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Abstract

In 1979, Kazhdan and Lusztig defined a family Pu,v(q) of polynomials indexed by pairs

of elements of a Coxeter group W that have proven to be fundamental objects of study in

representation theory. At the same time, they can be defined combinatorially, and so have

also been studied by combinatorialists. Although it is now known that Pu,v(q) depends only

on the structure of the Bruhat interval [u, v] as an abstract poset, explicit formulas which ex-

hibit this invariance are only known in general for intervals of length at most 4. In this paper

we use a formula of Brenti to give an explicit formula for the quadratic coefficient of Pu,v(q)

which is almost combinatorially invariant, and use this formula to give a combinatorially

invariant formula for intervals of length at most 6 in the special case that u = e.



1 Introduction

In [6], Kazhdan and Lusztig introduced polynomials Pu,v(q), the K azhdan-Lusztig polyno-

mials, indexed by pairs of elements in a Coxeter group W . These polynomials have since

become a fundamental object of study in representation theory, and due to their combina-

torial definition have become of interest to combinatorialists as well. For more information

we refer the reader to Brenti’s excellent survey article [3].

In [4], Brenti, Caselli, and Marietti showed that the Kazhdan-Lusztig polynomial Pu,v(q)

depends only on the isomorphism type of [u, v] as an abstract poset, resolving the combi-

natorial invariance conjecture of Lusztig and, independently, Dyer. However, to the best

of the author’s knowledge, explicit nonrecursive formulas exhibiting this invariance are only

known in general for intervals of length at most 4. In this paper we exhibit such formulas

for intervals of length 5 and 6 which begin at the identity.

The organization of this paper is as follows. In Section 2, we collect some preliminary

definitions and theorems. In Section 3, we prove some lemmas about the terms in a formula

for the Kazhdan-Lusztig polynomials due to Brenti [2]. In Section 4, we use these lemmas to

recover known results about the linear coefficient of Pu,v(q). In Section 5, we use these lemmas

to give a formula for the quadratic coefficient of Pu,v(q) which is almost combinatorially

invariant, and which becomes combinatorially invariant when u = e and when the interval

[e, v] has length 5 or 6.

2 Preliminaries

Here we collect some definitions and theorems necessary for what follows.

We follow [1] for notation and definitions concerning Coxeter groups. We denote by

(W,S) a Coxeter system, e.g. a group W with a choice of generators (simple reflections)

S = {s1, ...sn} and presentation

W = 〈s1, s2, ...sn|(sisj)m(i,j)〉 (1)

where m(i, i) = 1,m(i, j) = m(j, i) ≥ 2, i 6= j. We denote by T =
⋃

w∈W,s∈S

wsw−1 the

set of reflections in W . The length of an element w ∈ W is the minimum number of simple

reflections whose product is w and will be denoted by `(w). The Bruhat graph of W has

vertices the elements of W and edges x → y whenever x = ty, t ∈ T and `(x) > `(y). The

transitive closure of the Bruhat graph defines Bruhat order on W .

Bruhat order admits the following alternate characterization (see [1, Theorem 2.2.2]).

An expression v = s1...sk for an element w as a product of simple reflections is reduced if

1



`(w) = k. Then u ≤ v if and only if there exist indices 1 ≤ i1 < ... < im ≤ k such that

u = si1 ...sim is a reduced expression. This is the subword property of Bruhat order.

Given two elements u, v ∈ W,u ≤ v we denote by [u, v] the interval of elements w such

that u ≤ w ≤ v. This interval always has finitely many elements by the subword property, so

Bruhat order is always locally finite. Given a locally finite poset P , we say that x ∈ P covers

y ∈ P (written x.y) if x > y and [y, x] = {y, x}. The order structure of a locally finite poset

can be recovered from the cover relation. The directed graph whose vertex set is P and where

there is an edge from x to y whenever x . y is the Hasse diagram of P . The Hasse diagram

of a Bruhat interval always sits inside the Bruhat graph, but the Bruhat graph generally has

more edges. More precisely, Bruhat intervals are always graded by length (see [1, Theorem

2.2.6]), with the rank of an element w ∈ [u, v] being rk(w) = `(w) − `(u), and the Hasse

diagram of Bruhat order is precisely the subgraph of the Bruhat graph consisting of the

edges between two consecutive ranks. Nevertheless, it is known that given the Bruhat order

as an abstract poset (equivalently, given the Hasse diagram) one can recover the Bruhat

graph (see [5, Proposition 3.3]).

