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1 Introduction

One of the main purposes of statistical mechanics is to explain the macroscopic behavior of
various phenomena in terms of the statistics of their microscopic structures. Macroscopically
we often have a PDE involving a small number of parameters. The microscopic description
however involves a large number of components that are evolving by either deterministic
or stochastic rules. Let us name three reasons to justify our interest in understanding the
connection between the microscopic and macroscopic descriptions.

As our first reason, we remark that historically the macroscopic equation is formally
derived from the microscopic description of the phenomenon under study. It is an important
task of statistical mechanics to justify such a derivation rigorously and verify the validity of
the macroscopic PDE.

For our second reason, we note that we often have simple dynamical rules for the micro-
scopic model and the main challenging feature of the model has to do with its large size.
On the other hand, the macroscopic evolution involve only a few variables but dictated by a
rather sophisticated nonlinear rules. It is the case for many examples that the macroscopic
equation is not fully understood. Hopefully by exploring its relation with its microscopic
counterpart we may discover new tools and techniques for the macroscopic equation.
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As our third reason, we should mention that even though the macroscopic equation is
preferred because of its dependence on a small number of variables, it is only a reduced
description of the microscopic phenomenon at hand and we would like to find practical ways
of recovering some of the lost information as we switch to the macroscopic world. Since the
passage from the microscopic details to macroscopic parameters can be recast as a law of
large numbers for some conserved quantities in many scenarios, probability theory suggests
some standard routes for going beyond law of large numbers and gain new information. The
celebrated central limit theorem and large deviations for classical examples are guidelines
for producing some vital information for the microscopic model under study.

It is the latter reason which is the chief motivation for the present article. Our microscopic
model is a system of coagulating-fragmenting Brownain particles which is macroscopically
described by an inhomogeneous Smoluchowski’s equation. This equation is derived as a law
of large numbers. The main contribution of this article is a central limit theorem for the
aforementioned law of large numbers when the system is in equilibrium.

In our model , we start with IV particles with each particle traveling in R? as a Brownain
motion. Each particle has a size m € Z and a radius r € (0,00). In fact our interpretation
of the location x of a particle is that x is the center of a ball of radius r and in some sense
only a small fraction of the ball is occupied by the true particle. It turns out that in reality
each particle is a cluster of smaller objects and the cluster is a complex fractal like entity
that is too complicated to be treated with the existing techniques. That is why we simplify
the model by replacing the cluster with a ball of radius r(m) = mX so that when x > é, we
are taking into account the fact that the mass of the particle comes from a small portion of
the ball which is occupied by the cluster. This may appear somewhat native and not too
realistic from physical point of view. Nevertheless, as was explained in [HR1-3] and [R2],
the model does exhibit some expected features of the underlying physics. For example, the
condition x < ﬁ guarantees that no gelation occurs in finite time. That is, no particle
of size infinity is formed in finite time at macroscopic level. We also conjecture that an
instantaneous gelation would occur if x > dTIQ.

In fact the true radius of a particle is er with € very small. A calculation involving Wiener
sausages reveals that if N = ¢2~¢ when d > 3 and N =| loge | when d = 2, then the expected
value of the number of times a particle coagulates with other particles in one unit of time
stays positive and finite as ¢ — 0. This property allows us to obtain the Smoluchowski’s
equation for the evolution of cluster densities in low ¢ limit. To further simplify the involving
mathematical technicalities, we forget about balls presenting each particle and regard each
particle as a point. Now the coagulation occurs stochastically only when particles of positions
x and y and masses m and n, satisfy

| 2 —y |< coe(mX + nY),

for a constant ¢y. In the preceding works [HR1-2], [R2] and [HRY], we were able to derive
the macroscopic equation as a law of large numbers; if we label the locations and masses of



particles as (z;,m;),i € I, then our law of large numbers asserts

Kis > uo(da)L(mit) = n) — fu(x,t)da

icl

with f,, solving the Smoluchowski’s equation (2.6) of Section 2. Here

(11) o e2=d  ifd > 3,
' | |loge| ifd=2.

As a central limit theorem, we are interested in the limit of the fluctuation fields

(1.2) & (da,t) = /K. (Kgl S o (da) Lmi(t) = m) - fn<x,t>dw)

as ¢ — 0. In Section 2, we state a conjecture regarding the evolution of & in low e limit.
According to this conjecture, the limit £ solves an Ornstein-Uhlenbeck stochastic differential
equation in an infinite dimensional setting with £ living in a negative Sobolev space. The
conjecture is formulated using the so-called fluctuation—dissipation principle of non-
equilibrium statistical mechanics. In this article, we establish the conjecture only when the
dimension is 2 and the model satisfies a detailed-balance condition. Some steps of our proof
does not apply to higher dimensions. The case d > 3 is more challenging and is left for a
future investigation.

We continue this introduction by mentioning some previous work related to our model.
Smoluchowski’s equation was introduced by Smoluchowski in the seminal work [Sm]. The
first mathematically rigorous derivation of Smoluchowski’s equation from a model of coagu-
lating Brownian particles was carried out by Lang—Nyugen [LN] when d = 3 and all particles
have the same diffusion coefficient. A related problem has been studied by Sznitman [Sz]
when d = 2. A completely different approach has been employed in [HR1-2] and [YRH] to
treat the model in general. A thorough survey on related models and their applications can
be found in Aldous [A]. In fact Open Problem 16 in [A] is exactly our central limit theorem
when there is no spacial dependence. We refer to the monograph [Sp] for an introduction
to related questions in statistical mechanics and a discussion of the fluctuation—dissipation
principle. An equilibrium fluctuation result has been studied in [R1] for a model of colliding
particle associated with discrete Boltzmann equation.

We end this section with an outline of the paper. In Section 2, we state a conjecture
for the macroscopic evolution of the fluctuation fields. In Section 3, a family of reversible
invariant measures for the microscopic model is constructed. In this section, the conjecture
is restated as the main result of this paper under the assumption that the model starts from
one of the reversible measures and that the dimension is 2. In Section 4, the strategy of the
proof is described. The first step of the proof is a regularity of the coagulation term and is
carried out in Sections 5—7. The proof of the main result is completed in Sections 8 and 9.



2 A Conjecture

We start with the description of our model. The configuration space () consists of pairs
w = (x,m) with x a subset of R with no accumulation point and m : x — N = {1,2,3,...}
is a map that assigns a positive integer to each element of x. Throughout this section we
assume that d > 2. It is often convenient to write w = (x;, m;)se; with z; € R? and m; € N,
where I = I(w) is a countable index set. We regard x as a collection of cluster positions
in R? with no accumulation point and m assigns a size to each such a position. We may
also identify w = (x,m) as a discrete measure @ = Y, ; 0z, m,) on R? x N. Using this
identification we equip the space ) with the topology of vague convergence.

We now describe the evolution of coagulating and fragmenting Brownian clusters as a
Markov process on the configuration space €. For this, functions d : N — (0,00), « :
NxN — (0,00) and 8: N x N — (0, 00) are given which represent the diffusion coefficient,
the coagulation rate and the fragmentation rate respectively. We assume that both a and
(3 are symmetric. Also a parameter x € [0,00) and a continuously differentiable function
V i RY — [0,00) are given for our model. We then define a Markov process w(t) with
infinitesimal generator A = Ay + A, + Ay where Ay represents the “Brownian motion” part
of the dynamics, and A, and A represent the coagulation and fragmentation parts of the
evolution. For the “Brownian motion” part, we use the representation w = (x;, m;);es to
write

(2.1) AoF(w) = d(mi) Ay, F(w),
iel
for any C? function F. Here A,, represents the Lapalce operator which acts on the x;
variable.
As for the coagulation part, we write A.F(w) = AT F(w) — A, F(w) with A} and A
are given by
1 m; m;
+ — . [ 1 J 2
ATF(w) = 5 MZEIQ(W? m)Ve(xi — x55mi, my) [WF(SUW> + WF(SMW) :
i#j
A F(w) == Z a(mi, m;)Ve(z; — xj5;m;, m;) F(w).
izﬂf.f
i#]

Here,

(i) € > 01is a small parameter that represents the range of interaction.

(ii) the function V.(z;m,n) = A(e)V (£;m,n) where

|loge|~te™? ifd=2,
2.2 Ae) =
(22) (€) {5—2 ifd>3,



and

(2.3) V(x;m,n)zr(m,n)_2V< ’ )

r(m,n)

with r(m,n) = r(m) + r(n), for r(n) = nX, and V is a symmetric Holder continuous
function of compact support and total integral 1.

(iii) we denote by S}jw the configuration formed from w by removing z; from x and assigning
the size m; +m; to the surviving cluster at x;. The configuration Sfjw is defined in the
same way, except that we remove z; from x and assign the size m; +m; to the cluster

at x;. We note that the cluster at x; survives the coagulation with probability —
J mz+m]

Before describing the fragmentation part of the dynamics, let us explain the form of the
function V.. Note that V.(z; —x;;m;, m;) # 0 only if z; —x; is of order e(r(m;)+r(m;)) with
r(m) = mX. This means that we regard a particle of size m to be roughly a ball of radius
er(m) so that a pair of clusters of centers z; and x; coagulate when their corresponding
balls overlap. If we assume that the mass of the ith cluster is distributed evenly in the
ball By(m,)(z;), then we expect to have x = %1' However, in reality a cluster is far from
being a round ball and expected to be a fractal like object. By allowing x € (0, 00) we are
hoping to have a more physically relevant model. In particular, the case y < Cll represents a
scenario in which the ball B, (n,,)(x;) contains the true cluster and only a fraction of the ball
is occupied with the cluster. We believe that the case y > ﬁ corresponds to the occurrence
of “gelation”. We refer to [HR1], [HR3| and [R2] for more discussions. (Note that no finite
X can cause gelation when d = 2; we guess that the radius must grow exponentially with the
mass in order to have a gel in this case.)

The occurrence of the factor A(¢) in the definition of V is to guarantee that when two
clusters collide, then they coagulate with a probability that stays away from 0 as ¢ —
0. Indeed B = x; — z; is a Brownian motion that spends a time of order £2r(m;, m;)?
(respectively e?r(m;, m;)?|logel|) in the support of V. when d > 3 (respectively d = 2). We
also multiply the sum in the definition 4. by 1/2 to ensure that the summation is over
unordered pairs {z,j}.

As for the fragmentation part, A;F(w) = A} F(w) — A; F(w), is given by

m;—1

%Z Z B(m, m; —m) / V(i — yymi —m,m)(F(S"w) — F(w))dy,

i

with

m;—1

A F(w) = %Z Z B(m, m; —m) /Ve(xi —y;m; —m,m)F (S w)dy.

i m=l1



Here,
(2.4) Ve(a;m,n) =V <g; m,n) ,

and S?™ is that configuration formed from w by replacing (z;, m;) with a pair of clusters of
positions z; and y and sizes m and m; — m.

The central object to study is the cluster density of a given size. Microscopically we are
interested in the empirical measures

go(dx,t) = K- Z(sz (dz)1(m;(t) = n),

where K. was defined by (1.1). If for example we select (x1(0),m1(0)),..., (xxn(0), my(0))
randomly and independently with the law

(2.5) P(x;(0) € A,m;(0) = n) / 2w

with Z =Y~ [ fldz, then by the law of large numbers, g2 (dx, 0) converges weakly to f(z)dx
provided that N = K.Z and € — 0. Note that such a choice of initial condition implies that
on average there are K. [ fr(z)dx many particles of size n. A Wiener Sausage calculation
reveals that in average, each particle in our model experiences finitely many coagulations
per unit time. This explains our reason for choosing K. as above

The main result of [HR1]-[HR2], and [R1] states that if x < 715, there is no fragmenta-
tion, and « satisfies some technical conditions, then the empirical density ¢Z (dx,t) converges
to fu(x,t)dr where f, is a solution to the Smoluchowski’s equation, subject to the initial
condition f,(x,0) = f%(z). It is shown in [HR3] that this solution is unique.

Smoluchowski’s equation has the form

T ) = A o)+ QL) = Q) + QL) — 0, (),

where f = (f,, : n € N), and

(2.6)

QLA () = 23 almn = m) fufums Qu<(E) = 3 alm,m) fu
m=1 m=1
[e%¢) n—1
QU (6) = 3 Bom ) furm, Q2 () = % Bom,n = m) .
m=1 m=1
with
(2.7) a(m,n) = n(m,n)a(m,n), B(m, n) = n(m,n)B(m,n).



The function n(m,n) is calculated in terms of the microscopic details of the model. We start
with the case d = 2. In this case n is independent of the function V' and the parameter ¥,
and is simply given by

2m(d(m) + d(n))

The formula for n(m,n) is more complicated when d > 3 and does depend on both V' and
x. Here is the recipe for : First we find the unique solution to the equation

(2.9) (d(m) +d(n)) Aty () = a(m,n)V(z;m,n)(1 + tp . (z))

with u(x;m,n) = wuy, ,(x) satistying u,, ,(z) — 0, as |z| — co. Then we set

(2.10) n(im,n) = /V(:c;m,n)(l + Uy () )d.

Remark 2.1.

e For the purposes of this section, we have assumed that ) f f%dx < oo, which implies
that there are finitely many particles almost surely. However in Section 3 when the
main result of this article is discussed, the density f° is constant and the system
involves infinitely many particles. The existence of such a particle system is no longer
obvious, and in Remark 3.5 we will explain how such a particle system is constructed.

e Note that we deliberately choose a mechanism for the fragmentation that is, in some
sense, dual to the coagulation mechanism. This allows us to easily construct reversible
invariant measures for the process w(t). In other words the fragmentation is defined
in such a way that if we reverse time after a coagulation, we obtain a fragmentation.
For the kinetic limit however, we can use a kernel W for the fragmentation that is
different from V', or even choose two new locations y; and y, near x; for the locations
of new clusters of a fragmented cluster. However, for this fragmentation mechanism,
the macroscopic coagulation and fragmentation rates read & = an, B = [n with

possibly n #£ 7.

o Let us write Q, = Q¢ — Q¢+ Q5 — Q.. We then have the following useful
formula: For any sequence (J,, : n € N),

n,m



The main goal of this article is to derive an equation for the evolution of the density
fluctuations about the solution to the Smoluchowski’s equation.

To this end, recall the fluctuation fields & (dz,t) that was defined by (1.2). Let us
assume that xy < (d —2)~! and that the total mass [y nf? dz is finite.

