(¢)... (¢ ")

= mmy TV y ugl) (gl (gl gl )l e

(@) (@)

= mmy Y ) (ig) u)aE ™) (a7,

and so (14) holds. In particular, for i = j, we obtain

Vi@, gy = m P (wag) - (wgoag )]

and so ) G-1) 2 ) (G-1)
Yilay's a7 = (mmy Sy (ugy?) - (uioag) ),
= (y(ugl, ... ujo1af "))y

by (12) and Lemma 6.1.
The case j = n is actually a simplification of the preceding case and can safely be
omitted. [J

Since P}[g s a divect product of n factors, we can view it as a tree of depth n having

uniform degree for each depth. Typically, the state (vy,...,71) € Pl[g A g represented in
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this tree as a path
100t

v
AN

V2

V;anl

d

Tn

and can be identified with the corresponding leaf. Naturally, each node of depth j €

LW QU=
{0,...n — 1} has precisely |Qg) v “ | sons.

Following the terminology of [12], we say that an elliptic contraction ¥ of P][%n A s a
depth-preserving endomorphism of the associated tree. More precisely, we view ¥ of a
mapping that sends vertices to vertices of same depth (fixing the root in particular) and
edges to edges, preserving adjacency.

Alternatively, if U(vp,...,71) = (1,.--,71) and U(B,,...,51) = (B,,...,5]), then

holds for j = 1,...,n. This amounts to say that m;¥(vy,...,71) depends on (v;,...,71)
only.

Theorem 6.4 For every u € Af, the right action of u on P][{n’l]

traction vy of Pl[g’l].

mnduces an elliptic con-

Proof. By Lemma 6.3, it is clear that whenever (yn,...,71)u = (75,...,71) then 7} de-
pends on 7;, ...,y and u only. [

We can also refer to this property by saying that the right action on PI[: A i sequential.

An immediate consequence of Theorem 6.4 is the following result, which will play an
important role in going into profinite limits. Note that for m < n there exists a natural
onto mapping M, 1] : Pgl A, P}[;im’” defined by

T (P = (Em ), ().

Corollary 6.5 For all pgg’l} € PI[%"’I] and u € A,

] (P 0) = (g (0

We consider next then expression of the initial state in the PI[;? Al description.
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(7-1)

H[nl]( [nl]) = ('yn,...,'yg,lg)) with ’y](q(L),...,qL ) = Ig) for j =

Proposition 6.6
2,...,n.

Proof. We use induction on n. The case n = 2 is trivial since 9[2’1] is the identity mapping.
Assume that n > 2 and the proposmon holds for n — 1. We have Ip 1) = (v,1 (1)) with
~v(q (L)) = I}[% 2 for every q ) e Q . By the induction hypothesis, (y ,Iéz)) is taken by H[n 1
in the first step to (7,]1(%)), where each ﬁ(q(Ll)) is an (n — 1)-uple of constant mappings
defined by

@@, Y =19 =2, n—1).

(j—l)) _

( (1),...,qL

Thus v;(q;, 1(%?,) and the lemma holds. [J

Al [n,1]

Naturally, all the results presented in this section for Pl[g have dual versions for P;

which will wisely be omitted.
We end this section by computing the output function in terms of the states P][%n A and

Pgl’l]. To avoid introducing extra notation, we keep the notation fI™ for the function
P}[;’H x A1 % PL[:ml] — Api1

n, n, n,1] H[n,1] n n n,1
O (i), a0 ) = g a g

Proposition 6.7 Let (Yn,...,71) € P, (61,...,6,) € P and ay € Ay. Let ¢ =,
q(Ll) =61 and define qg) € Qg), q(Lj) € Q(Lj) and aj € Aj (j =2,...n) recursively by

¢ =i, aid? ), @ = (@ Ve, dian)s),

a; = f9 (g " a50,07 7).

Then
f[nJ]((’Y’na o 7’}/1)7 ai, (517 o 7571)) - f( )(ng)a Apyy Qén))

Proof. We show that
f[n’l]((fyna cee 771)a at, (617 s 75n))

— I (wd oy (argt) - (ao1g ), 69 a5, (6, (@8 ay0) (6 an)ers )

holds for j =1,...,n
Since

1 (s ), B 0)) = £, ), e, (af 6)),
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the claim holds for j = 1. Assume that it holds for j < n — 1. Then
f[n’l]((yna o 7/71)7 ai, (617 ce. 7571))

= () Yara) - (aiaf )0 a5 (a0 (0 P aga) (g an)or] )
= /I ) - (aga), SR g ) (@) ag) - (al a)omd )
= fr (o (ma)) - agap ) mrd (@g)?) - (gaf)), ase,

((5ay) . (gl a)or] 'm1, (4 ay) .. (a7 ar)omh)

= 70 (ey(anay) - (asa))saf ) 0 (0 @ 0g) - af an)om)

since

mr) Wargy) - (yaf)) = el ) = g,
(g7a)) - (aff a)om) ' = (¢ ay, - a ar)djen = g

by Lemma 6.1 and its dual. It follows that the claim holds for j + 1 and therefore fot n — 1.