Figure 1: The Hasse diagram and Bruhat graph of S3.

Later in this paper we will need additional structure on the Bruhat graph, namely, a

labeling of its edges by the corresponding elements of T . Constructions which depend on

this labeling are not, therefore, automatically invariant under poset isomorphisms.

The length of a Bruhat interval [u, v] is `(v) − `(u) = `(u, v). Let Ik denote the set

of Bruhat intervals of length k, and let I =
⋃
`≥1

I` denote the set of all Bruhat intervals of

length at least 1. (Since Bruhat intervals of length 0 are singletons, we will not be concerned

with them.) In this paper we will be studying relations in the abelian group of functions

I → Z; in particular, we are interested in showing that certain functions lie in the subgroup

of functions I → Z which only depend on the isomorphism type of the Bruhat interval.

An important class of such functions is the set of components of the flag f-vector. Since

many of our results apply to intervals of varying length, we want to discuss components of

the flag f-vector for intervals of different length in a uniform way. We do so as follows. Let

` : I → Z denote the length `(u, v) of an interval. Let s1 < s2 < ... < sk and r1 > r2 > ... >
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rm be non-negative integers, and define the sequence q1, ...qk+m by qi = si, 1 ≤ i ≤ k and

qk+i = `− ri, 1 ≤ i ≤ m. Now, for ` such that qk+1 > qk, define

fq1,...qk+m
= fQ = {w1 < ... < wk+m ∈ [u, v] : rk(wi) = qi, 1 ≤ i ≤ k +m} : I` → Z. (2)

For ` such that qk+1 ≤ qk, the function fQ takes the value 0 on I`; this again defines

a function fS,R : I → Z. For example, fi is the number of elements of rank i, f`−i is the

number of elements of rank `− i, and fi,`−j is the number of pairs of elements of rank i and

rank `− j which are comparable in the Bruhat order when ` > i+ j, and is zero otherwise.

Note that f0 = f` = 1 and that f1 and f`−1 are the numbers of atoms and coatoms of [u, v],

respectively. These are denoted in the literature by a(u, v) and c(u, v).

In this paper we will also need a refinement of the flag f -vector. When an arrow qi → qi+1

is placed between two terms, this indicates that the corresponding elements wi, wi+1 ∈ [u, v]

also need to be connected by an edge in the Bruhat graph, e.g. that wi = wi+1t for some t ∈
T . For example, f0→3 is the number of elements w1 of rank 3 such that wiu

−1 ∈ T . Since the

Bruhat graph can be recovered from Bruhat order, these functions are also combinatorially

invariant.

For w ∈ W let DR(w), the right descent set of w, denote the elements s ∈ S such that

ws < w in the Bruhat order; equivalently, such that `(ws) < `(w). The following result

combines [1, Theorem 5.1.1] and [1, Proposition 5.3.2].

Theorem 2.1. There exists a unique family of polynomials R̃u,v(q), u, v ∈ W such that

R̃u,v(q) = 0 if u 6≤ v, R̃u,u(q) = 1 and for every s ∈ DR(v),

R̃u,v(q) =

R̃us,vs(q) if s ∈ DR(u)

R̃us,vs + qR̃u,vs(q) if s 6∈ DR(u).
(3)

In this paper, we will always suppose that u ≤ v. The coefficients of the R̃-polynomials

are non-negative and count certain paths in the Bruhat graph. To state this result we will first

need the following definition. First, observe that if a, b are in T , then aba, ababa, ..., babab, bab

are also in T . A total order ≺ on T is said to be a reflection order if whenever a ≺ b, it

follows that a ≺ aba ≺ ababa ≺ ... ≺ babab ≺ bab ≺ b. Reflection orderings always exist

(see [1, Theorem 5.2.1]), and it follows from the definition that the opposite of a reflection

ordering is also a reflection ordering.

