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Abstract

According to DiPerna-Lions theory, velocity fields with weak derivatives in LP
spaces possess weakly regular flows. When a velocity field is perturbed by a white
noise, the corresponding (stochastic) flow is far more regular in spatial variables; a
d-dimensional diffusion with a drift in L™? space (r for the spatial variable and ¢ for
the temporal variable) possesses weak derivatives with stretched exponential bounds,
provided that r/d + 2/q < 1. As an application we show that a Hamiltonian sys-
tem that is perturbed by a white noise produces a symplectic flow provided that the
corresponding Hamiltonian function H satisfies VH € L™? with r/d 4+ 2/q < 1. As
our second application we derive a Constantin-Iyer type circulation formula for certain
weak solutions of Navier-Stokes equation.

1 Introduction

The velocity field of an incompressible inviscid fluid is modeled by Incompressible Euler
Equation

(1.1) u + (Du)u+VP =0, V-u=0,

where u : R? x [0,00) — R? represents the velocity field and P : R? x [0,00) — R is the
pressure. Here and below we write Du and VP for the x-derivatives of the vector field u
and the scalar-valued function P respectively. In the Lagrangian formulation of the fluid,
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we interpret u as the velocity of generic fluid particles and its flow X : R? x [0, 00) — R?,
defined by

(1.2) %X(a,t) =u(X(a,t),t), X(a,0)=a,

plays a crucial role in understanding the regularity of solutions of the equation (1.1). Since
a solution of (1.1) could be singular, we need to examine the regularity of the flow X of
ordinary differential equations associated with rough vector fields. Classically, a Lipschitz
continuous vector field u results in a Lipschitz flow. In a prominent work [DL], DiPerna
and Lions constructed a unique flow for (1.2) provided that w € W1? and V - u € L*, for
some p > 1. In 2004, Ambrosio [A] extended this result to the case of a vector field u of
bounded variation. Recently Delellis and Crippa [CD] obtained a logarithmic control on
the LP—modulus of continuity of the flow in spatial variable provided that p > 1.

In the case of an incompressible viscid fluid, the velocity field w satisfies the celebrated
Navier-Stokes equation

(1.3) up + (Du)u + Vp(z,t) = vAu, V-u=0.

In the corresponding Lagrangian description, a fluid particle motion is now modeled by a
stochastic differential equation (SDE) of the form

(1.4) dX = u(X,t) dt + odB,

where ¢ = v/2v and B denotes the standard Brownian motion. Since the regularity of
solutions to Navier-Stokes equation is a long-standing open problem, we would like to study
the regularity of the stochastic flow of SDE (1.4) and use such regularity to study (1.3). As
it turns out, the flow of SDE (1.4) is far more regular than its inviscid analog (1.2). To state
the main result of this article, let us define

1/q

(. \f(:p,t)yrdw)q/r dt] [ st "

The space of functions with ||ul|,, < oo is denoted by L™. We write P and E for the
probability measure and expectation associated with SDE (1.4).

1 Fllrq = W[ fllzra ==

Theorem 1.1 Assume that o > 0 and u € L™ for some q € (2,00],r € (d, 0], satisfying
(15) 51 === - - > 0.

Then SDE (1.4) has a flow X that is weakly differentiable with respect to the spatial variable.
Moreover, there exist positive constants C; = C(r,q) and Cy = Cy(r,q) such that for every
p=1,

1
(1.6)  supE [\DaX(a,t)V’ + \(Dax<a,t))—1|”] < CPexp (cla—ai(lﬂ)paiuuuf;q t) .



The following consequence of Theorem 1.1 allows us to go beyond the p-th moment and
gives an almost Lipschitz regularity of the flow in the spatial variable.

Corollary 1.1 There exist positive constants C| = C{(r,q) and Cy = Cy(r,q; ) such that

1
1 R B A\ T
(1.7) supP (| Do X (a,t)] > N) <exp <—Cio-151 (1+§)Hu||r’q1761 4T (10g+ E) 1) |
a 0

/ 1-61 4
(18) B sw |X(a,1) = X(,0)] <C; dexp (cz <1og5) o+ g t‘ﬁ) ,
lal,|b|<¢

for every u and X as in Theorem 1.1.

As another application of (1.6), we can show that the flow is jointly Hélder continuous
in both x and ¢t variables. Define
Ste(X;0) = sup sup [X(a,t) —X(b,1)]
[s—t|<d |a—b|<d
0<5,i<T |a,|b| <t
Corollary 1.2 For every o € (0,1/2), there exists a constant Cy = Ci(r,q; ¢, T;a) such
that

(1.9) E Sry(X;8) < Ol 6 exp <C§a_511<1+g)
for every 6 > 0, and u and X as in Theorem 1.1.

Remark 1.1 Clearly our bounds (1.6) and (1.7) are vacuous when §; = 0. Nonetheless we
conjecture that some variants of these bounds would still be true when §; = 0, or even when
01 < 0. Though we do not expect to have bounds that are uniform in a. 0

One of our main motivation behind Theorem 1.1 is its potential applications in Symplectic
Topology. It also allows us to formulate Navier-Stokes Equation geometrically. To explain
this note that (1.6) allows us to sense of the pull-back X3, for any differential form /3, where
X;i(-) = X(-,t). Let us explain this in the case of a 1-form. If § = w - dz, or equivalently
B(x;v) = w(x) - v, then

X{B(w;v) = B(Xi(a); DaXi(a)v) = (DaXi(a))" w(Xi(a)) - v,

is all well defined. In fact if w € LfS , then Xjw = (DX;)*(wo X;) € L for every

p € [1,00). In the case that w € C?, we can make sense of A,[3, where A, = £, + VA with
L, denoting the Lie derivative and

A (Z w' d:z:i) = Z(Awi) da’.

i

The following theorem explains the role of the operator A,.

3



Theorem 1.2 Let X be the flow of SDE (1.4) with w € L™ for some r and q satisfying
(1.5). Given 8 = w(-,t) - dz, with w(-,t) € C? and w(z,-) € C*, the process

M%aﬁﬁ—ﬂﬁ—/tﬁp?+Amﬂds
0

is a martingale. (Here Bt = wy(+,t) - dx.) More precisely,

(1.10) Mtz/ ZX* dB'(s

where y; = wyi(+, s) - dx.

Let us be more precise about the meaning of martingales in our setting. Observe that
M is a 1-form for each t and we may regard M* = M'(z) as a vector-valued function for
each ¢t. By Theorem 1.1, this function is locally in L? for every p € [1,00). Now M’ is a
martingale in the following sense: If V(z) is a C? vector field of compact support, then the
process

(1.11) M(V):= | M'(x)-V(x) dx,
R4
is a martingale. As we will see in Section 5, the expression A, 3° is well-defined weakly; only

after an integration by parts we can make sense of M;(V'). To explain this, recall that by
Cartan’s formula

L8 = di,B+i,ds
where we are writing d for the exterior derivative and i, denotes the contraction operator
in the direction u. (To avoid confusion with stochastic differential, we use a hat for exterior
derivative.) Since w € C*, we have no problem to define ZUCZB . However we need differen-
tiability of u to make sense cZz'uﬂ classically. The differentiability of u can be avoided if we
integrate against a C!' function because

/dzuﬁ /6 (v-V)

0 I,
= | ]
where I,, denotes the nxn identity matrix. As a straight forward consequence of Theorem 1.2,
we have Corollary 1.1.