Thus
(v, .o o71), a1, (61, ..., 60))

= f(”’”‘”(g?rg’%(gmg)) . <an;2q§"‘2>>, ¢, ap
@ (¢ Pan ). (¢ Par)rn?)

= /" argy)) - (anag ™) D (g anog ),

(@ Van_1) ... (¢ ar)6my2))

— O (larg, . an1d" ), an (65 Pan 1, .5 a1)6,)

= f(")(qgl), an, q(Ln))

as required. [

7 The matrix representation

We develop in this section a matrix representation for the (iterated) block product of finite
bimachines. Let B1) = ((Ig), Qg), Sg)) f(l) (S( ) (1) é)))7 be an Aj, As-bimachine.
We assume that the state sets Qg) and Q ; are totally ordered. Let u € AI“. We define a
Q%) X Qg) boolean matrix M](%lz by

&) Lo ity =
(Mpa),m o =
0 otherwise.
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Dually, we define a Q(Ll) X Q(Ll) boolean matrix MSZL by

1 if p(L) = uq(Ll)

(M(%)) 1) 0 =

L ? L .
0 otherwise.

We write
My = (M) |ue AT, MY = {M]") |ue AT},

We shall present the R-versions of our results, omitting the dual L-versions.
Lemma 7.1 For all u,v € Af,

MY = 21,

Moreover, M( ) is an Aq-semigroup and a quotient of S(l)

Proof. Let pg% ,q ) e QR We have

1) 5 r(1) _ (1) 1)
(MR,UMR,v)pg)vqg) = Z (MR,u)pg),tQ(MR,v)tg>,qg>'
D el

We have (Mgi)pg)ig)(M](%l’zj)tg)’qg) = 1 if and only if tg) — pg)u and qg) — tg)v, hence

(MI(;LM}(;)) M) 40 # 0 if and only if there exists some tg) € Qg) such that tg) = pg)u and

(1) t%)v that is, if and only if q( ) = pg)uv. Since tg)

conclude that

is then necessarily unique, we

(MIQLM](%?U) m g = (Mz(:zl)m,) M -

Pr 4R

It follows that Mg) is an Aj-semigroup. Given u,v € A1 , u =wvin Sg)

their action on Qg) is the same and so Mgl = Mgz). Thus Mg) is a quotient of Sg). O

implies that

In the faithful case, these matrix semigroups turn out to be a representation of the
bimachine semigroups:

Lemma 7.2 If BY is faithful, then M) = S\,

Proof. By Lemma 7.1, it suffices to note that M(l) MY ?U implies u s = v for all

s“
U, v € Af. Clearly, if M( ) M]({zj, then v and v have the same action on QR and the
claim follows from falthfullness O

We consider now the states (the R-version). We associate to every q € Q r the
{1} x QR) boolean row matrix W' )(1) defined by

qu

1 ifpg%) —q%)

1)
(WI(%,q<1)) 7p5%1) =
n 0 otherwise.

Together with Lemma 7.2, the following result shows that our matrices provide a matrix

representation for the faithful case.
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Proposition 7.3 For all qR € QR and u € A , we have

(1) 1) _
WR,qg)MR,u =W o,

R,qp’u

Proof. Let p ) € QR We have (W](;)(1>MI(%1L>1P(1) =1 if and only if
AR ? R

>, (ng)lmh tg>(M(1)) w =1
dR ’

R, tR PR
D e
Since (W}‘;)m)1 (o = 1if and only if £}y = g}y, it follows that
7qR "R

(ngmMz(%l,L)lpg) =1 (M} )) m o =1
dr ’

4r PR

op) = oDy

(1)
(WR q<1) ) ,pg) =1

Thus W' )(1) no=w O
Ryqp’u
Assume now that B2 = ((11(%2), Qg), Sg)), @, (Sf), Q(LQ), If))) is an Ao, As-bimachine.
For every u € A, we define a Qg) X Q(Ll) matrix M(i) by

(M(l)) W 0 = qﬁ{)gqﬁ JglV

and a (|QW]+1QW)) x (1QY] + 1Q1V]) matrix

Mo
2 - ’
1 1
Mg My,

If we consider the natural matrix multiplication for the matrices M MY . (i.e. 0 and 1 act
on A3 by Ou = u0 = 1, lu = ul = u and we concatenate words as usual), then we can
prove:

