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Abstract

Let Y/S be a morphism of crystalline prisms, i.e., a p-torsion free p-
adic formal schemes endowed with a Frobenius lift, and let Y /S denote
its reduction modulo p. We show that the category of crystals on the
prismatic site of Y /S is equivalent to the category of Oy-modules with
integrable and quasi-nilpotent p-connection and that the cohomology of
such a crystal is computed by the associated p-de Rham complex. If X
is a closed subscheme of Y, smooth over S, then the prismatic envelope

x(Y) of X in Y admits such a p-connection, and the category of pris-
matic crystals on X/S is equivalent to the category of O X(y)—modules
with compatible p-connection, and cohomology is again computed by p-
de Rham complexes. Our main tools are a detailed study of prismatic
envelopes and a formal smoothness property for Y/S when working with
prisms in the p-completely flat topology. We also explain how earlier work
by several authors relating Higgs fields, p-connections, and connections
can be placed in the prismatic context.

Introduction

This article was inspired by a conversation with Bhargav Bhatt in the fall of
2019 in which he explained that, if X/k is a smooth scheme over a perfect field
k which admits a formal lifting Y/W along with its Frobenius endomorphism,
then the prismatic cohomology of X relative to the prismatic base (W, (p)) can
be computed as the hypercohomology of the “p-de Rham complex” (€ W pd).
In a further email exchange, Bhatt agreed with my speculation that, in this
situation, the category of prismatic crystals on X/W should be equivalent to
the category of Oy-modules with integrable and quasi-nilpotent p-connection.
Unfortunately, the foundational manuscript on prismatic cohomology [7] neither
mentions nor proves these statements, which resonate with previous work on
the Cartier transform due to several authors, for example in [24], [26], [25],
and [28]. Our purpose here is to confirm these statements and to elucidate
the relations between the prismatic theory and the afore-mentioned previous
work. We discuss only crystalline prisms, omitting what is undoubtedly the
most interesting aspect of the theory.



Although striking, the comparison between prismatic and p-de Rham coho-
mology described above is not widely applicable, since Frobenius liftings rarely
exist globally. However, one can often embed X/k as a closed subscheme of a
smooth Y/W which does admit a Frobenius lift and then hope to endow the
prismatic envelope of X in Y with a p-de Rham complex which calculates the
prismatic cohomology of X/W. This is indeed possible and leads us to recon-
sider the old-fashioned idea that the geometry and cohomology of a general X
can be understood by studying its tubular neighborhoods in a smooth Y. For
example, Hartshorne [12] used this method to define the de Rham cohomology
of a possibly singular variety X over a field k of characteristic zero by showing
that de Rham cohomology of the formal completion of Y along X is indepen-
dent of the choice of Y. Similarly, if X/k is a scheme over a perfect field k of
characteristic p, one can compute (and even define) the crystalline cohomology
of X/W by taking the de Rham complex of the divided power envelope of X
in a smooth Y/W [3, 14, [6]. This approach works well only if X/k is smooth;
the pathologies of crystalline cohomology for singular schemes can be avoided
(at the expense of losing its integral structure) by replacing the divided power
envelope by the open p-adic analytic tube (of radius < 1) of X in Y [22] [3].
A more sophisticated foundation for each of these theories is provided by the
infinitesimal topos [II], [8], the crystalline topos [I1} B], and the convergent
topos [23], respectively.

We shall discuss an analogous approach for prismatic cohomology. Let S be
Spf W, or, more generally a “formal ¢-scheme,” i.e., a p-torsion free p-adic for-
mal scheme equipped with a lift ¢ of the absolute Frobenius morphism of S, its
reduction modulo p. Let X/S be a smooth scheme, embedded in a p-completely
smooth formal scheme Y/S which is also endowed with a Frobenius lift. We
shall see in Proposition that the structure sheaf of the“prismatic envelope”

x(Y) of X inY, viewed as a sheaf of Oy-modules, is endowed with a canonical
quasi-nilpotent p-connection, and in Theorem that the derived image of
the associated p-de Rham complex is functorial in X. These results are enough
to establish the existence of a functorial cohomology theory based on p-de Rham
cohomology, without relying on the formalism of Grothendieck topologies. Since
that formalism does have important advantages, we go on in Theorem to
show that these complexes do calculate the cohomology of the structure sheaf
of the prismatic topos of X/S. Similar results with coefficients: a crystal E
on the prismatic site of X/S can be evaluated on x(Y), the resulting sheaf
of Oy-modules has a quasi-nilpotent p-connection which is compatible with the
p-connection on  x(Y), and the resulting p-de Rham complex calculates the
cohomology of E. When S is perfect these results can be deduced from Shiho’s
theory of (what we call) the “F-transform” and the usual crystalline theory.

Although this may all sound comfortable and reassuring to old-timers, there
are new technical difficulties. First of all, an explicit description of prismatic
envelopes seems difficult to come by, even locally with the aid of coordinates.
In [7], these envelopes are constructed using universal constructions in the cat-
egory of d-rings, but, at least to this author, the geometric structure of these
envelopes remains obscure. We try to address this difficulty by showing, in The-



orem [2.19] that crystalline prismatic envelopes can be constructed as a limit of a
sequence of p-adic dilatations, which were already used in [22], [25], and [28]. A
second difficulty arises from the fact that morphisms in the prismatic site must
be compatible with the chosen Frobenius lifting. This makes the task of under-
standing coverings of the final object of the prismatic topos more complicated,
an issue we explore in The coverings constructed in the foundational paper
[7], which have the advantage of working in many topologies, seem to be too
unwieldy to enable us to establish the form of the Poincaré lemma we need. It
turns out that, if one works in the p-completely flat topology, such coverings can
be constructed by simply taking prismatic envelopes of embeddings in formally
smooth formal schemes endowed with a Frobenius lift. This fact, a generaliza-
tion of a technique due to Morrow and Tsuji [20], is based on a (p-completely
flat) local lifting property for such formal schemes explained in Theorem [1.12]
and is perhaps the key geometric insight which enables our method to work. ||

The use of extremely large “p-completely faithfully flat coverings” seems un-
avoidable. We will therefore of necessity be considering highly non-noetherian
formal schemes, requiring some modifications of usual notions and techniques.
We will follow the general methods suggested in [7] and [9], which we review,
with some additional details and examples, in the appendix §7] Since we shall
be working exclusively with p-adic formal schemes, the notion of p-complete flat-
ness becomes considerably simpler than the more general notion of I-complete
flatness, and we shall not need to consider derived completeness.

Our manuscript begins with a general discussion of Frobenius liftings, using
standard deformation theory techniques, rather than the formalism of d-rings.
The main outtake is that the category of formal schemes endowed with a Frobe-
nius lift is quite rigid, in that it is difficult to find morphisms which are compat-
ible with the Frobenius lifts, even locally in the Zariski or étale topology. The
most important positive result in this section is Theorem which shows that
this difficulty can be overcome by working in the p-completely flat topology.

