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ev en easy , to extract geometric information from crystalline p erio ds, w e will try

to mak e our argumen t self-con tained, without reference to the theory of formal

groups. This attempt is not mean t to hide our gratitude to the aforemen tioned

authors for their inspiration to return to the b eautiful sub ject of K3 surfaces.

It is also a pleasure to thank the referee for a v ery thorough job whic h resulted

in man y impro v emen ts to our exp osition.

Our main new result is easiest to state when the p olarization degree is

prime to p . In this case the singular lo cus of S

i

is, set-theoretically , S

1 ;i � 1

. It

follo ws that S

i

is normal if i � 10 and is generically nonreduced if i � 11. W e

also sho w that S

11

= S

1

sc heme-theoretically in this case.

The crystalline cohomology of a K3 surface X=k o v er k is a free W -mo dule

H := H

cr is

( X=W ) of rank 22. The absolute F rob enius endomorphism F

X

of

X induces an F

W

-linear endomorphism � of H , whic h w e sometimes view as a

W -linear map F

�

W

H ! H . The cup-pro duct pairing and trace map endo w H

with a symmetric bilinear form

( j ) : S y m

2

H ! W

whic h de�nes an isomorphism from H to its dual H

_

. It is kno wn (and trivial

if p is o dd) that this form is even : ( x j x ) is divisible b y 2 for ev ery x 2 H [5].

W riting Q ( x ) := 1 = 2( x j x ), w e �nd that Q is a quadr atic form on H , i.e. ,

Q 2 S y m

2

( H

_

), and ( x j y ) = Q ( x + y ) � Q ( x ) � Q ( y ) for x; y 2 H . In fact, the

triple ( H ; � ; Q ) forms a K3-crystal , as de�ned b elo w.

De�nition 1. A K3 crystal over k of r ank r is a �nitely gener ate d fr e e mo dule

over W of r ank r e quipp e d with a nonde gener ate quadr atic form Q and an

F

W

-line ar endomorphism � : H ! H satisfying the fol lowing c onditions:

1. The r e duction of � mo dulo p has r ank one.

2. Q (�( x )) = p

2

F

�

W

( Q ( x )) for any x 2 H .

The nondegeneracy of Q means that the asso ciated bilinear form ( x; y ) :=

Q ( x + y ) � Q ( x ) � Q ( y ) de�nes an isomorphism from H to its dual H

_

.

If L is a line bundle on X , its crystalline Chern class � := c

cr is

( L ) 2

H

2

cr is

( X=W ) lies in T

H

:= f x 2 H : �( x ) = px g , and it is p -primitiv e if and

only if � is not divisible b y p in T

H

[4, 1.5]. W e therefore de�ne a p olarize d K3

crystal to b e a pair ( H ; � ), where H is a K3-crystal and � is an elemen t of T

H

whic h is not divisible b y p . The degree of ( H ; � ) is b y de�nition Q ( � ) 2 Z

p

. If

the degree is prime to p and p is o dd, then the orthogonal complemen t of � in

H is again a K3-crystal. Man y of the argumen ts w e shall giv e can b e simpli�ed

somewhat in this case b y w orking with this orthogonal complemen t, and w e

in vite the reader to adopt this p oin t of view.

The structure of K3 crystals o v er an algebraically closed �eld k can b e

describ ed fairly explicitly . Supp ose that H is a K3 crystal of rank 22 and that

k is algebraically closed. W e refer to [3] for the de�nition of the Ho dge and

Newton p olygons of an F-crystal. The fundamen tal theorem of Mazur tells us

that the Newton p olygon of ( H ; �) lies on or ab o v e the Ho dge p olygon, has
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in tegral break-p oin ts, and, b ecause of the dualit y coming from Q , is symmetric.

W e shall call the x -co ordinate of its �rst breakp oin t the Newton height (or just

height ) of H , and w e sa y that H is sup ersingular if all its Newton slop es are

1; in this case w e sa y that the heigh t is 1 . Mazur's theorem implies that

h t( H ) � 1, and the symmetry implies that 22 � 2h t ( H ) is the horizon tal length

of the Newton segmen t of slop e 1. Since �( � ) = p� , this length is at least 1, so

h t( H ) 2 f 1 ; 2 : : : 10 ; 1g . If h t( H ) < 1 , then according to a theorem of Katz

[3], H can b e expressed as a direct sum H = H

h

L
H

1

L
H

0

h

, where H

h

is an

F -crystal with Ho dge n um b ers (1 ; h � 1 ; 0), H

0

h

is the t wisted dual of H

h

, with

Ho dge n um b ers (0 ; h � 1 ; 2), and H

1

�

=

W 
 T

H

has rank 22 � 2 h and Ho dge

n um b ers (0 ; 22 � h; 0). If h ( H ) = 1 , T has rank 22 and the p -adic ordinal of

the discriminan t of the restriction of Q to T is p

2 � 0
, where �

0

is an in teger

with 1 � �

0

� 11, called the A rtin invariant of H . F urthermore, it is sho wn

in [4 ] that H admits an orthogonal direct sum decomp osition H

�

=

H

0

� H

1

,

where H

0

is a sup ersingular K3 crystal of rank 2 �

0

and H

1

is a t wist of a

unit ro ot crystal. The quadratic form restricted to H

1

is nondegenerate, and

its restriction to H

0

is p times a nondegenerate form Q

0

. It is apparen t that

�

0

� 10 if H admits a p olarization of degree prime to p , and in fact it is alw a ys

true for the K3 crystals arising from K3 surfaces, as w e shall see later.

Supp ose that H := ( H ; � ; Q ) is a K3 crystal o v er an algebraically closed

�eld k and h � 1 is an in teger suc h that �

h

is divisible b y p

h � 1

; write �

h

=

p

1 � h

�

h

. Note that Q (�

h

( x )) = p

2

F

�

W

Q ( x ) for x 2 H . The abstract Ho dge and

c onjugate �ltr ations M

h

and N

h

of ( H ; �

h

) are de�ned as follo ws:

M

i

h

H := �

� 1

h

( p

i

H )

N

i

h

H := p

i � 2

�

h

( M

2 � i

h

H )

W e shall esp ecially consider the �ltrations induced b y M

h

and N

h

on H

D R

,

the reduction mo dulo p of H . It follo ws from the compatibilit y of �

h

and Q

that M

1

h

H

D R

(resp. N

1

h

H

D R

) is the annihilator of M

2

h

H

D R

(resp. N

2

h

H

D R

).

Mazur's theorem implies that, if X=k is a K3 surface, the �ltration M

1

on

H

D R

�

=

H

D R

( X=k ) is just the Ho dge �ltration F

H dg

, and the �ltration N

1

on

H

D R

( X=k ) is the conjugate �ltration F

con

. Consequen tly w e shall write F

H dg

and F

con

for the �ltrations induced b y M

1

and N

1

on H

D R

in the abstract case

as w ell. It follo ws that � induces an injectiv e map

 : F

�

k

Gr

0

H dg

H

D R

! H

D R

whose image is exactly F

2

con

H

D R

, and an isomorphism


 : F

�

k

Gr

1

H dg

H

D R

! Gr

1

con

H

D R

:

Note that F

2

H dg

H

D R

and F

2

con

H

D R

are isotropic, so that Q induces quadratic

forms on Gr

1

H dg

H

D R

and Gr

1

con

H

D R

, and 
 is compatible with these forms.
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It is p ossible to compute the Newton slop es of a K3 crystal from the

purely mo d p data consisting of H

D R

, F

H dg

, F

con

and 
 . W e shall de�ne, b y

induction on h , a class K3

h

of K3 crystals o v er k , and for eac h H 2 K3

h

an

increasing sequence of submo dules

E

0

� E

1

� � � � E

h

of H

D R

, as follo ws. F or h = 1, K3

1

is the class of all K3-crystals o v er k , and E

1

is the submo dule N

2

1

H

D R

= F

2

con

H

D R

. If K3

h

has b een de�ned and H 2 K3

h

,

then b y de�nition H 2 K3

h +1

if and only if E

h

� F

1

H dg

H

D R

. Then there is a

map:

F

�

S

E

h

! F

�

S

F

1

H dg

H

D R

! F

�

S

Gr

1

H dg

H

D R




� ! Gr

1

con

H

D R

and E

h +1

is de�ned to b e the in v erse image in F

1

con

H

D R

� H

D R

of the image

of this map. It follo ws b y induction that eac h E

h +1

=E

h

has dimension at most

one, and, b y the compatibilit y of Q with 
 , that eac h E

h

is totally isotropic.