Let us write



Corollary 1.3 Assume that d = 2n, and u = JV,H in (1.4) for a function H : R? x
[0,00) — R that is weakly differentiable in x-variable and V,H € L%", for some q and r
satisfying (1.5). Then the flow X; is symplectic.

Remark 1.2 In Hofer Geometry [H], if {H,} is a L°>'-Cauchy sequence of Hamiltonian
functions of compact support, the the corresponding flows {4} is a Cauchy sequence
of symplectic flows with respect to the Hoper metric. Completion of the group of such
symplectic transformations with respect to the Hofer metric is not understood. In view of
Corollary 1.2, we may wonder whether or not some kind of a limit exists for the family of
the flows {X = X7 :0 >0} as 0 — 0. O

As our next application, let us assume that u is a solution of the backward Navier-Stokes
Equation:

(1.12) u + (Du)u+ VP(x,t) + vAu =0, V-u=0.

(We use backward equation (1.12) instead of the forward equation (1.3) to simplify our
presentation.) A more geometric formulation of (1.12) is achieved by writing an equation
for the evolution of the 1-form o' = u(-,t) - da:

(1.13) it + Al —dLP =0,

where Lf(z) = 3|u(z,t)|> — P(z,t). A natural way to approximate Navier-Stokes Equation

is via Camassa-Holm-type equations of the form
(1.14) v, + (Dv)w + (Dw)*v — V,L(x,t) +vAv =0, V-v=0, w=uv%,(,

where ((x) is a smooth function. In the classical Camassa-Holm Equation, v = w — cAw
which leads to u = v %, (°. In this case both v = v* and w = w*® depend on ¢ and according
to a classical result of Foias et al. [FHT], the sequences (w®,v®) are precompact in low &
limit and if (w,u) is any limit point, then u is a weak-solution of (1.12). We say u is a
(r, g)-regular solution of (1.12) if it can be approximated by a sequence of solutions (v¢, w®)
of Camassa-Holm equation such that

(1.15) sup ||w®||,, < oo.
e>0

Theorem 1.3 Let u be a (r, q)-reqular solution of Navier-Stokes Equation (1.12) for some
r and q satisfying (1.5). Then for any smooth divergence free vector field Z of compact
support, the process

(1.16) Xa'(Z) du,

R4

is a martingale. Moreover, if Du € L?, then the process Xt*ciat 15 also a martingale.
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Remark 1.3 According to a classical result of Serrin [S], a weak solution of (1.3) is smooth

if u(-,0) € L? and u € L™ for some r and ¢ satisfying (1.5). We may also use Theorem 1.3

to show that any (r, ¢)-regular solution is smooth. If we have equality in (1.5) and r < oo,

the regularity of solutions can be found in the work of Fabes, Jones and Riviere [FJR]. Based

on this, it is natural to ask what type of regularity for the flow X is available in the extreme

case 07 = 0 (see Remark 1.1 above). We leave this for future investigation. O
Here is a short review of various classical and recent results on SDE (1.4):

1. Classical Ito’s theorem guarantees that (1.4) has a unique (strong) solution if u is Lipschitz
continuous in spatial variable, uniformly in time.

2. By a yet another classical work of Bismut, Elworthy and Kunita (see for example [RW]
or [K]), (1.4) has a smooth flow with smooth inverse if u is smooth.

3. Zvonkin [Z] in 1974 showed that (1.4) has a unique solution if d = 1 and u € L**°. This
result was extended to higher dimension by Veretynikov [V] in 1979.

4. Flandoli et al. [FGP] (2010) have shown that if u is H6lder-continuous of Hélder exponent
« in spatial variable, then the flow X is also Holder-continuous of Holder exponent o' in
spatial variable, for any o' < a.

5. Fedrizzi and Flandoli [FF] (2010) establish X € W'? for every p > 2, provided that
u € L™ for some r and ¢ satisfying (1.5). Though no bound on D,X is given in [FF].

6. Mohammad et al. [MNP] (2014) establish E|D,X (a,t)|’ < oo for every p > 1 provided
that u € L. O
An important ingredient for the work of Mohammad et al. is a bound of Davie (see
Theorem 2.1) that works for u € L°®°. In this paper we adopt [MNP] approach and achieve
Theorem 1.1 by generalizing Davie’s bound to the case u € L™? with r and ¢ satisfying (1.5).
In fact Davie proves such a bound by reducing it to a certain double integral. It is worth
mentioning that such a reduction is applicable only if we assume a stronger condition

(117) 52 == - — — - > 0,

We refer to Subsection 4.2 for more details.
The organization of the paper is as follows:

e In Section 2 we establish Theorem 1.1 and its corollaries, assuming that a Davie-type
bound (Theorem 2.1) is available under the assumption §; > 0.

e In Section 3 we reduce the proof of Theorem 2.1 to bounding certain block-type inte-
grals (Theorem 3.1).

e Section 4 is devoted to the proof of Theorem 3.1.

e In Section 5 we discuss symplectic diffusions and prove Theorems 1.2 and 1.3.



2 Proof of Theorem 1.1 and Its Corollaries

As a preparation for the proof of Theorem 1.1, we state one theorem and two lemmas. We

write 2!, ..., 2 for coordinates of z and f,: for the partial derivative of f with respect to z’.
Theorem 2.1 For every r and q satisfying (1.5), there exists a constant C3 = C3(r,q) such
that for any continuously differentiable functions b',... b" : R% x [0,1] — R of compact
support, and indices o, ..., a, € {1,...,d}, we have

(2.1) [ e (a+ oB(t:), t)dt;| < O (1) pndrgnds LT 10,

where

A" = A"t) = {(tr,.. . tn) 1 0<t; <o <, <2}

Lemma 2.1 For every r and q satisfying (1.5), there exists a constant Cy = Cy(r,q) such
that

t 1
(2.2) supE exp {)\/ lu|?(a + o B(s), s) ds] < Cyexp |:C40'_7'§1)\2§1“U/H1§,1q t} .
a 0

Lemma 2.2 For every 3 € (0,1) and p > (d+1)371, we can find a constant Cs5 = Cs(p, B)
such that for every continuous function X € R? x [0,T] — R?,

S |X x,t) — X(y, )P v
2.3 St(X;0) < C56 {/ / dzxdydtds
(23) relX39) ° stef0.1] J el lyi<e | — (y, s)|Ppratl

Lemma 2.2 is the known as Garsm—Rodemmh—Rumsey Inequality and its proof can be
found in [SV]. Inequality (2.2) is a Khasminskii type bound and its proof will be given at
the end of this section. Theorem 2.1 is the main ingredient for the proof of Theorem 1.1 and
was established by Davie when ¢ = » = 0o. The proof of Theorem 2.1 will be given in the
next section.

Before embarking on the proof of Theorem 1.1, let us outline our strategy.

e (i) We first assume that u is a smooth function of compact support. This guarantees
that the flow X is a diffeomorphism in spatial variables. For such a drift u, we es-
tablish (1.6). Note that the right-hand side of (1.6) depends only ||ul|,, norm and is
independent of the smoothness of u.

e (ii) Given u € L™ with (r, ) satisfying (1.5), we choose a sequence of smooth functions
{un}¥_, of compact supports such that ||uy — ul|,, — 0 in large N limit. Writing
Py for the law of the corresponding flow X ¥, we use Corollary 1.2 to show that the
sequence {Py}¥_; is tight. Then by standard arguments we can show that any limit
point of {Py }3_; is alaw of a flow X that satisfies (1.4) and that the bounds (1.6)-(1.9)
are valid.