The geometric heart of our work occurs in section §2 where we discuss var-
ious kinds of p-adic tubular neighborhoods. In decreasing order of size, these
are formal completions, divided power envelopes, p-adic dilatations, and pris-
matic envelopes. We attempt to describe these, and especially the last two, as
explicitly as possible. Let Y be a formal ¢-scheme let Y its reduction modulo
p. One key fact is that the scheme theoretic image Fy=(Y) of the Frobenius
endomorphism of Y is the smallest subscheme of Y whose ideal has divided
powers . Another is that if X is regularly immersed in Y, then the map
~ x(Y) — X is faithfully flat (but not of finite presentation) (see Theorem.
We also discuss some useful generalities about the behaviour of prismatic en-
velopes. One phenomenon that remains somewhat mysterious is the extent to
which prismatic neighborhoods, and morphisms between them, depend on the
Frobenius lift; see for example, Proposition [2.40| and Example

Section §3|is the “cohomological” heart of the paper. We begin with a review

1T learned in June 2021 at a conference in honor of Luc Illusie that this construction of
coverings was independently discovered by Yichao Tian in a closely related work [27].



of connections and p-connections and their corresponding complexes. Key to
crystalline cohomology is the fact that divided power envelopes carry natural
connections, and we show that dilatations and prismatic envelopes carry natu-
ral p-connections. Then we formulate and prove Theorem [3.11] the prismatic
Poincaré lemma, which shows that the p-de Rham complex of a prismatic enve-
lope is independent of the choice of embedding, up to quasi-isomorphism. This
also works for the p-de Rham complex of a module with p-connection, and we
show that the category of these is, up to equivalence, also independent of the
embedding. The key computation is already revealed by the case of a point,
say X = Speck, with liftings Y = Spf W and Z = Spf Wz]", with ¢(x) = «P.
Then the prismatic neighborhood of X in Z is the formal spectrum of the com-
pleted PD-algebra W (t)", where 2 = pt. Then d't = dx, so p-de Rham complex
of x(Z) identified with the de Rham complex of the PD-algebra, and the
Poincaré lemma follows.

Section §4] begins our effort to relate the prismatic theory to previous work.
We emphasize what we call the “F-transform,” which was used by many authors,
beginning perhaps with Berthelot’s ideas in [4], and then by others, including
[10], [24], [25], [26], [28]. We focus on Shiho’s work [26] showing how a relative
Frobenius lift F': Y — Y allows one to define an equivalence from the category
of modules with quasi-nilpotent p-connection on Y’ to the category of modules
with quasi-nilpotent connection on Y. After reviewing Shiho’s work, we prove
Theorem showing that the de Rham complex of the F-transform of a module
with p-connection (E’,V’) is quasi-isomorphic to the p-de Rham complex of
(E", V). Theorem show that that the F-transform takes prismatic envelopes
to divided power envelopes. We explain in Theorem [I.11] a prismatic analog of
the construction of the inverse Cartier transform [24] §2.4] [25] §1.5] and [28]:
the prismatic envelope (Y xgY”) of the graph of F' serves as a kernel for F-
transform. In the prismatic context, this construction also works in the derived
sense, which is not the case for the Cartier transform. Subsection § [.3]discusses
the relationship between the p-curvature ¢ of the F-transform of a module with
p-connection (E’, V') and the Higgs field 6 obtained by reducing V' modulo
p. One might hope that 1 is the Frobenius pull-back of 6§, but this is only
approximately true, as the explicit formula given in Theorem shows. The
computation is somewhat complicated, and this result is not used elsewhere in
this manuscript.

Section §f prepares the way for the study of crystals on the prismatic topos.
We adapt the traditional approach, originally due to Grothendieck, Berthelot,
and Illusie. We explain and compare the groupoids, stratifications, and rings
of differential operators that control the classical crystalline theory, the pris-
matic theory, and the intermediate case considered by Shiho. Finally we dis-
cuss linearization of prismatic differential operators. Our approach relies on
a review and recasting of the theory of stratifications and groupoid actions in
appendix

The last section is devoted to the prismatic site, its crystals, and cohomol-
ogy. The key point is that, if one works in the p-completely flat topology, the
prismatic envelope of a scheme X in a (completely) smooth p-adic formal scheme



with a Frobenius lift forms a covering of the final object in the prismatic topos
of X. Using the prismatic Poincaré lemma, we show that the linearization of
the p-de Rham complex of this envelope provides an acyclic resolution of the
prismatic structure sheaf of X. A similar construction works for crystals. We
should mention that technical difficulties seem to require the use of an auxilliary
site, consisting of “small” prisms (see Definition . We also describe a vari-
ation of the prismatic site (based on what we call “ ¢-prisms” or “PD-prisms”),
which was inspired by work of Oyama and Xu and which gives a geometric (site-
theoretic) interpretation of the F-transform. It shows that, if S is a crystalline
prism and X/S is smooth, then the prismatic topos of the Frobenius pullback
X'’ of X is equivalent to the PD-prismatic topos of X/S, which is very closely
related to the usual (big) crystalline topos. This gives a new “pure thought”
proof of Shiho’s theorem. E| We finish with a few applications, which are mostly
illustrations of how our results can be used to give simple and explicit proofs
of results that are already stated in [7]. These include the comparison between
prismatic and crystalline cohomology, the fact that prismatic Frobenius is an
isogeny, and the relationship between the cotangent complex and prismatic co-
homology.

Throughout this paper we fix a perfect field k£ and let W be its ring of Witt
vectors. If Y/W is a scheme or formal scheme and n is a natural number, we
denote by Y,, the subscheme (or formal subscheme) defined by p™; we may also
write Y for Y;. We remind the reader again that we will only be studying
“crystalline” prisms, in which the invertible ideal I in [7, Definition 3.2] is
generated by p. Hence the prisms we consider will necessarily be p-torsion free.
In this case the data of a d-structure is equivalent to that of a Frobenius lift,
and we shall therefore emphasize the latter.

We end with two appendices, which the reader is invited to consult as the
need arises. The first addesses the technicalities we face when working with
p-adic sheaves and modules without noetherian hypotheses. The point of view
we adopt follows that of Drinfeld in [9], where we essentially work with inverse
systems of p-torsion modules. For example, the category of p-adically sepa-
rated and complete abelian groups is not abelian, but it does form an exact
subcategory of the category of such systems, which is abelian. Localization
presents another problem: for example, if A is a p-adically complete ring and
a is an element of A then the p-adic completion of the localization of A by
a may not be flat. This is overcome by the notion of “p-complete flatness,”
which for us just means p-torsion freeness and flatness modulo each power of p.
There is a concomitant notion of “p-complete quasi-coherence,” in the Zariski
and p-completely flat topologies. We end with a discussion of “very regular”
sequences, which we found to be useful in our description of dilatations and
prismatic envelopes.

The second appendix revisits the notions of groupoids, stratifications, and
crystals. We define the notion of the action of a groupoid (or even a category) on

2Daxin Xu has recently informed me that some similar constructions have been carried by
Kimihiko Li in [19].



an object in a fibered category and explain the relationshp between groupoid
actions, stratifications, differential operators, and crystals. We also explain
some simple-looking tautologies, including linearization of differential operators,
which are nevertheless useful in some of the calculations in our discussions of
prismatic stratifications.

Enormous thanks go to Bhargav Bhatt, for the initial conversatin which in-
spired this work, for his encouragement to carry it out, and for his frequent pa-
tient technical advice that helped clarify some of my initial difficulties. Thanks
also go to Matthew Morrow, to Atsuki Shiho, to Ahmed Abbes, and especially
to Luc Hlusie, for additional advice and enlightenment.

1 Frobenius liftings

We begin by reviewing some basic deformation theory of Frobenius lifts that
will be useful in the sequel.

1.1 Definitions and preliminaries

Definition 1.1. A formal ¢-scheme is a p-torsion free p-adic formal scheme
Y endowed with an endomorphism ¢y lifting the absolute Frobenius endomor-
phisms of the subscheme of definition Y7 defined by p. A morphism of formal
¢-schemes is a morphism of formal schemes compatible with the Frobenius lifts.