Conjecture 2.1 As ¢ — 0, the process &;, converges to &, where &, is the unique
solution to the Uhlenbeck—Ornstein equation

@.11) Ko ) A, + 56 + L5+
&n(,0) = &),
where & = (&, :n € N), and
(2.12) Co=Ly =Ly Ll=Li -
with
(213) L€ = Z m) fnbnm, L€ =2 a(m,n)(fmbn + fabm),
m=1
n—1
(214) LT = ;1 Bm. )& m, £,1€ = %mz Bm,n—m)s,

and v, 18 a space-time white noise with variance given by

<(zn: / / J"”"d$dt>2> =2 / / 2 dn) oIVl

(2.15) + % / / ;&(m, ) Fofon o — T — o) 2ddt
(2.16) + % // ;B(m, 1) i (Jnpm — Jn — ) 2dadt

for any smooth test function J = (J, : n € N) of compact support in R¢ x (0, 00).

In fact v belongs to a suitable negative Sobolev space and the integral of .J,7, must
be understood as the value of the distribution +,, at the smooth test function J,. See
the next section or the beginning of Section 8 for the precise definition of £ and v and
the meaning of the equation (2.11).

The main result of this paper asserts that Conjecture 2.1 is valid if the initial distri-
bution of the cluster is chosen according to a reversible equilibrium state and d = 2.

8



3 Equilibrium Fluctuations

We start with constructing reversible invariant measures for the process w(t). For this
we take a collection of positive numbers A = (A, : n € N) such that > A, < oo, and

(3.1) a(m,n) A\ A = B(m,n)Anim

for every m,n € N. Note that for such a collection, the functions f,(x,t) = A, do solve
the Smoluchowski’s equation because by (2.7) and (3.1),

(3.2) a(m, n) Ay, = B(m,n))\mm
and this in turn implies
(3.3) Qi) =Q, (), Q) =@ ().

Given such A, we construct a reversible invariant measure py for our process w(t): Let
x" to be a Poisson point process with intensity K.\,. Assume that (x",n € N) are
independent and define w = (x,m) by x = (J7~,x" and m(a) = n for a € x". In
words, particles of size n form a Poisson point process of intensity of K.\, and these
processes are independent for different choices of n. We note that if A is a bounded

subset of R?, then
/MAdu,\ = [AIK.D> A,
where
Mj(w) = My(x,m) = #{a € x:a € A,m(a) =n}, My=>» My
n=1

Hence, if we assume that ) A, < oo, then there are finitely many clusters in a
bounded domain almost surely with respect to py.

We now assert that uy is indeed reversible. To explain this, let us take two bounded
local C? functions F,G : Q — R. By a local function ' we mean that there exists a
positive constant ¢y such that F' depends only on particles (z;, m;) such that |z;|, m; <
co. We then have

(34) /G .AF d,u)\ = /F .AG d/l)v
Indeed,

(3.5) /G AoF duy = —/Zd(mi)vmiF -V, G duy,

(36) /G AjF d,uA = /F A;G du)\, /G .AC_F du)\ :/F A}_G d/ﬁ,\.



Note that (3.6) is the microscopic analog of (3.3), and together with (3.5) imply (3.4).
The proof of (3.5) follows from an integration by parts. As for (3.6), observe that for
any bounded set A,

- , , (A ) “AnK|A|
(3.7) de Z H H]l Mpi =Ny Ty € N)dxy, | ———e

L,
L1,Lo,.. n

where w, is the configuration in the set A and p3 is the law of wy under uy. Here we
have labeled particles of size n by nl,n2,...,nL, and L,, = M} is the number of such
particles. Using the representation (3.7), one can readily verify (3.6).

Let us write PY and EY¢ for the probability and the expectation with respect to the
process w(-) subject to the initial condition w(0) = w. When w(0) is distributed
according to an invariant measure uy, we write P¢ and E? instead. Given w(-), we

define

(3.8) &t J) = VK. (K% Z J(2i(0)W(mi(t) = n) — A / J(w)dx)

for every smooth J : R? — R of compact support. Let D denote the space of smooth
functions of compact support and let D’ denote the space of distributions (the dual
of D). We regard &€ as an element of the Skorohod space D = D([0,T], (D')Y). The
transformation w(-) — &° induces a probability measure P on D. We regard & (¢, J)
as the value of the distribution & (¢) at J

To state our assumptions, take a nondecreasing function a > 1, such that o/(m,n) =
a(m,n)/(d(m) +d(n)) < a(n) + a(m), and set F'(n) = >0 B(n —m,m).
Hypothesis 3.1. The function d(-) is bounded. Moreover for some 6 > 1/2,

(3.9) lim7(e) :=lm K> >~ a(n)r, =0,

e—0 e—0
2er(n)>d(e)

where 0(g) = |loge|~?, and

(3.10) Z[a(n)(r(n) + B'(n)logn) + a(n)*(a(n) +logn)|\, < co.

n

Remark 3.1. Note that by detailed balance, we have that (n,m) = a(m,n) A\, A/ Amin.
Hence, if @ and X are known, then ( is determined. As an example, consider the case
with A, decaying like e, as n — oo. In this case, we can readily see that if a(n)
is growing at most like a polynomial as n gets large, then both (3.9) and (3.10) are
satisfied.

10



Theorem 3.1 Assume Hypothesis 3.1 and that the dimension d = 2. Then the finite
dimensional marginals of the sequence P® converges to the finite dimensional marginals
of P, where P is the distribution of a stationary Ornstein—Uhlenbeck Gaussian process
with covariance

(3.11) //Zgnthn()H (d€) = /ZTt (2) Ande.

Here J,,H, € D for n € N and T} is the semigroup generated by the linear Smolu-
chowski’s operator

o] —1
1
I'J n)A — = —
(Td)n = a:Jn‘i‘mz::I Jntm 2; m,n g,
n—1 [e'e)
(3.12) + > alm,n = m) o mAm = Y &(m,n)(JoAn + JuAn).
m=1 m=1

Remark 3.2. Note that the macroscopic coagulation and fragmentation rates & and
B are strictly smaller than their microscopic counterparts o and 3. We refer the reader
to Section 4 for a heuristic explanation and how a fundamental auxiliary function u®
would allow us to switch from the microscopic rates o and 3 to macroscopic rates &
and B Note also that even though the “strengths” of the noises associated with the
coagulation and fragmentation are given by a and [, the corresponding macroscopic
“strengths” are given by & and /3 as the expressions (2.15) and (2.16) indicate. In fact
this reduction in the strength happens in a very curious way:

— The auxiliary function u® corrects the original noises coming from the coagulation
and fragmention by reducing their strengths to & = an® and 8 = 8. (See
formulas (8.33) and (8.37) and the definitions of A, and Ay, which are given
right after (8.26) and (8.34).)

— The Brownian part of the dynamics uses the corrector u® and produces some noise
which enhances the reduced strengths & and (3 to their final values & and B . (See
formula (8.24), expression Agsio1111 Which is defined right before (8.23), and the
final step of the proof of (8.4).)

Remark 3.3. In fact what we can prove is somewhat stronger than what has appeared
in the statement of Theorem 3.1. We will show that the process £& = &' — £” with both
¢ and ¢” stationary processes in time, where the law of ¢’ under P¢? converges to P,
and

liy B2[¢”(0, )] =0

11



for every t, n € N, and test function J. We refer the reader to Section 9 for the details.

An alternative description of the law P is the martingale formulation of Holley and
Stroock [HS] that will be defined in Section 8. It is this formulation which we use for
the proof of Theorem 3.1.

Remark 3.4. The intuition behind (3.11) is the standard dissipation-fluctuation prin-
ciple. This principle is used to predict the form of the diffusion coefficient once the
drift and the invariant measure for the fluctuation fields are known. In fact (3.11)
is equivalent to saying that the process ¢ is a solution to the stochastic differential
equation

(3.13) d¢ = T¢dt + BAW,

where dW; = (AW, ..., dW,,,...) with (dW,, : n € N) independent space-time white
noises and the operator B is determined by

[DICRCNEEEYD SR A AT

1 N
- 5/ > almn)AAn(Josm — Jo = Jon) (Hygm — Hy — Hy,)da

m,n=1

1 = .
+ 5/ Z ﬁ(m, n))‘n+m(<]n+m - Jn - Jm)(Hn+m - Hn - Hm)dx

m,n=1

Indeed if we start with the ansatz that £ satisfies an Ornstein-Uhlenbeck equation of
the form (3.13), then we have an obvious guess for the linear drift I'{, namely the
linearization of the right-hand side of the macroscopic equation (2.6). We also have a
candidate for its invariant measure, namely the measure P° given by (3.11) at t = 0;

/ / iﬁg(Jn)fﬂ(Hn)Po(dfo) = / iJn(x)Hn(x)Andx.

We then select the diffusion operator B to be compatible with what we have for the
drift and the invariant measure of the process &.

Remark 3.5. As our final remark, we comment that it is not obvious that our Markov
process w(+) exists because we are dealing with infinitely many interacting diffusions.
However, since we are only interested in the process w(-) at equilibrium, its existence
can be shown by rather standard arguments which we now sketch.

— (i) Observe that if initial macroscopic densities (f : n € N) satisfy > [ fodz <
00, then we can construct our process by starting from N independent particles

12



(x1,m1), ..., (zNn, my) satisfying (2.5), where N and ¢ are related by the equation
N = K.Y, [ f2dz. In other words, if the total density is finite macroscopically,
then initially we are dealing with finitely many particles almost surely and the
existence of the process w(-) is obvious. However, since at equilibrium f0 = )\, is
not integrable, we need to consider a Poisson point process with infinitely many
particles.

(71) We now argue that we can construct our process if we make two assumptions:

(3.14) Z/|< nfl(x)dr < oo,

(3.15) a(m,n) =pB(m,n) =0 if m+n >,

for every r > 0 and some ¢ > 0. In other words, we assume that locally the
total mass is finite macroscopically but now we assume that no interaction occurs
if particles are large. To construct w(-) in this case, we first replace f° with
fO1(|z] < k). Our process exists for such an initial macroscopic density by (z).
The corresponding process is denoted by wg(+). We now want to send & to infinity
and show that the sequence (wy : k € N) is tight and that any of its limit
point w is a solution to the martingale problem associated with the generator
A. That is, F(w(t)) — [, AF(w(s)ds, is a martingale for every C? local function
F. This can be readily achieved by establishing a control on the total number
of particles in a ball {x : |x| < r}. Here is a way of establishing such a control
uniformy in k: Pick a positive smooth function J which equals to exp(—|z|) for
large z, and set H(x) = _f|y|<l log|y|J(x — y)dy. We can readily show that
that H > 0 and that AH < cyH for a constant ¢o. Then use the martingale
M(t) = F(wg(t)) — fot AF (wg(s)ds for F(w) =), H(x;)m; to show

(3.16) supE sup F(wi(t))? < oo,

k te[0,T)
for every T. This can be used to establish the tightness of w; and the existence
of our process provided that (3.14) and (3.15) are true.

(#41) It remains to relax the restriction (3.15). We now would like to take advantage
of the fact that we only need to consider f° = \,. More precisely, by (i),
we know that P*? exists if we assume that (3.15) is true. Let us write w’ for
our process when « and 3 are replaced with ay(m,n) = a(m,n)l(m +n < 0),
Be(m,n) = B(m,n)L(m+n) < ). Again, we need to show the tightness of w* and
pass to the limit in the martingale formulation of our process. For this, we need
to show something like (3.16) for the sequence w’. This can be readily achieved
by bounding various terms that appear in the martigale M(-), using the fact that
the process w’ is stationary in time.
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4 A Sketch of the Proof
We aim to show that the expression

(4.1) X.(w(t) = K1? Z J(i(t), mi(t)),

with J(x,n) = J,(z) satisfying [ J,dx = 0, is close to Y, &,(t, J,,), with the distribu-
tions (&, : n € N) solving (3.13) in the weak sense. To derive (3.13), we use Markov
property of the process w(t) to write

X.(w(t)) = X(w(0) + > /O AoX.(w(s))ds + /0 A X (w(s))ds

n

with M. a martingale for which
t
(4.3) N.(t) = M.(t)* — / (AXZ - 2X_AX.)(w(s))ds,
0
is a martingale.

The identity (4.2) should be compared to what we have as the weak form of (3.13),
namely

D &l nst) :Zgn(Jn,OH/O > d(n)Eu (A, 5)ds

t
(4.4) +/ Z a(m, n)Aén(Jnam — Jm — Jn, S)ds
O m,n

o [ B ) s = = o)+ M)
0 m,n

=Y+ YQ(’t) +Y3(t) + YHE) + M(t),

14



where the process M (t) is a martingale for which
N(#) = M(£)? —t / 23" d(n) Al V() P
—~ %/Z a(m, ) A A (Jopm — Jn — Jm)?(@)d
=5 [ B (i = T = o))

is a martingale.

To establish Theorem 3.1, we may try to show
Y - Y M, — M,

for i = 1,...,4. It turns out that this is not what is going on! Firstly, it is rather
straightforward to show that Y.! — Y by the classical central limit theorem with Y
a Gaussian random variable with variance >\, [ J2dz. Also, virtually by definition,
we have that if £ converges to &, then Y2 — >~ d(n) fot En(AJ,, s)ds. This stems from
the fact that Y2 corresponds to the “non-interacting” part of the evolution, namely
the Laplacian operator A. However we need to split the “interacting” part of the
microscopic evolution into 3 distinct parts of completely different natures. Indeed, we
have a decomposition

(45) }/53 — }/53,1 4 Y'E3,2 4 Y€3,3’

where Y2! — Y3 ase — 0, the term Y2 contributes to the fragmentation term so that
Y324+Y4 — Y4 and Y3? contributes to the martingale part. That is, Y33+ M, — M.
It is as if a part of the microscopic “drift” becomes some type of “white noise” as
¢ — 0. Perhaps this is the most surprising aspect of the present work and is in complete
contrast with some earlier works on the equilibrium and non-equilibrium fluctuations
on models with diffusive scaling [CY], [C] and a stochastic model with kinetic scaling
[R1]. This ramification of the diffusion coefficient by the “drift” is reminiscent of a
similar phenomenon for the tagged particles in the exclusion processes (see Kipnis-
Vardhan [KV]). In our setting however, the ramification of the noise happens in a
rather curious way as we explained in Remark 3.2.

To explain the decomposition (4.5), and sketch our method of proof further, we need
to recall how the Smoluchowski’s equation has been derived from our microscopic

model in the articles [HR1, HR2], [R2] and [HRY]. For this derivation, we need to
understand how the microscopic coagulation (respectively fragmentation) rate a(m,n)
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(respectively 3(m,n)) leads to the macroscopic coagulation rate &(m,n) (respectively
B(m,n)).
For the derivation of (2.6), we start from the expression

A

X.(w(t)) = KZV2X_ (w(t)) = K- ZJ:z:l mi(t)),

and study the corresponding (4.2) which we obtain by multiplying both sides of (4.2) by
KZ'2. Since KZ'*M. — 0, we only need to concentrate on K{l/sz’ and K§1/2YE4.
The term K: 2}/;4 is in some sense linear and all challenges come from K. Y 2Y53.
It turns out that there is a splitting K_1/2Y3 = Z! + Z? with Z! converging to
Iy [, Ju(@)Q5(£) (2, t)da and Z24+K?Y# converging to [y [, Ju(@)QL(£) (2, t)da.
This sphttlng is not hard to justify; when a fragmentatlon occurs, a pair of particles are
produced which are within a distance of order O(e) and prone to coagulate. Of course
such a coagulation undoes the fragmentation that has just been occurred. Indeed Z?2
is negative which results in a macroscopic fragmentation B strictly less than (.