Example Let W = Sn with standard generators s1, ...sn−1, where si is the transposition

that swaps i and i + 1. Then T is the set of transpositions (ij), and lexicographic order
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on the transpositions defines a reflection ordering. For example, when n = 4, a reflection

ordering is given by

(21) ≺ (31) ≺ (32) ≺ (41) ≺ (42) ≺ (43). (4)

A Bruhat path from u to v, where u ≤ v, is a directed path in the Bruhat graph from u

to v, and may be written

∆ : v = v0
t1−→ v1

t2−→ ...
tk−→ vk = u (5)

where vi−1
ti−→ vi indicates that ti ∈ T, vi−1ti = vi, and `(vi−1) > `(vi). (This is opposite

the convention used in some of Brenti’s papers.) The length of a Bruhat path is `(∆) = k.

(Note that since reflections have odd length, `(vi−1)− `(vi) is always odd, and so the length

of a Bruhat path in [u, v] is always congruent to `(u, v) mod 2.)

Fix a reflection ordering. The set of descents of a Bruhat path (not to be confused with

the right descent set) is

Des(∆) = {i ∈ {1, 2, ...k − 1} : ti+1 � ti}. (6)

A Bruhat path is said to be decreasing if Des(∆) = {1, 2, ...k − 1} and increasing if

Des(∆) = ∅.

Example If π : {1, 2, ...n} → {1, 2, ...n} is a permutation, then π(1)π(2)...π(n) is its one-line

notation. In one-line notation, an example of a decreasing Bruhat path in S4 with respect

to the lexicographic order on transpositions described above is

3412
(42)−−→ 3214

(32)−−→ 2314
(31)−−→ 2134

(21)−−→ 1234 (7)

and an example of an increasing Bruhat path is

3412
(31)−−→ 1432

(32)−−→ 1423
(42)−−→ 1243

(43)−−→ 1234. (8)

The coefficients of the R̃-polynomials define functions I → Z, and we want to express

these in terms of other such functions. An important class of such functions is defined below.

Definition Let d1, ...dk−1 ∈ {0, 1}k−1 be a binary string, and let j ≥ 0 be a non-negative

integer. The bracket function 〈d1...dk−1〉2j : Ik+2j → Z is equal, for a given interval [u, v] of

length k + 2j, to the number of Bruhat paths ∆ in [u, v] of length k such that

Des(∆) = {i ∈ {1, 2, ...k − 1} : di = 0}. (9)
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The bracket function 〈d1...dk−1 · · · 〉2j : I → Z (where the raised elipsis is part of the

notation) is defined to be equal to 〈d1...dk−1 0...0︸︷︷︸
r zeroes

〉2j on Ik+2j+r for each r ≥ 0 and zero

otherwise.

In addition, we will say that a Bruhat path ∆ of length k is of type 〈d1...dk−1〉 if it

satisfies (9), and we will say that a Bruhat path ∆ from v to u is of type 〈d1...dk−1 · · · 〉2j if

it is of length `(u, v)− 2j and satisfies (9). We denote by 〈d1...dk−1〉2j[u, v] the evaluation of

the function 〈d1...dk−1〉2j on the interval [u, v], but we will usually suppress the dependence

on u, v.

Example The function 〈· · · 〉2j equals the number of decreasing Bruhat paths in [u, v] of

length `(u, v)− 2j for intervals of length greater than 2j and equals zero otherwise.

The following result is [1, Theorem 5.3.4].

Theorem 2.2. For all u ≤ v,

R̃u,v(q) =
∑
j≥0

〈· · · 〉2jq`(u,v)−2j. (10)

In [2], Brenti showed that the Kazhdan-Lusztig polynomials Pu,v(q) can be expressed

using a similar formula, and for the sake of brevity we will use Brenti’s formula to define

Pu,v(q). We require the following additional definitions.