If Y = Spf B is an affine formal ¢-scheme, we may write ¢y or just ¢ instead
of ¢§, for the endomorphism of B corresponding to ¢y . If b € B, then necessarily
@(b) = bP 4 pd(b) for some §(b) € B, unique since B is p-torsion free. Thus one
finds an endomorphism § of B satisfying some simple axioms, which in turn
imply that b — bP + pd(b) is an endomorphism of B, necessarily a Frobenius
lift. In [7], the endomorphism § plays the leading role, but here we shall work
primarily with ¢. In Definition 3.2 of [7], a crystalline prism is defined to be
a p-torsion free p-adically complete ring endowed with a Frobenius lift, i.e., an
affine ¢-scheme. If one allows prisms to be non-affine, our notion of ¢-schemes
is thus equivalent to their notion of crystalline prisms.

We shall not systematically investigate the category of ¢-schemes, and in
particular, if we say that a morphism of ¢-schemes has some property typically
associated to formal schemes, this will just mean that the underlying morphism
of formal schemes has that property.

If f: Y — S is a morphism of ¢-schemes, we can form the relative Frobenius
diagram:

™

Py/s v Ly

Y

| ! (1)




where the square is Cartesian and the composition along the top is the given
Frobenius lifting ¢y of Y. Often we will work with a fixed ¢-scheme S and the
category of morphisms of ¢-schemes Y — S, which we shall call S-¢-schemes.

Example 1.2. If (S, ¢s) = Spec(R, ¢) is an affine ¢-scheme and I is an index
set,

Al = SpfR[{z;:icl}]
AL = APN=SpfR[{z;;:i€l,jeN}].

Define morphisms:

¢ AL AL 0 ¢ rigmig) =) k(i) @l + pija)
r: Aé — Al rﬁ(z rix;) = Zrixw .

The map r has the following universal property. If (T, ¢r) is any formal S-
¢-scheme and t: T — A’ is a morphism of formal schemes, there is a unique
morphism of S-¢-schemes ty: (T, ¢) — (Aé)7 ¢), such that r oty = t. Namely,

tg): {z;;} = T(T, Or) is given by the inductively defined formula

(o) = (), t(wign) =" (O (@ig)) — ((wiy))")

This construction can be localized and globalized. For example, suppose
I ={0,...,N}. Then for each i € I, the special affine open subset D(z;) of
Spf A(];] is invariant under ¢, with

P(z0) =25 (L —puiy +pPaip — ).

These formal ¢-schemes can be glued to form a formal ¢-scheme Pg with a
morphism to PV satisfying the analogous universal property.

More generally, as observed in [T, 2.7], the forgetful functor (7', ¢7) — T from
the category of formal ¢-schemes to the category of p-torsion free formal schemes
has a left adjoint X +— (X4, ). For example, if X is affine, say X = Spf A,
write A as a quotient of some B := R[z; : i € I|” with kernel J, let ¢ be the
endomorphism of By := R[z;; : ¢ € I,j € J|" defined as above, and let Jy4 be
the smallest ideal of this ring containing the image of J and which is invariant
under ¢. Then B,/ Jy inherits a Frobenius lift. The set of p-torsion elements is
a ¢-invariant ideal, and dividing by the closure of this ideal yields the desired
universal construction. Let us remark that if ¥ — Y is étale, then one checks
easily that }74) ~Y Xy Yy, and in particular, that 37,1) — Y, is again étale. ( See
also Joyal’s interpretation [16] of the Witt vector functor.) We shall use this in
Proposition [6.5 to construct coverings of the final object in the prismatic topos,
generalizing a construction of Koshikawa (see [7, 4.18]).

Remark 1.3. The category of formal ¢-schemes admits products and fiber

products, but some care about p-torsion is required. First note that the inclu-
sion functor from the category of p-adic formal schemes to its full subcategory



of p-torsion free p-adic formal schemes admits a right adjoint T' — Tis. Namely,
the closure of the sheaf of p-torsion sections of Or forms an ideal Is Whose
formation is compatible with localization, and thus defines a closed formal sub-
scheme Ti¢ of T which is in fact p-torsion free. (see Corollary , If T and T’
are p-torsion free p-adic formal schemes, then their product T' x T" (computed
in the category of p-adic formal schemes) is p-torsion free, but if 7" — S and
T’ — S are morphisms of p-torsion free p-adic formal schemes, the fiber product
T x s T" might not be. However, (T xgT")¢s represents the fiber product in the
category of torsion-free p-adic formal schemes. The computation of the p-torsion
in such a product may not be obvious, but if T — S or 7" — S is p-completely
flat, then there is no such torsion. To make the analogous constructions in the
category of ¢-schemes, first observe that if T'— S and 7 — S are morphisms
of formal ¢-schemes, then the product T x T” and fiber product T x g T” inherit
Frobenius lifts, although the latter may not be p-torsion free. However, observe
also that if 7" is a p-adic formal scheme endowed with a Frobenius lift ¢, then
the ideal of p-torsion elements and its closure are invariant under ¢, and hence
the closed formal subscheme T}; inherits a formal ¢-scheme structure.

1.2 ¢-schemes and ¢-aligned subschemes

Let Y be a formal ¢-scheme and let X be a closed subschema of Y;. By a “lifting
of X toY,, we mean a closed subscheme X,, of Y,, which is flat over Z/p"Z such
that X,, NY7 = X;. Our first goal is to study the compatibility between liftings
of X to subschemes of Y and the endomorphism ¢.
Definition 1.4. Let Y be a formal ¢-scheme and let X be a closed subscheme
of Y1. We say that a lifting X,, CY,, is ¢,-aligned if ¢ maps X,, to itself, and
we say that X is ¢,-alignable if it admits a ¢,-aligned lifting. We say X is
¢-alignable if X admits a lifting to a formal ¢-scheme contained in Y.

We begin with a review of some elementary deformation theory. The first
result is standard and we do not review its proof.
Proposition 1.5. Let Y be a p-torsion free p-adic formal scheme and let i,,: X,, —
Y., be a closed immersion, with X,, flat over Z/p"Z. Let I, denote the ideal of
X, inY, and J, the ideal of X,, in Y, 1. Suppose that i,11: Xpy1 — Ynq1 Is
a lifting of i,,, defined by an ideal Iy, C Oy, _,.

1. There is a natural isomorphism (,: J,,/I,+1 = Ox, given by:

Cn Jn/In-H :(In-i-l +pn(9yn+1)/[n+1 = pnOYnJrl/(pnOYn+1 n In-‘rl)

gpnOYn-H /pn-[n+1 ﬁ OXI

2. If 2n+11 X'nﬂ — Y41 is another lifting of i,, with ideal fnﬂ C Oy, .,



let n € Nx, /v, :== Hom(I1/I},Ox,) be defined by the following diagram:

In-i—l - Jn/In-‘rl
m Cn

L2 "1 oy,

Then in fact B
Lnyr={z+[p"Inm(z) 1 @ € I},
where : I,,11 — I1/I} is the projection.
3. If n € Nx, v,, let Iny1:={z + [p"|yn(z) : x € I,11}. Then I, defines
a lifting of ip41.

4. The construction just described makes the set of liftings of i,, to Y,,+1 into
a pseudo-torsor under Ny, )y, - O

The next result is surely also standard, but we explain its proof nonetheless.

Proposition 1.6. Let g: Y — Y’ be a morphism of p-torsion free formal
schemes, and for each n € N, let g,,: Y;, = Y, the induced morphism. Suppose
we are given a commutative diagram

Xn Z n Yn

fn 9n

-/

7
!/ n !/
Xn Yn7

where i,, and i!, are closed immersions, defined by ideals I,, and I/, respectively,
and where X,, and X], are flat over Z/p"Z. Let J, denote the ideal of X,, in
Yot1-

1. If we are given lifts X, ;1 and X, of X,, and X],, there is a unique
homomorphism e fitting in the commutative diagram below in which the
rightmost vertical arrow is induced by g*. Furthermore, g maps X, to
X ., if and only if € vanishes.