To describe the decomposition (4.5), let us observe

1 ~
(4.6) YE3 = §KE_1/2 Za(mi,mj)va(% — xj;my, m)J (z;, my, xj,m;)
Y]
1 ) -
2K 3/22 (my, my)VE(x; — xjsmy,my)J (x;, my, x5, my),
irj

where V¢ = K_V, and j(mi,mi,xj,mj) is given by

i J(ml,mz + mj) + LJ({E],TI’LZ + mj) - J(IL‘Z,TI’LZ) - J(xj,mj).

(4.7)
m; + m; m; + m;

Our goal would be a decomposition of the form

(4.8) /0 Y3(s)ds = /0 B (w(s))ds +/0 Ce(w(s))ds + D.(t) + Error,
where

1 -

i3

for a suitable function W¢ which will be defined shortly, and Error represents a term
that will go to zero as € — 0 and |z| — 0. The form of W*¢ would allow us to replace
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a with its macroscopic counterpart &. The term C. is given by

mi—l

/Kgg/2 Z Z B(m,m; — m)Ve(x; —y;m, m; —m)
m=1

%

u€($i —y,ym,m; — m)J(xZ, m,y,m; — m)dy7

and the term D.(t) is a martingale. It is the decomposition (4.8) that leads to the
decomposition (4.5).

To achieve the decomposition (4.8), fix z and start from the expression

(4.10) G.(w) = K732 Zﬁe(:ﬂ, — x5 my,my)J (2, my, x5, my),
1]

where 4°(a; m,n) = u®(a+2z; m,n)—uc(a; m,n), with u®(a; m, n) satisfying the equation
(4.11)  (d(m) + d(n))Au(z;m,n) = a(m,n) [V.(z;m,n)u’(z;m,n) + V(z;m,n)].

(The functions V¢ and V. were defined by (2.4) and right before (2.2) rescepectively.)
We then apply the martingale decomposition as in (4.2) to assert

(4.12) GL(ult) = Golwl0) + | AG.((s) + EL(0),

with F.(t) a martingale. This involves various terms as we apply the operators 4, A.
and Ay on G.. As it turns out, the first term G.(w(0)) and many other terms on the
right-hand side of (4.12) are small if |z| is sufficiently small. However, the choice of u®
results in a component in (A + A.)Ge, which is exactly our 2(B? — Y23) in (4.9), and
a component in A;G. which is exactly C,. The function W€ in (4.9) is given by

(4.13) We(a;m,n) = V(a;m,n)(1 + K" (a;m,n)).

Of course we need to show that all other components in (A + A.:)Ge, and A;G. are
small if € and |z| are small. This can be achieved by rather straightforward reasoning
if we require

(4.14) K22l log 2]l — 0, KZ2log 2| — 0.

(In higher dimension, the second condition is replaced with K. Y ?|z]2~% — 0, which
is inconsistent with the first condition if d > 3.) These two conditions are satisfied
if |2] = |loge|™Y, for some 6 > 1/2. At this stage, we simply use the smallness of 4°
for z satisfying e << |z| << 1. In other words, we do not take advantage of the fact
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that J is of 0 average and do not apply any central limit-type arguments. (For higher
dimensions, this line of reasoning is not applicable and we really need to establish a
central limit-type theorem to show that the error term in (4.8) is small.) Of course
we may try to square the error term and take advantage of the fact that J is of 0
average and that particles are independent at equilibrium. This turns out to be rather
technical and challenging and will be dealt with in a future publication.

So far we have learned that the expression Y can be replaced with the right hand-side

of (4.8). Once this is achieved, we take a smooth function ¢ of compact support, set
¢°(a) =674 (%), and define

folz,t) =K' Z ¢ (wilt) — 2)L(mi(t) = n).

We think of this as an approximation of the density of particles of cluster size n. We
choose 6 = 6(¢) = |loge|~? with § > 1/2. The outcome f&(x,t) = £2©) (2, t) converges
weakly to A\, as € — 0. So far we have not carried out any CLT. We know that if
|20 — z1] < d(e), then

(4.15) /0 Y3(s)ds — /0 B (w(s))ds + /O C.(w(s))ds + D.(t) + Frror' ()

with lim._q Error'(¢) = 0 and D,.(t) a martingale. We multiply both sides of (4.15)
by (°(21)¢%(22) and integrate with respect to z; and z,. After a change of variables
21 v 21 — Ty, Zp F 2 — Tj, We obtain

1 [t ~
5/ / K32 Z a(m;, m;)We(z1 — zo;my, my)J (x;,my, x5, m;)
(= 20)COO (1 — 22)dz1d2zads,

for the first term of the right-hand side of (4.15). Since J is smooth and ( is of compact
support, we may replace J(x;, m;, x;,m;) with J(z1,m;, 2o, m;) for an error of order
O(d(¢)). We then carry out the summation over ¢ and j to obtain

1 ¢ -
5 E a(m,n)/ // K235 (21, 8) 9 (29, s)WE (21— 29 m, n) J (21, M, 29, n)d 21 d2ads.
m,n 0

Since J is of zero average, the integrand
A= KM2(£0O (21, 8) 2O (29, 8) — Mdm)WE (21 — 2031, 1) J (21, m, 29, 71),
can be written as

(4.16) A=A+ Ay + As,
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where
Ay = KM2(£0©) (21, 8) — M) AW (21 — 29;m,n)J (21, m, 29, 1),
Ay = KY2(£59 (21, 8) — Ap) AW (21 — 203m,m)J (21, MM, 22, 10),

m

Ag = Kg/Q[(fg(E)(zl, s) — An)(f;jff)(zz, S) — Am)|[W*(21 — ZQ;m,n)j(Zl,m,ZQ7n).

To achieve our goals, we wish to show that As is small in average. Formally, if A; is
a bounded quantity, then A3 is smaller than A; because of the additional small term
ff,fe) — Am. This turns out to be wrong; the term f° — \,, is small only in a weak sense
and its product with f2 — ), is no longer small. This is not surprising at all because
d = d(e) is not sufficiently large enough for a central limit theorem to take place.
Indeed the support of (? is a set of volume O(d9) and as a result, the particle density
I8 involves O(K.6%) many particles in average. For a CLT taking place, we need a
density which deals with a large number of particles. In other words, we expect Az to
be small only when K.6? — oo as ¢ — oo. This would not be the case if § = |loge|~?
fora f > 1/2.

In order to figure out a successful way of going beyond |loge|~ and reach a density
f? with § satisfying K.6? — oo, we need to review what has been achieved so far and
what to learn from it.

Basically our goal is a central limit theorem (CLT) for the particle density (4.1) and for
this we need to perform some type of CLT for the time average of (4.6). Note that Y
is in some sense singular because the function V¢ is a delta-type expression. That is, in
a region of volume O(e?), V¢ is of order O(e~%). In fact if we calculate E“Y?(w)?, we
get an expression that blows up as ¢ — 0. All this ultimately stems from the fact that
the coagulation occurs when particles are microscopically close. We wish to replace
Ve with a smoother kernel and this is exactly what purpose (4.8) serves. We try to
replace z; — x;, the argument of V¢, with z; — x; + z. That is, we try to figure out
the coagulation rate when particles x; and z; are not microscopically close but only
macroscopically close, i.e., z; —z; = 2 + O(e) with |z| — 0 after sending ¢ — 0. (For
example |z| could be as “large” as |loge|~?.) However there is a price to pay for such
a replacement; we need to replace V¢ with W¢ and modify the fragmentation term
(we are referring to the term C.), and even the noise is modified (the term D.). To
carry this out, we encountered various additional terms which are presumably small.
We have a relatively easy ride, if |z| << |loge|~'/2. Even though we have not reached
out ultimate goal |z| >> |loge|~/2, we have already achieved three important tasks:

— (i) The correctors C. and D, would modify the fragmentation and martingle terms
as required in the proof of the main result Theorem 3.1.

— (ii) The term W¢ would allow us to replace o with & because lim [ W*¢ = 7 as
e — 0.
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— (iii) We have been able to replace the singular term V*(a; m, n) with a less singular
term We(a;m,n) = [[We(a + z;m,n)(°®(2)dz, where 6() = |loge|~? for some
6>1/2.

We are now in a position to explain the central role of the equation (4.11). Because
of the time average in f(f Y3(s)ds, we are dealing with an expression which is almost
as smooth as A7'Y3. Of course A~ is too complicated to use. The message behind
the equation (4.11) and its use is that we only need to consider 2-particles dynamics.
Namely, the fact that z; — z; is a diffusion with generator (d(m;) + d(m;))A, and
that once a coagulation occurs with rate a(m;, m;) between the i-th and j-th particles,
(x;, ;) as a pair no longer exists and hence the dynamics of x; —z; has an infinitesimal
generator of a killed Brownian motion:

I = (d(m) + d(n))A — a(m,n)V.(-sm,n),

with m = m; and n = m;. Now the function u® = I''V* is smoother than V¢ and this
allows us to perturb its argument by a small vector z and obtain (4.8). By (iii), we are
now dealing W¢ in place of V. We note that W¢ = O(d(¢)~¢), and has a support of
diameter O(5(¢)). To replace W* with W#(a;m,n) = [ We(a + z;m,n)¢"©(2)dz, for
some &'(g) >> |loge|~'/2, we almost repeat the formula (4.12) where V¢ is replaced
with W¢, and u® is replaced with v® which now solves

(4.17) (d(m) + d(n))Av®(z;m,n) = a(m,n)We(z;m,n).

This time we can show that various terms that appear in AG, are small provided that
|z| < 8'(¢) for &' that is now can be chosen as large as |loglog |~ for any ¢ > 1/2. For
this step of the proof we show that all the error terms have small second moments, in
other words, a CLT is taking place and the errors have small variances. (See Section 7).

As a consequence of the main result of Section 7, we have the decomposition (4.15)
where 0(¢) is replaced with ¢’(¢). We can now rigorously show that Aj is small by ig-
noring the time integration and showing that the integrand has a small second moment
with respect to the equilibrium measure. As for Ay, we first carry out dzs integration
and use the fact that lim [ W¢(a;m,n)da = n(m,n), as e — 0. (This was proved as
Theorem 3.2 in [HR2].) After some straightforward manipulations,

/ //A1 dz1dzods = {/ Enlt, J) ds] n(m,n) A\, + Error®(e).

As for Ay, we first replace J(z1) with J(z2) for a small error because |z; — 23| = O(e).
We then integrate with respect to z; and repeat our reasoning for A; to obtain

/Ot // Ay dzydzeds = [/Ot Em(s, J)ds} n(m,n)\, + Error®(¢).



In summary

(4.18) /0 Yf(s)ds:%Zd(m,n) /0 (En(5, )+ (5, T) A )ds + D.(t) + Error(e)

m,n

for an error Error(e) that goes to 0 on ¢ — 0.

5 Regularity of the Coagulation Term, Part 1

As we mentioned in Section 4, the main ingredient for the proof of Theorem 3.1 is the
statement (4.18). In this section this statement is partially established and the full
proof of of (4.18) will be achieved in Section 7.

We now prepare for the main result of this section, which will appear as Theorem 5.1 at
the end of the section. The proof of Theorem 5.1 will be given in Section 6. Note that
the function J in (4.1) is of compact support and satisfies [ J(z,n)dx = 0, for every n.
In fact we only need to consider J(z,n) = J(z)1(n = m) with [ J(z)dx = 0. Evidently
for such a function J, we have [ .J(x,n)dx = 0 for every n. Note that J of (4.7) is not
of compact support. However, for some positive [, we have that j(m,m,y,n) =0, if
either m,n >l or |x;|, |z;| > I. Because of the V. term in the definition of Y3, we may
replace J with
J (s, mi, 25, m;) = (i, mg, 25, m ) K (z; — x;),

for a smooth symmetric function K (a) of compact support which is 1 whenever |a| < 1.
The advantage of J to J is that the former is of compact support in the spatial variables.
Note however, the term V. only implies that |z; — z;| < coer(m;, m;) for a constant co.
Hence such a replacement is valid only if ¢oer(m;, m;) < 1. This causes an error that
can be readily handled with the aid of our hypothesis (3.9). (See the first step of the
proof of Theorem 8.1 in Section 8.)

Recall that u(z;m,n) solves
(d(m) + d(n))Au®(x;m,n) = a(m,n)[Ve(z;m,n)u’(z;m,n) + V(x;m,n)]

where VE(z;m,n) = e *V(x/e;m,n), and V.(z;m,n) = K- 'e?V(x/e;m,n). Given
such a function u®, we define

(5.1) G(w;2) = G(w) = K Zﬁg(fcz - xj;miymj)j<xi7miu Tj,my),
Y]

where 4°(a;m,n) = u®(a + z;m,n) — u*(a;m,n). We have

G(w(t)) = G(w(0)) + /0 AG(w(s))ds + M,
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where M, is a martingale. We write

We now study various terms which appeared on the right-hand side. We write J, and
Jy, for the derivatives of J with respect to its first and second spatial arguments. We
then write

Hy = Hy1 + Hyp + His,
with
Hll(w> = Kg3/2 Zﬂs(l’l — xj,ml,m])[(d(mZ)A% + d(mJ)ij)j(l’“ mi,acj, m])]

2y
ng(w) = Kg3/2 Zd(m»fbi(l’, - acj;mi,mj) : jx(xi,mi,xj,mj)
1,J

— K32 " d(my)as (e — xysma,my) - Jy (i, mi, 25, my)
i,
=: Hip(w) — Hin(w),
Hiyg(w) = K232 (d(my) + d(my))Aa® (z; — w53 mi, my)J (x5, m, x5, my)
i,

= Hiy(w) — Hi3(w) — Hig(w)

where
Hiz(w) = K€_3/2 Za(mi7m]~)W6(xi — T+ zimg, mj)j(%‘; m;, Tj, m;)
i?j
with We(a;m,n) = u®(a;m,n)V.(a;m,n) + Ve(a;m,n), and
H?Bl(w) = Ks_sﬂ Z a(mi, my)us (v — g m, my) V(v — x5;my, mj)j(xi, mg, Tj, m;),
12
H?32(w) = Ks_sﬂ Z a(mg, my)VE(z; — 255 m, mj)j(l'z‘, mg, Tj, m;).
12
We also write
Hy = Hyy + Hy, Hy = Hj — H),
with H3 (w) given by
1
— 5[(& 3/2 Za(mi, m;)Ve(x; — x5;mi,m;)
2%

[us(xi — T+ 2 mi,mj)j(xi,mi,xj, m;) +u(x; —x; + z;mi,mj)j(xj,mj,xi, m;)

= K372 Za(mi, m\Ve(ai — x5, m, my)u (2 — x5 + 23mg,my)J (25, ma, 25, m;),

i3
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Moreover,

1
Hy(w) = 5 Za(mi,mj)‘/;(xi — x5;m,m;) K732
2%
Z {L[ﬁe(lﬂz — T My + mpmk)j(%,mz‘ +my, T, my)
Ly +m;

+ IALE(SE']g — X, Mg, My + mj)j(xk, My, Ti, M; + m])]
m; . A
m; —l—zmj [ (x5 — s my +my, my)J (25, m + my, Ty, M)

+ A (g, — s mu, my A+ my)J (2, My, 2, mg +my))]
- [ﬁ/g(xz — Tk, mi7mn)‘](xi7 mi7xk7mk’)
+ ﬂ6<xk — Ty, M, mZ)J([L’k, mg, Ty, mz)]

— [0 (2; — zp; My, my)J (25, My, 28, M)

+ U (g — x4 mu, my)J (x, mk,xj,mj)]}.
The expression Hio arises from the changes in the function G when a coagulation
occurs due to the influence of the appearance and disappearance of particles on other
particles that are not directly involved. The expression Hs; represents those terms in

G that are absent after a coagulation. Note that for our formula for His, we used the
fact that K is symmetric and since V' is symmetric, the function u® is also symmetric.