Lemma 2. L et H b e a K3 crystal over k and h a p ositive inte ger such that �

i

is divisible by p

i � 1

for al l i � h . Then H 2 K3

h

, and

E

h

= N

2

h

+ E

h � 1

= N

2

h

+ N

2

h � 1

+ � � � N

2

1

� H

D R

:

Pr o of: It is con v enien t to set E

0

:= 0; then the lemma is true for h = 1 b y

the de�nition of E

1

. Supp ose that h > 1 and that �

i

is divisible b y p

i � 1

for all

i � h . By the induction assumption, H 2 K3

h � 1

, E

h � 1

= E

h � 2

+ N

2

h � 1

H

D R

,

and E

h � 2

� F

1

H dg

H

D R

. By de�nition, E

h � 1

is the in v erse image of 
 F

�

k

( E

h � 2

)

under the pro jection � : F

1

con

H

D R

! Gr

1

con

H

D R

. Since ��

h � 1

is divisible b y

p , N

2

h � 1

H � M

1

1

H , so E

h � 1

� F

1

H dg

H

D R

and H 2 K3

h

. F urthermore, N

2

h

H

is the image of p

� 1

��

h � 1

H , i.e. , the image of N

2

h � 1

H under p

� 1

�. Mo dulo

F

2

con

H

D R

, this is the image of N

2

h � 1

H under the map

N

2

h � 1

H

D R

! F

�

k

F

1

H dg

H

D R

! Gr

1

H dg

H

D R




� ! Gr

1

con

H

D R

:

whic h w e just denote b y 
 F

�

k

( N

2

h � 1

H

D R

). W e conclude that

� ( E

h

) := 
 F

�

k

( E

h � 1

) = 
 F

�

k

( E

h � 2

+ N

2

h � 1

) = � ( E

h � 1

) + � ( N

2

h

) :

Since E

h

and E

h � 1

+ N

2

h

b oth con tain F

2

con

and ha v e the same image mo dulo

F

2

con

, they m ust b e equal.

Prop osition 3. L et H b e a K3 crystal over k and let h b e a p ositive inte ger.

Then the fol lowing ar e e quivalent:

1. H has Newton height at le ast h .

2. F or al l i � h , �

i

is divisible by p

i � 1

.

3. H 2 K3

h

.

4. F or al l i < h , �

i

is divisible by p

i � 1

and N

2

i

H

D R

� F

1

H dg

H

D R

.
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Pr o of: The pro of is b y induction on h . The case h = 1 is trivial, and w e

assume that the prop osition is true for h and that conditions (1){(4) all hold,

and w e will pro v e their equiv alence with h + 1 in place of h . In particular, E

i

is

de�ned for i � h and con tained in F

1

H dg

H

D R

for i < h . It follo ws immediately

from Lemma 2 that E

h

� F

1

H dg

H

D R

if and only if N

2

h

H

D R

� F

1

H dg

H

D R

, so

conditions (3) and (4) are equiv alen t. Since �

h +1

= p

h � 1

��

h

, �

h +1

is divisible

b y p

h

if and only if N

2

h

H

D R

� F

1

H dg

H

D R

. Th us (3) and (4) are also equiv alen t

to (2). If �

h +1

is divisible b y p

h

, then its Newton slop es are at least h , and

hence the Newton slop es of � are at least h= ( h + 1) and � has Newton heigh t

at least h + 1. Con v ersely , supp ose that H has Newton heigh t at least h + 1.

The Newton slop es of � are at least h= ( h + 1), and so the Newton slop es of

�

h

= p

1 � h

�

h

are at least h

2

= ( h + 1) � ( h � 1) = 1 = ( h + 1) > 0. Then �

h

has no

unit ro ot part, and its action on H

D R

is nilp oten t. Since �

h

and � comm ute,

the image F

2

con

H

D R

of � on H

D R

is in v arian t under �

h

, and since it is one-

dimensional, �

h

acts as zero on F

2

con

H

D R

. This sa ys that �

h

� is divisible b y

p , i.e. , that �

h +1

is divisible b y p

h

.

Lemma 4. Supp ose that H 2 K3

h

and N

2

h

H

D R

� E

h � 1

+ F

2

H dg

H

D R

. Then

H is sup ersingular.

Pr o of: It follo ws from the h yp othesis and Lemma 2 that for an y x 2 H ,

�

h

( x ) 2 N

2

h � 1

H + � � � N

2

1

H + pH + M

2

H . Th us, there exist elemen ts x

1

; : : : x

h

2

H and z 2 M

2

H suc h that

�

h

( x ) = �

h � 1

( x

1

) + �

h � 2

( x

2

) + � � � �( x

h � 1

) + px

h

+ z :

Multiplying b y p

h � 1

and applying �, w e �nd that

�

h +1

( x ) = p �

h

( x

1

) + p

2

�

h � 1

( x

2

) + � � � p

h

�( x

h

) + p

h +1

x

h +1

;

where x

h +1

:= p

� 2

�( z ). Then it follo ws b y induction on m that for an y m � 1

and x 2 H , there exist x

i

2 H suc h that

�

h + m

( x ) = p

m

�

h

( x

1

) + p

m +1

�

h � 1

( x

2

) + � � � p

m + h

�( x

h

) + p

h +1+ m

x

h +1

:

In particular �

h + m

is divisible b y p

m

, and all its slop es are at least m . Then

all the slop es of � are at least m= ( h + m ), and taking the limit with m , w e see

that the slop es of � are all 1, i.e. , H is sup ersingular.

The follo wing is the k ey semi-linear algebra result that enables us to de-

termine the singularities of the heigh t strata.

Lemma 5. L et H b e a K3 crystal over k .

1. If h t ( H ) is �nite, and i � h t( H ) , then E

i

= N

2

i

H

D R

and has dimension

i .

2. If H is sup ersingular and i � �

0

( H ) , then E

i

= N

2

i

H

D R

and has dimen-

sion i . Mor e over, E

� 0
= E

� 0 � 1

+ F

2

H dg

H

D R

, and for i � �

0

, E

i

= E

� 0
and

is the image of the annihilator of Q on k 
 T

H

and also the annihilator

of the image of k 
 T

H

! H

D R

.
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Pr o of: Supp ose that h t( H ) is �nite and i � h t( H ). Then b y Lemmas 2 and 4,

E

i � 1

is strictly con tained in E

i

. On the other hand, dim E

i

� i for all i , so w e

can conclude that the dimension of E

i

is i . Consider the Katz decomp osition

H

�

=

H

h

� H

1

� H

0

h

, and restrict atten tion to the factor H

h

. Since H

h

has

only 0 and 1 as Ho dge slop es, there is an endomorphism V of H

h

suc h that

� V = p . Then �

i

V

i

:= p

1 � i

�

i

V

i

= p , so that �

i

also has only 0 and 1 as

Ho dge slop es. Moreo v er, � has ( h � 1) =h as its unique Newton slop e, and so �

i

has i ( h � 1) =h � ( i � 1) = ( h � i ) =h as its unique Newton slop e. Since the Ho dge

and Newton p olygons of �

i

ha v e the same endp oin t, the Ho dge n um b ers of �

i

m ust b e ( i; h � i ), and this pro v es that N

2

i

has dimension i . Up to this p oin t w e

ha v e b een considering only the factor H

h

, but w e can conclude that N

2

i

of the

en tire crystal has dimension at least i . Lemma 2 implies that N

2

i

H

D R

� E

i

for

all i , and it follo ws that N

2

i

H

D R

= E

i

.