For the proof of (1.6) we follow [MNP] closely; Step 1 and part of Step 2 are almost
identical to the proof of Lemma 7 in [MNP].

Proof of Theorem 1.1. Step 1. We prove (1.6) assuming that u is a smooth vector field
of compact support as in Part (i) of the above outline. We leave Part (ii) for Section 5 where
Theorem 1.2 is established. From

dX(a,t) = u(X(a,t),t) dt + odB, X(a,t)=a,

we can readily deduce
d
EDGX(a, t) = Dy Xi(a,t) = Dyu(X(a,t),t) Do X (a,t), DyX(a,0)=1,

where I denotes the d x d identity matrix. Regarding (2.4) as an ODE for D, X (a,t), this
equation has a unique solution and this solution is given by

(2.4)

(2.5) D, X(a,t) =1+ i D,u(X(a,t,),tn) ... Dyu(X(a,t1),t1) dty ... dt,,

provided that this series is convergent. (A™ was defined right after (2.1).)
As for the inverse (D,X)™!, observe

d 1 1 d -1
4 (DX (@) = ~ (DX (0. ) " 4 (D, X(a.1) (DX (a1)
This and (2.4) yields
d

7 (DaX(a,1))™" = = (DaX(a, )" Deu(X(a,1).1),  (DaX(a,0))" =1
Regarding this as an ODE for (D, X (a,t))™!, this equation has a unique solution and this
solution is given by

(2.6) DaX(a,t)—[Jri(—l)” Dou(X(ayt1), 1) . Dow(X (a,tn), t) dbs ... by,
- An(t)

provided that this series is convergent.

We use (2 5) to bound |D,X(a,t)|. (In the same fashion, we may use (2.6) to bound
|(DoX(a,t))7"|.) This is achieved by bounding the summand in (2.5), which in the end
verifies the convergence of the series and the validity of (2.5).

Using the matrix norm |[[a;]| = >, ; |ai;], we have

(2.7) [E|Do X, (a,t)|]7 < ZA



where

p
A, =E Du(X(a,t,), tn) ... Dou(X(a,ty),ty) dty ...dt,
A'IL
Writing = (2!, ..., 2% and v = (u!, ..., u?), we may assert
d
(2.8) A, < D=1 Z Aplio, ... in),
105--eyn=1
where A, (ig, .. .,i,) is given by
, . . p
E / W% (X (a,ta), bt (X tt)s an) o (X (asba), ) i . dty
On the other hand, for p an even integer, we can drop absolute values and express A, (io, - . . , i)
as a sum of at most p" terms of the form B,,,(j1, k1, .., jnp, knp), that is given by
E/ uEl (X (a, spp), Snp) - - .uzgfp (X(a,s1),51) dsy...dsn,
Anp
for ji, k1, .., jnp, knp € {1,....d}. This is because there are at most p™ many ways to form

s1 < -+ < sy, out of p many groups of the form
<<t} i=1,...,p.
(Once s1 < - -+ < 54 are selected, there are at most p many possibilities for our next selection
S£+1')
Step 2. Writing Q* for the law of (a + 0B(s) : s € [0,¢]) with B(:) representing a

standard Brownian motion that starts from 0, and applying Girsanov’s formula, we may
write B, as

/Um U (@ (), Sup) - U2 (2(s1), 51) dsl...dsnp] M(z(-)) Q%(dx(-)),

M(a() = Mool = oo 5 / u(a(s), ) - di(s) — — / ulel) ) ds).

This, by Schwartz’ inequality, is bounded above by

an(jbkl?"'?jnpa % (/M2 an> )
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where D, (J1, k1, - - -, Jups knp) 1S given by

(x(s1),81) dsq - .. dsnp] Q*(dx(+)).

knp

k
/ {/A Uiy (T(Snp), Snp) - - - Ui,
np
Jnp, knp) as a sum of at most 2”7 many terms of

As in Step 1, we may express D,,,(j1, k1,
, Jonps kanp), that are defined as

the form Egnp<j1, ]{51, Ce
o (1(s1), 81) ds ... dSan} Q*(dx(+)).

k
/ |:‘/A2np um%l (1‘(:9271]9)7 San) S u;pj2np

By Theorem 2.1,
Can(ZV) np( +1> (271]9) 2np51t2np51 ”uH2np

‘E2np<.j17 ]{71, s 7.j2np7 k2np)|
This in turn implies
(2.9) | Dy (s Kty - s s o) | < 27PC37F(20) np( +1)(2np) 2IPOLZPOL |y || 2.

Furthermore, by Lemma 2.1,

[orzae = [ew (3 [ utels)0)-dets) - o [ utets).)f as) aes
TS S

«(f e d@a>2</exp< )

~([ew (0 f oo ) d@“)

§c4exp( yahi (1 >|\uufzt)

where for the third equality we use the fact that My, is a Q*-martingale. From (2.7)- (2.10)

R I

l\')\»—l

(2.10)

we deduce that for positive even integer p,

(2.11) [E|DoX (a,t)["]7 < d+ C1Z(p) exp (2p (10|12 t)

10



where

r?q

Z(p) =3 dHi2spr oy E ) (2np) 0 |2
n=1

i 1 (d 1 1\
<> (clu‘zal(r“)pafl tHqu,},) n o

On the other hand,

0o 00 00 01
Z Wnéln—nél _ Z ((QW)nn_n)él 2—n61 < ¢y (Z(2W>nn—n 2—n61>
n=1

n=1 n=1

0o 61
< (Z(QW)”(n!)_l 2_”61> < cze,

n=1
where we used Stirling’s formula for the second inequality. From this and (2.11) we deduce,

d
T

1
(2.12) E|D,X (a,t)[P < exp (C4p + c4y_%(1+ )pﬁl\qulq t) .

The bound (2.12) is true for every even integer p > 2. By changing the constant ¢, if
necessary, we can guarantee that it is also true for every real p € [1,00). As we mentioned
earlier, with a verbatim argument we can establish the analog of (2.12) for (D, X )", O

Proof of Corollary 1.1. We start with the proof of (1.7). From (1.6) and Chebyshev’s
inequality we learn that for every p, A € (1, 00),

P (|D.X (a,t)] > A) < APChe™ = exp (—plogA + plog Cy + Ap%) ,
where
1
(2.13) A= Cro a0 22 ¢

We optimize this bound by choosing log A = Aéflp%_l + log Cy;

: =
P(1DuX(a,0)] > A) < G (777 < e <_01A—15%1 (mg* ci) ) ,
0
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for a positive constant C. This completes the proof of (1.7).

