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. What is the difference between a Taylor Series and a Maclaurin Series?

A Maclaurin series is just a Taylor series with a = 0

. Find a Taylor Series expansion for each of the following functions and find the associated radius of
convergence.

(a) f(z) =sinz, centered at x = /2
n | F@) | £0(r/2)
0 | sinz 1
1| cosx 0
2 | —sinx | -1
3 | —cosz
4 | sinzx 1
5 | cosx
6 | —sinx | -1

1 1 1
So the Taylor series is 1 — 5(33 —71/2)% + E(a: —7/2)* — 5(3: —7/2)8 ...

00 _1)
This can be written as Z ((2 ;' (x —m/2)*"
n)!
n=0

(b) sin?(z), centered at 0. Hint: 2sinz cos z = sin(2z)
Similar to above.

1
(¢) —=, centered at 4.

Jz

n | () 7 (4)
0| x"t/2 %
1 %xﬁo’/z —2%
1 -3,.-5/2 31 _ 3
S T
3| fza 83T = 510
4 —245 —771,—9/2 32?57
. - . = (=D)*2n -1,
Pugging this into the Taylor Series formula, we get Z gt

n=0
(d) Vo (Hint: don’t try to take derivatives)
x

16 2 16 2 n 16

n=0

. —1/4 T \\—1/4 1 L \_1/4 1 o —1/4\ =,
This is the same as (16 + x) =(16(14+ —)) =-(1+-—) == Z (=)



To simplify this, we note that

(—1/4) (=1/4)(=1/4-1)(=1/4=2)---(=1/4 = (n = 1))

n n!
Z1=5=9 . . zl=Z4(n=1)
_ 4 4 4 4
- n!
1-5-9---(4n — 3)
= —ln
(=1) 4nn)

So if we make the (semi-reasonable) convention that a!!!! is the product of every 4th term below

oo
—1)"(4n — 3)1MN
a, then the Taylor series is g (=D)"(4n —3) x"
— 4nn!
. — (—1)rz?n . . . .
3. We already know that sinx = E ————— Using this, find a Maclaurin series for:
o (2n 4+ 1)!

(a) sin(z?)
oo (_ 1)nx6n+3

Z (2n +1)!

n=0
(b) xsin(x?)
s (71)nx6n+4

Z (2n + 1)!

n=0
(¢) Can you use similar techniques to find a Taylor Series for sin(v/z + 1)? How about for cos(v/z + 1)?

0o 2n+1
—1)"y 1
sin(Vz +1) = Z ( )(Qnﬁ-—i—l)' , which is NOT a power series since it includes vz +1
=0 :

C°S<m>=ZW=ZW

@n)! and this IS power series
n=0 '

n=0
4. (All about 0!)

(a) How can you find 5! if you already know 4!7?

5l =5-4!
(b) How about 2! if you know 117
21=2-1!

(¢) Why do the above two examples give a good hint as to why we should say 0! =1
We would expect then that 1! =1-0!, so we need 0! = 1

5. (More proof that infinity is very, very strange)

(a) What is io (;)n

This is a geometric series with a = 1,7 = 1/2, so its sum is ﬁ =2
. . x
(b) Find a power series for e
x d 1 R
=r— =z nx = nw
(1—x)? drl—x nX::o nZ::o

oo 1 n
U to (b) to find -
(¢) Use your answer to (b) to fin ;n <2>

This is just part (b) with 2 = 1/2 plugged in, so we can plug into the formula ﬁ and get

% = 2, which amazingly enough is the same as (a).



e1/7" if x>0

0 otherwise

6. Let f(x) = {

(a) Sketch a graph of this function.
You can look this up online if you really care.

(b) Find f’(0) by using the definition of derivative.

2
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(¢) Tt can be shown (though it’s rather difficult) that f(™(0) exists and is 0 for all n. What does this
mean for the Taylor series of f at 07 What is its radius of convergence?

This means the Taylor series is just >0 =0

(d) For what values of = does f(z) equal this Taylor Series?
Only at x = 0.