The pro of of (2) uses the classi�cation of sup ersingular K3 crystals from

[4], whic h w e brie
y recall. Let

E :=

1\

h =1

M

1

h

H =

1\

h =1

(�

h

)

� 1

( p

h

H )

E

00

:=

1X

h =1

N

2

h

H =

1X

h =1

p

1 � h

�

h

( H )

Then E is the largest submo dule of H whic h is in v arian t under � := p

� 1

�,

E

00

� E , and E

00

is the set of all h 2 H suc h that ( h j e ) 2 pW for all e 2 E .

Better, let E

0

:= p

� 1

E � Q 
 H , whic h is then the smallest submo dule of Q 
 H

con taining H whic h is in v arian t under � . Then E

0

is the set of h 2 Q 
 H suc h

that ( h j e ) 2 W for all e 2 E , and pE

0

� E � H � E

0

. The k -v ector spaces

H =E and E

0

=H are naturally dual, and so ha v e the same dimension �

0

. Then

2 �

0

is the dimension of E

0

=E , and is also the p -adic ordinal of the discriminan t

of Q on E . Let T := f e 2 E : � ( e ) = e g , and T

0

:= f e

0

2 E

0

: � ( e

0

) = e

0

g .

Then W 
 Zp
T

�

=

E , W 
 Zp
T

0

�

=

E

0

, and these isomorphisms iden tify �

with F

W


 id. The image of H in E

0

=E

�

=

k 
 T

0

=T is a k -linear subspace not

con tained in an y prop er � -stable subspace. If e

0

1

and e

0

2

are elemen ts of E

0

, then

pe

0

1

2 E , hence ( e

0

1

j e

0

2

)

0

:= ( pe

0

1

j e

0

2

) 2 W and ( j )

0

is a symmetric bilinear form

on E

0

whic h is compatible with � and hence descends to T

0

. The annihilator

of this form mo dulo p is just the image of E in E

0

, and so w e can view it as

a symmetric bilinear form on E

0

=E . When p = 2, the set of all v

0

2 E

0

=E

suc h that ( v

0

j v

0

)

0

= 0 is a linear subspace con taining the image of H . Since this

space is � -in v arian t, it m ust b e all of E

0

=E , so in fact ( j )

0

is ev en and w e can

de�ne Q

0

( e

0

) := 1 = 2( e

0

j e

0

) for e

0

2 E

0

. Then Q

0

is a nondegenerate quadratic

form on T

0

=T , and the image K

0

of H in k 
 T

0

=T is a strictly char acteristic

subsp ac e [4, 3.19]: it is totally isotropic of dimension �

0

, ( K

0

+ � ( K

0

)) =K

0

has

dimension one, and K

0

is not con tained in an y prop er F

p

-rational subspace. The

automorphism group of k o v er F

p

acts on the set of all strictly c haracteristic

subspaces, and it is con v enien t (elsewhere) to set K := �

� 1

( K

0

). As explained



SINGULARITIES OF HEIGHT STRA T A IN THE MODULI OF K3 SURF A CES 331

on page 33 of [4], there is a (unique) line ` in V suc h that

� ( K ) = ` � � ( ` ) � � � � �

� 0 � 1

( ` ) ;

and in fact

V = ` � � ( ` ) � � � � �

2 � 0 � 1

( ` ) :

There is an exact sequence

k 
 T ! H

D R

! K

0

! 0 :

The subspaces F

1

H dg

H

D R

and N

1

h

H

D R

con tain the image of k 
 T , and hence

are determined b y their images F

1

H dg

K

0

and N

1

h

K

0

in K

0

, and it is easy to c hec k

that F

1

H dg

K

0

= K \ � ( K ) and N

1

h

K

0

= � ( K ) \ �

h +1

( K ). Supp ose h � �

0

. Then

b ecause the spaces f �

i

( ` ) : 0 � i � 2 �

0

� 1 g form a direct sum decomp osition

of V ,

F

1

H dg

K

0

= K \ � ( K ) = ` � � � � �

� 0 � 2

( ` )

N

1

h

K

0

= � ( K ) \ �

h +1

( K ) = �

h

( ` ) � �

h +1

( ` ) � � � � �

� 0 � 1

( ` )

Th us in fact 0 = N

1

� 0
K

0

� N

1

� 0 � 1

K

0

� K

0

, and eac h N

1

i

K

0

has co dimension i

if i � �

0

. Hence N

2

i

H

D R

has dimension i if i � �

0

, and N

2

� 0
H

D R

is exactly the

image of k 
 T ! H

D R

. By Lemma 2, E

i

has dimension i if i � �

0

, E

i

= E

� 0

if i � �

0

, and E

� 0
is the annihilator of the image of k 
 T ! H

D R

. This

annihilator is pE

_

=E , and hence is also the image of the annihilator of k 
 T .

Moreo v er,

N

1

h

K

0

\ F

1

H dg

K

0

= �

h

( ` ) � �

h +1

( ` ) � � � � �

� 0 � 2

( ` ) ;

so N

1

� 0
K

0

= N

1

� 0 � 1

K

0

\ F

1

H dg

K

0

= 0. Again b y dualit y ,

E

� 0
= E

� 0 � 1

+ F

2

H dg

H

D R

:

T o summarize:

Prop osition 6. L et H b e a K3 crystal over an algebr aic al ly close d �eld k and

let h � h t( H ) b e a p ositive inte ger. Then the fol lowing ar e e quivalent:

1. E

?

h

\ F

1

H dg

H

D R

= E

?

h � 1

\ F

1

H dg

H

D R

:

2. E

h

+ F

2

H dg

H

D R

= E

h � 1

+ F

2

H dg

H

D R

:

3. H is sup ersingular, and �

0

( H ) � h .

4. F

2

H dg

H

D R

� E

h

.

5. E

h � 1

+ F

2

H dg

H

D R

c ontains the nul l sp ac e of Q on F

p


 T .

6. E

h � 1

+ F

2

H dg

H

D R

c ontains a nonzer o p oint of F

p


 T .

Pr o of: Since F

1

H dg

H

D R

is the annihilator of F

2

H dg

H

D R

, conditions (1) and (2)

are equiv alen t. If (2) holds, then b y Lemma 2,

N

2

h

H

D R

� E

h � 1

H

D R

+ F

2

H dg

H

D R

;
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and b y Lemma 4, H is sup ersingular. Then Lemma 5 sho ws that (2) implies (3)

and that (3) implies (4) and (5). Supp ose that H has heigh t h � 10. Consider

the Katz decomp osition H

�

=

H

h

� H

1

� H

0

h

. Since � is divisible b y p on H

1

� H

0

h

,

the same is true of �

i

for all i � h , hence N

2

i

H

D R

and E

i

are con tained in

H

h

D R

for i � h . On the other hand, F

2

H

D R

� H

0

h

D R

. Th us condition (4)

implies that H is sup ersingular, and b y Lemma 5 h � �

0

. Eviden tly (5) implies

(6). Similarly if h < 1 , then in the Katz decomp osition the image of T ! H

is con tained in H

1

, and hence mo dulo p cannot in tersect E

h � 1

+ F

2

H dg

H

D R

. If

(6) holds, it follo ws that H is sup ersingular, and E

h � 1

+ F

2

H dg

H

D R

con tains

a � -in v arian t line. Then b y dualit y E

?

h � 1

K \ F

1

H dg

K is con tained in a prop er

� -in v arian t subspace, so in fact h � �

0

.

If H is the K3 crystal of a K3 surface, then the rank of H is 22 and its

crystalline discriminan t is � 1 2 Z

p

= Z

2

p

[5 , 4.9, 4.10]. W e can use this fact to

pro v e that the Artin in v arian t of a sup ersingular K3 crystal coming from a

surface is at most 10, without assuming the T ate conjecture.

Prop osition 7. The A rtin invariant �

0

of a K3 crystal asso ciate d to a sup er-

singular K3 surfac e X=k is at most 10 .

Pr o of: This is a consequence of the T ate conjecture, as explained b y Artin [1].

T o pro v e it unconditionally , use the direct sum decomp osition H

�

=

H

0

� H

1

.

