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[W]hen you do have a deep understanding, you have solved the problem and it is time to do
something else. This makes the total time you spend in life reveling in your mastery of
something quite brief. One of the main skills of research scientists of any type is knowing
how to work comfortably and productively in a state of confusion.

Name and section:

1. (3 points) Solve y’ — 2y = 0,y(0) = 1 using power series.

Solution: We have

Yy = Zanmn (1)

n>0
y’ = Z nanxn_l = Z(n + 1)an+1x" (2)
n>1 n>0

and hence

y -2y = Z(n + Dapp1z™ — 2 Z anz" (3)

n>0 n>0

= D ((n+ a1 — 2a,) (4)
n>0

_— (5)

It follows that (n + 1)a,+1 = 2a, for all n > 0, or

2ay,
Q. 1= 6
. . 2 3 4 .
This gives a1 = %%, as = 21_‘;0,a3 = %.20:;03,014 = %, and in general
2”(10 2”0,0
p = = (7)
1-2 ‘n n!
We conclude that
2"
— _ 2z
Y =ao E ol ape (8)
n>0

exactly as expected. Substituting y(0) = 1 gives ag = 1, so our final answer is

ongn
y:Z - =%, (9)

n>0
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2. (3 points) Solve y” + 4y = 0,y(0) = 1,4y’ (0) = 0 using power series.

Solution: We have

y = Z anz"” (10)
n>0
y = Z napz™ ! (11)
n>1
y' = Z n(n — apz" 2% = Z(n +2)(n+ apsoz” (12)
n>2 n>0
(13)
and hence
y' +dy = Z(n+2)(n+ 1)ayox™ —|—4Zanx” (14)
n>0 n>0
= Z ((n+2)(n+ 1)apto + 4ay) z" (15)
n>0
= 0. (16)

It follows that (n 4 2)(n + 1)ap42 + 4a, = 0 for all n > 0, or

*40471
= " 17
2 )+ 1) (7
For the even terms we get ay = %, ay = (;g%, and in general
(—4)"ag
Qgk = (2k)! (18)
For the odd terms we get ag = *34_‘51 , a5 = %, and in general
(—4)*a;
a2k4+1 = m (19)
Altogether this gives
(—4)k$2k (—4)k$2k+1 _ ]
y:aozw—i—al W—aocos&t—&—alsm?x (20)
k>0 k>0

exactly as expected. Substituting y(0) = 1 gives ag = 1 and substituting 3’(0) = 0 gives a1 = 0, so
our final answer is

y= Z 7(74)%?% = cos 2. (21)
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3. (4 points) Solve zy” —y = 0,y(0) = 0,4'(0) = 1 using power series.

April 30, 2014

Solution: This time we won’t be able to recognize the answer. We have

n>0

y = g na, "
n>1

y' = E n(n —1)ap,z™ 2
n>2

wy’ = Do n(n = apa" =3 (n+ Dnaniaa”

n>2 n>1

and hence

zy —y = Z(n + Dnay1z™ — Z anx”
n>1 n>0
= Z ((n+ Dnapt1 —an) 2™ — ag
n>1
= 0.

It follows that ag = 0 and (n + 1)nan4+1 = a, for n > 1, or

an

a”n+1 = n(n+ 1)‘

This gives as = 7%,a3 = (1.2?_1(2.3)@4 = (1.2)_(3_5).(3_4), and in general

a1 nay
ap = =

(1-2)-(2-3)-...-((n=1)-n) (nh)?’

Altogether this gives

Substituting ¢’ (0) = 1 gives a; = 1, so our final answer is

V=3 fa

n>1

(26)
(27)

(28)

(30)