A lattice path Γ of length `(Γ) = k is a function {0, 1, 2, ...k} → Z such that Γ(0) =

0, |Γ(i) − Γ(i + 1)| = 1, and Γ(k) < 0. A convenient way to notate a lattice path Γ is as a

word p1...pk where pi = U if Γ(i) − Γ(i − 1) = 1 and pi = D if Γ(i) − Γ(i − 1) = −1. Thus

Γ(`(Γ)) is the number of Us minus the number of Ds that occur in the word of Γ, which

must be negative.

We now define the following statistics on lattice paths. Let

Γ≥0 = |{i ∈ {1, 2, ...k} : Γ(i) ≥ 0}| (11)

and let

d+(Γ) = |{i ∈ {1, 2, ...k} : Γ(i)− Γ(i− 1) = 1}|. (12)

Then d+(Γ) is just the number of Us that occur in the word of Γ, hence 2d+(Γ)−Γ(`(Γ)) =

`(Γ). Finally, let di = 1 if Γ(i) ≥ 0 and let di = 0 otherwise, and define

〈Γ〉2j = 〈d1d2...dk−1〉2j : Ik+2j → Z. (13)
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Example The lattice path UDDUDD is depicted below. It satisfies Γ≥0 = 3, d+(Γ) = 2,

and 〈Γ〉2j = 〈11010〉2j.

Figure 2: The lattice path UDDUDD.

We can now give the following definition.

Definition For u ≤ v, the Kazhdan-Lusztig polynomial Pu,v(q) is given by

Pu,v(q) =
∑
j≥0

∑
`(Γ)=`(u,v)−2j

(−1)Γ≥0+d+(Γ)〈Γ〉2jq
`(u,v)+Γ(`(Γ))

2 . (14)

[1, Corollary 5.5.9] ensures that this definition is equivalent to the usual definition. Since

`(Γ) = `(u, v)− 2j, it follows that `(u,v)+Γ(`(Γ))
2

= d+(Γ) + j. The bracket notation 〈〉 makes

the general formula seem unwieldy, but in this paper we will only be studying the first few

coefficients of Pu,v(q).

We extract these coefficients as follows. Since we stipulate that Γ(`(Γ)) < 0, it follows

that Pu,v(q) is a polynomial of degree at most `(u,v)−1
2

. In particular, the coefficient of qk is

zero unless `(u, v) ≥ 2k + 1, so whenever we deal with the coefficient of qk we will always

assume this is the case. Now, the coefficient of qk is a sum over all lattice paths Γ such that

d+(Γ) + j = k, where `(Γ) = `(u, v)− 2j. These paths split up into k+ 1 families depending

on the value of d+ (equivalently, depending on the value of j), and for a fixed value of d+

one need only write down the
(
`(u,v)−2j

d+

)
different words on {U, D} of length `(u, v) − 2j in

which U appears d+ times. Since d+ ≤ k and ` ≥ 2k + 1, the lattice paths with these words

automatically satisfy Γ(`(Γ)) < 0. It then remains to compute Γ≥0 and 〈Γ〉2j for all the

corresponding lattice paths, but these computations break up into finitely many cases.

For the coefficient of q0, this gives

[q0]Pu,v(q) = 〈· · · 〉0. (15)

For the coefficient of q1, this gives
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[q1]Pu,v(q) = −(`− 2)〈00 · · · 〉0
+〈01 · · · 〉0
−〈11 · · · 〉0
+〈· · · 〉2.

(16)

Finally, for the coefficient of q2 this gives

[q2]Pu,v(q) =
(`− 4)(`− 1)

2
〈0000 · · · 〉0

−〈0001 · · · 〉0
−(`− 4)〈0100 · · · 〉0

+〈0101 · · · 〉0
−〈0111 · · · 〉0

+(`− 4)〈1100 · · · 〉0
−〈1101 · · · 〉0

+2〈1111 · · · 〉0
−(`− 4)〈00 · · · 〉2

+〈01 · · · 〉2
−〈11 · · · 〉2
+〈· · · 〉4.