Proposition 7.4 For all u,v € A7,

W) T,
Proof. We must show that
M0\ (M) 0 M, 0
1 1 1 1 1 1



that is,

(1) 5 r(1) (1)
ML,uML,v 0 MLuv 0
MOuD MDD M) M® MY,

Clearly, Lemma 7.1 and its dual yield Mjg )M(l) MY and M}(;i LM(ll = M](%zw. It

Lyuv
remains to prove that

MM M) MY = M. (15)

9u Guv®

For all qg) € Qg) and q(Ll) € QS; , we have

(Méi)M(l) Mz(zllMg(v)) o, <1>*(Mg§u)M£3,) (1) ) - (Mz(al,LMg(v)) m

dr "4y, 4R 4y,

=11, @ Q(l)( ()) W, <1>(M(1)) (1) 40

dy,
1 1
‘Hpg>ng>(M§,L>qg>,pg> : (Mg(v))pg[q(;w

Since (Mgl)p(;)g(;) = 1 if and only if p(Ll) = Uq(L) and (M (17)) W ) = = 1 if and only if

dr PR
pg) = q%)u, it follows that

(Mg(i)MSq)) . MSLM&P) o Q= (Mg(i))qgavqgn : (Mg(i))q?u’q(;)

’ 4 qr »41,

— ¢ g.(va") - (¢ w)guat”

= 4§t guvay”

1
= (Mg(m);)qg)g(;)

uv 0 B u 0 v 0 B uv 0
g w ) \gPu) \gMo) ™ \gPv ug®uw |

Thus (15) holds as required. [J

since

Next we define, for every qg ) = = (v, qg)) 21) ,a {1} x (|Qg)| + |Q%)|) boolean row
matrix ) a )
where

(W%mn—%%)GQR-

If we consider the natural matrix multiplication for the matrices W( )(21) nd Mz (21) . (e

words of AJr act on Q r as expected), then we can prove:
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Proposition 7.5 For all q(21 € le) and u € Af,
—(21) =+(21) ==5(21
WL M) =W,
quR ’

Proof. Let q ) € QL We have

W 7@y W M g0
(W o M)y = (Ws MLU-WR’qS)Mg(U))Lq(LU.

Since (M( )) W 0 = = 1 if and only if p(L) = uq(Ll), and (W(l)(l))lp(l) = 1 if and only if
PR

Pr 4r R,qp

pg) = qg%), it follows that

(21) ==(21)

w 1
(WR,qfl)MR’“)l,q(L” =) g (Méu)) ) ()

Laug!, AR ar,
’Y(UQ(L)) q%)gq(}) (1)
= (ru- a9 (ap)
= (W )y -
Now let q(l) € Qg). It follows from Proposition 7.3 that

7721 7(21) _ 1) 1)
(WR,qgf” M)y o= (WR,qg> Mp.)y g

_ ay® _ (@)
= W 1a = Wi e, )y
hence W2, M) = W, and the lemma holds. O
7qR dr U

We can expand our matrices to boolean matrices as follows. Let u € Af. We define

a (1Q% 1+ 10WDURY T + 1% x (1% +10MN1QW| +1QP))) boolean matrix M,

replacing in Mgi)

e cach word w € A by Mgzu;
e cach 1 by the Qg) X Qg) identity matrix;
e cach 0 by the Qg) X Qg) zero matrix.

Given qR ) e Q 1) e define a {1} x (|Qg)’+’Q(Ll)D!Q(2)\ boolean matrix W q)21) replacing

2D
m WR (21)
4R
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e each word qg) € Qg) by W<2)(2)§
R,y

e cach 1 by the {1} x Qg) matrix with all entries 1;

e cach 0 by the {1} x Qg) zero matrix.

It would be nice to have versions of Propositions 7.4 and 7.5 for these boolean matrices,
but unfortunately the matrix operation cannot be plain multiplication of boolean matrices.
Indeed, multiplication of matrices must be operated at two levels, and full exploration of
this operation remains to be completed.

8 Turing machines and bimachines

We are interested in deterministic Turing machines that halt for all inputs, particularly
those that can solve NP-complete problems. In comparison with the most standard model
of deterministic Turing machine, the model we shall be considering in this paper presents
three particular features:

e the “tape” is potentially infinite in both directions and has a distinguished cell named
the origin;

e the origin contains the symbol # until the very last move of the computation, and #
appears in no other cell;

e the machine always halts in one of a very restricted set of configurations.

There are of course many ways of achieving these goals, we shall just choose a particular
one.