ﬂ'l

/17 <

! !/
In+1 > Jn
|
|
|

€

C
f*(OXl) ~ 9*(Jn/1n+l) -~ g*(Jn)

10



2. Assume that we are given lifts X,,11, Xp41 of X, and X/, 1, X!\, | of X},
differing by n and 7’ respectively, in the sense of Proposition Let €
(resp. €) be the obstruction defined in (1) for the pair X1, X, (resp.

X1, X, 1. Then

e=c+ ffon — fun)og",
where g*: I} /I}* — I, /I? is the homomorphism induced by g.

3. There exist liftings X, 1 and X’,’H_l compatible with ¢ if and only if the
image of ¢ in the quotient of Hom(I]/I'3, f.(Ox,) by the images of
0 o s Hom(I/I'Y, Oxy) — Hom(;/I'7, f.(Ox,))
and
0> fo(n) o g*: Hom(11/If, Ox)) = Hom(I}/I'}, f.(Ox,))
vanishes.

4. Assume that we are given lifts X, 11, Xn—i—l of X, and X, 1, )N(T’LH of X],
and that g,41 maps X,41 to X, . Then g, maps X, 1 to X if
and only if the diagram

2 g°
L/ — f(L/17)

n f«(m)

f
Ox; — £.(0x)

commutes.

Proof. For (1), observe that gi 41 takes J), to J,, and hence induces the rightmost
arrow in the diagram. The composed map I}, ; — f«(Ox, factors through the
surjection 7 because I, ; ® Ox = I] ® Ox, and thus we get the unique arrow
€ making the diagram commute. Now g, 41 maps X, 41 to X/, if and only if
g* takes I} | to I,y1, i.e., if and only if e = 0. Note also that if 2’ € I}, 4,
then [p”]e(n’(2')) € J,, and its image under ¢ agrees with that of (g (). Thus
G @) — e (@) € Lsr.

To prove (2), suppose that &’ € I, and write 2’ = 2’ + [p"]n'n’(2") with
v’ €I 4. Let x := g*(2') — [p"]e(n’(2')) € L11. Then

+ [p"]e(n’ (") + [p")f (' (2))

11



Note that w(z) = 7w(¢*(z")) = f*(7'(2') = f*(7'(¥')). Now let & := z +

[p"nm(z) € 1,41 and rewrite the above equation as:

= C(p@) — [p"Inf* (7' (&) + [p"]e(x’ (&) + "] S ('’ ("))
— _n(f*(ﬂl(iﬁ/)))‘FE(ﬂ'/(l'/))+fﬁ(77/77/ LE/))

This proves (2), and statements (3) and (4) are immediate consequences. O

Corollary 1.7. Let Y be a formal ¢-scheme and let X,, 11 be a closed subscheme
of Y, 11, flat over Z/p"*'Z. Suppose that X, is ¢,-aligned, and let € be the
element of Hom(I1/I?, Fx.(Ox,)) defined as in (1) of Proposition Then
the obstruction to finding a ¢,41-aligned lifting of X,, is the image of € in the
cokernel of the natural map

Hom(I,/I?,0x) — Hom(I,/I?, Fx,.(Ox)),
which, if X7 is regularly embedded in Y7, can be identified with the map
NX1/Y1 — FXl*F;(l (NX1/Y1)

Proof. This follows from (3) of Proposition and the fact that ¢*: I/I? —
I /13 is the zero map, since ¢*(Ix;) C I% . If X; is regularly embedded in Y7,
then Iy /I7 is locally free of finite rank, so Nx, /vy, := Hom(I,1},Ox) shares
this property, and

Hom(I1 /17, Fx,+(Ox)) = Fx,.Fx,(Nx, /v, )-
O

Example 1.8. Let Y := Spf W{z,y|", with ¢(x) = 2P 4+ py and ¢(y) = yP, and
let X CY be defined by (p,z). Then X is not ¢o-alignable, i.e., there is no lift
of X to Y5 which is invariant under ¢. Indeed, any such lift would be defined
by (p?,x + pf) for some f such that ¢(z + pf) € (p?,z + pf). Say ¢(z + pf) =
(x + pf)g (mod p?), with g € W{z,y]". Then 2P + py + péd(f) = (z + pf)g
(mod p?), and so g = zP~! (mod p). Write g = 2P~! + ph, and deduce that
y+ ¢(f) = ha +2P~1f (mod p). But this implies that y + f? =0 (mod (z, p),
which is impossible. In fact, the element e described in Corollary is the
map 11/112 — F*(Ox) taking the class of x to the class of y, and its image in
F.F*(Nx:/y;)/Nx:/y; is nonzero.

Example 1.9. Let us also note that if Y/W is a flat formal scheme over W
endowed with two Frobenius lifts ¢ and ¢’, then the diagonal embedding of Y;
in (Y xY,¢ x ¢), may not be ¢s-alignable. For example, let Y = Spf W[x]
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with ¢(x) = 2P and ¢’(z) = 2 + pz. Then the ideal of the diagonal is generated
byé:=1®2x—2®1, and (¢,¢') sends  ® 1 to 2P ® 1 and & to

p—1
1®xp+1®px—mp®1:§<2xi®xpi) +pR .

i=1

Thus € is the map taking § to x, which lies in F,F*(Ny, /v, xy,) but not in
Ny, /vixvi-

In this next corollary we draw some conclusions about Frobenius lifts and
¢-alignment. In the first part, we “decouple” the relationship between X,, and
X!, in that we don’t require that X/ be obtained by base change from X,,.

Corollary 1.10. Let Y/S be a morphism formal ¢-schemes, where Sy is regular,
and let X be a reduced closed subscheme of Yy. Let X| — Y/ be the pullback
of X1 — Y along the Frobenius endomorphism of S and let g: Y — Y be the
map induced by ¢.

1. For every n, there is at most one lift X! of X| in'Y,) for which there exist
some lift X,, of X such that g, maps X,, to X},.

2. If X; C Y1 is locally ¢,-alignable, then it is ¢,-alignable. If X, is locally
¢-alignable, then it admits a lifting as a formal ¢-subscheme of Y.

Proof. Suppose that X, X,, C Y, and X;l,)N(,’L CY, are flat liftings of X; and
X1 respectively and that g takes X, to X/ and X, to X;l We prove that
X! = X;n by induction on m. Assuming that this is true for m, let n (resp.
n') measure the difference between X, 1 and Xpns1 (resp. between X, and
Xjnﬂ). Then we have a diagram as in (4) of Proposition But the top
horizontal arrow in this diagram is the zero map, as we have seen in the proof
of the previous corollary, and the bottom arrow is injective, since X is reduced.
It follows that the vertical map 7’ also vanishes, and hence that X/, = X/ ;.

Before proving (2), let us translate (1) into a uniqueness statement for ¢,,-
aligned liftings. Suppose that X,, and X,, are ¢,-aligned liftings of X; in Y.
Then (1) implies that their Frobenius pullbacks X’ and X/ in Y, agree. Since
Sy is regular, the Frobenius lifting of S is p-completely flat, hence Y,, — Y, is
faithfully flat, and this implies that X,, and X,, also agree. If X, is locally ¢,,-
alignable, it follows that local ¢,-aligned liftings agree on overlaps and hence
patch together to a global aligned lifting. The statement for formal schemes
follows immediately. O

We note that in statement (1) of Corollary the lifting of X, is not
unique. To the contrary, if ¢ maps X, 41 to X/, then it also takes Xnﬂ to
X 1 for every lifting Xn+1 of X,,. Indeed, if g maps X, to X, 41, then since
f* in the diagram in (4) of Proposition vanishes, the diagram commutes
with ' = 0 and any 7. For an explicit example, let Y := Spf W[x]", and let
Y’ := Spf W[2'), with ¢*(2/) = #P, with X and X’ defined by (z,p) and (z/,p)
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respectively. Suppose X} is defined by (z/, p?) and X is defined by (Z, p?), with
Z:=x +pf for some f € Wiz]". Then

g2’y = —p"f? (mod Z)

and hence belongs to (Z, p?) for every f. Note, however, that further lifts may
not be possible. For example, if X5 is defined by (z + p, p?), there is no Wpi1-
lift of X5 in Y,41 which maps to X},. Indeed, such a lift would be defined by
(pP*1, %) with & = 2 + pf with f = 1 (mod p?). Then f? = 1 (mod p?) and
g*(x") = —pP fP and so does not belong to (Z,pPT1).