As for the fragmentation part of dynamics, we have
Hz = H3 + Hsp + Hss,

where H31 = H311 —+ H312, with

m;—1

1
Hyn(w) = i/Ka_g/g Z Z B(m,m; = m)V*(z; — y;m, m; —m)
ij m=1
[ﬁ€($z — Iy, m7mj)j(xi7ma Zj, mj) - ae(mz — T4, My, mj)j(xia miaxj>mj)] dyv
m;—1
1 J
Hszpo(w) = §/K5_3/22 Z B(m, m; —m)Ve(x; —y;m, m; —m)
i,j m=1

[ﬂe(xi — x;;my, m)j(mi, m;, xj,m) — u(z; — xj;m;, mj)j(xz-, mi,xj,mj)]dy.
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We carry out dy integration and use symmetry to obtain that Hz; = 2Hg;;, where

1 m;—1
H311(Qj) = §/K€_3/22 Z ﬁ(m,mz —m)

i,j m=1

[ﬂa(xi — zj; m,mj)j(xi,m, xj,m;) — u(z; — xj;m;, mj)j(xi, mi,xj,mj)].
AISO, H32 = H321 + [’1-3227 with

m;—1
1 T
Hyoi (w) = §/K€_3/2 Z Z B(m, m; —m)V=(z; — y;m, m; —m)

i,j m=l1

aE(y — Iy, m, m])j(yv m,xj, mj)dyu

m;—1
L[ J .
Hsgo(w) = 5/[(5 3/2 Z Z B(m,m; —m)Ve(z; —y;m, m; —m)

ij m=1
ag(xi — Yy;my, m)j(l’i, mi, Y, m)dy,
mifl
Hiy(w) = [ K233 s = m)V (o = g, m; = m)
i m=1

uE(x; — y + z;m, my —m)J (z, m,y, m; —m) dy.
Note that Hiy, + Hy, = 0. We may rewrite (5.2) as
(5.3)  AG + [Hy — His + Hyy) = (Hu + Hiz) + Hy, + (Hao + Hsi + Hso) + Hi,.
We are now ready to state the main result of this section.

Theorem 5.1 Let J be as above and assume that /e < |z| < 1. Then

o / AG(w(s))ds + / (HY (w(s)) — HEy(w(s)) + H(w(s))]ds

(5.4) < Cot [KY2)z]log |2 + K /2| log |2][]

We establish Theorem 5.1 by examining various terms that appeared on the right-hand
side of (5.3). Indeed we show

(5.5) B G(w(O)IG(w(0))] < CuE?|z],
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(5.6) E2 [ Hyi(w(s))] < Coi2?|z],

(5.7) B |Hiz(w(s))| < Coi 2|z log 2],
(5:8) 2 | Hop(w(s))] < CoI27|z],
(5.9) EZ | Hy (w(s))| < CoE?|zl,
(5.10) 2 | Hap(w(s))] < CoI2?|z],
(5.11) 2| Hj (w(s))] < CuE 22 [log 2]
(5.12) 2| His(w(s))| < CoEZY? |log |z|].

Theorem 5.1 is an immediate consequence of (5.5-11). The bound (5.5) will be used
for the proof of Theorem 3.1.

As we mentioned in Section 4, our method of proof can be used to establish a law of
large number (LLN) for the expression fot Kgl/QYa‘g(s)ds with Y2 as in (4.4). This can
be achieved as in [HR2] by using the regularity of the coagulation term and this time
z can be chosen to be any small vector. Moreover for J, we may choose any smooth
function of compact support. Note that since we are at equilibrium, the proof of LLN
is much easier than what we have in [HR2] because all the correlation bounds needed
for the proof are trivially true. This would allow us to find the limit of fot K 2Y€3(3)ds
as € — (0. Since this limit is not random, the limit can be calculated by passing to the
limit in E fg Kgl/QYf(s)ds = tquKgl/ZYf(O). In summary,

Lemma 5.1 Let K(x,m,y,n) by any smooth function of compact support. Then

(5.13) lim B¢

e—0

/Ot Z(w(s))ds — tZ‘ =0,

where

ZF(w) = K22 almi, my)V (s — ajsm, my) K (i, mi, 5,my),

i?j

7 = Z)\m)\noz(m,n)/K(z,m,x,n)dw.
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Lemma 5.1 will be needed in Section &. In Section 8 we also need another LLN which
can be established with a similar argument. This time our Z%(w) is given by

(5.14) K * Zd(mi) (K'\Vus (2 — x5mq, my)[?) J (s, ma, v, mi)? (| — 2] < 1).
i,

As we will see in Lemma 6.1 of Section 6, the function
We(a;m,n) = K1 |Vus(a;m,n)*1(la| < 1),
is almost as singular as V¢(a;m,n) because W¢(a;m,n) = O(e 2K ') when |a| < ¢.

However [ We¢da stays bounded as ¢ — 0. We will calculate v = lim._o [ W¢da in
Section 8 (see the final step of the proof of (8.4).) We have,

Lemma 5.2 Let Z¢ be as in (5.14). Then (5.13) is true for

7 = Z)\m)\nd(m)v(m,n)/j(x,m,x,n)Qd:v.

This lemma can be proved in a similar way. This time we start with a function
w®(x; m,n) that now solves

(d(m) + d(n))Aw* (z;m, n) = a(m, n)Ve(z; m,n)w(z;m,n) + d(m)W*(z;m,n),
and define
(5.15) Gw)=K? wa(xz — xj;m,my) (2, My, x,myg)?,
2
where w*(a;m,n) = w(a + z;m,n) — w*(a;m,n). Again, using the same method of

proof as [HR2] we can show that the limit in (5.13) exists and then by taking the
expectation of Z¢, we identify the limit.

6 Proof of Theorem 5.1

In this section, we establish (5.5)— (5.12). As a preliminary step, we state a lemma
about the regularity of the function u®. Recall that u® satisfies (4.11) or equivalently

(d(m) + d(n))Au® (z;m, n) = a(m,n)VE(z;m,n) [|loge| v (z;m,n) + 1],
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In fact loge < u® and u® is given by

1

7=/ (m,n) /log |z — y|[VE(y; m,n) [|loge| " uf (y; m,n) + 1] dy,

where o/ (m,n) = a(m,n)/(d(m) + d(n)).

To ease the notation, we do not display the dependence of o/(m,n) and r(m,n) on m
and n.

Lemma 6.1 There exist positive constants Cy and Cy such that for all x,

(6.1) u®(z;m,n)| < C’lo/min{l—k logm ,\loges]},
r
(6.2) IVus (z;m, n)| < Cro/ min {|z| ™", (re) '},
and for |x| > 2|z| + Cyre,
(6.3) |Vus (z + z;m,n) — Vus (z;m,n)| < Crd|z]2|2].
Also,
(6.4) / |Vu®(a;m,n)|da < Cid/l,
la|<!
(6.5) / 6 (a; m, n)|da. < Cra (1 + |2])|,
Jal<1
(6.6) / Vi (a;m,n)|da < Cra’ {|z] [|log(|z| + re)| + 1+ log™ {] +re},
la|<

I\ 2
(6.7) / u(a;m,n)?da < C1a? |1r?e*| loge|* + 12 (log+ —) +1
lal<t "

Y

l
(63) / Vu?(a; m,n)*da < Cra [1 +logt — + 7"2} :
lal<! 3

Proof. The proofs of (6.1), (6.2) and (6.3) are omitted and can be found in Section
2.2 of [HR2]. Note however that in [HR2] we are assuming that y = 0 and that
we were dealing with V¢(x) = 2V (x/e) instead of (er)"2V(z/(re)). Since we have
uf(z;m,n) = v*(x/r) for r = r(m,n) and v solving

(d(n) + d(m)) Ao (x) = a(m, n)V*(z) [[log e] v (z) + 1],

we can readily use the results of [HR2] to obtain (6.1), (6.2) and (6.3).
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As for (6.4), we apply (6.2) to assert

/ |Vu(a;m,n)|da < clo// min {|a| ™", (re) '} da < e/l
la|<i

la|<l

As for (6.5), we simply write,

/ (a3 m, m)|da = /
la|<l la|<l

< |z| |Vu(a;m,n)|da,
la|<i+]2]

1
/ Vus(a +tz;m,n) - zdt| da
0

and apply (6.4).
As for (6.6), we use (6.3) and (6.4) to write

/|Vﬂ€(a;m,n)|da§/ |Vas (a;m,n)|da
la|<2|z|+Care

+Cl/ o'l ~*|z|da
2|z|4+Care<lal<l

< e [(|2] + re) + |z|| log(|z] + re)| + |2|| log ] -

For the proof of (6.7), let us write A(l;m,n) for the left-hand side of (6.7). We use
(6.1) to assert that if [ < er, then

A(l;m,n) < eplPa”|logel* < epar?e?|logel?,

a

and if er < [, then A(l;m,n) is bounded above by

log M

cza? [r252\10g5|2 +/]l(|a] € (er1))
r

2

l
log—| +1],
r

< ¢4 [r252| loge|? + I?

completing the proof of (6.7). In the same fashion, we can readily establish (6.8).
U

Proof of (5.5), (5.6) and (5.7). We omit the proof of (5.6) because its proof is very
similar to the proof of (5.5).
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Evidently
E|G(w(0))] < clKg/Q/ ZAmAnmf(a;m,n)ua
la]<1 7,

< o KMz |Z m, 1) AmAn < c3 K12z,

where we used (6.5) and (3.10) for the the second and third inequalities respectively.
This proves (5.5).

We now turn to the proof of (5.7). We certainly have

m,n

< 322 log |2,

by (6.6) of Lemmas 6.2. We now use (3.10) to deduce (5.7). O

Proof of (5.8). Evidently the expression ES| Hos(w(0))| is bounded by

C1 1/2 m,n c m,n)|ua;m ua,m-mrmn a
K! /Aij V20 mm) (1 aim )]+ 1 a4 1)) A Ao

m,n,p

<cK1/2|z|Z o' (n,p) + o' (m + 1, ) AmAn Ay < s K222,

m,n,p

where we used (6.5) and (3.10) for the the second and third inequalities respectively.
This proves (5.8). O

Proof of (5.9) and (5.10). We start with the proof (5.9). We have H3;1 = Hsi11 —
H3112, where

H3112 /K 3/22 Z 5 (mi)a 33j§miamj)j(93iami>$j7mj),

i,j m=1

with

m;—1

(ms) = 3 Blm.m; —m)
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Repeating the proof of (5.5) yields that E¢?|Hsy19(w(0))| < clKel/2|z|. The term Hsjqy
is treated in the same fashion:

n—1
B Hana (w(0))] < K121 >N Bmyn — m)(a(p) + a(m)) A, < esK2z].

n,p m=1

This completes the proof of (5.9).

We now turn to the proof of (5.10). The terms Hsp; and Hzgp are similar and both can
be treated as (5.9). We only treat the latter. We certainly have that E?|Hso (w(0))]
is bounded by

n—1
o [ KIS Bmen = m) [ Ve yimn - mlay - bimp)

n,p m=1

n—1
— o / KY2 557 B(m,n —m) / [y — bym, p) 1y — b < 1,]y] < I)dbdy

n,p m=1

n—1
< KMP12) 0> Blm,n—m)(a(p) + a(m) A, < es K22,

n,p m=1

completing proof of (5.10). d

Proof of (5.11) and (5.12). We certainly have that the term E¢?|H3, (w)| is bounded
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above by

clquK;B’/QZa(mi,mj)Vg(x xj;my, my) | (x; — x; + zymy, my) | L(|z) < 1)

1,J
~1/2 / ca|z|
< oK ;a(m,n)a (m,n) |log o p— L(er(m,n) < |z])Ann
+ ¢, K12 Z a(m,n)d’ (m,n) A\, A\ L (er(m,n) > |z|)
< s K72 log |2]| + cs K12 Za(mm)o/(m, n)logr(m,n) Amin

—i—cKl/zZ A\ (er(n) > |z))

< es K2 log |2]| + cu K12 Za(n)Qlogn An 4 e K12 Za(n)2]1(5r(n) > |z]) A\,

n n

< esK7Y?)log |2]| 4 s K1/? (log M) Za(n)2logn An
£

n

< cs KV log |2]| 4+ es K7,

where we used Lemma 6.1 for the first inequality. This completes the proof of (5.11).
Similarly the term E¢|H3;(w)| is bounded above by

m;—1

QE{/K*ﬂE:E:BWzmz VE(xi — yym,m; —m)

(s =y + 2zim,my —m) ||z < 1)dy

n—1
< CQK;1/2 Z Z B(m,n —m)a'(m,n —m)

n m=1

C2|Z|

‘log ‘ L(er(m,n—m) < |z])\,

r(m,n —m)
n—1

+ K12 Z Z B(m,n —m)a'(m,n —m)L(er(m,n —m) > |z|)\,

n m=l1

< esK-Y?|log ||| + es K1

This completes the proof of (5.12). O
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7 Regularity of the Coagulation Term, Part 11