Our deterministic Turing machine is then a quadruple of the form 7 = (Q,qo, 4, 9)
where

e (Q is a finite set (set of states) containing the initial state qo;

e A is a finite set (restricted tape alphabet) containing the special symbols B (blank),
B’ (pseudoblank), Y (yes), N (no), G (garbage) and # (origin);

e § is a union of full maps
Q@ x (A\{#}) = @ x (A\{#,B,Y,N,G}) x{L, R},
Q x {#} — (Q x {#} x{L,R}) U{Y,N,G}.

We write A° = A\ {#, B}.

Since the machine is not allowed to write blanks on the tape, we shall use the pseu-
doblank as a substitute to avoid unnecessary information in the final configurations. Since
we must consider space functions, it is not convenient to allow the blanks to perform that

job.
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Note that, in the final move of a computation, the control head is removed from the
tape and so we allow {Y, N, G} in the image of 4. The symbols Y, N, G are used to classify
the final configurations: for a TM solving a certain problem, Y will stand for correct input,
acceptance, N for correct input, rejection, and G for incorrect input.

We intend to work exclusively with words, hence we shall soon exchange the classical
model of “tape” and “control head” by a purely algebraic formalism. We introduce what
we shall call henceforth the extended tape alphabet:

A'=AU{a|a€ A qeQ}.

The exponent g on a symbol acnowledges the present scanning of the corresponding cell by
the control head, under state q.

We are now naturally led to the concept of instantaneous description for 7. Informally,
instantaneous descriptions are meant to encode all (theoretically) possible configurations
of the tape during any sequence of computations. Formally, let for : A’ T A* be the
“forgetting” homomorphism defined by

for(a) =a, for(a?)=a (a€ A, q€Q),
and let exp : AT — (N, +) be the “counting” homomorphism defined by
exp(a) =0, exp(a?)=1 (a€ A qeQ).
Then we define
ID = B*{w e A" | for(w) € ({1} U B)(A%)* ({1, #})(A°)* ({1} U B), exp(w) < 1}B*.

As an example, the instantaneous description BBab#ablaBBDB indicates that ab#aba is
the content of the tape, the third cell is the origin, the control head is scanning the fifth cell
under state g. The presence of some blanks on the left or/and on the right can be useful
in some circumstances, in others can be ignored. We should always keep in mind that the
tape is potentially an infinite word ... BBBBabc#aba BBBB ... Note that we may have
exp(w) = 0 or 1 due to our peculiar stopping conditions. The interdiction of blanks between
non-blanks follows of course from the impossibility of writing blanks.

We denote by ID the set of all nonempty factors of words in I.D.

The Turing machine 7 induces a mapping 3 : ID — ID (the one-move mapping) as
follows:

Let w € ID. If |exp(w)| = 0, let 3(w) = w. Suppose now that w = ua%v with a € A
and q € Q.

e if §(q,a) =b e {Y,N,G}, let f(w) = ubv;

)
e if 5(q,a) = (p,b, R) and c is the first letter of v = v/, let B(w) = ubcPv';
o if 6(q,a) = (p,b,R) and v = 1, let f(w) = ubBP;
e if 5(q,a) = (p,b, L) and c is the last letter of u = u'c, let f(w) = u'Pbv;
o if 6(q,a) = (p,b,R) and u =1, let B(w) = BPbv.
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Given w € ID, it should be clear that the sequence (5" (w)), is eventually constant if
and only if 7 stops after finitely many moves if and only if 3™ (w) € AT for some m € IN.
In this case, we write

lim §"(w) = 6™ (w).

n—o0

More generally, given any eventually constant sequence (uy,)n, we shall use lim,,_, o0 1, with
the obvious meaning.
We say that our deterministic Turing machine (TM) is normalized if

e (8™(w))y is eventually constant for every w € ID;
e lim, ., "(w) € B*B"*{Y, N,G}B"* B* for every w € ID.

In view of our stopping conventions, this implies in particular that the symbol Y, N or
GG must be precisely at the origin. Normalized TMs will be used as models for solving
a certain problem, and we can now be more precise with respect to the possible final
configurations: lim, .. 3"(w) € B*B""Y B"*B* will correspond to correct input, accep-
tance, lim, o, 3" (w) € B*B'"NB'"B* to correct input, rejection, and lim, .., f"(w) €
B*B"*GB'* B* to incorrect input. It may be convenient to assume that the identification of
incorrect input (garbage) can be made at low cost complexity (say polynomially).

It should be clear that any algorithm of yes/no type to solve a particular problem
can be performed by a normalized TM of our type: we can keep the origin symbol con-
stant at the cost of introducing extra states, we can always add new states so that the
machine does not stop immediately following acceptance/rejection and add a terminal sub-
routine that will change the acceptance/rejection configuration into one of the desired form
B*B""{Y,N,G}B"" B*.