We next turn to the proof of (1.8). Set
we(d) = sup | X(a,t) — X(b,1)].

la—b|<6

|al,|bl<¢

By Morrey’s inequality [E],

w(8) < cop' ( [ ipxcor dz)” ,
|z|<2¢

for every p > d, and for a universal constant ¢, that can be chosen to be independent of p.
This, (1.6) and Hoélder’s inequality imply

1
P £-1
Ewe(8) < cod' ™7 (/ E|DoX (2, )| dZ) <6 Rl
2| <2
with A defined by (2.13). We optimize this bound by choosing

0? 1 1
lOgﬁ_A((s—l—l)p‘;l

For such a choice of p we deduce

1-6;
Ewe(d) < 1 exp <cz (log g) A51> ,

for a positive constant ¢o. This completes the proof of (1.8). O

Proof of Corollary 1.2. We use (1.6) to assert that for ¢ € [0, T,

/1 DuX (62 + (1 — 0)y,t) - ( — ) db

p

E|X(x,t) — X(y,t)|P =E

1
(2.14) < Cfexp (Clyﬁ(Hf)piHqu’ZT) |z — y|P.
On the other hand, by Girsanov’s formula and Holder’s inequality,

BIX(3.0) ~ X (.5 = [ la(t) = o(s) M(a()) Q)

< ( JECRECTE @y(d:c«»)i ( [ar d@y)”
< colt — s|? (/ M d@y);'

— s (144) oy »
<cexp (v TV ulleg T) [t =82,
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where 1/y + 1/ =1, QY and M were defined in the beginning of Step 2 of the proof of
Theorem 1.1, and for the last inequality we follow (2.10). From this and (2.14) we deduce

— s (144) 5+ P
EIX (2.0) ~ X(5.9)P < exp (5 v 3 D By 1) (o =yl + 1t - s18).
This and Lemma 2.2 imply,

E S1¢(X;0)P < cych exp (03 Vﬁﬁ(Hg)HuH@ T) §Pp—d=1

with ¢4 < oo if B € (0,1/2). (Here we have used |z —y|P < c|z —y|?/? for |z|, |y| < ¢£.) Finally
we choose p so that § — (d + 1)/p = « to complete the proof. O

We end this section with the proof of Lemma 2.1. Let us make some preparations. We
write p(x,t) = (tv)~?p(z/V/tv) with

(2.15) p(2) = (4m)" Y2 exp (—|2/4) .

Throughout the paper we need to bound L™ norms of p(-, s) and its spatial derivatives. These
bounds are stated in Lemma 2.3 below. The elementary proof of this lemma is omitted.

Lemma 2.3 For every r € [1,00| and nonnegative integer k, there exists a constant Cs(k,r)
such that if p(-, s) denotes a k-th spatial derivative of p(-,s), then

k

. _d_k
(2.16) 1P 8) | < Cs(sv) 7272,
for every s > 0,where ' =r/(r — 1).

We are now ready to establish (2.2).

Proof of Lemma 2.1. The proof is based on Khasminskii’s trick. We first show that there
exists a constant ¢; such that

t
(2.17) sup sup E/ |u|?*(a + o B(s),s+0) ds < cllfd/"t%lHqu’q.
a 0€[0,t] 0

This is a straight forward consequences of Holder’s inequality:

2
T

[ ks s+ optes) asts < [ [llrtes) as) ([ s+o dx)’"l’ ds

2
s

¢
< CO/ (/|u|r(x,s) dw) (sy)_%(l_%) ds
0
¢ d 1N ./ a
= aallull, ([ )10 as)
0

= e T [,

=
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r

where % +1 —=1and % + % = 1. Given X\ > 0, choose ty such that

1

e 2\ = S

= (y,

and use Khasminskii’s trick (see for example [S]) to deduce

to
sup exp 3 [ fuo+ B9 ds] < (1 a0t =2
a 0

from (2.17). This and Markov property yields

lto
supE exp {/\/ lul*(a + B(s), s) ds} <2
a 0

This implies (2.2) after choosing ¢ = [t/to] + 1. O

3 Proof of Theorem 2.1

The main ingredient for the proof of Theorem 2.1 is a bound on certain block integrals. In
this section we state a crucial bound for block integrals and show how such bounds can be
used to establish Theorem 2.1.

We say a function h is of type 7 if it is a spatial partial jth-derivative of p. We can readily
show that if A is of type 7, then

(3.1) h(z,s) < Cg (VS)_%p(Z,QS),
for a constant Cg. Define
AF = AF(tg, t) = {(t1, ..., te) s to <t <--- <t <t}
For our purposes, we would like to bound block integrals I*(f1,. .., fr), where

o I'(f1) = [a1 Jpa fi(z1, t1)pW (21,11 — o) (t — t1)* dzidty, with p) being of type 1.
o I2(f1, fo) is defined as

/ fi(z1,t1) fa(2za, t2)p(21, 81 — to)p(z)(@ — z1,ty — t1)(t — t2)® dz1dzodtydlsy,
A2 RQd

with p® being of type 2.

14



e For k > 2, we define I*(f1,..., fi) by

k-1

/M ki fi(z1, t)p(z1,t1 — o) {Hfi(zz',t )p,( )( —zi1,t; —ti 1) dzidti}

i=2
X fu(zi, ti)p® (2 — 2ro1, te — o) (E — te)® derdzgdtydty,
where p® is of type 2 andp isof typel fori =2,... k — 1.
Our main result on block integrals is Theorem 3.1.

Theorem 3.1 There ezists a constant C; = Cy(r,q) such that

k
(3.2) L (frse oo fi)] < CEr &2 (a) (t — 1) ™ T 1 il
=1
where N
(0%
mla) = (v + oy )orhon

(By convention, 0° = 1.)
Armed with Theorem 3.1, we are now ready to give a proof for (2.1)

Proof of Theorem 2.1. Step 1. Let us write R for the left-hand side of (2.1). We
certainly have

R= Vyoi (@ + Y, t)P(Yi — Yi1, ti — tio1)dy;dl,

//Rde Yir t)p(Yi — Yia 1)dy

= / / Hbi%(a‘i‘yiyti)p(yi_yi—lati_tz’—l)dyidti
n JRdn i1 Yi

where yy = 0, ¥ denotes the a;-th coordinate of y; € R?, and p was defined by (2.15). After
some integration by parts we learn

2n—1

(3.3) =D ed(Bilr),. ., Ba(r))|,

where each ¢, is either 1 or —1, the indices 51(r),...,B,(r) are in {0,1,2} and satisfy
> Bi(r) = n, and the expression I has the form

I(Br,....0n) = / / (a+ vy, z)q (Y — Vi1, t — tim)dyidt;.
AN Rdn N

15



Here ¢°(a,t) = p(a,t), ¢*(a,t) = pasi(a,t) for some j € {1,...d} and ¢*(a,t) = pyiqr(a,t) for
some j, k € {1,...d}. Recall that by p,; and p,j.+, we mean partial derivatives with respect
to coordinates a’ and a’, a® respectively. As a result, (2.1) would follow, if we can find a
constant ¢; such that for all §y,..., 3,,

(3.4) By, )] < v 3050 (ngy) ™ oo T 10

=1

q?T *

By induction on n, we can readily show that the type of n-tuple (51, ..., [,) that appears
in (3.3) can be decomposed into blocks of sizes nq, ..., n, such that if

mo=0, m =ny, Mo=n1+Ng, ..., Mp=n1+Ng+---+n,=n,
then each block (G, ,+1,-- -, Bm,) satisfies the following conditions:
o If n; =1, then 3, ,+1 = 1.
o Ifn; =2, then £, ,+1 =0and B, ,+2 = Bm, = 2.
o If n; > 2, then f,,, ,+1 = 0 and f,,, = 2 and all 3, in between are 1.