(17)

3 Some observations

The main content of this paper lies in several observations about relations that the bracket

functions satisfy, both with themselves and with other functions I → Z. We will use these

observations to simplify formulas (16) and (17).

Lemma 3.1. In any interval [u, v] there exists a unique decreasing Bruhat path from v to u

of length `(u, v); equivalently, 〈· · · 〉0 = 1.

Proof. This follows from the fact that R̃u,v(q) is a monic polynomial (see [1, Proposition

5.3.2]) and from the fact that 〈· · · 〉0 is its leading coefficient. Note that it follows that

[q0]Pu,v(q) = 1.
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For the proof of the next lemma we will need the following definition. Given u ≤ v, let

B�k (u, v) and B≺k (u, v) denote the sets of decreasing and increasing Bruhat paths, respec-

tively, of length k from v to u. Since the opposite of a reflection order is also a reflection

order, Theorem 2.2 implies that |B�k (u, v)| = |B≺k (u, v)|. A Bruhat path in B�k (u, v) or in

B≺k (u, v) can be identified with its edge labels t1, ...tk, so lexicographic order on the labels

defines a total order on B�k (u, v) and on B≺k (u, v).

Definition Suppose ∆ ∈ B�k (u, v) is the rth path in lexicographic order. Then the rth path

in lexicographic order in B≺k (u, v) is its lexicographic correspondent.

Lexicographic correspondence defines a bijection between B�k (u, v) and B≺k (u, v), and we

will also use the term lexicographic correspondence to denote the inverse of this bijection.

Lemma 3.2. Let 1̄ and 0̄ denote a string of consecutive ones and zeroes, respectively, of the

same fixed length, and let ∗ and ? denote arbitrary but fixed binary strings. For any j ≥ 0,

〈1̄0∗〉2j + 〈1̄1∗〉2j = 〈0̄0∗〉2j + 〈0̄1∗〉2j. (18)

Similarly,

〈?01̄0∗〉2j + 〈?01̄1∗〉2j + 〈?11̄0∗〉2j + 〈?11̄1∗〉2j =

〈?00̄0∗〉2j + 〈?00̄1∗〉2j + 〈?10̄0∗〉2j + 〈?10̄1∗〉2j.
(19)

Proof. Let ∆ be a Bruhat path of type 〈?x0̄y∗〉, where x, y ∈ {0, 1} and ?, 0̄, ∗ are as above.

Suppose that ? has length a− 1, that 0̄ has length b− 1, and that ∗ has length c− 1. Then

we may write

∆ : v = v0
t1−→ ...

ta−→ va...
ta+b−−→ va+b...

ta+b+c−−−−→ va+b+c = u (20)

where

• v0
t1−→ ...

ta−→ va is of type 〈?〉,

• va−1
ta−→ va

ta+1−−→ va+1 is of type 〈x〉,

• va
ta+1−−→ ...

ta+b−−→ va+b is of type 〈0̄〉,

• va+b−1
ta+b−−→ va+b

ta+b+1−−−−→ va+b+1 is of type 〈y〉, and

• va+b
ta+b+1−−−−→ ...

ta+b+c−−−−→ va+b+c is of type 〈∗〉.
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Let va
t′a+1−−→ v′a+1

t′a+2−−→ ...
t′a+b−−→ va+b denote the lexicographic correspondent of va

ta+1−−→
...

ta+b−−→ va+b, which is of type 〈1̄〉. Associate with ∆ the modified Bruhat path

∆′ : v = v0
t1−→ ...

t′a+1−−→ v′a+1...
t′a+b−−→ va+b...

ta+b+c−−−−→ va+b+c = u (21)

which is of type 〈?w1̄z∗〉 for some w, z ∈ {0, 1} not necessarily equal to x, y. By symmetry,

the map ∆→ ∆′ defines a bijection between the paths of type 〈?x0̄y∗〉 for some x, y and the

paths of type 〈?w1̄z∗〉 for some w, z. Specializing to a particular value of j gives the second

claim. The first claim follows from the same proof, but ignoring ?, x, w.