The space and time functions for the normalized TM 7 can be naturally defined by

st:1D—IN
w | limy, 0 B (w)],

tr : ID —IN
wi— min{m € IN : g™ (w) = lim,,_.o " (w)}.

Indeed, we are assuming that our TM halts after finitely many moves, and the length of
the limit gives precisely the number of cells that have been used in the computation (if
we include all the cells occupied by w). On the other hand, since each iteration of (3
corresponds to one move of 7, the time function computes the number of moves needed to
get to a terminal configuration. It follows from known results (see [2]) that any deterministic
(multi-tape) Turing machine solving a problem with space and time complexities of order
s(n) and t(n) (not less than linear) can be turned into a normalized TM with space and
time functions of order s(n) and (t(n))?, respectively. In particular, if s(n) and t(n) are
polynomial, we remain within the realm of polynomial complexity.

We note that, for every w € ID, f(w) either has the same length or is one letter longer
than w (when (w) is of the form w'BP or BPw'). The one-move Ip-mapping o : ID — ID
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is defined by
Blw) if [B(w)] = |w|
Bo(w) = ' if |B(w)| = [w| + 1 and f(w) = w'BP;
w’ if |B(w)| = [w| + 1 and f(w) = BPw'.

Alternatively, we can say that [y(w) is obtained from G(BwB) by removing the first and

the last letter. Similarly, we can consider the extension (g : ID — ID which is also an
lp-mapping.

We remark that, if |3(w)| = |w| + 1, then By(w) € AT and so we cannot deduce 3(w)
from [y(w). This loss of information is only apparent: it is a fact for a particular input,
but not if we consider the full domain of instantaneous descriptions: indeed, we can deduce
B(w) from By(BwB) and, more generally, 5" (w) from [y(B"wB"™).

Let tp : ID — (A’\{B})* be the mapping that removes all blanks from a given w € ID.

Lemma 8.1 Let T be a normalized TM with one-move mapping 3.Let w € ID be such that
for(w) € (A\{B})*. Then

(i) iMoo " (w) = iy oo (5 (B"wB™));
(ii) s7(w) = |limy oo L5 (B (B wB"))];
(iid) tr(w) = min{m € N : cp(B7(B™wB™)) = im0 15 (g (B"wB™))}.
Proof. It is immediate that B”(B"wB") = BQ(B"wB") for every n € IN, and so
15(35(B"wB™)) = 1p(8"(B"wB")) = 5" (w).

Thus the result follows from 7 being normalized and the definitions of space and time
functions. [J

We prefer to extend By : ID — ID to an lp-mapping 3y : A’ * — TD for formal reasons.
Since we are not really interested in non-IDs, we may consider some arbitrary lp-mapping
A : A" — ID fixing every w € ID and then take the composition fyA. We can take for

instance L
w ifwelD

A =
(w) {GB"“’|1 otherwise.

So far, we have associated to the normalized TM 7 an Ip-mapping 3y encoding the full
computational power of 7 with space and time functions equivalent to those of 7. We
proceed now to define a canonical finite bimachine matching 3y in ID.

The A’, A’-bimachine

Br = ((Ir,Qr, Sr), f, (S, Qr,11))
is defined as follows:
e Qr=A"U{Ir}, QL =A"U{IL};
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e Sp = A’ is a right zero semigroup (ab = b);

o Sp = A’ is a left zero semigroup (ab = a);

e the action Qr X Sg — Qg is defined by gra = a;
e the action S;, x Qr — Qp, is defined by aqr, = a

For the output function, let us write I, = B and ¢, = qgr for every qr € Qr \ {Ir}.
Similarly, we define ¢;. Given qr € Qg, a € A" and q;, € Qy, let

fgr,a,q1) = Boldr, a, qr.).

If gqraqr, € ID, then qraqr will encode the situation of three consecutive tape cells at a
certain moment. Then f(qg,a,qr) describes the situation of the middle cell after one move
of T. If qraqr, ¢ ID, then f(qg,a,qr) will have some pretty arbitrary meaning, depending
on the choice of A previously taken.

Proposition 8.2 Let7T be a normalized TM with one-move lp-mapping By. Then ap, (w) =
Bo(w) for every w € ID.

Proof. Write @ = ag,. Let w € ID and write w = uav with a € A’. We must show that
a(u, a,v) = Bo(u,a,v). Now

a(u, a, U) = f(IRua a, UIL) = f(QRa a, QL)

where
_[Igr fu=1
98 = 9 last letter of u otherwise,
1L ifo=1
9L = first letter of v otherwise.