As we explained in Section 4, one of the main step of the proof of Theorem 3.1 is the
replacement of the expression V¢(-) in the collision term HYs, with a more manageable
expression We(-+ z) for small z. Ultimately we average out We(-+ z) over z and apply
a CLT. For this to succeed, we need to make sure that we can afford a small z which
is as big as |loge|~® for some a < 1/2. In Section 5, we used the auxiliary function G
in order to relate Hyz to Hi, provided that |z| is of order 6(g) = |loge|~? for 6 > 1/2.
In this section, we would like to fill the gap by showing that in fact z can be chosen so
that || is as large as ¢'(g) = | logloge|~? provided that 8’ € (0,1/2). To achieve this,
we fix a 6 € (0,1/2) and set Hy3(w) to be equal

/H 2)dz = K- 3/2204 mi, m;)We(z; xj;mi,mj)j(azi,mi,xj,mj),

(2%

where We(a;m,n) = [ W(a+ z;m,n)(°® (2)dz and W* was defined by (4.13). First
observe that there exists a constant ¢; such that the function W¢ has a support that
is contained in a ball of center 0 and radius d(e;m,n) = ¢;6(¢) + r(m,n)e. For our
purposes, it is more convenient to assume that r(m,n)e < d(e) so that for a constant
¢y, the support W is contained in a ball of center 0 and radius cyd(g), with ¢y = ¢; +1,
and that |IW¢| < cp0(e) 2. Such a restriction causes a small error. Indeed, if we set

(71) H-{?)(w) = Ke_3/2 Za(mla m])Wg(xl - x]) my, m])j(.flf“m“ xj7mj)7

i,J
with B )
J(zi, m4, x5, m;) = J(x;, my, x5, m;)L(r(m,n)e < d(¢g)),
then
B\ Hig(w) — His(w)| < aa K2 " alm,n)Ap A L(r(m,n)e > 6(c))
(7.2) < KM a(n)A\,1(2r(n)e > 6(e)),

n

which goes to 0 by to our assumption (3.9).
Define v* by

(7.3) v (z;m,n) =

1 _
ﬁ/log |z — y|W*e(y; m,n)dy.
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We then set
(7.4) G'(w;2) = G'(w) = K732 Zcf(a:i — xj5my, my)J (zi, my, x45,my),

where ¢°(a;m,n) = v°(a + z;m,n)K(a + z) — v*(a;m,n)K(a). We have

G (w(t)) = / AG (w(s))ds + M,

where M| is a martingale. Note that G’ is very similar to G of Section 5; u is replaced
with ¢ and J is replaced with J. The latter difference has to do with the fact that now
the function K appears in the definition of § and we no longer need to multiply J with
a cut-off function. We write

(7.5) AG = AG' + AG' + A;G' =: H{ + H, + Hj.
We now study various terms which appeared on the right-hand side. We write
Hi = Hiy + Hiy + Hi,

We do not repeat the definition of various H’-expressions which are all correspond
to H-expressions of Section 5. However, since v° satisfies (7.3), we have a different
decomposition for Hj;. The decomposition

AG (a;m,n) = Avi(a+ z;m,n)K(a+ z) — Avi(a;m,n) K (a)
+ Vo (a+ z;m,n) - VK (a + z) — Vo (a;m,n) - VK (a)
+v°(a+ z;m,n)AK(a+ z) — v (a;m,n)AK(a)
=:qi(a;m,n) + g5(a;m,n) + g3(a; m, n),
results in a decomposition

His = Hyg + Hisy + His,

where
1 7--3/2 e . 7
Hiy, = K222y 5 (s — xyymi, my) J (i, my, ,my).
irj

We may rewrite (7.5) as

[ Hia(o)ds = Gt - Glto) -
(7.6) - [ iyt g Hiy 4 B+ H 5.
We are now ready to state the main result of this section.
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Theorem 7.1 Assume that 0(¢) < |z| < 1. Then

/ H131 ))ds

Remark 7.1. With the aid of this theorem, we can readily improve the z-average
from |z| = O(0(¢)) to |z] = O(d'(¢)). Indeed His, is given by

E < Co(t+1) [|2] + K] |log 6(e) |2

K32 Z We(z; — zj + z;my, my) K (v, — 2 + 2)J (x5, my, x5, m;) — His,

and by (7.2), the term H}, can be replaced with Hi3, for an error that goes to 0 as
e — 0. From this and Theorem 7.1 we deduce that Hi3 = [ Hi;(w)(°®)(2)dz can be
replaced with

K32 Z We (2 — 2+ 2;me, mj) K (z; — xj + 2)J (05, my, x5, m;),

so long as |z]| = §'(¢).

We establish Theorem 7.1 by examining various terms that appeared on the right-hand
side of (7.6). Indeed we show

(r.7) EZ7|G (w(t)] < Cp (KZV2 +12])

(78) ESY (Y, + Higy) (w(s)] < Cp (K22 +]21)
(7.9) EST|(H, + Hip)(w(s)] < CHEM|2] log ||,
(7.10) ESY | Hiy (w(s))] < Gyl log 5(0)] 2,
(7.11) ES[(H, + Hi) (w(s))] < Cy (K72 + 12])
(7.12) ESY|(H, + Hi) (w(s)] < CyK= /2 [logd(2)].
(7.13) ES [M])? < Cht (K7'5() + | (log |=])?)

To prepare for the proof of Theorem 7.1, we start with an elementary lemma.
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Lemma 7.1 Assume that [ G(x,y, m,n)dzdy = 0, for everym,n € N. Then [ Y?dvy =
Z + Zy + Z3, where

Z1=N(N-1)(N -2) Z G(y1, Y2, n1, n2)G (Y1, Y3, 11, 13) Ay Any Ay dy1dyndys,

ni,n2,n3

Zy=N(N-1)(N —2) Z G (Y1, Y2, 11, 12) G (Y3, Y2, 13, 111 ) Ay Ay Ang Y1 dyadys,
ni,n2,n3

Zs=N(N=1) [ Y Gy, y2,m1,n2) dyrdyarn, An,.

ni,n2

The straightforward proof of Lemma 7.1 is omitted. See also Lemma 3.3 of [R1] where
a similar lemma is proved. As our next lemma we state some bounds on the function
v=. The proof of this lemma is omitted because it is identical to the proof of Lemma 6.1.

Lemma 7.2 There exist positive constants Cy and Cy such that for all x,

(7.14) |v*(z;m,n)| < Cra/ min {1+ |log|z||,|logd(e)|},
(7.15) Vo (z;m,n)| < Cra/ min {|z] 7', 6(e) 7'},

and for |x| > 2|z| + Cd(e),

(7.16) Ve (z + z;m, n) — Vo (z;m,n)| < C1y(e;m, n)d|z|72|2].
Also,

@ [ 9em e < Ca

(7.18) /|cj5(a;m,n)|da < Chd|z,

(7.19) / VG (a;m, n)|dz < Cro’ {|z][|log(|z| + 6(e))| + 1] + d(e)},
(7.20) /qe(a;m,n)2da < 010,

(7.21) /|Vq5(a;m,n)|2da < C1d|logd(e)],

Proof of (7.7) and (7.8). We only prove (7.7) because (7.8) can be proved by a
verbatim argument. To apply Lemma 7.1, we need to check that for every ny; and ns,

(7.22) /q“(yl — o311, 12)J (Y1, 11, Y2, 2 dipndyys, = 0.
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We certainly have

/ds(yl — yo;n1,n2)J (Y1, n1)dyrdyz = /J(yml)dy ¢°(a;n1,m2)da = 0.

The same is true if we replace J(yi,n1) with J(y;,n1 + ny). This completes the proof
of (7.22). In view of Lemma 7.1,

]Equ/2< /GIQ I/)\(dw) Rl + Rz + Rg,
with

Ry = K.(K. —1)( 2)K_ / Z (y1 — y2;n1,m2)G" (Y1 — Y33 na, ng)

ni,n2,m3

J(Z/b ni, Y2, nz)J(yl, ni,Ys, ”3))\n1 Ang Ay dy1dyodys
Ry = K. (K. — 1)K / > G (1 — y2ina,n2)> T (Y1, 10, Y2, 12) Ay Any dyndyo

ni,n2
and R, is given by an expression similar to R;.

We start with bounding R3. We certainly have

Ry < e K71 A, )\n (a;n1,m9)* + ¢ (a + z;n1,m9)?] da.
€ 1 2

ni,ng

By Lemmas 7.2,

(723) Rg S CgKe_l Z Tbl,ng) )\n1)\n2 S CgK Z )\ < C4K 1

ni,n2

We now turn to R;. First observe that Ry < R}, where

S Mg [ @i na)lda [ 16 (@i, no)lda

ni,n2,n3

By Lemma 7.2 we deduce

(7.24) Ry < ¢1]z] Z A < 2]
From this and (7.23) we deduce (7.7). O
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Proof of (7.9). Since Hj, is very similar to Hjs,, we only establish (7.9) for H{,. In
view of Lemma 7.1,

ESH{5(w(0)) = R + Ry + Ry,
with

Ry = K.(K.—1)(K. = 2)K2* [ > V§ (1 — yaini,na) - V@ (yr — ysina, ns)

ni,n2,n3

J(y1, 11, Y2, n2)J (Y1, 1, Y3, 13) Any Ang Ay dy1 dyadys
Ry = K. (K. — 1)K€3/ Z VG (41— ya; 11, n2) 2T (Y1, 11, Y2, 12) Any Any dyr dyo

ni,n2

and R, is given by an expression similar to R;.

We start with bounding R3. We certainly have
Ry < K / D A [IVG (@0, m0)* + [V (a + 2z m1,m0) ] da.

By Lemmas 7.2,

Rs < cy|log §(e)| K ! Z o (n1,12)* Ay Any

ni,n2

(7.25) < esK M log6(e)] D a(n)’ A < eak [ log b(e)].

We now turn to R;. First observe that Ry < R}, where

Rl =¢ Z )\nl)\m)\m/|Qa(a;n1,n2)|da/|cj€(a;n1,n3)|da.

ni,m2,n3

By Lemma 7.2 we deduce

(7.26) Ry < c1]2)? Z o (n1,12)0" (N1, 13) Ay Ay Ang < o] 2.
ni,n2z,n3
From this and (7.25) we deduce (7.9). O

Proof of (7.11). As in the proof of (5.8) and (5.9), we have that Hj = 2HY,,
Hyyy = Hiyyy — Hiyyo, where

1 N .
Hjppo(w) = 5[(5 3/2 E B'(my) G (i — xj3mi, my)J (z, mg, x5, my).
4,J
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Repeating the proof of (7.9) yields
€ 2 _
B2y [Hano(w(s))]” < es(|2]* + K).

The term HY,,, is handled in just the same way we handle Hj, below.

We now turn to Hj,. The terms Hj,, and Hj,, are similar and both can be treated as
(7.11). We only treat the latter. We apply Lemma 7.1 for G(x;, z;, m;, m;) given by

m;—1

1 - ) -

5/ Z Blm,mj —m)V=(x; — y;m,mj —m)q (x; — y;mg, m)J (x5, mi, y, m)dy.
m=1

As a result,
E? [Hapo(w(0))]* = Ry + Ry + Ry,

with Ry, Ry, and Rj3 corresponding to Z;, Z5, and Z3 in Lemma 7.1.

We first treat Rs. For this term we need to bound |G(z;, z;,m;, m;)|. In this case we
simply move the absolute value inside the summation and replace |¢°(a; m;, m)| with
a constant multiple of |¢°(a; m;, m)| + |¢°(a + z; m;, m)|. We then apply Lemma 6.1 to
assert

|Gz, x5, mi, my)| < S(x; —xj,my,my) + S(x; — x; + 2,m;,m;),

with S(a, p,n) given by

n—1
& / ™ Blm.n—m)V(ys m, n—m)a(p, m) min {| log 5()], | og |a + y|[} 1(|a| < 2)dy.
0

We have that there exists constants c3 and ¢4 such that

S(a,p,n) < {cg 8: B(m,n —m)d/(p,m)(|log|al| + 1), if |a| > cs(r(n)e +d(e)),

csy o B(m,n—m)a'(p,m)|logd(e)l, otherwise.

From this we can readily deduce that Ry < ¢5 K !, as in the proof of (7.11). (Note that
vt B(m,n —m)d/ (p,m) < (a(n) + a(p))B(n) because by our choice, the function a

is non-decreasing.)

We now turn to Ry and Ry. We certainly have that |G (z;, z;, m;, m;)| is bounded above

by

mj—1

1
]z]/ /Z B(m, mj—m)Ve(z;—y; m, mj—m)|Vq (x;—y+tz;mi, m)J (z;, my, y, m)|dydt.
0 m=1
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We then apply Lemma 7.2 to assert
1
\G(xi, xj, m;,m;)| < |z|/ L(x; — x; + tz,m;, m;)dt,
0

with L(a,p,n) given by

s [ 32 Blann =)V (yim = ) . m)
min {0(¢) ", |a+ y| 7'} 1(|a] < 2)dy.

Again we can readily show

n—1

s> & (m,n)B(m,n—m)la|™t, if|a] > cs(r(n)e + (e)),

L(a,n) < { N

e3> (myn)B(m,n—m)d(e)~!, otherwise.

Repeating the proof of (7.7) yields that R; + Ry < c¢r|z|?, completing the proof of
(7.11). 0

Proof of (7.12). We only establish (7.12) for H), because Hjs can be treated by an
identical argument. Choose ¢; so that V(a) = 0 if |a| > ¢;. We certainly have that the
expression E¢| H3, (w)| is bounded above by

ELTKCY2Y  alma, my)Ve(ws — aysmi, my) |G (i — o5 + 2 ma,my)|
.3
< ¢1|logé(e)| K2 Za(m, n)a (m, n) AmAn

m,n

< co|log 6(e)| K2,

where we used Lemma 6.1 for the first inequality. This completes the proof of (7.12).
O

Proof of (7.10). We note that Hj, is a sum of eight terms H),,, i = 1,...,8, and
we establish (7.10) by showing the analogous bound for each H,,. Since all the eight
terms can be treated in the same way, we only treat the sixth term which is given by

1 ,
H526(w) = §K€ i Za(mﬂm])‘/&('x’b _CUJ)mZamJ)qe(xk _:L‘i;mk7mi>‘](xkvmk7xi7mi)'

i7j7k
We note that J is a sum of 4 terms which yields a decomposition

(727) HéZG = HéQGl + H£262 - H£263 - H5264‘
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Again all the 4 terms can be treated in the same way, so we only treat H).s, which is
given by
| ~e
g He 2N almi, my) Vel — wsma, my) G (o, — i mp, ma) J (i, my),
g,k

where G(a;my, m;) = §¢(a; mg, m;)L(r(m;,mg)e < 6(¢)). We use the elementary in-
equality |a] <+ 6 ta? to assert

(728) |Hé264’ S H§2641 + Hé26427

, , : :
where Hiogyy and Hi,g4o are respectively given by

O
S B D almimy)Valws = wjimi my) | (@i, mo)

2
ot _ e
- K > almi, my)Velws — wj;ms,my) | (i, ma)| | K2V 706 (an — i my, my)
— -

Evidently, Ef Hyysqy < c10, for some constant ¢;. Moreover, by squaring the expression
in the brackets we learn that Hiogyo = Higguor + Hioogaan, Where

bogazr =0 K Z (i, my) V(s — gy ma, mg) | (23, mq)| @ (2 — 23 mp,me)?,
B,J:k

Hypgazy =0 K2 Z a(mi, m;)Ve(zi — xj5mg, my)|J (@i, m)|
ivj, koAl
q (2 — 245 M, M) G° (20 — 253my,My).

