Math 113 Homework 4 Solutions

Rather than repeating the same argument in several problems, here is a general version:

Lemma 1. If G is a finite abelian group, p is a prime, and G has at least p elements of
order p, then p* divides the order of G

Proof: If g € G is an element of order p, then (g) has p — 1 elements of order p. If
there are at least p of order p, then there is one not in (g), call it h. Since g and h are
order p, (g) and (h) are each generated by any element except the identity. As (g) # (h),
it must be that (g) N (h) = {e}. Donsider K = {g'h*} = (g) (k). Since G is abelian,
gl Rt gihiz = girtipitiz - Also ¢°h = e and (¢'hd) " = g~'h 7. So K is a subgroup of
G. As G is abelian, K is the internal direct product of {g) and (h). So K has p* elements.
Since K is a subgroup of G, by Lagrange’s Theorem p* divides the order of G.

(1) Do exercise 4.29 in Judson.

Recall that for a reflection s and a smallest rotation v, D, consists of things of the
form rt and srt. Sincen >3, r # r~t. Now for any i,

(sr) (sr™) = s (sr7) ' =r#£r Tt =s(sr7 ) ' = (sr) (s1)

So srt is never in the center. As for r®, we know r's = sr~. For r' = r~%, we need
to have i = —i(mod n). So the only possiblities for i are O and 5. r° is just the
identity, which is always in the center. If n is even, rir™? = pitn/2 = yn/2pi gpd

72 (s17) = sr72pd = sr™/200 = (sr9) ™2, So if n is odd, the Z (D,,) is trivial. If n
is even Z (D,,) is the identity and the 180° rotation.

(2) Do exercise 5.10 in Judson.

For each b € R, bi+R is a different coset. This is because if bii+a; = byi+as then
b1 = by and a; = as. Since each real b gives a distinct coset, and there are infinitely
many reals, we get infinitely many distinct cosets. So [C,R] is infinite.

(3) Do exercise 5.19 in Judson.

We’ll prove gH NgK = g(HNK). For any x € G:

regHNgK < x€gH andx € gK <= there are he H, k € K,x = gk = gh
< thereisac HNK, o =ga <= z € g(HNK)

The third step works because if x = gh = gk, then h =k by left cancellation.
(4) Give an example of a group G, a subgroup H, and a,b € G, so that aH = bH but
Ha # Hb.
Take G = 1S3, H={id,(12)}, a=(13), and b= (123). Then we get
(13)H={(13),(123)} =(123)H

H(13)={(13),(132)}#{(123),(23)} =H(123)
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(5) Do exercise 8.8 in Judson

We know Z is cyclic, specifically Z = (1). We’ll show that Q is not cyclic, so it
is impossible for Z and Q to be isomorphic. Pick any q € Q. Then £ ¢ (q). So
Q # (q). Thus Q is not generated by any single q € Q, i.e. it is not cyclic.

(6) (a) If G is a group of size 4, prove that G is isomorphic to either Z, or Zgy X Zs.

Recall that the order of an element always divides the order of a group. So each
element of G must have order 1, 2, or 4. If G has any element g of order 4,
then G = (g). So G would be cyclic and thus isomorphic to Zy.

Now consider the case that G has no elements of order 4. Le. all elements are
order 1 or 2. The only element of order 1 is the identity. So G = {e,a,b,c}
where e is the identity and a, b, and ¢ are all order 2. Since a, b, and ¢ all have
order 2, a®> = b* = ¢ = e, and every element of the group is it’s own inverse.
Now consider ab. ab cannot be e, because then b = a=' = a. Also if ab = a
then b = e and if ab = b then a = e. So it must be that ab = c. By the
same argument, we get ba = ¢, ac = b = ca, and bc = a = cb. We now know
the entire Cayley table of G. Define a function f : G — Zo X Zg defined by
f(e) =(0,0), f(a) = (0,1), f(b) = (1,0), and f(c) = (1,1). f is bijective since
there is a correspondence between the domain and codomain. And we can ver-
ify f is a homomorphism by checking that for each pair of elements x,y € G,

flzy) = f(@) + f(y).
(b) If G is a group of size 6, prove that G is isomorphic to either Zg or Ss.

We know that the possible orders of elements of G are 1, 2, 3, and 6, because
they must divide the order of GG.

First consider the case that G is abelian. In this case, note that 2> = 4 and
32 = 9 do not divide 6. So by Lemma 1, G has at most one element of order
2, and at most 2 elements of order 3. Since the only element of order 1 is the
identity, this leaves 2 elements which must be of order 6. Any element of order
6 must generate G, so G 1is cyclic and must be isomorphic to Zg.