By definition, we have
f(QRv a, QL) = BO(qQ% a, qlL)

On the other hand, we certainly have

ﬁO(u7 a, ’U) = ﬁO(QRu a, QL) = /BO(q;%') a, qlL)

ifu,v#1. f u=1and v # 1, then

f(QR7 a, QL) = 60(B> a, QL) = 60(“7 a, U)

since both B and u are irrelevant to the computation. The other cases being of course
similar, the result follows. [

We consider next some sort of converse statement for our assignment of a finite bima-
chine to a normalized TM. We assume that A is a typical TM (restricted) tape alphabet,
containing in particular the blank B.

Let B be a finite A, A-bimachine and write o = ag. Assume that

(1) a(u,a,v) # Bif a # B;
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(2) (a™(w))y is eventually constant for every w € AT;

(3) there exists a (polynomial) space function sg : AT — IN defined by

s5(w) = | lim p(a”(B"wB"))|;

(4) there exists a (polynomial) time function sg: AT — IN defined by

tp(w) = min{m € N : 1g(a""(B™wB™)) = lim tp(a"(B"wB™))},

n—oo

where the limits are taken for eventually constant sequences. Then there exists some nor-
malized TM 7 with (polynomial) s7(w) = sg(w) and tr(w) = O((sg(w)ts(w))?) that
computes lim,, .~ tp(a™(B"wB™)).

In fact, let w € A*. Each time we perform an iteration of o on B™wB™ (for the
smallest m we need to obtain the space and time limits), we perform at most sp(w) changes
of symbols. Therefore the limit can be reached within a maximum of sg(w)tg(w) elementary
operations, that can be assumed to have constant cost since they can be computed by the
finite bimachine. In view of Church’s thesis and [2], this yields a deterministic Turing
machine with the claimed time bound (it is obvious for space), and the subroutines to make
it normalized can be afforded at the same level of complexity.

9 A profinite differential equation

We assume from now on that B() = B®) = B®) = .. are countably many copies of
the A’, A’-bimachine B defined in the preceding section for the one-move Ip-mapping of a
normalized TM.

Let m,n > 1 with m < n. We can extend the canonical surjective homomorphism

g[n m] (I[n m]’ Q[nm S[n m]) R (Ij(zm)’an)’Sl(gm))
given by Proposition 3.5 to a morphism
" Y s e g s
by successive application of Proposition 3.4. Similarly, we define a morphism

g—L[n,m} : ( nl]’Q[n 1] Inl]) (S][-jn’l], [[7/n,1}7]-£m,1})'

Let E[g’n] and E[Ln’n] be the obvious identity mappings.
It is straightforward that if we choose to represent the states in the P][%n ’1], Pén’l] versions,
then
G s 1) = oo sm)s B1e o 8)E™ = (51,0 8m). (16)

In fact, these are the mappings considered in Section 6 before Corollary 6.5.
We recall the definition of projective system and projective limit. A set {P, | n > 1} of
algebras and morphisms {m;; : P; — P; | i > j} is said to be a projective system if
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® T,, is the identity mapping for every n € IN;
® T;jTjr = T, Whenever ¢ > j > k.

Its projective limit is defined as

oo
P ={(an)n € H P, | a;mij = aj whenever i > j}.

n=1

Lemma 9.1 {(II[;L’H,Q%’”, S%’”) | n > 1} and the morphisms ?R["’m] (n > m) constitute
a projective system of right A’, A'-automata.

[n,m] —[n,k]

Proof. We must show that g[m’k}g{ =¢R

immediately from (16). O

whenever n > m > k. This follows

We denote by
(Iz, Q% Sk)
the projective limit of the projective system defined above. If we represent the states in the

Pl[g ’1], F’l] versions, it is routine to see that

Dy xQr~V QWx..xQnb _ (1)><...><Q("_2)
L QRO Q@@ ane @G T WD

provides a representation of Q4. Moreover, the initial state Ij; coresponds to

+B3) (2 0
(., 1D 12 1),
where Il(gn) is the constant mapping with image I}(%n).
In view of Theorem 6.4 and Corollary 6.5, it should be clear that the action of A’ on
Py is fully determined by the action on P][; ' in the obvious way.
We have dual L-versions of these definitions and results that lead to a projective limit

(51,Q%. It)
and a representation

(n—2) ) (n—1) )
1 Q X...XQ -1 Q X...XQ
Qr=QWx. .. x " mQinTl  tr QM x .