The following result shows that morphisms of ¢-schemes are remarkably
rigid.
Proposition 1.11. Let T/S and Y/S be formal ¢-schemes over a formal ¢-
scheme S. Assume that Ty is reduced. Then a morphism of ¢-schemes f: T/S —
Y/S is uniquely determined by its restriction to T;.

Proof. 1t is enough to prove that for each n > 1, the restriction of f to 7,41 is
uniquely determined by its restriction to T),. Suppose then that f: 7,11 — Y
is a morphism compatible with the ¢-structures on 7T}, and Y and that fn =
fn:Tyn —Y,. Then f}i — fF is given by a homomorphism

0: f;Q%//S —p"Or,,, = Or,.
Since f and f are both compatible with the Frobenius liftings, we have:

droff = fod

Pho(fi+0) = (fi+0)ogh
Phofitdhod = fiodh +do¢}
$hod = Jooy

Here ¢35 is the map Q%/l /s Q%,l /s induced by the Frobenius endomorphism

of Y1, hence vanishes. On the other hand, since T} is reduced, F%l is injective,
and it follows that 6 = 0. O

The following result is inspired by [20, 3.4], which it generalizes. It will
play a key role in the construction of coverings of the final object in the
prismatic topos and hence in the computation of prismatic cohomology.

Theorem 1.12. Let (Y, ¢y) — (S, ¢s) and (T, ¢r) — (S, ¢s) be morphisms of
formal ¢-schemes, where the underlying morphism Y/S is p-completely smooth.

1. Suppose that n > 0 and that we are given an S-morphism f,: T, — Y
which is compatible with the Frobenius liftings. Then there exists a p-
completely faithfully flat morphism of ¢-schemes u: (T, ¢5) — (T, ¢r)

and a morphism of S-¢-schemes f : (T, ¢5) — (Y, ¢y ) whose restriction
to T,, agrees with the map f, o u,.
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2. In the situation of statement (1), suppose in addition that i: Z — T
is a closed immersion of ¢-schemes and that we are given a morphism
g: Z — Y which is compatible with the Frobenius lifts and such that
fn 0ty = gn. Then there exists a commutative diagram of ¢-schemes

g

Z T
v U
,l: ~
A T
g

Y

such that fn = fn o uy,. and the morphisms u and v are p-completely
faithfully flat. (Note: the square in this diagram may not be Cartesian.)

Proof. For statement (1), we first show that, after a suitable cover T — T, we
can find a lift an of f,,. Replacing T by an open affine cover, which is certainly
p-completely flat (although not necessarily flat!), we may and shall assume that
T is affine. Since the ideal p"Or, ., of T}, in T}, 11 is a square zero ideal and Y/S
is formally smooth, there exists an S-morphism f,t1: T+1 — Y extending f,,
not necessarily compatible with the Frobenius liftings.

Consider the following diagram, where ¢r/g: T — T := T x4, S and

dyss: Y =Y :=Y x4, S are the relative lifted Frobenius maps.

o1/
Thi1 / T7Iz+1 T
fn+1 f7ll+1 fn+1
v Py/s v Y

Here the right square is commutative, but the left square may not be. Since
it does commute after restriction to T5,, the maps f ,, o ¢7/s and @y /g0 fri1
from T},11 to Y’ differ by an element € of

Hom(f;H(;S;/S(Q%,,/S),p"OTn+1) = Hom( n+1¢y/s( Y’/S) Or,)
= Hom(f{ Yl/S( vy/8): O,
= Hom(FT1f1 (le/s) OTl)
=~ Hom(f{ (Qy,/s) Fri+(Or))

Since we are allowed to replace T' by an affine cover, we may assume that
fi(Qy ) is freely generated by elements wy,...,wy. By [T, 2.12], which we
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restate and reprove as Proposition below, we may find a p-completely
faithfully flat map of ¢-schemes u: T — T and sections b; of Oz such that
uf(e(w;)) = q&ﬁf(bi) for all 4. These sections define a map ¢: u*fo%/l/S = Of
such that FZ () = u”(e). Let fny1: Thpr — Y be the S-morphism correspond-

ing to fp410u+ 6. Then an oUO PF = an o ¢ o u corresponds to
Jns10¢rou+ FA(0) = fap10¢routu'(€) = ¢y o fup1 0w,
while ¢y o fnﬂ o u corresponds to
¢y o fnpr10u+ FY(6) = dy o fup10u,

since FYy : Q%’l/s — Q%’l/s is the zero map. Thus ¢y 0 fp41 0U = frp1 0 uo G
as desired.

Repeating this process, we find for m > n, affine and p-completely faithfully
flat morphisms of ¢-schemes u("™ : T+ — 7(m) and Frobenius compatible
maps ™ : T™ 5 Y, such that £ = £ o 4™ Let () .= yLnT(m),

endowed with the endomorphism ¢ inherited from that of each 7™ . For each

m, the map T,(noo)

— lim Tf,:l) is an isomorphism; this is just because direct limits
of algebras commute with reduction modulo p™. Our construction implies that,

if m” > m’ > m, the diagram

commutes. The vertical arrow is compatible with the Frobenius liftings, and the
same is true of the horizontal arrow when m’ = m. It follows that remaining
arrow is also compatible with the Frobenius lifting. Thus we find a map

S = m{ ) w2 m}: T =,

also compatible with Frobenius liftings. Now let T be the p-adic completion of
T(>). By an argument of Temkin [9} 2.3.8] (which we review in Proposition [7.2))

in fact T, = T2 for all m, so T = li_n)lTy(noo), and the map
f=lmfe) T -y

is a map of formal ¢-schemes. Since each T, — Ty is faithfull flat, the
morphism 7" — T is p-completely faithfully flat, by Proposition my

Let us sketch how to modify the proof of statement (1) to obtain statement
(2). We again begin by assuming that T is affine. The morphisms g, +1: Z,+1 —
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Y and f,,: T,, = Y agree on Z, 11 NT, = Z,, and hence glue to define an S-
morphism h,,: Z, 11 UT;, — Y, again compatible with the Frobenius lifts. The
ideal 1" of Z,, 41 UT, in T; 4 is contained in the ideal p"Or, , of T}, in T, 1,
and, in particular, is a square zero ideal. Since Y/S is formally smooth, there
exists an S-morphism f,11: T,,11 — Y extending h,,, not necessarily compatible
with the Frobenius liftings. Then the element ¢ measuring this incompatibility

considered in the proof of statement (1) in fact belongs to

Hom(f;+1¢§//s(9§///s)a 1").

Since Z is p-torsion free, in fact 1" = p"Or, ., NIz/r = Iz, 1,, s0 the elements
b; := e(w;) belong to Fr (17, /1,)-

Let u: T — T be the universal morphism of ¢-schemes endowed with sec-
tions b. such that uf(b.) = ¢(b;) as described in Proposition below. This
morphism is p-completely faithfully flat, and, since i*(b.) = 0, admits a section
i: Z — T. Then we can take v := idz to form the diagram in statement (2).
Now let f: T — Y be the S-morphism corresponding to f,11 0 u+d. Just as
before, we see that ¢y o an ou = an owuo ¢r as desired. Furthermore, since
Eﬂ(b,) =0, it follows that an 01 = gnt1 00, as claimed. The rest of the proof
proceeds as before. O

Theorem [T.12] suggests that a morphism of ¢-schemes whose underlying mor-
phism of formal schemes is formally smooth should satisfy an infinitesimal lifting
property, provided one works locally in the p-completely flat topology. Although
we shall not need this result here, let us take the time to formulate it precisely.
The proof is immediate from the theorem.