Becasue of our choice of ¢, we have that [ §(a;m,n)da = 0. As a consequence,

(7.29) Equ§26422 = 0.

We certainly have that [Ef, Hyygy9, is bounded above by

6 ' Ko Y a(ng,ng )\nl)\m)\ng/Vg(a;nl,m)da/qs(b; ng, ny)2db

ni,n2,n3

= 0! Z a(nl,n2))\m)\n2)\n3/(js(b;ng,nl)2db.

ni,m2,n3

On the other hand, by Lemma 7.2,
/qs(b; ng, m1)2db < |z|2/vq€(b; ng, m1)2db < 50 (ng, m1)?| log 5(2)|| %
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As a result, Ef, Hjyq49, is bounded above by

cs6 1 2[* log 6(e)| Z a(ny, n2) (n3,11)* Ay AnyAns < 56 12| log 6(e)].

ni,n2,n3
In summary, from this (7.28), and (7.29) we deduce
]Eiq | Hyoga| < €10 + 055_1|Z’2‘ log d(¢)|.
By choosing § = |z||log §(¢)|"/? we deduce (7.10). O

Proof of (7.13). As it is well-known,

t
Ee[M!]? = B / (AG' — 2G"AG")(w(s))ds = t(Zy + Zo + Z3),

0
where

7y = 2B (AyG' — 2G" AgG') (w),
Zy = E9(AG' — 2G'A.G) (w),
Zy = ES(A;G — 26/ A G (w).
We start with bounding Z;:
Zy = KBS d(my)|Va,G'()]° < Ziy + Ziz + Zas + Zua,

where
2

le :4K;3E§q Zd(mz) Z ch(xl — Tj; My, mj)j(xi,mi, l‘j,??’lj)
i J

2

Z12 :4K;3]E§q Zd(m» ZQE($1 — Ty, mi,mj)vxij(xi,mi, Zj, mj)
i J

The term Z;3 and Zy4 are given by similar expression; x; and x; are swapped inside the
absolute values. We only bound Z;; because Z;; involves V¢® which is more singular
than ¢°. The remaining 73, can be bounded in a similar way. Squaring yields

7y < AKPE“ Z d(m;) Z V@ (x; — xj;my, my) - V@& (x; — xp; my, my,)
i j#k

J(l’u m;, Xj, m])J(xZ, m;, T, mk)

+ 4K PR Z d(m;) Z VG (2 — xj;mi, my) |2 T (23, my, o5, m;)?

J

=:Zin + Zio.
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Use Lemma 7.2 to deduce

Zi1a < el K- log ()| Z d(ny)a! (n1, m2)* Ay Any, < 2K log 8(e).

ni,n2

We now turn to Z;1;. By Lemma 7.2,

Zin < Yy d(ng)[|z][log|z]] + 6(2)] & (ny, no)ed (nr, 1) Any Ay Ay

n1,n2,n3
< e [|z[log 2| + 6(e))* < e [|2][ log |2|]*

In summary

(7.30) Zy < es KM [og d(e)| + es]] 2| log |2]|]*.

We now look at Z,. We have

ZQ = %Ka_?’E:q Za(mi, m])‘/a(l’z — Ty, My, mj) {Z [FL](O) + Z Fi,j,k(p)] }

where Zi:l [; ;x(p) represents the eight terms that appeared in the definition of Hb,
and T, ;(0) = —¢°(x; — xj;my, m;)J (x5, mi, £;,m;). An application of the inequality

8 2 8
(Z ap> <9 Z af,,
p=0 p=0

yields that Z, is bounded by

2 8
S —
S He B almi,my)Ve(ws — zj;mi,my) [Tig (007 + ) (Z Fi:j:’f(p)) =2 2
6o p=1 k p=0
with for example,
9 g
Zag < §Equ€ ’ Z a(mg, m;)Ve(z; — x53mq, my)

7:7‘7‘

2
Z G° (wy — aj3my, my) I (g, My, 2, mg)] :
k
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We only treat Z5y and Zsg as the other terms Z,,. for » = 1,...,7 can be treated as
Z28' We have Zgg = Zggl + 2282 where

9 _
Zag1 = §E§q K, 32‘/«5(% - :Ej;m,-,mj)a(mi,mj)

1,
D@ (= wys e, my) @ (w0 — g me, mg) I (g, mu, w5, myg) T (0, mu, 5, my),
k£l
9 eq -3
Zoga = 51[-36 K. Z Ve(x; — xj;mi, my)a(m;, m;)
1,

> 4 (e — gy, my) T (e, mu, 2y, my)°.

We start with the former

Zog1 < €1 Z a(nlan@))\nl)\ng)\ng)\’m;/‘da(a;n?nnZ)’da/‘qAE(a;nlan)’da‘ < C2|Z\2-

ni,n2,n3,n4

As for Zyge we have

Togg < 1 K1 Z a(ny, ny) /qe(a;n3an2)2daAn1)\n2)\n3 <Kt

n1,n2,n3
Finally
Zggo < ClK Z nl,ng))\m)\m/ (Cl ny, 712) da S CQK;Z.
In summary,
(731) ZQ S C1 (K{_:_l + |Z|2) .

We now turn to Z3. We have

m;—1

Zs Equ ?’z:z:ﬁmmZ )/V‘E(xi—y;mi—m,m)
(2 , )
Li(y,m) + > Tilpiy,m)| dy
p=1

where for example
P( ) = A€< '_y;m7mi_m)j(xi7m7mi_mvy)7
(3;y,m Z —xzj;m,m;)J (y,m, x;,m;).

J
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Again 73 <5 Zé Z3, with for example

m;—1

Z33 = —Equ Z Z B(m, m; — /V‘E( —y;m; —m, m)[i(3;y, m)3dy.

We can now repeat the line of argument we had for Z, by squaring out I'; and use
Lemma 7.2 to get

(7.32) Zy < ¢ (KT +2)7) .
From (7.30), (7.31) and (7.32) we deduce (7.13). O

8 Kinetic Limit
In this section we establish the main claim of Theorem 3.1. We now state the martin-
gale formulation of the Ornstein—-Uhlenbeck diffusion which uniquely determines the

solution of the equation (3.13).

Definition 8.1. We say ¢ is a solution of (3.13) if for any smooth function J of
compact support with [ J = 0, the following processes are martingales:

Mot) = M(O) = €.7) = €0.7) = [ Te(s.T)ds
Ny(t) = N(t) = M(t)? —tA(J).
Here J = (J, : n € N) with J,, : R* > R and [ J,(z)dz =0, =Ty + I+, and

- Z gn(ta Jn)7

Loé(t, J) = Zd )&n(t, Aydy)
T.£(t,J) = Z a(m, )Ml (t, Jnim — I — )

m,n

Ff(§7 ‘]) - Z B(ma n)gn(ta I+ I — Jn+m);
1 .
J) = 2/;d(n)/\n|vm(]n|2dx + §/§a(m, 1) A A (Jpm — JIn — I ) da
1 N
+ 5 / ;ﬁ(m, 1) A (Jnem — I — Jm)Qdm.
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We note that the last two terms in the definition of A(J) are equal by the detailed
balance assumption.

Ideally, we would like to show that the family P¢ is tight as ¢ — 0 and that any limit
point solves (3.13). Unfortunately we have not been able to establish the tightness and
the difficulty comes from two error terms which go to 0 as ¢ — 0 for each t. More
precisely, let us define &'(t, J) = &(¢, J) + &"(t, J), where

f(tv J) = Ksl/Z Z J(xl@)v mi(t))v
and £"(t, J) = $G.(w(t)), with

8.1) G.(w)= /G(w;z)(5(€)(z)dz + // G (w; 20 — 21)CY O (22) ¢ O (1) d 21 d .

Here G and G’ are as in (5.1) and (7.3), and ¢°(a) = §72((a/d) with ¢ a smooth
non-negative symmetric function of compact support satisfying [ ¢(a)da = 1. We take
a countable dense subset Dy of smooth functions of compact support and write H =
LY([0,T];R)™. The transformation w(-) + (¢'(,J) : J € Dy) induces a probability

measure P° on H. Let us write P for the distribution of a process ¢ which solves (3.13)
and is subject to the following initial condition: £(0, J) is a Gaussian random variable

with variance
/5(0, J)*P(dE) = ZAn/JQ(x,n)das.

Note that £(-, J) is stationary under P. Note also that P can be regarded as a proba-
bility measure on H. It turns out that the tightness of the sequence P¢ can be shown
by standard arguments.

Theorem 8.1 The sequence Pe converges to P as € — 0. Moreover,
(8.2) lim E2¢" (¢, J) = 0,

3
for every t.

We note that (8.2) is an immediate consequence of (5.5) and (7.7). The proof of he
convergence of P is naturally divided into two steps. The first step is devoted to the
proof of the tightness of the family P=. This step will be carried out in Section 9. For
the second step, we show that any limit point solves (3.13). This is a rather straight
forward consequence of Theorem 8.2 below. This theorem is also the main ingredient
for the proof of Theorem 3.1. We note that by a celebrated result of Holley and Stroock
[HS], (3.13) has a unique solution in the sense of Definition 8.1.
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Theorem 8.2 There exist martingales M. and N., and processes Err'* and Err®®
such that

(8.3) &, J)—¢€(0,J) — /t I¢ (s, J)ds =M.(t) + Err'<(t),
0

(8.4) M_(t)? — tA(J) =N.(t) + Err>*,

where A(J) was defined in Definition 8.1, and

lim B |Err"®(¢)| = lim B2 |Err®®(¢)| = 0.

e—0 e—0

The proof of Theorem 8.2 is naturally divided into two parts.

Proof of (8.3). Step 1: Let us write X.(w) = X.(w) + 3G-(w) where X.(w) and
G¢(w) were defined by (4.1) and (8.1) respectively. As it is a well-known fact for
Markov processes, the following process is a martingale:

M. (t) == X (w(t)) — X.(w(0)) — /0 AX. (w(s))ds

Note that by definition, X_(w(t)) = &'(t, J).
Let us study the term AX.. We certainly have

_ 1 -
AX. = AgX. + AX + ApX. + S AG..

Note that the term AX. involves J whereas AG. involves J. We replace J of AX.
with J. This causes an error Errg which is small because E2?| Errg | is bounded above

by

o K12 Za(m,n)ﬂ(cosr(m,n) > DAmAn < K12 Za(n)]l(?cosr(n) > DA,

As a result, we may use (3.9) to deduce

lin% Eg| Errg | = 0.

As a consequence of Theorems 5.1 and 7.1 (see Remark 7.1), we have

t
/ (AX + AG) ds—/QE ds—/H§3 ds+/Err1 ds,
0 0



where Q. (w) equals

1 7 R
5/Kb__3/2Za(mi,mj)Wa(xi—xj—i-zQ—zl;mi,mj)J(xi,mi,xj,mj)<5(zl)C5(22)dzld22,

and
(8.5) EZ|Erri| <ci [KY?5(e) + KZ'?] |log 6(2)| + 1 [0'(e) + K '/%] |log (<) |2,

which goes to 0 in small € limit.

Step 2: Recall that the summation is over distinct 7 and j by our overall convention.
However, one can readily check that if we allow ¢ = j in the summation, then the
discrepancy is of order O(K- Y 2) Also, if we replace J with .J, the error is of order
O(7(¢)). The sum of these two errors is denoted by Erry, and we have

(8.6) E%| Erry | < ei(KZ7Y2 + 7(e)),
which goes to 0 in small ¢ limit. Because of the form of .J, we may write

Q:(w) = Q; + Q? - Q? - Q? + Erro,

where for example Q?(w), given by
1 - ! !
2 2. / K3 a(my, my)We (@, — ;4 20 — z05my, my) J (25,m;)¢" ) (21)¢ O (25)dz1d s,

with the summation over all 7 and j. We make a change of variables z; — 23 = a4,
T; — 29 = ay to write that Q%(w) equals to

1 _ ) /
2 Z O / a(mi, my)We(ar — ag;mi,m;)J (5,m)¢" (2; — a1)¢" (2 — az)dardas
o Kl/ZZ/ atm, 7’L (11 — Q2;M, n).fa(abm;w)fa(a%n;w;J)daldaz

where
fola,msw) = K2 ¢ (@ — a)L(m; = m),

fela,myw; J) = Ka_l ZC‘SI(@(@- —a)J(xz;,m)L(m; = m).
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We then have that Q(w) = Q' (w) + Q¥*(w) + Errg, where

QM (w /K1/2 a(m,n)We(ay — az, m,n)A\pf(az, n;w; J)daidas,

1

QP (w) = 5

/K1/2 Z a(m,n)We(ay — ag;m,n)\, f<(ar, m;w)J(ag, n)dayday,

m,n

where J¢(a,n) = [ ¢¥E(z — a)J(x,n)dx and Errs is given by

/Kl/zz a(m,n)We(a; — az;m,n)

“(ay, m;w) — M) (5 (ag, n;w; J) — Ay J= (a2, m))darday
/K 3/2 mi7mj)W€(a1 _a2;m’i>mj)

(€O — 1) — A€y — )y ) — Ay a2, ),

Here we have used the assumption [J = 0. We wish to show that Errs is small. We
first observe that we can write Errs = Errs; + Errss, where Errs; is what we obtain
by restricting the summation to indices ¢ # 7, and ETTgQ corresponds to the case i = j.
It is not hard to show that Errsy is of order O (K- ) On the other hand,

(8.7) E“ Erry, < o K719 (e)72
To see this, observe that Err3, equals to

1
—/daldagdbldbz K3 Z a(m;, mj)a(my,, mg)

2 4,J:p,q
Wg(cu — a2; My, mj)Wf(bl — by; mp7mQ)(C6/(€)<xi —a) — )‘mi>(cy(s) (@p = b1) = )\m”)
(¢ — az) I (wj,my) = A, T (a2, my)) (€7 (g — b2) T (24, mg) — Ay T (b2, 1))
=: B+ FEy+ Ej3

where E represents the above summation with (i, j, p,q) € I(s) with I(1) correspond-
ing to the cases ¢ # p,q or p #i,j or j # p,q or q # i, j, I(2) corresponds to the case
i =pand ¢ = j, and I(3) corresponding to the case i = g and p = j. ( Recall that the
summation in our expression for Err3, is over i # j and ¢ # p.) We can readily check

(8.8) E“E; = 0.
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On the other hand EfFE; equals

1 _ _ ,
iKgl Z / Ws(a’l — Qo;M, n>Ws(bl - b27 m, n)a(mv n)2(/\mf75 (E)(al - bl) - >\72n>
(MC O (y — az)C¥ O (y — by)J*(y, n) — N2 JE(ag, n)JE (by, n))dydaydasdby db,
1
= §(E21 + Eag + FEag + Eoy),

where 77 ) (a) = §'(e) *v(a/d'(€)), for v(a) = [ ¢(a+b)¢(b)db, and Ey, forr = 1,... 4,
are given by

Ey = K * Z AmAn, / We(ay — ag; m, n)We(by — by; m,n)a(m,n)?y° © (ay — by)

m,n

¢7e (v — a2)56/(€)(y — b2)J*(y, n)dydaidasdbdbs,
By = K * Z P / We (a1 — ag;m,n)We(by — by;m,n)a(m,n)?