Step 2. When ¢ > 1, we set

n

Joo1(tmeys Yme—y) = / / H b'(a+yi, t:)q" (i — yi1, ti — ti) dyidt;.
A" (tm, | t) JRI™

i:mg_l +1

In the case of ¢ > 2, we inductively define

mj+1

Jj(tmjvymj):/ /d Jit1(mgirs Ymys) H b (atys, t:)q" (yi—yiz1, ti—ti1) dysdt;.
AT (b, 1) SR

i:mj+1

for j =¢—2,...,1. This allows us to write

mi
I(B1y. . Bn) = / / Ji(tmys Yma) H b'(a+ i, t:)q" (yi — yi1, ti — tio1) dydt;.
AT (D,t) Rdn1 =1

We then apply Theorem 3.1 to assert

n

ny —ny( 441 —n ngd i
‘Jf—l(tme—uymz_l)‘ < C7£V Z(2T+2) (715(51) @ (t - tme—l) - H ”b ||r,q-

i=my_1+1
This allows us to express

5 npd
Jf—l(tmeqﬂ ymeq) = Je_l(tm2717ym£71) (t - tmeq) -

Y

16



with J,_, satisfying

n

V)™ TT 18 lle-

i:mg_1+1

A

Frs(bmes )| < G

N|=

After replacing b"-* with bmffljg_l, we apply Theorem 3.1 again to assert

[ia(tmg_sYmg_a)| < CF 4 e d(E0) (g 4 my) 8y) 70 Hme

n

< (=t ) " T I s

i:mg_g-f—l

provided that ¢ > 2. Continuing this inductively we arrive at (3.4) for ¢; = C;. The bound
(3.4) in turn implies (2.1) for Cy = 2C76;°". O

4 Bounding Block Integrals

4.1 Proof of Theorem 3.1

As preparation for the proof of Theorem 3.1, we establish two lemmas. The first lemma is a
slight generalization of (3.2) when k = 2. Given § > 0, define I'(f1, f2) by

/ d F1(z1,t0) fo(22, t2)p(21, 260)pP (20 — 21, by — 1)) (¢ — 5)® dzydzodtydls,
A2(t) JR2

where A? = A?(0,t). Also define J(fy,..., fe; 2041, te41) by

l

¢
/ / p(z1: ) fi(z1, tl)pﬁl(zéﬂ—zé, ter1—te) H iz t)pt) (zi—zic1, ti—tioy) H dzdt;,
Ae(t“_l) Rdt i1

=2
where
Af(trgr) = {(tr, . t) 1 0 <ty < oo <ty <ty ).

Lemma 4.1 There ezists a constant Cs = Cs(r,q) such that for o, 5 > 0,

(4.1) 1T (f1, f2)] < Csv ¢, BYPHHE) fy gl Follrg:

where .
BB+ 1) &

((a,B) = (o F 1 20, 7%

(By convention 0° = 1.)
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Lemma 4.2 There ezists a constant Co = Co(r,q) such that

a\ £ _
(42)  [J(frs- o fo 2o ten)] < CF w7 U5 (08)750 p (24, 2t00) 8 H | fillra.

Before embarking on the proofs of Lemmas 4.1 and 4.2, let us recall the relationship
between generalized Beta function and Gamma function I'.

Lemma 4.3 For every ag...ay, > 0,

(4.3) / (tiz1 —ti) dt; = (t, to)imoci—l 2=0° 1 1
to<t1<--<tn41 111 o H o (i)

The elementary proof of Lemma 4.3 is omitted.

Proof of Lemma 4.1. We write A for the set A% = A?(¢) and set

fi(s) = 1fiCs 9)l| ey

Step 1. We decompose I’ = I; + I, where I; is obtained from [ by replacing the domain of
integration A = A? with A;. The sets A; and A, are defined by

Ay ={(t1,t2) € Aty <ty — 11},
AQ = {(tl,tz) € A tg — tl S tl}

The term I is easily bounded with the aid of our L” bounds on p and p®: If we set

(T3 + RGBT (ad + 1)\
U(a,ﬂ,Q) = ( F(251q’+ (a+ﬂ)q’+ 1) ) )

with ¢ = ¢/(¢—1), then by Lemma 2.3 and Hélder’s inequality, the expression |/;| is bounded
above by

™) [ i) )t (= ) — 1) dtidty

Ar
<o Bl (475000 -t ans)”
< e fillngl el (/A R N dtld”)/

(4 o
— o G| i llrall follmg 227 n0(a, B q),
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where for the second inequality we used the fact that to — t; > ¢; in the set Aq, and for the

equality we used the fact
d + W <1
o T 2)1 "

which is the same as (1.5). In summary,

(4 «
(4.4) 0] < cor™ (e, 850 fillg follng 224045,

It remains to bound I5.

Step 2. We next decompose Iy as o1 + I59, where Iy is obtained from I, by restricting
the domain of dz;dzo-integration to a set of points (21, z2) such that |z, — 21| /+/vt; stays away
from zero. Though this restriction is done so that the product structure of fi(z1, 1) f2(22, t2)
is not destroyed. For this purpose, we decompose R?? into cells

Bi(t1,t2) = By(t1) x Bu(ta),
where for k = (k',..., k%), the set By(s) denotes the set of z = (2!, ..., 2%) such that
2 Vs € Kk + 1),

fori=1,...,d. We now write |k —£|; = 3¢, |k* — ¢| for the L' distance between k, £ € R,

and set
In= Y Lk?), In= Y k),

(k,@)EAl (k,€)€A2

where
A= {(k;,e) L ke Ze |k, ¢ [|£|1 — 4d, V2|0, +4d]}
Ay = {(k;,g) Ck 0zl |k e [lfh — 4d, V2|0, +4d] }

and I(k, /) is defined by

/ / fi(z1,t1) fa(22, t2)p( 21, 2t1)p(2)(z2 — 21,12 — tl)tf(t — t9)" dzidzedtydts.
Az J Byy(t,t2)
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To bound Iy, assume that (21, 2;) € By for some k, £ satisfying either |k|, > v/2|¢|; + 4d,
or 0|1 > |k|; + 4d. If the former occurs and (t1,t2) € Ay, then

|22 — 21|1 = |(ZQ — g\/ l/tg) — (Zl — ]{Z\/ l/t1> + é\/ VtQ - k\/ thll
Z |€\/ vty — k‘\/ th‘l — d(\/ VtQ “+ v/ th)
> k|1t — [€)1V vty — d(Vuts + /vty)

> (V21 + 4d) ok = [0l — d(VTs + /o)
> (V210 + 4d) /ol — [0 V/20E — d(V20E + V)
dv/vt,.

If the latter occurs and (t1,t3) € Ay, then

|20 — 21]1 = (22 — VWy) — (21 — k\/Uty) + 0\/vty — kvt |y
> |01Vvty — [k[1Vvt — d(Vity + Vity)
> (|kl1 +4d) Vvts — k1wt — d(Vits + Vit)
> 3dv/vty — dvVvt, > dy/vty.