Now consider the case that G s not abelian. If G had a element of order 6, G
would be cyclic and thus abelian. So G can only have elements of order 1, 2, and
3. If G had only elements of order 1 and 2, by problem 7 on Exam 1, G would
be abelian. So G must have an element of order 3, call it g. Now (g) has size 3.
So we can pick some h in G\ (g). Since (g) has size 3, by Lagrange’s theorem
the index of (g) in G, [G : {(g)], must be 2. So the left cosets of (g) are just (g)
and G\ {g) = h{g). In other words G = (g) Uh{g) = {e, g, 4% h,hg, hg*}.
Consider gh. We’ll show gh = hg?. If gh = ¢*, then h = ¢"~'. But h & (g).
So gh # g' for any i. If gh = h, then g = e, which is not possible. So gh # h.
Finally, if gh = hg, then all elements of G would commute. But G s not
abelian, so gh # hg. Thus gh = hg*. This tells us g'hg’ = hg’™!, and we
can now compute the entire Cayley table of G. This allows us to verify that the
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bijection f : G — Sz defined by:

fle) =1id f(h) =(12)
flg)=(123) f(hg) = (23)
f(g?)=(0132) f(hg?) = (13)

is @ homomorphism. So G and S5 are isomorphic.
(7) (a) Do exercise 8.24 in Judson.

Let G be an abelian group of order 51 = 3-17. So the possible orders of elements
are 1, 3, 17 , and 51. There’s only 1 element of order 1. Neither 3% nor 172
divides 51. So by Lemma 1, there are at most 2 elements of order 3, and at
most 16 elements of order 17. So there have to be at least 51 — 1 — 2 — 16 = 32
elements of order 51. Any element of order 51 generated G, So G must be cyclic.

(b) Do exercise 8.25 in Judson.

Consider G = Zy X Zas. For any (a,b) € G, (a,b)* = (26a,26b) = (0,0). So
every element of G has order at most 26 and G cannot be cyclic.

(8) For an abelian group G, we define Z, X G to be the set {[0], [1]} x G with the operation

(i) - (Gl y) = ([ + 3 =y)

(a) Prove that this operation is well defined and that Zy x G is a group.

First we’ll prove associativity. Let ([a1],x1), ([a2],22), ([as], x3) € Zax G. Then

(laa] s 1) - (([az] s 22) - ([as], 23)) = ([aa],21) - <[a2 + a] 7965_1)&3%3)
— <[a1 + as + a3 ,xg_l)aﬁ%xg_l)asxg)

and

() 21) - (faa]  22)) - (las] w0) = ([a1 + ]2t ) - (as] )
- ([a1 +az + asl, (ngl)% :1:'2> e :c3>

(~1)etes

= ([ + a2+ ag] 2 Tl )

)*2

The last equality is true because G is commutative. Now we’ll prove ([0], eq) is
the identity of Zs x G. Let ([i],x) be any element of Zy x G. Then:

(10),¢) (1. 2) = ([0 +1l,e6 ') = (i).2) = ([i+ 0}, eq) = ([, ) (0] ec)

Finally, we’ll check that ([i],z)~! = ([i],m(*l)i> .

(1) (1 207) = (2,220 ) = (0L200) = (0], e6)
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and

(1)) (i) @) = (124], (« ") 2) = ([0].20"7) = ((0).27"2) = (0], ec)

So Zy x G is a group.
(b) Prove that for n > 3, Zy X Z,, is isomorphic to D,,.

Pick s a reflection in D,, and r a smallest rotation. Recall that D, = {r", sr'}
and sr' = r~'s. Define f : Lo X Ly, — D,, by f (([i]a, [j]n)) = s'r7. First we need
to check that f is well defined. If [i1], = [iz]y and [j1], = [jn],,, then iy = iy + 2k
and j; = ja +In. So

gl pdt — iz 2k jatln _ o (82)k 2 (rm)! = g2y
and [ is well defined. New we can check that f is a homomorphism:

PG 0.57) = F((i g+ 7)) = 8777 = (7)o" = F((0,7)F((0, 1))

and
F(G0)(,57) = F(E+1,=j+5)) = s 737 = 5" (sr77) rd" = sirlsrd” = f£((4,5)) £((1, 5))

To show that f is injective, suppose f((i1,j2)) = f((i2,72)). Then strit =
s®2p2 . Which tells us that s~ = r?2791_ That’s only possible if both are the
identity. In that case iy = iy(mod 2) and j; = ja(mod n). So f is injective. And
[ must be surjective since s'r’ = f((i,7)). So f is an isomorphism from Zo X Z,
to D,.

(9) Do excercise 8.29 in Judson.

We will define a map f : S, — A, and prove that it is an injective homomor-
phism. Thus f will be an isomorphism between S,, and the range of A,io.

- o if 0 is even
f<0)—{0-(n+1 n+2) if o is odd
In both cases, f(o) is even and so in A,.s. Since (n+ 1 n+2) and o are disjoint,
they commute. Using this, f is easily checked to be a homomorphism. To see that f
is injective, suppose T = f (01) = f(092). If T(n+1) = n+1, then both o1 and o9 are

even and so must be equal. If T(n+1) # n+ 1, then both are odd, and again must be
equal. So f is injective and as desired.

(10) Let G be a group and let f : G — G be the function f(z) = z~!. Prove that f is an
isomorphism if and only if G is abelian.

First notice that f is its own inverse, so it’s always bijective.
If f is an isomorphism, then for any x and y in G,

zy = F(Fay) = FF@FW) = F @y ™) = @y ) = () @) = e

So G is ableian.



In the other direction, if G is abelian, then

flay) = (ay) =y a7 =27y = f2) f(y)
so f is a homomorphism. And we already know f is bijective, so it’s an isomorphism.