As sho wn in [4 , 3.15], the crystalline discriminan t (

H 0

p

) 2 f� 1 g

�

=

F

�

p

= F

� 2

p

is � (

� 1

p

)

� 0
if p is o dd. Since the discriminan t of H is (

� 1

p

), w e cannot ha v e

�

0

= 11. If p = 2, it is easy to see that T

H 0
has a dual basis ( x

i

; y

i

), i = 1 ; : : : �

0

with resp ect to whic h the quadratic form is x

2

1

+ y

2

1

+ x

1

y

1

+

P
i> 1

x

i

y

i

, and

that its discriminan t is 3( � 1)

� 0
2 Q

2

= Q

� 2

2

. Since the discriminan t is � 1, it

cannot b e the case that �

0

= 11, since in that case H

1

w ould b e zero.

It is con v enien t to in tro duce a v ariation of the ab o v e construction for

p olarized K3 crystals. If ( H ; � ) is a p olarized K3 crystal, it follo ws from the

fact that �( � ) = p� that the image �

D R

of � in H

D R

lies in F

1

H dg

\ F

1

con

H

D R

and is �xed b y 
 F

�

k

. If H 2 K3

h

( k ) and i � h w e de�ne E

i;�

to b e the span

in H

D R

of E

i

and the image �

D R

of � in H

D R

. If H is sup ersingular w e de�ne

� ( H ; L ) to b e �

0

( H ) � 1 if �

D R

2 Ann ( T =pT ) and to b e �

0

( H ) otherwise. F or

example, if the degree of � is prime to p , � ( H ; L ) = �

0

( H ). It is also con v enien t

to de�ne � ( H ; L ) and �

0

( H ) to b e 1 if H is not sup ersingular. If ( X ; L ) is a

p olarized K3 surface o v er k , w e write � ( X ; L ) and �

0

( X ) for � ( H ; � ) and �

0

( H ),

where H is the crystalline cohomology of X=W and � is the crystalline Chern

class of L .

Corollary 8. L et ( H ; � ) b e a p olarize d K3 crystal with H 2 K3

h

( k ) , let i �

h � 1 , and let E

i;�

b e the image of E

i;�

in Gr

1

H dg

H

D R

, i.e.,

E

i;�

= ( E

i;�

+ F

2

H dg

) =F

2

H dg

:
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Then

dim( E

i;�

) = min ( i + 1 ; � ( H ; L )) :

F urthermor e, if H is sup ersingular, E

� ;�

= E

� � 1 ;�

+ F

2

H dg

H

D R

.

Pr o of: Eviden tly dim ( E

i;�

) � dim( E

i;�

) � dim( E

i

) + 1 � i + 1. If H is

sup ersingular with Artin in v arian t �

0

, b y Lemma 5 E

i

� E

� 0
= E

� 0 � 1

, so

dim( E

i;�

) � �

0

. If � 2 Ann ( T =pT ), then in fact E

� 0 ;�

= E

� 0
, and dim ( E

i;�

) �

�

0

� 1 = � . Th us in an y case

dim( E

i;�

) � min ( i + 1 ; � ( H ; L )) :

Supp ose that H is not sup ersingular. Then b y Lemma 5, E

i

has dimension i and

b y condition (4) of Prop osition 6, E

i

do es not meet F

2

H dg

H

D R

. F urthermore,

the Katz decomp osition sho ws that E

i

+ F

2

H dg

H

D R

do es not meet the image of

T =pT . Hence dim( E

i;�

) = i + 1. Supp ose that H is sup ersingular. By Lemma 5,

the dimension of the image E

i

of E

i

in Gr

1

H dg

H

D R

( X=k ) is min( i; �

0

� 1).

Hence if �

D R

do es not b elong to E

i

+ F

2

H dg

H

D R

, the dimension of E

i;�

is

min( i + 1 ; �

0

) � min ( i + 1 ; � ). On the other hand, if �

D R

2 E

i

+ F

2

H dg

H

D R

,

then condition (6) of Prop osition 6 holds with h = i + 1, so that �

0

� i + 1, and

b y Lemma 5, �

D R

b elongs to the annihilator of T =pT . Then E

i;�

= E

i

= E

� 0 � 1

has dimension �

0

� 1 = � .

W e are no w ready to in v estigate the mo duli of K3 surfaces. If f : X ! S

is a family of K3 surfaces o v er a k -sc heme S with p olarization L of degree d ,

the relativ e De Rham cohomology H

D R

( X =S ) := R

2

f

�




�

X =S

is lo cally free of

rank 22. It is equipp ed with its Ho dge and conjugate �ltrations F

H dg

and F

con

,

and the asso ciated graded shea v es Gr

H dg

H

D R

and Gr

con

H

D R

are also lo cally

free. If X =S is obtained b y pullbac k from a smo oth k -sc heme, H

D R

( X =S ) has

a canonical Gauss-Manin connection r : H

D R

! 


1

X =S


 H

D R

. The Ho dge

�ltration is mo v ed b y at most one step b y r , and the induced map

F

2

H dg

H

D R

( X =S ) ! Gr

1

H dg

H

D R

( X =S ) 
 


1

S=k

is O

S

-linear and is equiv alen t to a map

�

0

: F

2

H dg

H

D R

( X =S ) 
 Gr

1

H dg

H

D R

( X =S )

_

! 


1

S=k

:

Since 


2

X =S

is trivial along the �b ers and the Ho dge sp ectral sequence of X =S

degenerates, there is a natural isomorphism

F

2

H dg


 Gr

1

H dg

H

D R

( X =S )

_

�

=

f

�

(


2

X =S

) 
 R

1

f

�

(


1

X =S

)

_

�

=

R

1

f

�

( T

X =S

)

_

:

Th us the map �

0

can b e in terpreted as the di�eren tial of the map from S in to

the mo duli stac k. These facts, as w ell as the basic deformation theory of K3

surfaces, are v ery clearly explained in [2].

The absolute F rob enius morphism of X induces an O

S

-linear map

� : F

�

S

H

D R

( X =S ) ! H

D R

( X =S ) ;
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whose k ernel is exactly F

�

S

( F

1

H dg

H

D R

) and whose image is exactly F

2

con

H

D R

,

and the in v erse Cartier isomorphism induces an isomorphism:


 : F

�

S

Gr

1

H dg

H

D R

! Gr

1

con

H

D R

:(1)

The �ltration F

con

is stable under r , and if F

�

S

Gr

1

H dg

H

D R

is endo w ed with

the connection killing the elemen ts of Gr

1

H dg

H

D R

, the map 
 is horizon tal. The

quadratic form Q induces nondegenerate forms on Gr

1

H dg

H

D R

and Gr

1

con

H

D R

compatible with 
 . The Chern class �

D R

:= c

D R

( L ) of L is a global horizon tal

section of H

D R

( X =S ) con tained in F

1

H dg

\ F

1

con

H

D R

( X =S ).

If S is a k -sc heme, let F ( S ) denote the category of p olarized K3 surfaces

of degree d , with morphisms the isomorphisms preserving the p olarizations. A

morphism S

0

! S de�nes a functor F ( S ) ! F ( S

0

), and F forms a �b ered

category with e�ectiv e descen t. It should b e easy to v erify that F is in fact a

Deligne-Mumford stac k, but since w e shall b e only in terested in lo cal prop erties

of families of K3 surfaces, w e shall not attempt to carry this out here. If d is

prime to p , F is formally smo oth of dimension 19 o v er k , and there exist

formally � etale morphisms S ! F with S a smo oth k -sc heme of dimension 19.

F ormation of H

D R

is compatible with base c hange S

0

! S , and the same is

true of its �ltrations and their asso ciated graded shea v es.