Oy — a2)¢" ) (y — b2) J* (y, n)dydas dasdb,dbs,
By = K1 Z Am 2 / We(ay — ag;m, n)We(by — by;m, n)a(m,n)?y" (a; — by)

m,n

J*(az,n)J¢ (b, n)dydaydasdby dbs,
By = K* Z A2 / We (a1 — ag;m,n)We(by — by;m,n)a(m,n)?

JE(CLQ, n)Ja(bg, n)dydaldagdbldbz.
We can readily see
|Ego| + | Eas| + |FBas| < et K77,
for a constant c¢;. As for Es; we have,

By < ;K7'6'(e) 77 Z AmAn, / We(ay — ag;m, n)We(by — by; m, n)a(m,n)?y° © (ay — by)

m,n

C‘S/(E) (y — QZ)JZ (y, n)dydaldazdbldbg
< g K710 ()72

Hence E“E, < ¢, K6 (¢) >, Similarly E¢E; < 62K§1/26’(5)_2 for a constant ¢;. This
and (8.8) yield (8.7).
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Step 3: Note that & = alim._o [ W* (this was proved in [HR1] as Theorem 3.2), and
[We = [ We. Hence

(8.9) QM (w /K1/2 ;) A [ (ag, n;w, J)dag + Erry
= §K€_1/2 Z Zd(m,n)/\mJ(xj, n)l(m; =n) + Erry,
j mymn
where Erry is the error we get by replacing [ we = J We with its limit as ¢ — 0.

Since
Ke_l/2 Z Z dz(m7 n))\mJ(l‘J, n)]l(mj = n) < ¢,
j mmn

for a constant ¢; independent of €, we deduce

€q
Ea

(8.10) lim E| Erry|* = 0.
Moreover, since J¢(a,n) = \,J(a,n) + O(§'(¢)), we have that Q**(w) equals to

1

B / K2 Z a(m, n)We(a; — ag; m,n)J(ag, m)f° (a1, n;w)dayday + O(6)

(8.11) /K1/2 a(m, n) A\ J(ay,n) f (a1, m;w)day + Erryy

2 /KE Z ; a(m7 n)An(](]),“ n)ﬂ(m’b - m) + EI‘I‘42

with

(812) hI%qu|E’I"’I“42|2 = 0.

The terms @Z for j = 1,2,3 can be treated likewise. From (8.6), (8.7), (8.9), (8.10),
(8.11), (8.12) and (8.2) we deduce

t t
(8.13) /Q5 ds-/ Ci(s,J)ds—l—/ Errs ds,
0
with

(8.14) lir% E Errs| = 0.
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Step 4: We now study the term HY;. Recall

m;—1

H () = S K575 g —m)
m=1

i

/Ve(xl —ysm,m; — m)ue(xl —ysm,m; — m)j(‘rlu m,y,m; — m>dy

As we discussed in Step 1, we have replaced J with J for an error which vanishes in
small € limit. Moreover

J(‘ria m,y,m; — m) = J(ZE“ m,T;, m; — m) + O(T’(m, m; — m)€)7

whenever V(x; — y;m,m; —m) # 0. Hence —Hs(w) + Ay X, equals

m;—1
1 i N
TKQUQ Z Z:l B(m,m; —m) / We(zi — y;m, m; —m)J (x;, m, x;, m; —m)dy + Erre

)
m;—1

i A 7
= 7KE Z mz_l B(m, m; —m)J(x;, m,z;,m; —m) + Erry

=Ts(&, J) + Erry,

i

with
(8.15) lir% E| Errs| = 0.
This is proved as in the previous step. For example, we have used
m;—1
B (K2 50D Gmms—m) [ W=y, — m)
m=1

i

~

2
VJ(xy,m,x; +0(y — x;),m; —m) - (y — x;)db dy] = 0(?),

where V denotes the derivative with respect to the second spatial variable.
Final Step: From (8.4-6) and (8.13-15) we deduce that the martingale M_(t) satisfies

NL(#) = €(t,T) — €(0,.]) — /Ot Ff(s,J)ds+/Ot Frrs (w(s))ds

=&(t,J)—¢(0,J) — / re'(s,J)ds +/ Errg(w(s))ds
0 0
(8.16) li_r%]Egﬂ Errg(w(0))| = li_r)%]Ezﬂ Errg(w(0))| = 0.
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O

4). Step 1: Define G ( = [ G(w; 2)¢°®(2)dz and let us write X.(w) =

Proof of (8.
+ LG (w). Set,

Xe(w) +

t
M.(t) == X.(w(t)) — X-(w(0)) — / AX (w(s))ds
0
Note that M.(t) = M.(t) + M/, where M/ was defined in Section 7. By (7.13),

(8.17) lim B2 [31.(1)  NL(1)] =0

e—0

As it is a well-known fact for Markov processes, the following process is also a martin-
gale:

W) = N~ [ (AR~ 26AK) )
We certainly have 0
(8.18) A= A(X.)? = 2X.AX. = Ay + A. + Aj,
with
Ag = 2K " d(my) Vo (x,m;) + Bi(w) [,

where

1 R
B,(w) = §K6_1VJ»‘L Zﬂa(ﬂfl — xj;mi,mj)(](xi,mi,xj,mj),

1 .
+ 2K 1VIZX:u — xiymy,mg)d (x5, mj, xi,m;),

with @ = @° — uf, where @(a;m,n) = [u(a + z;m,n)(*® (2)dz. The exact form of
A. and Ay will be given in Steps 2 and 4 respectively. We have B; = B;; + B;s, where
Bji(w) and By(w) are given by

1

§K€_1 Z (ﬂi(w, — xjmg,my)J (x5, My, xmy) — T () — x5 my, mg)J (2, Mg, 2, mj)> )

1 N - .
5[(5 ! Z <1f(:1:Z — xj5my, my) g (@, my, x5, my) — a(x; xz,mj,ml)Jy(:L'j,mj,:ci,mi» ,

respectively. We have
Ay =2A00 + 2A01 + 2A0g,
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with
Ago = K21 d(my) |V (i, ma) P,
Ap = 2K zz: d(m;)(Bi(w) + Bia(w)) - Vo (i, m;)
App = K Z d(m;) (Bu(w) + Bia(w))”.
We first show that the term Ag; is small. Note that |Ag;| < Agi1 + Aoz, for
Aoty = K1) d(mi) [ By ()
with ¢; = 2||VJ||. By Lemma 6.1,

Eg, Ao < ¢ ZAmAn / V@ (a;m,n)|da < c36(e) log d(e),

Eg, Aoz < ¢ Z )\m)\n/ |a®(a;m,n)|da < c30(¢),

al<1
as in the proof of (5.5) and (5.7). As a result,

(8.19) [Ao1| < 2¢36(e) logd(e).

We now turn to Ags. We may write Agy = Aga1 + Ao + Agos, with
Agpr = K Zd(mi)Bz?l?
Agye = K id(mi)Bz?Q;
Aggz = 2K 1 ZZ d(m;) B Bis.

We now use Lemma 6.2 to show that Aggs and Agez are small. Indeed after squaring,

]Equ022 S C4EZqu3 Z d(mz)|a€(:cl — Tj; My, m])| ‘I_LE(LEZ — T, My, mk)\
1,5,k
= Agaz1 + Ao222,
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where Agge; and Ageoe correspond to the cases k # j and k = j respectively. By
Lemma 6.2 and (3.10),

S, Ao221 < ¢5 Z )\m>\n/\p/

13 (a3 m, )|da / [ (a3 m, p)|da < co3(c)

lal <1

E; Ao < 5K Z )\m/\n/ |a®(a;m,n)|*da < cg K

m,n lal<1

In the same fashion,
EZqA(]Qg S C7EZqK;3 Z d(m2)|ﬂ€(.§l]z — LU]'; my;, mJ)| |V’Zj€(l‘l — Tk, My, mk)|
ik
= Ao2z1 + Ao2s2,

where Agez; and Agoege correspond to the cases & # 7 and k = j respectively. By
Lemma 6.2 and (3.10),

EZqA(JQSl S Cg Z )\m)\n)\p/

m,n,p |a|§1

B2, s < oK1 S A / 1 (a; m, )| |V (a; m, )| da

la|<1

|a®(a;m, n)|da/ IV (a;m, p)|da < cod(e)?|log §(¢)],

lal<1

m,n

< oK ! Z AmAn (/ | (a;m, n)|2da) v (/ |Va(a;m, n)|2da) v
mn lal<1 laj<1
< enK7'W(e)KVPKY? = ¢116(e).
As a result,
(8.20) | Ap2z + Aoas| < iz ((5(5) + Ka_l) .

We now concentrate on Apg;. First observe that since V' and ¢ are symmetric, we learn
that u® is symmetric. From this and symmetry of J and K we learn
Bil = K;l Z ﬁ;(ﬂ?l — .I‘j; my;, TTL]')J(LI?Z‘, m;, xj, mj).
J
After squaring, we obtain Ags; = Ag211 + Ag212 Wwhere
Agor1 = 2K? Zd(mi)ﬂi(% — xjymy,my) - g (X — Ty My, M)
Z‘?j7k

J(i, mi, xj, mg)J (x5, mg, xp, my),

Apg1z = K° Zd(mzﬂﬁi(% — wymy,my) [ (@5, ma, x5, my)°,

Z‘?j
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where j # k in Agop1. Using Lemma 6.1 we deduce

IE‘:v‘,€3¢1|140211| < Z )\m/\n/\p/

m,n.,p lal<1

|Va(a;m, n)|da/ |Vas (a;m, p)|da < c20()*(log 6(e))>.

lal<1

AS fOI’ Aoglg, we ﬁfSt Write, A0212 = A02121 + A02122 + A02123, Where

Ap2121 = gzd m;)|ug (z 93]-;mi,mj)lgj(.ri,mi,:vj,mj)Q,

Ap2122 = gzd m;) | (x 93]-;mi,mj)lgj(.ri,mi,:vj,mj)Q,

A02123 = —QKS 3 Zd mi Ux . U,i) (ZUZ — ,Tj; my;, mj)j(:ti, mi,xj,mj)Q, .
i,J

We now argue that Agsjoe and Agoo3 are small. To see this, first observe that by
Lemma 6.2,

Vi (a;m,n)| = ‘/ Vs (a + z;m,n)C°® (2)dz

< e38() / Ve (a+ 7 m, n)|dz
|2|<c3d(e)

< c40(e) 2/ (m,n) / la+ z|dz
|2|<c3d(e )
< ¢5/(m,n)min {|a| ™", 6() 7"} .

As a result,
/| |V (a;m,n)2da < cga’(m,n)?| log 6(e)],
al<1
/ |V (a;m,n) - Vs (a;m,n)|da < cga (m,n)?|log 6()|?| log e| /2.
la|<1

From this we learn

2|log (e)["2

log d(e
(8.21) |Aoz122| < c7o/(m,n)2—| 2% >’, | Ap2123] < 70’ (m, n) | log e[1/2

| log £|
From (818)—(821) we deduce that Ao = 2A00 + 2A02121 + E’I“T'l, with

(8.22) E¢9| Erry | < ¢ (8(e)|logd(e)] + |loge|~Y?|log 5(5)|1/2) :
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Furthermore, if we ple a small & > 0 and write A02121 = A021211 + A021212, with
Agpian = K28 d(ma)|u (s — wj3mi, my) [P (i, mi, w5, my )W (| — 2] < 6),
1,J
Agpizre = K2 d(ma) s (w; — w5 mg, my) [P (5, mi, 5,my)* W (| — 2] > 6),
1,J

then we have that E:q|A021212| < K;15_2, Aand Ago1211 = Ao212111 + Ao212112, where in
the first term we replace z; argument of J with z;, and the second term is the error
caused by such a replacement. More precisely,

Ap212111 = Kg_?’ Z d(mz)|ui($z — Lj; My, mj)|2j(1'ia m;, X, mj)zﬂ(|a7i - 37j| < 5)7
4,J

ES| Agar112| < K 'y Z /\m)\n/ Vs (a;m,n)da < csd,

m,n |a|<§

where we used the smoothness of J for the first inequality and (6.8) for the second
inequality. Now that we have replaced x; with z; in J, we can drop the condition
|iUz' - xj‘ < 0. Indeed Ap2i2111 = Ao2i21111 + Ao2121112, With

Agpann = K22~ d(my) |V (g — g3 ma, my) 2T (2, ma, 7, my)* 1|2 — 2] < 1),
4.
B Aggro1112] < es K162
We now choose § = | log g|71/3_ In summary, Agi21 = Agi21111 + Erre, where
(8.23) E%| Erry| < c4| loge| /3,

On the other hand, by Lemma 5.1,

(8.24) lim E

e—0

[ 2mtetonas - ()| <o

lim E£?
e—0

t
/ 2A02121111(W(8))d8 — tAB(J)‘ = O,
0
where

(8.25) Ao(J) :QZd(n)An/\wn\?dx

AS(J) = Z >‘m/\nd(m)’7(mv TL) / |Jm+n - Jn - Jm|2 dl’,

o6



with
y(m,n) = hH(l) | log 8]1/ |Vus(a;m,n)|*da.

lal<1

Step 2: We now study A.. Recall that u* = 4* — u®. We have

S 2
1
AC<W) - éKs_l E :a(mwmj)‘/s(‘rl - Ij;mi)mj) {S(Zvjaw) + E Rr(iaj’w>}
,J

r=0

where

S(i, j,w) = J(zi,my, 25,m;) + J (i, M, zj,m;) K (2 — xj5my, my)
Ro(i, j,w) = =K' J (x5, mi, x5, m;)a (x; — 25;m,m;)

.. _ m; _ A
Rl(l7]7w) = Ks ! Z —’Lug(xl — T, My + m]7mk:)<](x2>mz + m;, Ty, mk)v
A mi+mj
.. _ m; _ o
RQ(Z,],W) = Kg ! Z —Zus('xk — Lis M, My + m])J<xk7 My, T, My + m])7
B mi—f—mj
.. _ m; _ A
R3(Z7]7w) = KE ! Z —JUS(:L.] — TEim; + mjamk)‘](xjv m; + mjrrk)mk)a
A mi+mj
.. _ m; _ 2
Ry(i,j,w) = K. Z ——L— " (xy, — xj; g, my + my)J (2, M, 24, my + M),
B mi—f—mj
RS(ivjaw) = _Kg_l Zﬂa(ﬂfl - xk;mi7mk)j<xi7mia Ly mk’)7
k
Rﬁ(i,j, CU) = _Ke_l Zae(l‘k‘ — Ty, mk7mi)j<xk‘7 mk7xi7mi)7
k
R:(i,j,w) = —K_! fo(:cj — xk;mj,mk)j(:cj,m]-,xk,mk),
k

Ry(i, j,w) = =K' Y D (wp — g3 mu, my)J (an, mi, 25, my),
k

where the summation is over k with k # i, j. Let us write T'(i, j,w) = > o_y Rr(i, j,w).
We then write

(8.26) A(w) =Ap(w) + Aa(w) + Az (w)
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with
1
Ap(w) = —K*IZQ mi, m;)\Ve(x; — xj5my,my)S(i, j,w)?,
K Z mzam] LL’ - 'Tj;mi;mj)S@aj?w)T(i?j?w)7
Ap(w) = —K Z a(my, m;)\Ve(x; — xj;mi, my)T(i, §,w)?.