The next two observations allow us to express certain bracket functions in terms of

components of the flag f-vector.

Lemma 3.3. Let i ≥ 1 be a positive integer, and let 0̄ denote a string of i − 1 consecutive

zeroes. Then

〈0̄1 · · · 〉0 + 〈0̄0 · · · 〉0 = f`−i. (22)

Proof. Fix an element w ∈ [u, v] of rank ` − i. We construct a Bruhat path from v to u as

follows: take the unique decreasing Bruhat path of length `(v, w) = i from v to w, then take

the unique decreasing Bruhat path of length `(w, u) = n− i from w to u, both of which exist

by Lemma 3.1. The resulting Bruhat path must either be of type 〈0̄1 · · · 〉 or 〈0̄0 · · · 〉0, and

conversely any Bruhat path of either of these forms arises exactly once in this way, since if

they pass through the same element of rank `− i then, by the uniqueness of their decreasing

segments from v to w and from w to u, they must agree.

The proof of the next observation is nearly identical.

Lemma 3.4. Let i ≥ 2 be a positive integer, and let 0̄ denote a string of i − 2 consecutive

zeroes. Then

〈0̄00 · · · 〉0 + 〈0̄01 · · · 〉0 + 〈0̄10 · · · 〉0 + 〈0̄11 · · · 〉0 = f`−i,`−i+1. (23)

Proof. Fix a pair of elements w1, w2 ∈ [u, v] of ranks `− i and `− i+ 1 such that w1 < w2.

We construct a Bruhat path from v to u as follows: take the unique decreasing Bruhat path

of length `(v, w2) = i− 1 from v to w2, then take the unique path from w2 to w1, then take

the unique decreasing Bruhat path of length `(w1, u) = n − i from w1 to u. The resulting

Bruhat path must be of one of the above forms, and conversely any Bruhat path of one of

the above forms arises exactly once in this way, since if they pass through the same pair of

elements w1, w2 of ranks `− i, `− i+ 1 then, by the uniqueness of their decreasing segments

from v to w2 and from w1 to u, they must agree.
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4 The linear coefficient

We now apply the above lemmas to study of the coefficient of q in Pu,v(q), as a demonstration

of their utility. In the discussion below, ` = `(u, v) ≥ 3.

By Lemma 3.2,

〈01 · · · 〉0 − 〈11 · · · 〉0 = 〈10 · · · 〉0 − 〈00 · · · 〉0. (24)

By Lemma 3.3, 〈10 · · · 〉0 + 〈00 · · · 〉0 = f`−1, and by Lemma 3.1, 〈00 · · · 〉0 = 1. Applying

these to (16), it follows that

[q]Pu,v(q) = f`−1 − `+ 〈· · · 〉2. (25)

In special cases, we can say more about the last term. When `(u, v) = 3, the last term

is 〈〉2, which is equal to 1 or 0 depending on whether or not there is an edge between v and

u in the Bruhat graph. By [5, Proposition 3.3], such an edge exists if and only if [u, v] is

a 2-crown (that is, isomorphic to S3). Finally, note that by [1, Corollary 2.7.11], we have

f2 = f1. We have therefore proven the following, which is [1, Exercise 5.7b].

Theorem 4.1. For any Bruhat interval [u, v] of length 3,

Pu,v(q) =

1 if [u, v] is a 2-crown

1 + (f1 − 3)q otherwise.
(26)

Similarly, when `(u, v) = 4, the last term is 〈0〉2. By Lemma 3.2, this is equal to 〈1〉2,

and 〈0〉2 + 〈1〉2 is just the total number of Bruhat paths of length 2. Such a Bruhat path

v
t1−→ v1

t2−→ e satisfies `(v)− `(v1) = 1, 3. In the first case the number of such Bruhat paths

is f0→3. In the second case the number of such Bruhat paths is f1→4. We have therefore

proven the following, which is [1, Exercise 5.8].

Theorem 4.2. For any Bruhat interval [u, v] of length 4,

Pu,v(q) = 1 + (f3 +
f0→3 + f1→4

2
− 4)q. (27)

For the last special case, we place no restriction on the length of the interval but set u = e.