Corollary 1.13. Let ©: Z — T be a closed immersion of S-¢-schemes defined
by a nilpotent ideal and let g: Z — Y andY — S be morphisms of S-¢-schemes,
where the underlying morphism Y — SS is p-completely smooth. Then there
exists a commutative diagram as in statement (2) of Theorem O

2 Tubular neighborhoods

Our aim in this section is to describe and compare some of the notions of p-adic
tubular neighborhoods that have appeared in the literature and to explain their
relation to the new theory of prisms. In general, X will be a scheme embedded
as a closed subscheme of a p-torsion free scheme or formal scheme Y, and Tx (V)
will denote the “tubular neighborhood” of X in Y. For example, Tx (Y") could
be one of the following;:

Fx(Y), the formal completion of Y along X,

Px(Y), the p-torsion free divided power envelope of X in Y, which we call the
“divided power enlargement” of X in Y.

Dx(Y), the p-adic dilatation of X in Y,
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x(Y) the prismatic envelope of X in Y. (In this case, we require that Y
be endowed with a suitable lift of Frobenius; see Theorem for a precise
statement.)

2.1 Divided power enlargements

We begin by discussing divided power enlargements, which underly the first
successful attempt at integral p-adic cohomology. Since we are restricting our
attention here to torsion-free algebras, the intricacies of divided powers are
considerably simplified.

Let B be a torsion free ring. For each z € B, let 2" := 2" /n! € Q® B, and
recall the following formulas.

@yl = 3 oyl

i+j=n
(bz)™ = gl
Mgl = m+mn plm+n]
n
m—1 .
[lyIm]  _ AN =1\ o)
(=) E ( n—1 *

An ideal I of B is said to be a PD-ideal if z[™ € I whenever z € I and
n > 0. If Y is a p-torsion free scheme or formal scheme, a closed immersion
X — Y is a PD-immersion if its defining ideal is a PD-ideal. It follows from
the above formulas that the set of all z € B such that z[" belongs to B for all
n € N forms an ideal Ip(B) of B and that zI™ € Ip(B) if x € Ip(B). This
ideal is the largest PD-ideal of B. It is the unit ideal if and only if B contains
Q, and if B is a Z)-algebra, the ideal Ip(B) contains p. Let us record these
facts in the following definition.

Definition 2.1. If B is a torsion free ring, let
Ip(B) :={z € B:zl"l € B for all n € N},

the largest PD-ideal of B. If T is a p-torsion free formal p-adic scheme over W,
define Ip C O in the same way, and note that p € Ip. If Ip is quasi-coherent,
let Tp denote the closed subscheme it defines.

If T is a p-torsion free formal p-adic scheme, the ideal Ip of Or is the inverse
image of its image in O, , since it contains p, and quasi-coherence of Ip amounts
to quasi-coherence of this image. This does not seem to be automatic: Ip is
the intersection of a countable sequence of quasi-coherent sheaves, which need
not be quasi-coherent. Note that, if T7,.q is the reduced subscheme of T}, then
Ip C Iy, . Indeed, if x € Ip, then zlPl € Op, hence z? = plzlP! € pOrp, hence
x belongs to the ideal I, .

Definition 2.2. If X is a k-scheme, a PD-enlargement of X is a p-torsion free
p-adic formal scheme T together with a PD-immersion ir: X7 — T and a
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morphism zp: X7 — X. A PD-enlargement is small if zp is flat. A morphism
of PD-enlargements of X is a pair of morphisms (f, fx): (T, Xr) — (T", X1)
such that zy o fx = zp and foip =ipro fx. Ifi: X — Y is a closed immersion
of X into a p-torsion free p-adic formal scheme, then a PD-enlargement of X
in Y is PD-enlargement (T, zp,ir) of X together with a morphism wp: T —Y
such that i o zp = wp o ip. The PD-dilatation of X in Y is the final object in
the category of PD-enlargements of X inY .

Our “PD-enlargements” differ from the “PD-thickenings” usually considered
in the crystalline setting in two respects: we require the ambient formal scheme
T to be p-torsion free and we allow zp: X — X to be any morphism, not
necessarily an open immersion. The “smallness” condition will allow us to
partially compensate for this extra generality.

The following result establishes the existence and basic properties of PD-
dilatations; these may not be the same as PD-envelopes in general.

Proposition 2.3. Let Y be a p-torsion free p-adic formal scheme and let X be
a closed subscheme of Y,. Then the PD-dilatation of X inY is representable
by a diagram:

)
Xp — Py(Y)
ZP 71'P

X Y.

The morphisms mp: Px(Y) =Y and zp: Xp — X are affine, and Px(Y') is a
closed formal subscheme of the usual PD-envelope Dx(Y) of X inY. Further-
more, the following statements are verified.

1. Formation of Px(Y') is functorial: a morphism of pairs g: (Y', X’) —
(Y, X) induces a morphism g: Px/(Y') — Px(Y). If g: Y — Y is p-
completely flat and X' = g=1(X), then the corresponding map Px:(Y"') —
Px(Y) xy Y’ is an isomorphism.

2. Suppose that X — Y is an immersion of formal S-schemes and that Y/S
is a formally smooth morphism of formal ¢-schemes. If X is reduced,
the map zp: Xp — X is an isomorphism, and if X — Y1 is a regu-
lar immersion, then the maps zp: Xp — X and Px(Y) — Dx(Y) are
isomorphisms.

3. If $: Y — Y is a Frobenius lifting, then Px(¢): Px(Y) = Px(Y) is also
a Frobenius lifting.

Proof. Let Dx (Y') be the p-adic completion of the usual PD-envelope described
in [6 3.19]. (Strictly speaking, this is direct limit of the PD-envelopes of X in
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Y., for n > 0.) This fits into a universal

X

Dx(Y)

Y,

where X — Dx(Y) is a PD-immersion. This diagram might not define a PD-
enlargement, since Dy (Y) might not be torsion free. To remedy this, let Iio,
denote the sheaf of p-torsion sections of the structure sheaf Dx(Y) of Dx(Y)
and let I, denote its closure in the p-adic topology. It is straightforward to
check that these sheaves are ideals of Dx(Y) whose formation is compatible
with localization (see Corollary . Then Iio; defines a closed immersion
Px(Y) — Dx(Y), and Px(Y) is p-torsion free. Furthermore, the intersection
of Iior with the ideal Ix of X in Dx(Y) is closed under divided powers, so
that Ix/Ix NI is a divided power ideal of OPx(Y) and hence defines a PD-
immersion Xp — Px(Y). It follows easily that this construction gives the
universal PD-enlargement of X. The functoriality of the formation of Px(Y)
follows from its universal property. If g: Y’/ — Y is p-completely flat, then each
gn: Y, =Y, is flat (see Proposition , and if in addition X’ = ¢g~!(X), it
follows that each map Dx-(Y,)) = Dx(Y,) Xy, Y, is an isomorphism [3] 2.7.1].
Then Dx/(Y') — Dx(Y) xy Y’ is also an isomorphism, and it follows that
Dx/(Y') — Dx(Y) is p-completely flat, by Proposition Then I, (X') C
Dy (Y’) is the pullback of T,,-(X) C Dx(Y), by Corollary It follows that
Px/(Y") = Px(Y) xy Y’ is also an isomorphism.