W e de�ne a sequence of stac ks and closed immersions F

h +1

� F

h

�

� � � F

1

= F . That is, eac h F

i

( S ) will b e a strictly full sub category of F

i � 1

( S ),

and for eac h ob ject ( X =S; L ) of F ( S ), the map S

i

:= F

i

�

F

S ! S will b e a

closed immersion. F urthermore, asso ciated to eac h ob ject ( X =S; L ) of F

i

( S ),

will b e a quasi-coheren t subsheaf E

i

( X =S ) � H

D R

( X =S ). These ob jects are

de�ned inductiv ely as follo ws: F or an y ob ject ( X =S; L ) of F

1

( S ) = F ( S ), let

E

1

( X =S ) := F

2

con

H

D R

( X =S ) � H

D R

( X =S ) :

If h � 1 and ( X =S; L ) is an ob ject of F

h

( X =S ), then E

h

( X =S ) � H

D R

( X =S )

is de�ned, and F

h +1

( S ) is de�ned to b e the full sub category of F

h

( S ) whose

ob jects are the elemen ts ( X =S; L ) suc h that E

h

( X =S ) � F

1

H dg

H

D R

( X =S ). If

( X =S; L ) is an ob ject of F

h +1

( S ), then E

h +1

( X =S ) is b y de�nition the in v erse

image in F

1

con

H

D R

( X =S ) � H

D R

( X =S ) of the image of F

�

S

E

h

under the map

F

�

S

F

1

H dg

H

D R

( X=S ) � ! F

�

S

Gr

1

H dg

H

D R

( X=S )




� ! Gr

1

con

H

D R

( X=S ) :(2)

Since 
 is horizon tal, it follo ws that E

h

is stable under r . Let E

h; L

( X =S; L )

denote the O

S

-submo dule of H

D R

generated b y E

h

( X =S ) and c

D R

( L ), whic h

again is con tained in F

1

H dg

\ F

1

con

H

D R

( X =S ) and in v arian t under r and 
 F

�

S

.

W e also de�ne E

0

( X =S ) := 0, so that E

0 ; L

( X =S ) is the O

S

-submo dule of S

generated b y c

D R

( L ). Note that E

h; L

can b e de�ned inductiv ely in the same

w a y as E

h

, and that an ob ject ( X =S; L ) of F

h

( S ) lies in F

h +1

( S ) if and only

if E

h; L

( X =S; L ) is con tained in F

1

H dg

H

D R

( X =S ).

It follo ws from Prop osition 3 that F

h

( k ) is the category of p olarized K3

surfaces of degree d with Newton heigh t at least h .
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Lemma 9. L et ( X =S; L ) b e an obje ct of F

h

( S ) and let i � h b e a p ositive

inte ger.

1. Each E

i

( X =S ) is a c oher ent total ly isotr opic subshe af of H

D R

( X =S ) lo-

c al ly gener ate d by i elements, and

E

0

( X =S ) � E

1

( X =S ) � � � � E

h

( X =S ) � H

D R

( X =S ) :

2. If g : S

0

! S is a morphism of k -schemes and ( X

0

=S

0

; L ) is obtaine d fr om

( X =S; L ) by pul lb ack, then the natur al isomorphism

g

�

H

D R

( X =S ) ! H

D R

( X

0

=S

0

)

induc es a surje ction g

�

E

i

( X =S ) ! E

i

( X

0

=S

0

) and an isomorphism

g

�

( Q

i

( X =S ) ! Q

i

( X

0

=S ) ;

wher e Q

i

( X =S ) := H

D R

( X =S ) =E

i

( X =S ) .

3. Supp ose that S is of �nite typ e over k and that no close d �b er of X =S is

sup ersingular with A rtin invariant less than i . Then E

i

( X =S ) is a lo c al

dir e ct factor of H

D R

( X =S ) of r ank i , and its formation c ommutes with

any b ase change S

0

! S .

Pr o of: The statemen ts are true if h = 1, and, pro ceeding b y induction on h ,

w e assume that the lemma holds for h and that h � 1. F urthermore, it su�ces

to treat the case i = h . Then E

h � 1

� E

h

and the quotien t is lo cally monogenic.

Let

~

E

i

� Gr

1

con

H

D R

( X =S ) denote the image of of F

�

S

( E

i

) under the map (2).

Then there is an exact sequence

0 !

~

E

h � 1

!

~

E

h

!

~

E

h

=

~

E

h � 1

! 0 ;

and the quotien t is lo cally monogenic. If � is the pro jection F

1

con

H

D R

!

Gr

1

con

H

D R

( X=S ), E

i +1

is b y de�nition �

� 1

( E

i

), and so E

h

� E

h +1

and

E

h +1

=E

h

�

=

� ( E

h +1

) =� ( E

h

)

�

=

~

E

h

=

~

E

h � 1

is lo cally monogenic. Since E

h

is to-

tally isotropic, the same is true of 
 F

�

k

( E

h

) and E

h +1

. Statemen ts (2) and (3)

can b e v eri�ed lo cally on S , so w e ma y assume that there exist splittings of F

H dg

and F

con

, and hence that there exists a map ~ 
 : F

�

S

H

D R

! H

D R

extending the

map 
 de�ned in (1). Then E

h

is the sum of the images of ( ~ 
 F

S

� )

i

F

2

con

H

D R

for i = 0 � � � h � 1, and is indep enden t of the c hoice of ~ 
 , and since g is compat-

ible with F rob enius, the base c hange map sends g

�

E

h

( X =S ) on to E

h

( X =S

0

).

It follo ws that formation of the quotien t Q

i

( X =S ) is compatible with an y base

c hange S

0

! S .

Supp ose no w that S is of �nite t yp e and that no closed �b er is sup ersin-

gular with Artin in v arian t less than h . F or an y closed p oin t s of S , the natural

map from the �b er E

h

( s ) of E

h

at s to E

h

( X

s

) is a surjectiv e map of k -v ector

spaces. Its source E

h

( s ) is generated b y h elemen ts, and b y Lemma 5, the target

E

h

( X

s

) has dimension h . It follo ws that the map

E

h

( s ) ! E

h

( X

s

)
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is an isomorphism. Since H

D R

is lo cally free, there is an exact sequence

0 ! T or

1

( k ( s ) ; Q

h

) ! E

h

( s ) ! H

D R

( s ) ! Q

h

( s ) ! 0 ;

and since the map E

h

( s ) ! H

D R

( s ) is injectiv e, T or

1

( k ( s ) ; Q

h

) = 0 and Q

h

is

lo cally free in a neigh b orho o d of s . Hence E

h

is a lo cal direct summand and

its formation comm utes with base c hange.

Corollary 10. If ( X =S; L ) is an obje ct of F

11

( S ) and j 2 N , then the set of

close d p oints of S for which �

0

( X

s

) � j is a Zariski close d subset of S

r ed

, and

similarly for � ( X

s

; L

s

) .

Pr o of: By Lemma 5 and Prop osition 7, �

0

( X

s

) � j if and only if the dimen-

sion of E

10

( X

s

) � j , i.e. , if and only if the dimension of Q

10

( X

s

) � 22 � j .

Since Q

10

( X =S ) is a coheren t sheaf on S whose formation comm utes with base

c hange, the corollary follo ws from the semi-con tin uit y theorem. The same pro of

w orks with � in place of � , using Corollary 8.

Prop osition 11. Each F

h +1

� F

h

is a close d immersion, lo c al ly de�ne d by

a single e quation, and the ide al of F

h +1

in F

h

is the image of the p airing

( j ) : F

2

H dg


 E

h

=E

h � 1

! O

F h
.

Pr o of: W e argue b y induction on h , and, assuming the prop osition true for

h � 1, w e ma y w ork lo cally on the base S of a p olarized family ( X =S; L ) de�ning

an ob ject of F

h � 1

( S ). Then E

h � 1

� F

1

H dg

H

D R

, and hence is orthogonal to

F

2

H dg

, and the map F

2

H dg


 E

h

! O

F h
factors through F

2

H dg


 E

h

=E

h � 1

. Its

image is an ideal I of O

F h
, and since E

h

=E

h � 1

is lo cally monogenic, so is I .

If g : S

0

! S is an y morphism, the pullbac k of X =S to S

0

lies in F

h +1

if and

only if g

�

E

h

! g

�

Gr

0

H dg

H

D R

is zero, i.e. , if and only if g

�

E

h

is orthogonal to

g

�

F

2

H dg

. Th us the morphism S

0

! S ! F factors through F

h +1

if and only if

S

0

! S factors through the closed subsc heme of S de�ned b y I .

