Math 113 Homework 6 Solutions

(1)

Let G be a group, N be a normal subgroup of G, and g be an element of G. Prove
that the order of gN (in G/N) divides the order of g (in G).

Let k be the order of g. Then (gN)* = g*N = eN = N. By Proposition 3.5, the
order of gN must therefore divide k.

If f:G — H is a homomorphism, find a group K, and homomorphisms g : G — K
and h : K — H so that g is surjective, h is injective, and h o g = f. Further, prove
that K is unique up to isomorphism. (IL.e. if the same is true for some other K’, then
K=K')

Ezistence: Let K be the image of f. lLe. K = {f(x):xz € G}, g = f, and h is
the identity. Then ho g(x) =id(f(x)) = f(x). g is surjective by definition. And h is
injective because it’s the identity.

Uniqueness: Suppose that K' is another such group, with surjective homomor-
phism ¢ : G — K' and injective homomorphism h' : K' — H so that f = h' o ¢'.
Then define the map i : K' — K by i(x) = h'(x). First we need to check that
this always gives a vlue in K. For any x € k', v = ¢'(y) for some y € G. So
i(x) =h'(z) =K (d(y) = fly), soi(x) is in the image of f, which is K. Since h' is
an injective homomorphism because, so is i. To see that i is also surjective, consider
any x € K. Then x = f(y) for some y € G since K is just the image of f. Now
i(d'(y)=h(d(y) = fly) =x. Soiis an isomorphism as desired.

Consider the ways of color the corners of a cube either red, blue, or green. Two col-
orings are the same if there is a rigid motion from one to the other. Use Burnside’s
Theorem to count the number of such colorings.

Recall that the rigid motions of the cube are just Sy permuting the diagonals. So
we”ll look at what each elements of Sy does to the colors, and count which colorings
it fizes. We need to compute X, for various g. We’ll break it down by disjoint cycle
decomposition. First note that for any cycle, each diagonal comes back to the same
orientation. So although all the diagonals in a cycle must be the same, the ends can be
different colors. There are three cases where a diagonal is fixed: the identity, a single
transposition or a 3-cycle. For the identity or a 3-cycle, the orientation of a fixed
diagonal does not change, so each end can be colored differently. For a transposition,
both fized diagonals swap orientation, so each must have the same color on both ends.
So we get

cycle decomposition of g number of such | X,
1d 1 38

(i j) 6 31

)k ) 3 3+

(i § k) 8 3t

(ij k) 6 32



Thus by Burnside’s Theorem, the number of orbits is
1 1
— ) X;=—(1-3%+6-3"+3-3"+8-3"+6-3%) =333
5 D Xy=5; (13463 +3.3' 483" 46 57)
Do exercise 12.20 in Judson.

Forward: Suppose axx = bxx for everyx € X. Then a 'bxx = aa bxx = bxx = x.
So a=b fizes everything and must be the idenity. Then a = ae = aa~'b = eb = b.

Backwards: Suppose that if for all x, axx = bxx, then a =0b. If some g € G fizes
all x, then gxx =x =exx. So g=-e. and G acts transitively.

Do exercise 12.24 in Judson.

Since |G| = p", any subgroup of G' has index p' for some i < n. In particular, for
any x, |G : G,] has to either be 1 or divisible by p. So O, has to have size 1 or be
divisble by p. Now if we take the class equation modulo p, all the nontrivial orbits
are removed, because there sizes are divisible by p. This leaves | X| = | X¢| (mod p).

Let G be a finite group, and p be a prime so that p divides the order of GG. Define X
to be the p-tuples from G whose product is the identity. I.e.
X ={(91:92,- -+ 9p-1,9p) 1 1,92, - - -+ Gp—1,9p € G and g1g2 ... gp-19p = €}

Let cbe (123 ... p—1p)in S,.
(a) Prove that | X| = |G["~".

For any p — 1 elements of G, g1, 92, ..., gp—1, there is exactly one element in X
of the form (g1, 92, ..., gp-1,a) for some a. In this case, g192 ... gp—10 = e. That
is a must be (G192 ..., gp—1) = g;hgp_EQ, gt

(b) We will let (o) < S, act on X by setting

T % (gla 92y---,09p-1, gp) = (gT(l)7 gr2)s -+ 9dr(p-1)> gT(p))
First, prove by induction on ¢ that if (91,92, -+, 9p—1,9p) € X then
o' x (91,92, ---,9p-1,9p) € X. Then prove that  is a valid group action.

o =id sends every x to itself, Now assume o' (91,92, Gp1,9p) 15 in X and
consider o™ % (g1, 92, -+, Gp—1,p). We know
9oi(1)9ai(2) - - - Yoi(p) = €
-1
95i(1)9oi(2) -+ - - Yoi(p—1) = gai(p)
-1
9oi(p)9oi(1)9oi(2) - - - Yoi(p—1) == Yoi(p)Ysi(p)y = €
Since
o't x (917 925 -5 9p—1, gp) - (goi(p)a 9oi(1)) Goi(p)s - - - gai(p—l))

We know this has product e, so it’s in X.
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Now since we know we actually get things in X, to check that x is a valid, we
first note that the identity sends everything to itself. Also:

T*(V(glag%"'?gp—bgp)) = 7_*(gll(l)vgll(Q))‘"791/(}771)791/(])))

(gT(V(l))7 Gr(w(2))y - -+ Yr(v(p—1))s gT(V(p)))
= (TOV)*(91,92,---,9p_1,gp)
So x is a valid group action.

(¢) Prove that p divides | X,|.

Since the order of (o) is p, by problem 5, |X| = | X )| (mod p). Since p divdes
|G|, by part (a), p divides | X|. So p divides |X<0>}.

(d) Use (c) to show that G must have an element of order p.

Since the (e,e, ... e) is in Xy and p divides the |X<U>|, X(o) must have some
nonidentity element. Call it g = (g1,92-..,9p). Since o fizes g, it must be that
g1 =g2 == gy Sinceg is in X, we now now that g19,...g91 = e. That is,
the order of g1 is divisible by p. Since g, is not the identity and p is prime, the
order of g1 must be p.