Statement (2) can be verified locally, so we may assume that X and Y
are affine. If X is reduced, recall from [I5, §1.4] that the embedding of X in
WX := Spf W(Ox) is a PD-immersion into a p-torsion free p-adically complete
and p-torsion free sheaf of rings. Since Y/S is formally smooth X — WX and
X is affine, we can extend the formal embedding X — WX toamap WX — Y.
Then the universal property of Px (Y") produces maps of pairs:

(X CWX) — (Xp CPx(Y)) — (X C V).

since the map Xp — X is, by construction, a closed immersion, it must in fact
be an isomorphism. If X — Y is a regular immersion, then Dx(Y') is already
p-torsion free. (To see this, one can use the compatibility of formation of PD-
envelopes with flat base extension to reduce to the case in which X is the zero
section of affine space.) Thus Px(Y) — Dx(Y) is an isomorphism in this case.

It suffices to check statement (3) in the affine case, and we use affine notation,
with Y = Spf B and X C Y defined by the ideal I. As we have seen, then Px (V)
is the p-adic completion C' of the spectrum of the B-algebra D;(B)/Io; and
hence is topologically generated by elements of the form z[™ for all € I. Our
claim is that ¢(c) = ¢? (mod pC) for all ¢ € C. Since this is true for elements
of B, it will suffice to check that it holds on a set of topological generators for

20



the B-algebra C, and hence for the elements 2" with « € I and n > 0. Since
each of these belongs to a divided power ideal, (x["] )P € pC. On the other hand,
B(x") = o(@)" = (27)") (mod pC) and ()] = (plal?)) = ()"l )il €
pC. Thus (z[™)? and ¢(z!™) are both congruent to zero mod pC. O

The following result is a reformulation of [7, 2.35].

Proposition 2.4. Let Y be a formal ¢-scheme, and let ¢(Y1) C Y denote the
scheme-theoretic image of the restriction of ¢ to Y1, i.e., the closed subscheme
defined by Iy := {c € Oy : ¢ € pOy}. Then ¢(Y1) = Y is a PD-immersion. In
fact, (Y1) = Yp, the smallest PD-subscheme of Yy (see Definition [2.1)).

Proof. We claim that the ideal I, defining the closed immersion ¢(Y;) — Y is
a PD-ideal. Assume without loss of generality that Y = Spf C.
We check first that if ¢ € I and ¢ = pc;, then also ¢; € I. in fact:

o(c)? = po(er)

(¢ +pi(e))” = pler +pi(er))
& +p*(r) = pd +pPo(cr)
PP +p°(--) = pc +p°0(cr)
P =1 = pcr) =)

This last equation implies that ¢} € pC, as claimed.

Continuing by induction, we find a sequence cg,c1,ca ... such that ¢g = ¢
and ¢ = pc;y1 for i > 0. It follows that P = plPH+p"" . for all 4, and if
a; € N, that ¢%?" € p“i(1+p+”‘+phl)0. If n is a natural number, let n = > a;p’
be its p-adic expansion, and let o := > a;. Then ¢" € p™C, where

i pP—1 n-o
m::Z‘“(”p*'”*p 1):Z:aip—l T 1

(2

The expression on the right is the p-adic ordinal of n! [6], 3.3], so we conclude
that ¢l := ¢"/n! € C. Moreover, since ¢ € I, we can write ¢(c) = pb, and
then ¢(c) = ¢(c)" = (pb)I" = bpl") € pC, so ¢l again belongs to 1. This
shows that I, is indeed a PD-ideal as claimed.

Finally, suppose that X C Y7 is a closed subscheme whose ideal I C C' is
invariant under divided powers. For each ¢ € I, we have ¢? = plcl?!, so ¢ € pC,
hence ¢ € 1. O

2.2 p-adic Dilatations

The following special PD-enlargements form the starting point for the theory of
convergent and rigid cohomology, and were first explicitly discussed in [22] and
further developed in [28].

Recall that if T is a p-adic formal scheme, we write either T} or T for the
closed subscheme defined by (p).
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Definition 2.5. Let X be a p-adic formal scheme for example (and usually) an
F,-scheme. A p-adic enlargement of X is a p-torsion free p-adic formal scheme
T together with a morphism zr: T — X. A p-adic enlargement is small if zp
is flat. A morphism of p-adic enlargements of X is a morphism f: T — T’ such
that zpro fi = zp. Ifi: X — Y is a closed immersion of X into a formal scheme
Y, then a p-adic enlargement of X in'Y is a p-adic enlargement (T, zp) of X
together with a map np: T — Y such that i o zp = )

T T

2T T

X Y.

As an alternate phrasing, we may say p-adic X -enlargement instead of “p-
adic enlargement of X,” and we may say a p-adic X -enlargement over Y in-
stead of a “p-adic enlargement of X in Y.” Note that the categories of p-adic
enlargements of X and of X are identical. A p-adic enlargement of X is also a
PD-enlargement, since the ideal (p) always has divided powers.

Suppose that i: X — Y is an embedding of X in a p-adic formal scheme
Y and that (T, zr,77) is a p-adic enlargement of X in Y. The map T — T
necessarily factors through X xy 7T, and the map X xy T — T necessarily
factors through 7. It follows that the these factorizations are isomorphisms, so
the diagram in Definition [2.5|is Cartesian when X = X. Thus the image of the
map Wgal (I /Y) — Or is the principal ideal pOr. Consequently there is a
unique Oy-linear map:

PT - IY/Y — WT*(OT) (21)

such that ppr(a) = ﬂgﬂ(a) for all a € Iy

Definition 2.6. Ifi: X — Y is a closed immersion of a p-adic formal scheme X
into a p-torsion free p-adic formal scheme Y, then the p-adic dilatation of X in
Y, denoted by Dx(Y), is the final object of the category of p-adic enlargements
of X inY:

Dx(Y) — Dx(Y)
D ™

X Y

Warning: Dx (Y') could well be empty. For example, let V := W{z]/(2™ — p)
with m > 1, let Y := SpfV and X := Speck. If V — B defines a p-adic
enlargement of X in Y, then 7B = pB, hence B = 7™ 1B, and since B is
p-adically complete, it follows that B = 0. This difficulty was addressed in
[22] by considering more general enlargements of X: p-adic formal schemes T
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endowed with a map from the reduced subscheme of T to X. The cohomology of
the corresponding topos corresponds to the so-called “convergent cohomology”
of X [23]. We should also mention another variant, introduced by Oyama [25]
and further studied by Xu [28]: p-adic formal schemes T equipped with a map
from the scheme-theoretic image of F3 to X. We shall not follow either of these
approaches here. See, however, Remark and section (6.5

As is well known, Dx (Y) is representable. The following result summarizes
what we shall need about the construction. The references [22] and [28] contain
additional details.

Theorem 2.7. Let Y be a p-torsion free scheme or formal p-adic scheme and let
X be closed subscheme of Y. Then Dx (Y') is representable, and the morphisms
mp: Dx(Y) = Y and zp: Dx(Y) — X are affine. Furthermore, the following
statements are verified.

1. Dx(Y) is the open subset D (p) of the formal blowup of X in'Y" defined
by the element p of the ideal of X inY.

2. Formation of Dx (Y) is functorial: a morphism g: Y’ — Y sending a closed
subscheme X' of Y’ to X induces a morphism Dx (g): Dx/(Y’) — Dx (Y).
If g is p-completely flat and X' = g~'(X), then the natural map

DX/(YI) — DX(Y) Xy Y/
is an isomorphism.

3. Assume that X = X and that X — Y is a very regular immersion, i.e.,
that it is locally defined by a finite sequence (z1, . . ., z,) every permutation
of which is regular (see Definition|7.23) Then the following hold.