If ( X =S; L ) is a p olarized K3 surface o v er S , there is a comm utativ e dia-

gram

F

2

H dg

H

D R

( X =S ) 
 Gr

1

H dg

H

D R

( X =S )

@
@
@
@
@

�

R
F

2

H dg

H

D R

( X =S ) 
 Gr

1

H dg

H

D R

( X =S )

_

�

?
� �

0

-



1

S=k

Here � comes from the canonical pairing and � and �

0

are the (Ko daira-Sp encer)

maps induced b y the Gauss-Manin connection. That is, if ! is a section of

F

2

H dg

H

D R

and � (resp. � ) is a section of Gr

1

H dg

H

D R

(resp. of its dual), then

� ( ! 
 � ) = ( ! jr ( �

0

)) for an y �

0

2 F

1

H dg

H

D R

lifting � , �

0

( ! 
 � ) = � ( r ( ! )),

and �

0

( ! 
 � ( � )) = ( r ! j �

0

).
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Supp ose no w that ( X =S; L ) is a p olarized K3 surface o v er S de�ning an

ob ject of F

h

( S ), so that E

i

� H

D R

( X =S ) is de�ned for i � h . As w e sa w in the

construction, these spaces are in v arian t under the Gauss-Manin connection.

F urthermore, E

h � 1

� F

1

H dg

H

D R

, and since it is horizon tal, it is annihilated

b y the Ko daira-Sp encer mapping � of X =S . Let S

0

b e the closed subsc heme

F

h +1

�

F h
S of S . Note that E

h

do es not lie in F

1

H dg

H

D R

un til w e restrict to S

0

.

In fact the follo wing prop osition sho ws that the conormal to S

0

in S is precisely

measured b y this fact.

Prop osition 12. L et ( X =S; L ) b e an obje ct of F

h

( S ) and let S

0

:= F

h +1

�

F h
S .

Then ther e is a c ommutative diagr am:

F

2

H dg


 E

h

-
F

2

H dg


 Gr

1

H dg

H

D R

( X =S )

j S0

@
@
@
@
@R

I

S

0
=I

2

S

0

( j )

?
d -




1

S=k

j

S0

� �

?
-




1

S

0
=k

In p articular, the image of the c onormal to S

0

by the di�er ential d c oincides

with the image of F

2

H dg


 E

h

=E

h � 1

under the Ko dair a-Sp enc er mapping � .

Pr o of: Cho ose lo cal sections ! of F

2

H dg

H

D R

and � of E

h

o v er S . Then b y

Prop osition 11, f := ( ! j � ) is a lo cal generator for the ideal I

S

0
of S

0

in S . Since

E

h

is horizon tal, there exists � 2 


1

S=k

suc h that r ( � ) = � 
 � mo dulo E

h � 1

.

Hence

d f = ( r ( ! ) j � ) + ( ! jr ( � )) = ( r ( ! ) j � ) + � ( ! j � )

T aking the images in 


1

S=k

j

S0

, w e see that d f = �

0

( ! 
 � ( � )) = � � ( ! 
 � ).

If ( X=k ; L ) is a p olarized K3 surface, b y standard deformation theory

(and the fact that X admits no v ector �elds!), the unp olarized surface X=k

admits a v ersal formal k -deformation X = S , with S

�

=

Sp ec k [[ t

1

; : : : t

20

]]. As

explained in [2], the v ersal formal k -deformation ( X = S

L

) em b eds as a closed

formal subsc heme of S , and its ideal I

L

is monogenic (and nonzero). If m is

the (maximal) ideal of de�nition of S , the Ko daira-Sp encer mapping de�nes

an isomorphism. Using this fact and Prop osition 12 w e can easily calculate the

follo wing �rst-order description of F

h

.

Corollary 13. L et ( X = S ) b e the unp olarize d versal formal deformation of a

p olarize d K3 surfac e ( X=k ; L ) , let i b e an inte ger with i � h t( X ) , and let

I

i;L

� m b e the ide al of S

i;L

in S .

1. The ide al I

i;L

of S

i;L

in S c an b e gener ate d by i elements, and its im-

age in m= m
2

is the image of F

2

H dg


 E

i � 1 ;L

under the Ko dair a-Sp enc er

isomorphism � :

F

2

H dg


 E

i � 1 ;L

� F

2

H dg


 Gr

1

H dg

H

D R

( X=k )

�-
m= m

2

:
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2. The Zariski tangent sp ac e of F

i

at the k -value d p oint c orr esp onding to

( X=k ; L ) is natur al ly isomorphic to

Gr

0

H dg


 E

?

i � 1 ;L

� Gr

0

H dg


 H

1

( X=k ; 


1

X =k

) :

In p articular, its dimension is max(20 � i; 20 � � ( X ; L )) .

Pr o of: W e ha v e already seen in Prop osition 11 that eac h S

i; L

� S

i � 1 ; L

is

a closed immersion de�ned b y a single equation. It follo ws b y induction that

S

i; L

� S

L

is de�ned b y i � 1 equations and hence that S

i; L

� S is de�ned b y

i equations. Let T � S b e the closed subsc heme de�ned b y m
2

. Then there is

a surjectiv e map 


1

T =k

! m= m
2

, whic h is in fact an isomorphism if p is o dd.

As is w ell-kno wn, the ideal of T

L

:= T \ S

L

is the image of F

2

H dg


 c

H dg

( L ) 2

F

2

H dg


 H

1

( X=k ; 


1

X =k

) under the Ko daira-Sp encer mapping [4, 1.14]. This sa ys

exactly that the ideal I

1 ; L

of S

1 ; L

in T is the image of F

2

H dg


 E

0 ;L

under the

Ko daira-Sp encer mapping, pro ving (1) when i = 1. On the closed subsc heme

S := T

i; L

of T , ( X ; L ) de�nes an ob ject of F

i

. Prop osition 12 sa ys that the

image of I

i +1 ; L

=I

i; L

in 


1

S=k

coincides with the image of F

2

H dg


 E

i

. T aking

images in m= m
2

+ I

i; L

, w e see that the image of I

i +1 ; L

coincides with the image

of F

2

H dg


 E

i

. Assuming (1) for i , it follo ws that the image of I

i +1 ; L

mo d m
2

coincides with the image of E

i

, and so (1) follo ws b y induction. The Zariski

tangen t space of F

i

is therefore the dual of the quotien t of m= m
2

b y the image

of F

2

H dg


 E

i � 1 ;L

, whic h can b e iden ti�ed with Gr

0

H dg


 E

?

i � 1 ;L

using the dualit y

map. Th us b y Corollary 8, its dimension is max(20 � i; 20 � � ( X ; L )).

Prop osition 14. L et ( X =S; L ) b e a family of p olarize d K3 surfac es over a

�nite typ e k -scheme S such that the r esulting map S ! F is unr ami�e d.

1. If i is an inte ger such that every �b er X

s

is sup ersingular with A rtin

invariant � i , then the dimension of S is at most i � 1 .

2. If every �b er X

s

is sup ersingular, then the dimension of S is at most 9 .

3. If h � 11 is an inte ger such that every �b er X

s

has height at le ast h , then

the dimension of S is at most 20 � h .

Pr o of: Without loss of generalit y w e ma y supp ose that S is reduced, and ev en

smo oth, and that ev ery �b er X

s

has heigh t at least i . Then E

i

( X =S ) is de�ned,

and b y Lemma 9, formation of

Q

i

( X =S ) := H

D R

( X =S ) =E

i

( X =S )

comm utes with an y base c hange S

0

! S . Since S is reduced and Q

i

is coheren t,

there is a dense op en subset of S on whic h Q

i

is lo cally free, and w e ma y assume

that this true on all of S . Then E

i

( X =S ) is lo cally free, and its formation

comm utes with an y base c hange S

0

! S .

