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Note: This is probably filled will all sorts of errors, but the idea/outline is correct for each problem, even
if I am missing a few negatives, or make some algebra mistakes.

2. Since this is homogeneous, we know (from section 10.2) that the general solution is
u(z,t) = Y07, (an cos4nt + by, sin 4nt) sin nx

Our initial condition u(z,0) = sin® z tells us that we want > v | a, sinnz = sin’

be chosen as the coefficients of the Fourier sine series for sin® z:
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Our other initial condition u;(z,0) = 1 — cosz gives that we need Y > | 4nb, sinnz =1 — cosx, so we
compute
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4. General solution is u(z,t) = Z (ay, cos 3nt + by, sin 3nt) sin nx.
n=1

We need Zzozl ansinnx = sin4x + 7sin bz, so ay = 1,a5 = 7, a, = 0 for all other n.

We also need Z 3nb, sinnx = { r 0<xz<m7/2
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Now just plug these into our original general solution to get:

> 4sin 2F
u(x,t) :coletsinle+7cos5tsin5x+z 3 2
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sin 3nt sin nx

8. We guess that u(z,t) = >~ | u,(t)sinnz.
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The fourier sine coefficients of x sint with T" = 7 are given by a,, = @ fo rsinnx = -

Plugging our guess and the fourier sine series of xsint into the original differential equation gives:

kad > = 2(—1)"sint
Z up () sinnz = — Z n? sinnx + Z —————sinnx
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10.

Equating these term-by-term and dividing through by the sin nx, we see that we need:

2(—1)"sint
u! +nu, = 7( 21 -
Then (uy,)p = C; cosnt + Cysinnt

If n # 1, we guess (u,), = Asint + Bcost, so (uy,), = —Asint — Bcost.

Then we need (n? —1)Asint + (n? — 1) cost = M , which tells us that B=0 and A = %
If n =1, we guess (u1), = t(Asint + Bcost), so (u1), = 2Acost — 2Bsint — t(Asint + Bcost).
Plugging into our equation (with n = 1) gives that we need 2A cost—2Bsint = —2sint, so A =0,B =
1, so (u1)p, =tcost

Combining all this gives
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u(x,t) = (aj cost + by sint + tcost) sinz + Z <an cosnt + by, sinnt +

sin t) sinnx
n=2

We want u(z,0) = 0, which means we need a;sinz + > -, a, sinnz = 0, so all the a;’s should be 0.

We also want u:(x,0) = 0. So after plugging in that a, = 0 for all n, we get:
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To make this be 0, we want b + 1 = 0 and nb,, + 20— 0. This happens when b = —1 and
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Substituting this all back in to our general solution gives
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u(x,t) = (—sint + tcost)sinz + Z (

Because all the ”‘bad”’ things happen at x values, we’ll guess that u(x,t) = w(x,t) + v(z) where w is
a solution to
Wit = Wy w(0,t) = w(L,t) = 0. Then Uy, = Wy, + 0" (x) and uy = wy, so we know that we need

wit = & (Wep + 0" (2))

Because of our asumptions about w, this reduces to av”(z) = 0, so we know v(z) = Cz + D.

Plugging w+wv into the given boundary conditions gives w(0,t)+v(0) = Uy, w(L,t)+v(L) = Uy Again,
we use what we are assuming about w to conclude that we must have v(0) = Uy, v(L) = Us.

That is, we need Uy = D and Uy = CL + D, so D =U; and C = % So we have

U, - U,

v(z) = —7 + U
Now let’s find w. We want w to satisfy:
Wit = 0w,
w(0,t) = 0
w(L,t) = 0
(2,0) +o(z) = f(z)
wi(x,0) = g(z) (since vi(x) = 0)



This is just a standard wave equation that we know has general solution
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We want w(z,0) = f(z) — (227% 2 + Uy), which means we want

Zansmm = @)~ (e 0)
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We also want w;(x,0) = g(z), which means we want
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So a,, = z/ (f(x) — (ux + U1)) sin ?dw
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Z nzab sin ? = g(z)
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So in summary, we have
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where a,, and b,, are given above.