We define now an A’, A’-bimachine
B = ((I}%v Q%? S;}Z)v [, (Sf, Qfa If))
as follows. Given u,v € AT and a € A’, we define
F (I, a,012) = lim U8 By, a, 0B 1]Y),

If either g% or ¢f is not accessible, f*(q%, a, %) is arbitrary (say for simplicity f*(q3,a,q5) =
a).
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We show that f*(I3u,a,viI}) is well defined. Indeed
flt] (Igl’l]B”u, a, UB”I[Ln’H) = agm1(B"u,a,vB") = 5§ (B"u,a,vB").
If wav € ID, we have that

lim (" (uav) = lim (65 (B"uavB™))

n—oo

by Lemma 8.1 and so (85(B™u,a,vB")), and therefore (f! (II[;Z’HB"U,@, UB”II[:n’I]))n is
eventually constant. If uav ¢ ID, then

68(B”uaUB”) — BnGB/|uav|—1Bn

and (fim1 (Il[g’l]B"u, a, UB"I[Ln’l]))n is also eventually constant. Thus f“ is well defined.
We show now that the bimachine B% satisfies the following property, referred to as the
differential equation.

Theorem 9.2 B¥ = BYB.
Proof. Write B = BY[IB. Since

Q% =...% QrO" x QRO x| x Qp,
we define
Cr: Qi — Q" = Q2% x Qr
by
Cr(---y72,m) = (3, m)s
where

~

¥=0(-7M)
and 7, (¢tV) € Qr(@2)" " is defined for n > 1 by

(@@, d) = s (@),

Given (3,7) € Q%" with 7 = (..., 72,%1), define (..., 72,7) € Q% by

(@ d ™) =36 @, ™).

It is immediate that (3,v1) = Cr(...,72,71), hence (g is surjective. It is simple routine to
check that (g is injective and preserves the initial state.
We show next that (r preserves the action. Let u € AT. We may write

(v y)ur = (79, 71)

with the ~/, defined as in Lemma 6.3. By Theorem 6.4, the action of A’ * on QB?’H is

sequential and so must be the action of A" on Q)%. Thus it suffices to remark that the
mapping
1 21QL
¢ plntl L, pln2™E S Qg
(PYna s 7’71) = ((771—17 ces 7’71)7’71)

preserves the action. This is essentially the identity mapping on Qgg’” with different repre-
sentations of the states. Since the action is the same in
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° QE,?’Q] and P}%n’z],

. Q%’I] = Q%’Q]QL x Qr and P}[g’l],

it follows that (r preserves the action.
We show next that
S = 5o, (17)

Let u,v € A'". We have

uS%:US%@VnZIU =wv

n,l n,l
shrth = Vgln1]

© Usy = Usg AVn 2 2Vqr € QrVqL € QL (4rgudL) gins = (ARGoIL) gin2
Sug, =vsy, AVn > 1Vqr € Qr Vqr € Q1 (QRQUQL)S%LJJ = (QRg’UqL)Sg%l]

S us, = Vs, AVqr € Qr VL € QL (qrguqL) sy = (qRIVL) S
g Usgm) = ’Usgm),

thus (17) holds and therefore (g is an isomorphism of right A’-automata.
Similarly, the mapping

Q8 — QP =Qr x *"Qy

defined by

-~

(61a 627 .. )CL = (6175)a

where

5=(8,0,...)

Qp)"~

~ 1
and qg)én € @y is defined for n > 1 by

n 2 ne n 1
(@5, ) @R8) = @5, a8)bnsn,

is an isomorphism of left A’-automata.
Finally, we must show that

f(wvl)(jl(,%w’l)u,a, vlgw’l)) = f“(Igu, a,vIy)
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holds for all u,v € A’*. Indeed,
f(”’l)(II(%w’l)u, a, vléw’l))

= f“Y((y0, Ir)u, a,v(I1, 6))
= @D ((ou - Irgu, Iru), a, (vIp, hoIy - v6o))
= fY(I% - Irgu(vIL), f(IRu,a,vIy), (Iru)h,Ip - 17)
= limy oo (I Ingu (0I1), f(Tpu, a0L1), (Inw)ho I - If)
= limy, oo fOFIIET . Thg, (011, F(Tru, a,vIL), (Tu)ho I - T2
= limy, oo fIP (0w - Trgu, IrW), a, (VL By L - v8)))
= limy o0 f" (70, Ir)u, @, (1L, 60))
= fY(Igu, a,vIy)

as required. [

Back to our tree model, we remark next that the elliptic contractions induced by the
letters are constant at a given depth for our bimachine B.
For every u € A’ * consider the elliptic contraction