Our goal is showing that both A, and A., are small. We start with the latter. We use

the inequality (ZS RT)2 <9 Zg R?, to assert that Ay, < 923 Ao We only bound
Ao and Ago5 as the remaining Ao, are similar to Agos.

To bound A5, we simply square out the summation in k to obtain

3 . —€ . —€ .
Acos = E mz,mg 33 - xjamhmj)U (iﬁz - xkamiamk)u (sz - -iEumz',ml)
,5,k,l

J (i, my, T, ) J (@i, my, 2, my) =0 Acast + Acasas

where A.o51 and A.oso represent the cases k # [ and k = [ respectively. We then have

EfAws < Z a(m,n))\m)\n)\p)\q/ \ﬂg(a;m,p)lda/ |u®(a;m, q)|da

m,n,p.q la]<1 la]<1
S 625(5)2
by (6.5). In the same fashion, we may use (6.7) to show that E9A.s < K '
Treating other A.., r =1,...,8 in the same way yields
8
(8.27) B " Awe <5 (3(e)” + K.
=1

As for Ao we have that ES9A 50 is bounded by
1 eq 17—3 . ~c . 27 2
§]E€ KE Z OK(TTLZ', m3>‘/5(l’z — Tj; My, mj)u (.fz — Tj; My, mj) J(.T“ m;, Xj, mj)
1]

< K1 Za(m, 1) AmAn / V.(a;m,n)ic(a;m,n)*da.

m,n

If we restrict the summation to those m and n such that r(m,n)e > d(g), then we
simply use ¢ < ¢; K¢ to show that the sum is bounded by a constant multiple of 7(¢),
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which is small by our assumption (3.9). On the other hand, when V.(a;m,n) # 0 and
r(m,n)e < d(e),

@ (asm, )| = \ [t s zm O e

(8.28) < 055(5)_2/ |u®(a + z;m,n)|dz
|2|<e56(¢)
< ¢s3(e)"20 (m, n) / llog |2||d
|z|<c50(g)+cser(m,n)
< crd’(m,n)|logd(e)].
Hence
(8.29) E A0 < cglloge| 2| logé(e)|* + csT(e).

From this and (8.27) we deduce
(8.30) B4 < o (6(e)” + |loge| ™" + |loge||logd(e) > + 7(¢)) .

Step 3: We now turn to A.;. By Lemma 6.2, the expression K 'u®(a;m,n) is uni-
formly bounded whenever V. (a;m,n) # 0. Hence

[Aa| < Al = K22 almi, my)Va(ws — a3 mi, my) | T (i, j,w))
1,5,k

Again using the decomposition of T', we write A, = Zf:o A1y, with for example

Acs(w) = C1K5_2 Za(mi, my)Ve(zi—xymg, my) [u°(z; — 25 mg, m) | j(!Eu M, Tie, M )| -

ik
By (6.5),
(8.31) ES?Aus < o Z a(m,n))\m)\n)\p/ |a®(a;m, p)|da < cad(e).
m,n,p la|<1
Similarly

Ago(w) = 1 K2 Za(mi, m; \WVe(wi—x5;m, my) |05 (2 — 55 ma, my)| | (2, 25, mi, my)|
1,J

which yields

EffAq0(w) < e Za(m,n)/\m/\n/ Vz(a;m, n)|a(a;m,n)|da.

mmn lal<1
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Again using (8.28) we obtain
E%Auo(w) < sl loge|t1ogd(e)| + cat(e),
in the same way we obtained (8.28). From this and (8.30) we deduce
EAq < c5 (6(e) + |loge| [ logd(e)| + () -

From this, (8.26) and (8.30) we deduce
t t
/ Ac(w(s))ds :/ Awp(w(s))ds + Erry,
0 0
with
(8.32) E2 Erry | < ¢ (d(e) + |loge| ™" + |loge|!|logéd + 7(¢)]) .
On the other hand, by Law of Large Numbers,

(8.33) lim E¢¢

e—0

/Ot Ap(w(s))ds —tA(J)| =0

where

1
Al]) =3 / > " a(m, n) A (Joem — Jn — Jn)?da

and
a(m,n) = a(m,n)n(m,n)* = a&(m,n)n(m,n),

where 7 = &/«. Here we have used lim. K. 'u® = n— 1 uniformly in the support of V..
(See Theorem 3.2 of [HR].)

Step 4: We now concentrate on Ay. We have

mi—l

A7) = 5K 3 e —m) Ve =)

4 2
Sy, m;w) + Y Rulizy, m; w)] dy

r=0
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where

S(isy,myw) = J(zi,m) + J(y, mi —m) — J (i, m;)
- Kglus('xi —y,m,m; — m)j(l'“ m,y,m; — m>7
Ro(l,y,m,(.«d) :K_1~8( i — Y, m,my — ) xlama:%mi_m)a

/(
Ry (i;y,m;w) 12 — zj;m,my)J (25, m, x5, m;)

— @ (; — x5;m, m;)J (5, my, x5, m;)],

Ro(iy,myw) = K Z[Tf(xl — xj;mi,m)j(xi,mi,a:j,m)

- aa(xi — X5, My, mj)‘f(xh mq, Ty, mj)]7

Rs(i;y,myw) = K Zaf(y - xj;mvmj)j(yamvxjvmj)7
Ra(izy,m;w) = KUY @ (wy — y;my,m)J (,my, y,m).

Let us write T = 3¢ R,, and
(8.34) Ap=Ap+ Ap + Apa,

with

m;—1

ml—l
Ap =K_ Z Z B(m, m; — /Va( —y;m; —m,m)(ST)(i;y, m;w)dy,
= —K > Z B(m,m; — /VE( — y;m; —m,m)T (s y, m; w)*dy.
We have that Ap < gZé Ay, with

m;—1

Appr(w) = K Z Z B(m, m; — /VE( —yim; —m,m) R, (i, y, m; w)3dy.
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We then use (8.27) to learn that Afs(w) is bounded above by

m;—1
a K2 > B(m,m; —m) / V(i = yymy — m,m)u (; — y;m, m; —m)*dy
m=1

i

m;—1

< K3 log 6(e)|? Z Z B(m, m; —m)a’(m,m; —m)?>
m=1

%

We then use (3.10) to deduce

(8.35) EA po0(w) < c3]loge|*log d(e) .

On the other hand,

mi—l

Afgl((,d) = Ke_l Z Z /B(mv m; — m)Rl(la Y, m;w)Za
m=1

)

is bounded above by A1 + Afo12, with

m;—1

Afgu = 2Kg3 Z Z ﬂ(m, m; — m)
i m=l1
m;—1

Aparn = 2K€_3Z Z B(m,m; —m)
m=1

i

_ 2
Z |a6<x2 — T m, mj)j(xia m,Tj, m])‘]
L J

. 2
ZWE(% —xj;mi,mj)j(:vi,mi,xj,mj)]] .
L J

By squaring out the expression inside brackets, we can readily see

Afor1 + Apaip < g (5(8)2 + Kgl) :

by Lemma 6.1. The term Ay, is treated likewise. Hence,

(8.36) BT (Apar(w) + Ap(w)) < ¢ (0(e)* + K1) .

We now study Ayos:

m;—1

Appz(w) = KE’?’Z Z B(m, m; — m)/VE(xZ- —y;m; —m,m)

1,5,k m=1

u(y — x;;m, mj)j(ya m, xj, m;)u (y — Tp;m, mk)j(’y, m, Ty, My, )dy

= Ajoz1 + Ajosa,
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with Ajo3; and Agego corresponding to the cases k # j and k = j. With the aid of
(6.5) and (6.8) , we can readily deduce

E7A 931 < c36()?, E27A 930 < c3]log et
The term Ayo4 is treated likewise. In summary
quAfg(w) <y (5(5)2 + |log 5|_1) )
We can readily bound Ay as in the previous step:
B, Ap(w) < c5 () + |loge| ™' logd(e) + 7(e)]) -

From all this we conclude
t t
/ Ap(w(s))ds :/ Ago(w(s))ds + Errs
0 0
with Errs satisfying (8.32). On the other hand
S(iyy,miw) = —J (@i, m, x4, mi —m)(L+ K (2 —y;m, mi —m)) +O(er(m, m; —m))

whenever Ve(y — x;;m, m; —m) # 0. From this and a law of large numbers, we can
readily deduce

t
(8.37) lir%]qu / Apo(w(s))ds — tAf(J)’ =0,
E— 0
where )
Ap(J) =3 / > B, m) A (Tngm — o — Tin)?da
where

B(mv n) = ﬁ(m’ n)n(ma TL)2 = B(mv ”)ﬂ(m, n)

Final Step: From (8.22), (8.23), (8.24), (8.32), (8.35) and (8.37) we learn that the
process B
M(t)* —tA'(J),

is a sum of a martingale and a small error, where

A'(J) =2 / D Aad(n)| Vo, e + / S N And()y (1, 1m) (J — T — ) 2de
1 -
T3 / ; a(m, )M (Jnsm — I = Jin)

1 ~
+ 3 / ;ﬁ(m,n)/\ner(Jner —J, - Jm)Qdm.
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It remains to show that A(J) = A’(J). Since
AmAnd(m,n) = B(m, ) Apim,  Amdnd(m,n) = B(m,n)Apsm,

it suffices to show

(8.38)  (d(m) +d(n))y(m,n) = lim(d(m) + d(n)) K * |Vus (a;m,n)|*da

e=0 la|<1

= a(m,n) — a(m,n) = a(m,n)(n(m,n) —n(m, n>2)

We have

(d(m)+d(n))K* |Vus(a;m,n)|*da

lal<1

= —(d(m) +d(n))K ! uf (a;m,n)Aus(a;m,n)da + O(K )

lal<1

= —a(m, n)/ Ve(a;m,n) K" (a;m,n) (1+ K" (a;m,n)) da + O(K1),
lal<1

where we integrated by parts and used (4.11). This and lim. K- 'u® = n — 1 (Theo-
rem 3.2 of [HR1]) imply (8.38). O

9 Proofs of Theorems 8.1 and 3.1

In this section, we complete the proof of Theorems 8.1 and 3.1. We first show that the
process &'(t, J) is tight. More precisely,

Theorem 9.1 For every smooth function J of compact support and positive T', there
exists a constant ¢(J,T) such that

T
(9.1) lim sup B / sup |€(t+ b, J) — €t )|t < o(J, T)5>.
0

e—0 0<h<é

Proof. Recall that by (8.16),
(9.2) g, J)—¢&(s,J) = / rEd, J)do + M. (t) — M.(s) — / Errg(w(6)) db,
where,

(9.3) limsup EX? sup
e—0 0<t<T

/0 Errg(w(e))de) < Tlimsup EZ? |Errg(w(0))| = 0.

e—0
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On the other hand, since

sup E“TE(0, J)? = sup EXTE(0, J)? < oo

we can readily deduce

(9.4) E¢  sup

0<s<t<s+0<T

t t 1/2
/rg(@,J)dO' < (T +6)Y? {qu/ N34 J)Zde} < ¢y 0Y2,

See Section 5 and (5.7) of [R] for more details.
It remains to establish the tightness of the martingale M.. For this, it suffices to show

(9.5) lim sup sup EY[M.(t+ h) — M.(t)]> < co(T)6.
£=00<t<T 0<h<s

This is an immediate consequence of Doob’s inequality and (8.5). From (9.2), (9.3)
and (9.5) we deduce (9.1). O

We are now ready to complete the proof of Theorems 3.1 and 8.1. Take a countable
set {t, : n € N} that contains 0 and is dense in some fixed interval [0, 7]. Write P¢ for
the law of

((€'(-,J) : J € Dy), (€ (tn, J) : J € Dy, n € N)) € H x RP*,

with respect to the probability measure Pg?. Using Theorem 9.1, we can readily show
that the sequence P¢ is tight. Let P by a limit point of the sequence P¢. Using
Theorem 8.2, it is not hard to show that for every J € Dy, the sequences

(My(t) = € (b0, J) — €0, J) — /0 "T¢/(s, J)ds : n € N),
(Nj(tn) := My (t,)* — t,A(J) :n € N),

are martingales with respect to the probability measure P. We now extend M, and
N to the whole interval [0, 7]. More precisely, for t ¢ {t, : n € N}, define

MJ(t) = t,}i_rftl_ MJ(tn>, NJ(t) = t}i_r}rtl_ Nj(tn),
which exist almost surely by Martingale Upcrossing Theorem. Here by lim;, ., we
mean the limit with respect a subsequence of {t,} which increases to ¢ from the left.
As aresult, £(t, J) := limy, _;_ &(t,, J) also exists almost surely with respect to P. The
process £(t, J) is a solution to (3.13) in the sense of Definition 8.1. This completes the
proof of Theorem 3.1 because the set {t,, : n € N} can be chosen to include any given
finite collection of points.
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To complete the proof of Theorem 8.1, it suffices to show that ¢'(¢, J) = £(t, J) almost
everywhere. For this, let us assume that the set {t,, : n € N} includes the points in
the set {i/L :i € N} N[0, T] for every poitive integer L. Write T (t) for [tL]/L, where
[tL] denotes the integer part of ¢L. From (9.1) we can readily deduce

// "(t,J) — E(TL(t), J)|dtdP < e(J, T)L™Y2,

Since limy, .o, &'(TL(t)) = £(t,J) by definition, we deduce that &'(¢,J) = £(t,J) for
almost all ¢ and almost surely. O
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