Fix a reduced expression v = s1...s`. Then [1, Theorem 5.3.7] implies that 〈· · · 〉2 is equal to

the number of pairs of letters si, sj, i < j such that si = sj and such that sk 6= si, i < k < j.

By induction, this is equal to n minus the number of distinct letters among s1, ...s`. By the

subword property, the number of distinct letters among s1, ...s` is precisely the number of

elements of rank 1 in [e, v]. We have therefore proven the following, which is [1, Exercise

5.9b].
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Theorem 4.3. For any Bruhat interval [e, v] beginning at the identity,

[q]Pe,v(q) = f`−1[e, v]− f1[e, v]. (28)

5 The quadratic coefficient

We now apply the above lemmas to the study of the coefficient of q2 in Pu,v(q). In the

discussion below, ` = `(u, v) ≥ 5.

By Lemma 3.2,

〈1100 · · · 〉0 − 〈0100 · · · 〉0 = 〈0000 · · · 〉0 − 〈1000 · · · 〉0. (29)

By Lemma 3.3, 〈1000 · · · 〉0 + 〈0000 · · · 〉0 = f`−1, and by Lemma 3.1, 〈0000 · · · 〉0 = 1.

Similarly,

〈0101 · · · 〉0 − 〈1101 · · · 〉0 = 〈1001 · · · 〉0 − 〈0001 · · · 〉0. (30)

Similarly,

〈0000 · · · 〉0 + 〈0001 · · · 〉0 + 〈1000 · · · 〉0 + 〈1001 · · · 〉0 =

〈0110 · · · 〉0 + 〈0111 · · · 〉0 + 〈1110 · · · 〉0 + 〈1111 · · · 〉0.
(31)

Similarly,

〈1111 · · · 〉0 = 〈0001 · · · 〉0 + 〈0000 · · · 〉0 − 〈1110 · · · 〉0 (32)

and

〈1110 · · · 〉0 = 〈0010 · · · 〉0 + 〈0000 · · · 〉0 − 〈1100 · · · 〉0. (33)

Together with the previous relations, it follows that

〈0110 · · · 〉0 + 〈0111 · · · 〉0 = 〈1000 · · · 〉0 + 〈1001 · · · 〉0. (34)

and that

〈1111 · · · 〉0 =〈0000 · · · 〉0 − 〈1000 · · · 〉0 + 〈0100 · · · 〉0
− 〈0010 · · · 〉0 + 〈0001 · · · 〉0.

(35)
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Finally, by Lemma 3.4,

〈0110 · · · 〉0 + 〈0100 · · · 〉0 + 〈0010 · · · 〉0 + 〈0000 · · · 〉0 = f`−3,`−2. (36)

Applying these to (17), along with a few more applications of Lemma 3.3, it follows that

[q2]Pu,v(q) =
`2 − `− 4

2
− (`− 1)f`−1 + f`−2 − 3f`−3 + f`−4 + f`−3,`−2

− (`− 4)〈00 · · · 〉2 + 〈01 · · · 〉2 − 〈11 · · · 〉2 + 〈· · · 〉4.
(37)

It remains to simplify the last few terms. By Lemma 3.2,

〈01 · · · 〉2 − 〈11 · · · 〉2 = 〈10 · · · 〉2 − 〈00 · · · 〉2. (38)

Unfortunately, Lemma 3.3 does not apply to 〈10 · · · 〉2 + 〈00 · · · 〉2. However, it is still

possible to reason similarly about this term. The Bruhat paths of either of these forms have

length `− 2, so any such path

∆ : v = v0
t1−→ ...

tk−→ vk = u (39)

has the property that `(vi)−`(vi−1) = 3 for exactly one value of i, and `(vj)−`(vj−1) = 1

otherwise.

Case: i = 1. The remaining portion v1 → ... → vk of the path is uniquely determined

by v1; it is the unique decreasing path of maximal length in [u, v1]. Conversely, given an

element v1 of rank `− 3 such that there is an edge v → v1 in the Bruhat graph, one can take

the remaining portion of the path to be the unique decreasing path of maximal length from

v1 to vk. So there are f(`−3)→` such paths.