No w supp ose that ev ery �b er has Artin in v arian t at most i . Then b y

Lemma (5), F

2

H dg

( X

s

) � E

i

( s ) for ev ery s , and since F

2

H dg

and E

i

are lo cal
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direct factors and S is reduced and of �nite t yp e o v er k , F

2

H dg

( X =S ) H

D R

�

E

i

( X =S ). Since E

i

is horizon tal, the Ko daira-Sp encer mapping factors:

F

2

H dg

H

D R


 Gr

1

H dg

H

D R

( X =S )

_

@
@
@
@
@R

F

2

H dg

H

D R


 E

_

i

?
-




1

S=k

Since S ! F is unrami�ed, for eac h s in S the map H

1

( X

s

; 


1

X s =k

) ! m
s

= m
2

s

is surjectiv e, and hence the dimension of m
s

= m
2

s

is at most the dimension of

E

i

( X

s

=k ), whic h b y Lemma 5 is at most i � 1. This pro v es (1), and (2) follo ws,

since the Artin in v arian t �

0

is at most 10, b y Prop osition 7

T o pro v e (3), supp ose that h � 11 and that ev ery �b er has heigh t at least

h . If h = 11, ev ery �b er is sup ersingular, so b y (2), the dimension of S is at most

9 = 20 � 11. Supp ose that h � 10, and that the dimension of S is at least 20 � h .

Since 20 � h � 10, not all the p oin ts of S are sup ersingular, and in particular

w e ma y restrict to an op en set on whic h ev ery p oin t has �nite heigh t. Then

b y Lemma 5, ev ery E

h � 1 ; L

( X

s

=k ) has dimension h , and w e ma y assume that

E

h � 1 ; L

( X =S; L ) is lo cally free of rank h and that its formation comm utes with

base c hange. Since E

h � 1 ; L

is a horizon tal subspace of H

D R

( X =S ), its image

E

h � 1 ; L

in Gr

1

H dg

H

D R

( X =S ) is annihilated b y the Ko daira-Sp encer mapping

� . Then the image of � has dimension at most 20 � h , and hence S has dimension

at most 20 � h .

W e can assem ble what w e ha v e pro v ed as follo ws:

Theorem 15. F or 1 � h � 11 , F

h

� F is a lo c al c omplete interse ction of

c o dimension h � 1 and dimension 20 � h . F or 11 � h � 2 , the ide al of F

h

in

F

h � 1

is invertible and isomorphic to ( F

2

H dg

)

1 � p

h

. If ( X=k ; L ) is a p olarize d K3

surfac e of height at le ast h , then ( X=k ; L ) de�nes a singular p oint of F

h

if and

only if � ( X=k ; L ) < h .

Pr o of: W e sa w ab o v e, and it has long b een kno wn, that a v ersal deformation

of a p olarized K3 surface ( X=k ; L ) is a lo cal complete in tersection of dimension

19 (and is ev en smo oth unless � ( X=k ; L ) = 0). Since S

h

� S

1

is lo cally de�ned

b y h � 1 equations its dimension is ev erywhere at at least 20 � i . By Prop osi-

tion 14, the dimension is exactly 20 � i , so S

h

is a lo cal complete in tersection.

It follo ws that I

h

=I

h � 1

is in v ertible, and b y Prop osition 12, it is isomorphic to

E

h

=E

h � 1

, whic h is lo cally generated b y , and hence isomorphic to, ( F

2

H dg

)

1 � p

h

.

F urthermore, if ( X=k ; L ) has heigh t at least h , it de�nes a singular p oin t of F

h

if and only if the tangen t space of F

h

at ( X=k ; L ) has dimension larger than

the dimension 20 � h . By Corollary 13, this is true if and only if � < h .
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Corollary 16. Supp ose d is prime to p and 1 � h � 11 and ( X =S; L ) is an

obje ct of F ( S ) de�ning an � etale morphism S ! F . Then the singular lo cus

of S

h

c oincides with the set S

1 ;h � 1

. Its c o dimension is everywher e at le ast

22 � 2 h in S

h

, and S

h

is normal if h � 10 . On the other hand, S

11

is generic al ly

nonr e duc e d.

Pr o of: If d is prime to p , � ( X ; L ) = �

0

( X ), and so b y Theorem 15, the singular

set of S

h

consists exactly of S

1 ;h � 1

. If 1 � h � 10, Prop osition 14 sa ys that

this set has dimension at most h � 2. Th us the co dimension of the singular

set is at least 20 � h � ( h � 2) = 22 � 2 h � 2. Since S

h

is a lo cal complete

in tersection, it is normal b y Serre's criterion. The singular set of S

11

is S

1 ; 10

,

whic h b y Prop osition 7 is, set-theoretically , all of S

11

. Th us S

11

is generically

singular, hence generically nonreduced, since the ground �eld k is algebraically

closed.

The follo wing result giv es a more precise description of the generic singu-

larities of F

h

, whic h o ccur at those p oin ts at whic h � ( X ; L ) = � + 1.

Theorem 17. L et ( X =S; L ) b e a family of p olarize d K3 surfac es over S and

let s b e a k -r ational p oint of S at which the �b er X=k is sup ersingular and let

� := � ( X ; L ) . L et m b e the maximal ide al of s in S

�

, so that the ide al I of

F

� +1

in F

�

is c ontaine d in m
2

. Use any b asis of H

0

( X=k ; 


2

X =k

) to identify

F

2

H dg

H

D R

( X=k ) with k and let

�

0

: H

1

( X=k ; 


1

X =k

)

_

! m= m
2

b e the r esulting Ko dair a-Sp enc er mapping. Then the image of Q via the map

�

�

: S y m

2

( H

1

( X=k ; 


1

X =k

)

_

) ! S y m

2

( m= m
2

) ! m
2

= m
3

gener ates I (mo dulo m
3

).

Pr o of: W e ma y assume without loss of generalit y that ( X =S; L ) is v ersal.

Then s is a smo oth p oin t of S

�

and a singular p oin t of S

� +1

. W e ma y w ork

lo cally around s , and let S

0

denote an a�ne op en neigh b orho o d of s in S

�

,

whic h w e ma y assume is smo oth.

Lemma 18. L o c al ly on S

0

, if i � � , E

i

� H

D R

( X =S

0

) has a b asis annihilate d

by the Gauss-Manin c onne ction.

Pr o of: Let T b e the p -adic completion of a smo oth lifting of S

0

Then the

crystalline cohomology of X=T is a lifting H

T

of H

D R

( X =S

0

) to T , i.e. , a lo cally

free sheaf of O

T

-mo dules whose reduction mo dulo p is canonically isomorphic to

H

D R

( X =S

0

). Lo cally w e ma y also c ho ose a lifting F

T

of the absolute F rob enius

endomorphism of S

0

. Then the F rob enius endomorphism of F

X

induces a map

�

T

: F

�

T

H

T

! H

T

. Eac h p oin t s 2 S

0

( k ) admits a unique T eic hm • uller lifting

t 2 T ( W ) (compatible with F

T

), and t

�

(�

T

) b ecomes iden ti�ed with the action

of F rob enius � on the crystalline cohomology of X

s

=W .
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F or i � 1, the i

th

iterate �

i

T

: F

i �

T

H

T

! H

T

is de�ned in the ob vious

w a y . F or ev ery closed p oin t s with corresp onding T eic hm • uller p oin t t , t

�

�

T

is

divisible b y p

i � 1

, b y Prop osition (3), and it follo ws easily b y induction that

the same is true of �

i

T

. W rite �

i

T

:= p

1 � i

�

i;T

and let N

2

i

H

T

denote the image

of �

i;T

. F or eac h T eic hm • uller p oin t t 2 T ( W ), the image of �

�

( N

2

i

H

T

) in

�

�

H

T

is the image N

2

i

( t ) H

T ;t

of �

i

acting on the crystalline cohomology of

the corresp onding X

s

. By Lemma 5, the �b er E

i

( s ) iden ti�es with the image

of N

2

i

( t ) in the de Rham cohomology at s . Since E

i

( X =S

0

) is a lo cal direct

factor of H

D R

( X =S ), it follo ws that in fact E

i

( X =S

0

) = N

2

i

H

D R

( X =S

0

), i.e. ,

the image of the map �

i;S

0
: F

� i

S

H

D R

! H

D R

. Since the map �

i;T

is horizon tal,

the same is true of �

i;S

0
. But F

�

S

H

D R

has a basis of horizon tal sections, and

consequen tly so do es its image E

i

( X =S

0

) under �

i;S

0
.