In any case, we always have

v

|20 — 21|? > d_1|22 — 2|2 > dvty.
From this and (3.1) we learn

c
|P(2)(zg — 21, — t1)| < V(tQ—l_tl)p(ZQ — 21, 2(ts — t1))
C1 ’2’2 — 21‘ 1

p
VUt — 1) Ju(ts — 1) |22 — 21
Co 1
< 2o — 21,4(tg — 1
hS —V(Q =) 2 — z1|p( 2 1,4(t2 — 1))

Co 1
< — 21,4(t2 — 11)).
S \/U(tg ) \/dut1p<z2 z1,4(t2 — 1))

(22 — 21, 2(t2 — t1))

20



This and Lemma 2.3 imply that the term I3, is bounded above by a constant multiple of

d d 1

< e (511) / FLt) f(t)ty 77 (b — 1) T8 (E— 1) dtydt
A

=

q

[NIES

_(d B=5:—3)d (&
< e D Al follog (/t$ Y (g )
A

_(d a
— s G| Allnall fallrg £ (a, B ).

9 (t — t,)°7 dtldtg)

In summary,

_(4 Io%
(4.5) 11| < oG n(a, By @)1 fillrgll fallg 220,

It remains to bound I5,.
Step 3. Let us write

Jie(z1,t1) = fi(z1,t) 121 € Bi(t))p(21, 2th),
Joe(22,t2) = fo(2a,t2) (29 € By(ta)),

so that I5(k, ¢) can be expressed as
/ ) Fir(z, 1) fae (22, 12)p) (22 — 21, b2 — 1)) (E — 1) dzydzadtydly.
Ay JR?

Recall that p® is a function of type 2. This means that p®(z,s) = p.i.i(2,t) is a second
derivative of p. By Plancheral’s formula we learn that I5(k, ¢) equals to

—(2m)? / ) 169 (€, 11) fau (€, ta)e 4™ =R (1 — 1,) dgdtydts,
Ay JR

where
hE, s) = /e_%m'fh(x,s) dr, h(€,s) = /e%m'fh(m,s) dx.

As a result, the term |I5(k, )| is bounded above by

27T2/A /Rd <5_1(Vt1)g|flk(f>t1)|2+5(Vt1)_%|f%(€,t2)|2> €2

x e ATt B (¢ e dedtydty =: I} (K, 0) + 12(k, 0).
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for any § > 0. Further, I3 (k, () equals to

/A / vt1)2| fue(€, ) P€Pem Pl (¢ — ) dedtydts
< 27// i) 2| Fia (€, 1) 2I€ P4 P (4 — ) dedt, dty
<o / ot inte )P~ ) dsan
// vt e | fia(z, )22 (t — 1) dadty
< et [t [ WP ) dades,
k(t1

0

where we used o > 0 and t; < t, for the first inequality. We now apply Holder’s inequality
to assert that I (k,¢) is bounded above by

t ;
cge 3 K=V () 5)-1 / ((ytl)i / |flz,t)]" d:c) 9t —t1)* dty
By (t1)

0

t
< cre b (1)1 / P2 (h) =2 42t — 1) dty
0

-2

t dg L q
S C7V—(g+1)e*%‘k|25—1||f1 ||iq (/ t]_ R C Q)t - (t _ tl) q— 2 dtl)
0

= e eSS 12, ' (a, B) £,

where )
7/

ooy (D201 + B)")T(ag” +1)\
n(a’ﬁ’Q)_< L((20; + a+ B)g" + 1) ) ’

for ¢" = q/(q — 2). Note that for the equality, we have used the fact that dg/ (r(q — 2)) <1,
which is equivalent to (1.5). In summary,

(4.6) 1 (K, 0)] < e D568 570y (o, B: g || ]2, €200,
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On the other hand, IZ(k,¢) is bounded above by
27T25/ / ()2 | far (&, ta) Pl€ e oK (1 — 1) dedtdty
As JRE
<owts2? [ [ )l ) Plefe IS — ) dednr,
Ao JRE
t
<otz [ ) Yl ) (e - 1) ded
0 JRE
t
= (51/_12d/2_1/ / (Vta) ™2 | forlz, t2) |2 t5(t — ) dudty
0 JR4
t
= 6y—12d/2—1/ / (ta) "2 | fo(, ta) | (t — 1) dzdts
By(t2
t

< 085V_1/ (ytg)—?fg(tg)%g(t—t2)adt2
0

t AW y 77
< csr ||, ( [ AE dtg)
0
— csov” GO )12 0/ (a, B; q)2+e e,

where we used t; < ty < 2t; for the first inequality. In summary,
(47) Bk, 0)] < esdv™ G/ (a, By )| o2, 1274
We choose § = e F*/19 and use (4.6) and (4.7) to deduce
_k? (4 o
ok, 0)] = |12k, 0) + T3k, 0)] < coe™ 150~ (0, B1q) [ F1l12, + 1 fall2,) 120+,
From this and the definition of Iy, we learn

Lo < Y sk, 0)]

(k,0)€Ns

(4 N s
(4.8) < e i (0, B10) [ILAI2, + 1 £2l12,) #2507 +5Z|/~f|d

_(4d a
— e G (a, Bi ) [I1AIR, + 1fall,] £200e+e,

Final Step. From (4.4), (4.5) and (4.8) we learn that there exists a constant cio such
that if || fy[lg, [l f2[lrg <1, then

\I'(f1, f2)| < CIQV_(g+1> [+ '] (o, B: q) 201+t
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From this and a scaling argument we deduce that for every f; and fs,

(4.9) I (fr, £2)| < erov™ D) I ) (@, B5.0) 22 fullg follg:

First assume that 8 > 1. Using Stirling’s formula, we can readily show that there exist
constants c¢;3 and cy4 such that

Oéa—i—%q,(ﬂ 16— 1+ q—l)ﬁ+51—2%1/ . ao‘ﬁﬁ
c )
(a+ 8+ 251)04-5-5-5-251—&-2%1, = Mo+ B+ 28, )t

n(e, B;q) < cis

a7 (B 420, — 1+ 2 1)
(0 + B + 20,02tz

77/(6%53 q) é C13 S 014C(CY, 5)7

because
61— (2¢) 0 —1—q 120, —1+2¢7 <0,

This and (4.9) imply (4.1) when 3 > 1. The case § € [0,1) can be treated likewise. O

Proof of Lemma 4.2. As before, we define v’ and ¢’ by ' =r/(r — 1) and ¢ = ¢/(q — 1).
By Holder’s inequality we have

¢ e v
| J(frs -, fos zegns tegn)] SH”fz‘”r,q (/ A(tlw--:t@;Z@Jrl;thrl)ZlHdti> ;
i=1 A i=1

£(tes1)

where A(ty,...,ts; 2011, ter1) equals
41 o
r! 1)
p(21,t1) P (zi — zic1, i — tioq) dz;.