Case: i > 1. Then v1 is an element of rank `−1 and the remaining portion v1 → ...→ vk
of the path is a Bruhat path of type 〈· · · 〉2. Conversely, for any v1 of rank ` − 1 one can

take the remaining portion of the path to be any Bruhat path of this form, so there are∑
rk(v1)=`−1

〈00 · · · 〉2[u, v1] such paths. It follows that

〈10 · · · 〉2[u, v] + 〈00 · · · 〉2[u, v] = f(`−3)→`[u, v] +
∑

rk(v1)=`−1

〈00 · · · 〉2[u, v1]. (40)

This gives the following formula.

Theorem 5.1. For any Bruhat interval [u, v],
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[q2]Pu,v(q) =
`2 − `− 4

2
− (`− 1)f`−1 + f`−2 − 3f`−3 + f`−4 + f`−3,`−2

− (`− 2)〈00 · · · 〉2 + f(`−3)→` +
∑

rk(v1)=`−1

〈00 · · · 〉2[u, v1] + 〈· · · 〉4.
(41)

This formula is almost combinatorially invariant except for the terms of the form 〈· · · 〉2
and 〈· · · 〉4. We will now restrict to the special case that u = e. When discussing the linear

coefficient we showed that 〈00 · · · 〉2[e, v] = `(e, v)− f1[e, v]. It follows that∑
rk(v1)=`−1

〈00 · · · 〉2[e, v1] =
∑

rk(v1)=`−1

(`− 1− f1[e, v1]). (42)

Now,
∑

rk(v1)=`−1

(`− 1) = (`− 1)f`−1, whereas
∑

rk(v1)=`−1

f1[e, v1] = f1,`−1[e, v], so it follows

that ∑
rk(v1)=`−1

〈00 · · · 〉2[u, v1] = (`− 1)f`−1[e, v]− f1,`−1[e, v]. (43)

After collecting terms, we obtain the following formula.

Theorem 5.2. For any Bruhat interval [e, v] beginning at the identity,

[q2]Pe,v(q) =− `2 − 3`+ 4

2
+ f`−2 − 3f`−3 + f`−4 + f`−3,`−2

+ (`− 2)f1 + f(`−3)→` − f1,n−1 + 〈· · · 〉4.
(44)

This formula still has a single term which is not explicitly combinatorially invariant. It

can be given a combinatorial interpretation when `(e, v) = 5, 6. However, [q2]Pe,v(q) is always

equal to 0 when `(e, v) = 5 by [1, Proposition 5.1.8], so we only state and prove the result

below in the case that `(e, v) = 6.

Theorem 5.3. For any Bruhat interval [e, v] beginning at the identity of length 6,

Pe,v(q) =1 + (f5 − f1)q + (−11 + f4 − 3f3 + f2 + 4f1 + f3,4) q2

+

(
−f1,5 + f3→6 +

f0→5 + f1→6 + f0→3→6

2

)
q2.

(45)

Proof. The evaluation of the constant term follows from Lemma 3.1 and the evaluation of the

13



linear term follows from Theorem 4.3. The evaluation of every term in Theorem 5.2 except

the final term 〈0〉4 follows from setting ` = 6, respectively, so it only remains to explain this

evaluation.

By Lemma 3.2, the final term 〈0〉4 is equal to 〈1〉4, and 〈0〉4 +〈1〉4 is just the total number

of Bruhat paths of length 2. Such a Bruhat path v
t1−→ v1

t2−→ e satisfies `(v)− `(v1) = 1, 3, 5.

In the first case the number of such Bruhat paths is f0→5. In the second case the number of

such Bruhat paths is f0→3→6. In the third case, the number of such Bruhat paths is f1→6.

Corollary 5.4. Suppose v, v′ are elements of Coxeter groups W,W ′ such that `(v) = `(v′) =

6 and such that [e, v] ' [e, v′]. Then Pe,v(q) = Pe,v′(q).
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