Lo calizing as necessary , w e ma y c ho ose a basis ( x; y

i

; z ) for H

D R

( X =S

0

),

compatible with the Ho dge �ltration. W e ma y c ho ose z so that ( x j z ) = 1 and

( y

i

j z ) = 0 for all i . Then the expression for Q as an elemen t of S y m

2

( H

_

) is

Q =

X

i<j

( y

i

j y

j

) y

0

i

y

0

j

+

X

i

Q ( y

i

) y

0

i

2

+ x

0

z

0

+ Q ( z ) z

0

2

:

If � 2 E

� ; L

lifts a basis for E

� ; L

=E

� � 1 ; L

, w e can write � = f x +

P
g

i

y

i

+ hz , and

I is generated b y ( x j � ) = h . By Lemma 5, x is a basis for E

� ;L

( s ) =E

� � 1 ;L

( s ).

Hence � can b e c hosen so that � = x mo dulo m, i.e. , so that g

i

and h b elong

to the maximal ideal m and f is a unit. Since � and x are isotropic,

0 = Q ( � ) =

X

i<j

g

i

g

j

( y

i

j y

j

) +

X

i

g

2

i

Q ( y

i

) + f h + h

2

Q ( z ) :

Then

� f h =

X

i<j

g

i

g

j

( y

i

j y

j

) +

X

i

g

2

i

Q ( y

i

) + h

2

Q ( z ) 2 m
2

also generates I , and h 2 m
2

.

According to the previous lemma, w e can c ho ose � to b e horizon tal, so

that

�r ( x ) = d f 
 x +

X
dg

i


 y

i

+ g

i

r ( y

i

) + dh 
 z + h r ( z ) :

But g

i

and h annihilate 


1

S

0
=k

( s ), and since h 2 m
2

, dh maps to zero in 


1

S

0
=k

( s ).

Th us �

0

( y

0

j

) := y

0

j

( r ( x )) maps to the class of � dg

j

in 


1

S

0
=k

( s ), that is, to the

class of � g

j

in m= m
2

. Consequen tly

�

�

( Q ) =

X

i<j

g

i

g

j

( y

i

j y

j

) +

X

i

g

2

i

Q ( y

i

) = � f h (mo d m
3

)

Artin has ask ed if F

1

:= \F

i

is reduced. F or simplicit y w e restrict to the

case in whic h d is prime to p and p is o dd.
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Theorem 19. L et ( X =S; L ) b e a versal deformation of a p olarize d K3 surfac e

( X=k ; L ) of de gr e e d . If d is prime to p and p is o dd, then S

1

= S

11

, and in

p articular is generic al ly nonr e duc e d. If X is sup ersingular with �

0

= 10 , then

� etale lo c al ly in a neighb orho o d of the p oint of S c orr esp onding to X , � := S

11 ;r ed

is smo oth and O

S 11

�

=

O

�

[ T ] = ( T

2

) .

Pr o of: Let S

0

denote the op en subset of S

10

obtained b y omitting the set of su-

p ersingular p oin ts with Artin in v arian t �

0

at most 9. By Lemma 5, E

10

( X =S

0

)

is a lo cal direct factor of H

D R

( X =S

0

) of rank 10, and it is con tained in the

orthogonal complemen t H

pr im

of c

D R

( L ). Consequen tly its orthogonal com-

plemen t E

?

10

in H

pr im

is also a lo cal direct summand. In fact E

10

is, �b er b y

�b er, a maximal totally isotropic subspace of H

pr im

, hence E

10

= E

?

10

�b er b y

�b er, and hence E

10

= E

?

10

. No w o v er S

0

11

, E

11

is a totally isotropic subspace

con taining E

10

, hence con tained in E

?

10

, and hence E

10

= E

11

. Then it follo ws

from the de�nition of S

0

12

that S

0

12

= S

0

11

, and then that S

0

i

= S

0

11

for ev ery

i � 11. T o extend this result to all of S , w e use the fact that S

11

is a lo cal

complete in tersection of dimension 9, and hence has depth 9. The ideal I of

S

12

in S

11

v anishes outside the set of p oin ts with Artin in v arian t at most 9,

and hence outside a closed set of dimension at most 8. Consequen tly I = 0.

Con tin uing b y induction, w e conclude that S

1

= S

11

.

In fact, it is easy and instructiv e to calculate S

0

11

explicitly . Let us w ork

lo cally around a p oin t s corresp onding to a sup ersingular K3 surface with

�

0

= 10. Then S

0

10

is smo oth, and E

i

is a lo cal direct factor of H

D R

( X =S

10

)

for i � 10. On S

10

, E

9

� F

1

H dg

H

D R

, and E

9

is horizon tal and totally isotropic.

F urthermore, E

9

� E

10

� E

?

9 ; L

, and all are lo cal direct factors of H

D R

. Let

V := E

?

9 ; L

=E

9

, a lo cally free sheaf of rank 3. The induced quadratic form

on V is nondegenerate, and b y Lemma 5, the image of F

2

H dg

H

D R

in V is a

lo cal direct factor of rank one and is isotropic. In some � etale neigh b orho o d

of s there exists a basis ( x; y ; z ) for V compatible with the Ho dge �ltration

and suc h that ( x j x ) = ( x j y ) = ( z j z ) = 0 and ( x j z ) = Q ( y ) = 1. Let � b e a

basis for E

10

=E

9

, and write � = f x + g y + hz , with f ; g ; h sections of O

S 10
.

A t eac h p oin t of S

11

, F

2

H dg

H

D R

� E

10

, so that f is a unit in a neigh b orho o d

of s . Changing � if necessary , w e ma y assume that f = 1. Then since � is

isotropic, h = � g

2

, and h generates the ideal of S

11

. Since E

10

is horizon tal,

w e can write r ( x ) + dg 
 y = � � = � x mo dulo g , so that r ( x ) = � dg 
 y

mo dulo F

1

H dg

H

D R

and g . Then � ( y ) = ( r ( x ) j y ) = � dg mo dulo g . Since �

induces an isomorphism H

1

( X ; 


1

X =k

) =E

9

�

=




1

S 10 =k

( s ), it follo ws that dg ( s ) is

not zero in 


1

S 10 =k

( s ). Th us the closed subsc heme S

0 0

of S

10

de�ned b y g is

smo oth at s , and S

11

is de�ned b y g

2

. In O

S 11
, g

2

= 0, and � = x + g y . Hence

F

�

( � ) = F

�

( x ) + g

p

y = F

�

( x ), whic h maps to zero in Gr

1

H dg

and hence is killed

b y 
 . This sho ws again that S

12

= S

11

.

Remark 20. If X =S is a smo oth prop er morphism of sc hemes in c haracteristic

p , in general it is not clear ho w to de�ne the maximal subsc heme of S o v er
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whic h X is sup ersingular. This di�cult y is illuminated b y the fact that S

1

is

not reduced. Esp ecially , note that if S is a v ersal deformation of a sup ersingular

K3 surface X with �

0

= 10, then N S ( X ) prolongs o v er S

11 ;r ed

, not to all of

S

11

.

Remark 21. If ( X =S; L ) is a v ersal family of p olarized K3 surfaces, the tan-

gen t and cotangen t spaces of S inherit from the quadratic form on H

1

(


1

X =S

)

quadratic forms with v alues in ( F

2

H dg

)


 2

; if d is prime to p and p is o dd, these

forms are nondegenerate. F urthermore, the conormal shea v es to eac h S

i

are

totally isotropic, as are the cotangen t spaces to eac h S

1 ;� 0
. It is this fact that

underlies the pro of of Theorem 17, and w e w onder if it has further depth.
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