On the other hand, by completing squares (or Markov Property) we know

t st d (a,s+1)
Z——a, —— 2 =np(a,s .
dp s+t s+t P4,

/de(z, Spla—=1) dz = pla, s +1) /

R
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From this and (3.1) we deduce that A(ty,...,ts; 2e11,te11) is bounded above by

+1 +1

ct vit; —t;_ _75// (z1,t1) 2 — Zi—1, 2(t; — dz;
o | (O ey P CRN  CCRE H
o 0+1 ) 0+1
<27t t; — t; —Z/ ,2t,)" .2
<20 [t [ vtz [Tote - =
! ‘ d_ 1 d
dr d /
< S wt)E T [Jwts — i) G
i=1
0+1
X 21,2t /7’ 2i — 2ie1, 2(t; — ticq) /7 dz;
/Rdep( 1,2t/ )Ep( 1, 2( 1)/ H

|
o
S
ks
VR
&
+
—_
[\)
~
o~
+
[
\/
—~
~
=
N—
|
m‘%\
+
m‘%
—~
o~
S
~
S
+
—
~
5
N—
N—
L
YamS
[SIIsH
Jr
D=
S~—
_l’_
[SIIsH

Hence |J(fi1, ..., fe; 2zer1, tes1)| is bounded above by

L

_(144)¢ L
¢ty (147)3 t20y p(zee1, 2tenr) [ 1 fillvg
=1

L

q' dg ¢ ¢
X / T Ed +1 — t ) 27‘/ dt
( AZ(tul) 1;[

_ AY4 +€6
— (405 43 2e) 5 anznm

~

_ FAY4
—ct v P05 (240, 2t000) £ H 1Fillnas
=1

where )
7/

_ (T(01d)T((61 +1/2)¢) gy
Z_( T((1/2+(+1)d) ¢ )) < &(601)7,

by Stirling’s formula. This completes the proof of (4.2).

O

Proof of Theorem 3.1 when k = 1. Without loss of generality, we may assume that
to = 0. In this case, the poof of (3.2) is an immediate consequence of Lemma 2.3, Holder’s
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inequality and (4.3):

)t — )~ dty

m\»—t

[L(f1)] < co/o FL(t) (wty) Gt

1
t—(%-ﬁ- 7

ol
~—

< e GV ully (
(@) fillg 24,

S~

Tt — 1) dt1>

+

S
D=

— clyf(

where )
7/

n(a) = (F(M’) (oq + 1)) |

(61 +aq +1)
Using Stirling’s formula, we can readily show that n(a) < coy1(a), for a constant ¢o. This
completes the proof when k = 1. O

Proof of Theorem 3.1 when k£ > 2. Without loss of generality, we may assume that ¢ty = 0.
Evidently (4.1) in the case of 8 = 0 implies (3.2) when k = 2 because p(z1, ) < 22p(z1, 2t,)
(or we can readily show that Lemma 4.1 is true if p(z1, 1) is replaced with p(z1,t1)). Let us
assume that k > 2. We may express I*(f1,..., fx) as

t tr
/ / / A(2h—1s te1) (2 )P (21 — 21, t — tr) (t — ) dzgp_1dzdty_dty,
o Jo Jr2

where A(zg_1,tx_1) is given by

k—1
(1)
filzit)p(zt) | | filzista)py (20 — zie1, 6 — tich) dzdt;.
/Ak—Q(tkl) /R(k—z)d g H
By Lemma 4.2 the expression A(zx_1,tx_1) is bounded above by
< O 2 ()5 f (s tien) P (e 26) (B — 2)8,) 020 4k “lHHﬁHrq
Hence,

t tr
k(fh o k) = /0 /0 /RM 9(zk—1, te—1) [ (zk, th)D(2—1, th—l)p@)(zk — Zp—1, bk — tr—1)

X tl(f 12)61 (t — tk)a de_lekdtk_ldtk,

where g = fr_1B with

k—2
(4.10) 1Bz, ti1)| < CE2 p~(F0)522 () — 2)5,)~ (k-2 Il

26



Since I* can be written as I'(g, fr), we can use Lemma 4.1 and (4.10) to assert that the
expression [I*(f1,..., fx)| is bounded above by

ey, 0 ((k — 2)5,) 2 VR
(=)o I (2% 99 [T

i=1

k
2

CxCl2 = (155)

From this we can readily deduce (3.2). O

4.2 Bounding Double Integrals

The main reason that we were able to bound the block integrals I(f1, ..., 8,) that appeared
in (3.3) has to do with the fact that 5, +- - -+, = n. This means that any second derivative
of p much be matched with a 0-th derivative so that the singular integral associated with
a second derivative can be controlled. However, if in place of (1.5) we assume the stronger
condition (1.17), then bounding the block integrals of type I becomes easier because we

can bound double integrals involving first and second derivatives of p. To explain this, let
us define K (fi, f2) as

/ f1(z1, t1) fa(22, tz)])(l)(zh b — to)p(Q)(Z2 — 21, ty — t1)(t — t2)® dz1dzodtdisy,
A2 JR2d

where p) = p.: and p® = p,; . for some 4,7,k € {1,...,d}.

Theorem 4.1 Assume (1.17). There exists a constant Cyg = Co(r,q) such that

(4.11) K (f1, f2)| < Crov™ G2 E(@) (t = t0)™ 22| fullyg | fol g

where
(07

. !
C(Oé) - (Oé + 252)044-252 :

Proof. The proof is only sketched because it is very similar to the proof of Lemma 4.1
when k = 2. Without loss of generality, assume that ¢y = 0, and define f; as in the proof
of Lemma 4.1. We decompose K = K; + Ky where K; is obtained from K by replacing the
domain of integration A? with A;, and A; and A, are defined as in the proof of Lemma 4.1.
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The expression |K7| is bounded above by

1\&.

+3) f1(t1)f2(t2) e (f2 — 1)) BNt — 1) diydty

001/7(

U

< e (#+ %)Hlerquzﬂrq (85 e o dna)

Ay

U=

<o Dol (f, 5% 0= 0y G )

Ay

§ o
N fillnall Follg 25 n(a),

i\@-

where 7 is defined by

(a) = ( (02¢')’T'(oq’ + 1))1/7

['(202¢' + aq' + 1)

n

with ¢ = ¢q/(¢ — 1). As a result,
_(d43 o
(4.12) K1) < o™ ()| fillgl follrg 227,

It remains to bound K.
Step 2. We next decompose Ky as Koy + Ko, where Ko and Ko are defined as in Step
2 of the proof of Lemma 4.1. This time the corresponding I5(k, ¢) is defined by

/ / fi(z1,t1) fo(22, t2)p(1)(21, tl)p(Q)(zQ — z1,ty — t1)(t — t2)* dz1dzodtdis.
Az J Bre(ti,t2)

Again if (21, 22) € By(t1,t2), with (t1,%2) € Ag and some (k,?) € Ay, then
|2y — 212 > dut,.
As a result,
PP (22 — 21,t — t1)] < ————p(22 — 21,2(t — 1))

c 29 — 2 3 1
- a _l»-al o — 22t — 1)
(v(ts — t1))7 (vt — 1)) 7 |22 — 2|2

c 1
< 2 p(22 — 21,4(t2 — t1))
(v(ts — 1)) |22 — 213
Co 1
< p(z2 — 21,4(ts — t1)).

(U(ts — 1)) 7 (vt)7
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This in turn implies that the term K5, is bounded above by a constant multiple of
v /A /de |f1(217tl)f2(22at2)|t1_ip(l)(2b 21)|(t2 — t1) "ip(z — 21, 4(t2 — 1))
X (t —t9)” ledZthldtQ
< e (743) / FLED Fa(t)E At — )53 (t — £2)® dtydty

é 3 @
< v G| Al gl Folleg £ n().