Uy P][g’l] —>sz’1]
(77"“ L) 7/71) — (’YTL) L erl)u‘

Given (Yp—1,...,7) € P}[;L_Ll], let

Vi yn— 1yt QR = Q@
be the mapping defined by
Vg1t (1) = Tnlu (s -+ 71)-
Proposition 9.3 The mapping vy, ...y 5 constant for all u € A and (Yp_1,...,7m) €

pirtA,

Proof. Write u; = u € A'" and let (Yny---ym) € PI[{n’I]. By Lemma 6.3, we have

(s -« y)ur = (Y, - - - »74) with

1 i—1 1 j—1
where the words us, ..., u, are defined recursively by
uipr = (i(wal, . ujg?NgPe? (G=1,...n—1). (19)
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By (18), and since the action is right zero, it is enough to show that the last letter of
the word wu,, is independent from ~,. Now by (19) and Lemma 3.1, this last letter is of the
form

F((ynr(uaal), - unag? ™))l ),y ay ™),

o " " ’ . 3
where u,_1 = u,,_ju,_; and u; _; € A’, therefore vy, , . -, is constant. (]

10 Random walks on semigroups and Turing machines

10.1 Random walks on semigroups

Let S be a semigroup finitely generated by A and let S act to the right of the set X, not
necessarily faithfully, denoted (X, S, A). In the following, a knowledge of the paper [9] is
useful.

First for each a € A we can consider the X x X matrix with entry (x,za) equal to 1 and
all other entries equal to zero. The entries could be in any semiring, but we will consider
them in the real or complex field. We denote this matrix by op(-a) (operator of right action
- of a).

We denote the transpose op(-a), (op(-a))*, as op(a~!-).

Now the adjacency matriz for (X, S, A), denoted Adj(X, S, A), is by definition

" op(-a) +opla),

a€A

a self-adjoint matrix or operator on the suitable Hilbert space with nonnegative integer
entries. See [9].
The 2-sided simple random walk (2SRW) on (X, S, 4) is

transition (Z op(-a) + op(a_l'))

acA
= transition(Adj(X, S, A)).

Here transition(M), where M is a matrix with nonnegative entries, is the matrix obtained
by multiplying row x by the inverse of the sum of the entries in row x =1/ _, so we must
assume y_ < oo for all z € X.

So the 2SRW (assuming it exists) is a self-adjoint operator on the Hilbert space lo(X)
and is a stochastic matrix with nonnegative entries and with row sums 1. See [9]. So
compute its spectrum, eigenvalues, spectral radius, etc. The norm of the operator is < 1.
The first question is what is the 2SRW of (AT, A, A)? (This is well defined because AT is
cancellative.) See [4]. Even for |A| = 1, the 2SRW becomes

1000000
1 1

030000
0203000
003 0300
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Clearly, the 2SRW of (X, S, A) is well defined if X is finite. Now in our situation for
Turing machines from Section 6 we have a finite number of elliptic contractions operating
on a symmetric tree (see [12]), so in this case, the 2SRW is well defined by restricting the
action to those vertices distance < n from the root and then taking their 2SRW and limiting
(i. e., obtaining the operator for the 2SRW as the limit of the finite operators for each n).

Notice by going to the ends 0 with product measure y, the adjacency matrix of the finite
number of elliptic contractions A = {ay,...,ax} can be defined by considering L?(9, i) and
then considering the operator

()f = (Ca)f
which corresponds to op(a~!-). So the adjoint of this operator corresponds to op(-a), so the
2SRW is a row normalization of this Adj operator, with Adj = >, 4(op(a™') + op(-a)).

Now given a : AT — BT a Ip-mapping, we can go to the minimal bimachine B,
(Proposition 2.3) calculating o and obtain the right and left A-automata and take their
2SRWs, denoted R2SRW and L2SRW (assuming they are well-defined, which they will be if
we apply ( )* and ( ) to the minimal bimachine semigroups). Thus, given an NP-complete
problem P, we can obtain two 2SRWs: R2SRW(P) and L2SRW(P). We make this well
defined by applying ( )* and () to the minimal bimachine.

Also, given a deterministic Turing machine Tp solving the problem P, via Section 6,
we obtain for R (for L) a finite number of elliptic contractions on a symmetric tree, so
the 2SRW is defined, which we denote R2SRW (Tp) (and L2SRW(Tp)). Then we want to
understand how R2SRW(Tp) and L2SRW(Tp) are related. (We need limit theorems for
spectra, spectral radii, etc.)

Working Conjecture (as of 09 June, 2006). If R2SRW(P) and L2SRW(P) are
the free 2SRW of (A*, A) for suitable finite A (or close to it), then P has no polynomial-
time algorithm, by considering the spectral radius of the free vs. the spectral radius of
R2SRW(Tp ).

Another approach is possible using the Brown/Steinberg method utilizing triangular
complex matrices. See [18], [19].
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