As a result,
(243 «
(4.13) o] < e CH D) gl follng 2524,

It remains to bound K.
Step 3. Define fi;, and for as in Step 3 of the proof of Lemma 4.1 and use Plancheral’s
formula, to assert that for any § > 0, the term |Ks(k, £)| is bounded above by

2 /A2 /Rd Ht) " (€t +5(yt1)*7|f25<€7t2)|2) €2

x e 4 tIER (f ) dedtydty = KL (k, 0) + K2(k, ().
Further, K. 1(k ¢) bounded above by

/ / vt ) F | i€, ) P|E[Pe 4T IR (4 ) dedtydt,

s%/@wwm&mm4mwu

M/ /R vt) 5 | fu(, 1) 2 (E — £)* dadty
t
§c5e_4(k_‘/a)+2(y<5)_1/ (wt,)( >/ |z, t)[2(t — t1)* dudt,.
By (t1)

[NJIsH

+

ol

0

We now apply Holder’s inequality to assert that Ki(k,¢) bounded above by
(4.14) [KL(k, 0)] < cov™ (FH8) =620 ()| ]2, 1252+

where

o (T(26:9/(qa—2)T(ag/(g—2) + 1)\ T
e = ( T((26, +a)g/(qg—2) + 1) )
In the same fashion we show

(4.15) K3 (k, 0)] < C75V7(g+1)77'(a)||f2|lf,q (2ot
The rest of the proof is as in the proof of Lemma 4.1. ]
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5 Symplectic Diffusions and Navier-Stokes Equation

Proof of Theorem 1.2. Step 1. For u € L™? with r and ¢ satisfying (1.5), choose a
sequence of smooth functions uy such that ||uy — ul/,, = 0 as N — oco. Write Q for the
space of pair of continuous functions X : R?x [0, 7] — R% and B : [0, 7] — R? such that X is
weakly differentiable with respect to the spatial variables and D, X is locally in L? for every
p > 1. We equip 2 with a topology of L7S for X and weak topology for D,X. Consider the
SDE

(5.1) dX =un(X,t)dt + odB,

where B is a standard Brownian motion. The law of the pair (X, B) is a probability measure
PY on the space Q such that the B component is a standard Brownian motion. Using the
equations (5.1), (2.2), (2.10) and Girsanov’s formula we can readily show

T
(5.2) / sup |X(a,t) —al? dPY < COT+CO// lun (X (a,t)|*dt dPN < /T,
te[0,7) 0

for a constant ¢; independent of N. We may use (5.2), Theorem 1.1 and Corollary 1.2 to
assert that the family {Pxn}%_; is tight. Let P be a limit point of the family {Py}%_; as
N — oco. Let J : RY — [0,00) be a continuous function of compact support. Use (5.1) to
assert

lim sup /
N—oo tefo,t] JRe

= lim sup /
N—oo | t€(04] JRre

= lim sup /
N—oo | t€(0.4] JRre

Note that the expression inside the curly brackets is a continuous functional. As a result,
we may use our bounds on D, X to show

v

which in turn implies that the equation

X(a,t) —a— B(t) —/0 w(X(a,s),s) ds

J(a) da} dPn

/ (u — w)(X(a,5).5) ds

J(a) da] dPn

/t(uN —u)(a,s) ds| J (X (a,t))|det D, X" (a,1)| da] dPx = 0.

X(a,t) —a— B(t) —/0 u(X(a,s),s) ds

J(a) da} dP =0,

X(a,t) :a+/0 u(X(a,s),s) ds+ B(t),
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is valid P-almost surely for almost all @ € R, and hence for all a by continuity.
Step 2. We now verify (1.10). Since wuy is smooth, we apply Proposition 3.1 of [R] to

assert
/ (X;8' = B°) (V) do — /Ot (/ X7 [BS + AuNﬁs} (V) dm) ds

(53) [ (Z vaf) (V) dr dB'(s),

Pn-almost surely. Replacing uy with u results in an error that is bounded above by a
constant multiple of

Err(X) ::/0 /|DaX(a, s)| [(uy —u)(X(a,s),s)| |V(a)| dads
T / / (ux — w)(X(a, ), 9)] |V - V(a)] dads.
Finally we use (1.6) and (5.2) to show

lim sup Erry dPy = 0.
N—=oo | tefo,1]

This allows us to pass to the limit in (5.3) and deduce (1.10). O

Proof of Corollary 1.3 Let us write z = (¢, p) and set A = p - dg. We certainly have

A

AN =—d(H —p-H,), wg=0, w,-de=dp

q

where w = [p,0]. As a result the forms A, and w,: - dz are exact for i = 1,...,n. From
this and Theorem 1.2 we learn that X\ is exact. This in turn implies that X;d\ = 0, as
desired. 0

Given a classical solution wu(-,t) of (1.1), let us write o = w(-,t) - dz for the 1-form
associated with w. In terms of a, the equation (1.1) may be written as

(5.4) 0t + iyda! + dH = 0,

where H'(z) = 1|u(z,t)|*> + P(x,t). Here 4, denotes the contraction operator and we are

simply using the identity

P i . . 1
Z“xﬂﬂ = Z(uzpﬂ —w)w + <§|U‘2) N
J

J
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Further, if we use Cartan’s formula and write £, = do Ty + 1y O d for the Lie derivative in
the direction of u, we may rewrite (5.4) as

(5.5) &+ Lyt —dLt =0,

where L = £|u|? — P. Equation (5.5) can be used to give a geometric description of the Euler
Equation (1.1): If we write X(-,t) = X;(-) for the flow of v as in (1.2), then (5.3) really
means

d .
%Xt*&t = X/ dL',
or equivalently

(5.6) X;o! — o = dK,

for K* = fg L® o X ds. The identity (5.6) is the celebrated Kelvin’s circulation formula and
coupled with the incompressibility condition V - u = 0 is equivalent to Euler Equation.

In the case of viscid fluid, the fluid velocity satisfies Navier-Stokes Equation. For our
purposes, it is more convenient to use backward Navier-Stokes Equation

(5.7) u + (Du)u+ VP +vAu = 0.

For a classical solution of (5.7), we may write

(5.8) &t + Ayl — dL = 0.

On the other hand, if X; denotes the flow of SDE (1.4) and ' = X!, then

t
M= G — B0 —/ X*(é+ Ava) ds = B! — @ — dK",

0

is a martingale. In summary

(5.9) Xiaol =a® + M+ dK*.

By taking the exterior derivative, we obtain

(5.10) X;da! = da® + dM*.

For both (5.9) and (5.10) we are assuming that u is a classical solution of Navier-Stokes
Equation. For a weak solution of (5.7) we wish to show that M?* is still a martingale. This
is exactly the content of Theorem 1.3 provided that the solution u can be approximated by
suitable regular functions.
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Proof of Theorem 1.3. Assume that (v,w) = (v°,w®) solves Camassa-Holm Equation
with v = w — eAw. Set @ = v(-,t) - dx and write Y for the flow of the SDE

dY = w(Y,t)dt + odB.

As in (5.6), the equation (1.14) can be rewritten as

d .
E@t + A,at —dL! = 0.

This in turn implies
(5.11) Yialt =a + M'+ dK',  Yyda' = da® + dM,

where M? is a martingale and K* = f; L* oY, ds. We now choose a subsequence of w = w®
so that w® — w. From our assumption (1.15), Theorem 1.1 and Corollary 1.2 we can choose
a further subsequence such that ¥ = Y* — X in LS, and D,Y* — D, X weakly in any

LP space. This allows us to pass to the limit in (5.11) to assert that the process (1.16) is a
martingale. 0
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