(a) If mp: T — Y is any morphism of formal schemes, the set of Y-
morphisms T — Dx(Y') identifies naturally with the set of homo-
morphisms p: Ix/y — m.Or such that p(p) = 1.

(b) The map zy: Dx(Y) — X is faithfully flat and is naturally a torsor
under the action of the conormal bundle of X inY .

(c) Let Ix,y be the ideal of X inY and let IX/7 = Ix/v/(pNIx/y) be

the ideal of X in Y. Then there is an exact sequence:

0— 0y 2 Iy [Tx)y — x5/ Ty 5 — 0,

/Y

and Dx (Y) identifies with the relative spectrum of the Ox-algebra
h_H)lSn(Ix/y/Ig(/Y), where the maps

S™(Ixyy [ T%yy) = 8™ (Ixyv /1%y )

are given by multiplication by [p].
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Proof. We may and shall assume without loss of generality that X = X, that
Y = Spf B (or Spec B), and that I is the defining ideal of X in Y. Let By
be the Rees-algebra B @& I & I? @ --- and let [p] be the element of degree one
defined by p. Statement (1) asserts that Dx(Y) is the formal spectrum of the
p-adic completion of the degree zero part of the localization of By by [p]. This
is proved in [22] and [28]. Alternatively, one can take the completion of the
quotient of By by the ideal generated by [p] — 1, or of the direct limit of the

system B _, I A, I? o, , with the natural B-algebra structure.
For yet another construction, suppose that (p,z1,...,z,) is a set of gen-

erators for I and let B’ := Bly1,...,y:]/(pby1 — 21, ...,pyr — x,), modulo the
closure of its p-torsion. The p-adic completion B’* of B’ is again p-torsion free
(see Lemma [7.15)), and IB’" is the principal ideal p. Thus B — B’" defines a
p-adic enlargement of X over Y, and it is clearly universal. This construction
looks more down-to-earth, but computing the p-torsion of B’ may be difficult.

In the situation of statement (2), let f: X’ — X be the morphism induced
by g. Then (Dx/(Y’),g o my~, f o zy+) is a p-adic enlargement of X over Y, so
we find the desired morphism Dx/(Y’) — Dx(Y) by the universal property of
Dx(Y). If X’ = g~!(X), then the projection map

(Dx(Y) Xy Y/)l = Dx(Y)l Xvy; }/1/ — Yll

factors through a map zy/: (Dx(Y) xy Y'); — X', and if g is flat, then
Dx(Y) xy Y’ is again p-torsion free, by statement (1) of Proposition
Then (Dx(Y) Xy Y/, 7y, zy+) defines a p-adic enlargement of X’ over Y’, and
so there is amap Dx (Y) xy Y’ — Dx/(Y”), inverse to the map map Dx/(Y') —
Dx(Y) Xy Y’ coming from functoriality.

Now suppose that X — Y7 is a very regular immersion. By Proposition [7.24]
the map X — Y is also a very regular immersion, and then Proposition [7.26]
implies that the natural map S°I — By from the symmetric algebra of I to
the Rees algebra is an isomorphism. Thus if B’ is any B-algebra, to give a
B-algebra homomorphism By — B’ sending [p] € I C @,I" to 1 is equivalent
to giving a B-algebra homomorphism S'I — B’ sending [p] € I C &, 5™ to
1, which in turn is equivalent to giving a B-module homomorphism I — B’
sending p to 1. This proves (2a). Furthermore, I/I? is locally free over B/I
and the maps B/I® ST — S I/I* — @, I"/I""! are isomorphisms. Statement
(2a) implies that, if B’ is a B/I-algebra, a B’-valued point of Dx(Y) amounts
to a homomorphism p: I/I? — B’ sending the class of p to 1. We have an exact
sequence:

0B/ - /12 L T/T° >0,
where I := I/pN I is the ideal of X in Y. Thus the set of such p’s iden-
tifies with the set of splittings of this sequence, which is naturally a torsor
under Hom(f/fz, B/I), which in turn identifies with the spectrum of S"Ny .

It follows that Dx(Y) is faithfully flat over X. Furthermore, we have seen
that Dx (YY) is the completion of the formal spectrum of the direct limit of

g,y B, o bl .-+, and it follows that Dx(Y') is the spectrum of the
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limit of B/T i, I/1? _lel, %/ Pl ... Inthe case of a regular immersion
each I"/I™*! is isomorphic to S™I/I2. This proves (3). O

Example 2.8. Let A be a p-torsion free and p-adically complete ring, let B be
the p-adic completion of the polynomial algebra A[zq,...,,], and let I be the
ideal of B generated by (p,z1,...,2,). Then the p-adic dilatation of Spf B/I
in Spf B is given by the formal spectrum of the p-adic completion of

B’ := Blt1,...,t.)/(x1 — pt1, ...,z — Dt;)

Indeed, it is clear that this ring is already p-torsion free, that IB’ = pB’, and
that it is universal with this property. The following result generalizes this fact.

Proposition 2.9. Suppose that B is a p-torsion free p-adically complete ring
and that I is the ideal of B generated by a finite regular sequence (p, z1, ..., ).
Then the p-adic dilatation of B/I in B is given by the homomorphism B — B’
where B’ is the p-adic completion of Blty, ..., t;|/(pt1 — 1, ..., pt; — ;).

Proof. If B is noetherian, this follows from the Example because the map
from the completed polynomial algebra W[Xy,...,X,]" to B sending X; to
x; is flat, and statement (2) of Theorem tells us that formation of p-adic
dilatations commutes with flat base change. To avoid the noetherian hypothesis,
we can argue as follows. Thanks to Lemma below, we can use induction
on r to reduce to the case in which I is generated by a regular sequence (p, x).
Our claim is simply that B[t]/(pt — x)" is p-torsion free. This follows from the
following lemma.

Lemma 2.10. Let A be a p-torsion free ring, let (p, a) be an A-regular sequence,
and let A[t]" be the completed polynomial algebra in t over A. Then the ring
Alt]"/(pt — a) is p-torsion free.

Proof. 1t is clear that A[t]" is p-torsion free (see Lemma[7.15)). Furthermore, its
reduction modulo p is the polynomial algebra (A/pA)[t], which is flat over A/pA.
Since multiplication by a is injective on A/pA, it is also injective on (A/pA)[t].
Thus the sequence (p,a) is A[t]-regular. Now if f and g are elements of A[t]"
and pg = f(pt — a), it follows that fa = p(ft —g), and the A[t]*-regularity of
(p,a) implies that f = pf for some f € A[t]". Then g = f(pt — a). O

O

Lemma 2.11. Let Y be p-t~ors1'on free p-adic formal scheme, let X C X' C Yy
be closed immersions, and X := 7y,'(X) C Dx/(Y). Then the natural map

D (Dx/(Y)) = Dx(Y)
is an isomorphism.

Proof. The map of pairs (X C Dx/(Y)) — (X CY) induces the “natural map”
in the statement. On the other hand, the map of pairs (X CY) = (X' CY)
induces a morphism Dx(Y) — Dx/(Y). Since Dx(Y); is the inverse image of
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X, this map sends Dx(Y); to X, hence defines an X-dilatation over Dx/(Y),
hence factors uniquely through a map Dx(Z) — D4 (Dy(X)). The two maps
are inverses to each other because of the uniqueness of the factorizations. O

Proposition 2.12. Let j: Y — Z be a closed immersion of p-torsion free p-adic
formal schemes.

1. The map j factors uniquely through the p-adic dilatation of Y in Z:

2. Let Jy,z be the ideal of the closed immersion j and let Jy,p be the ideal
of the closed immersion j. Assume that Jy,z is locally finitely generated.
Then the ideal Jy,p is generated by the set of sections c of ODY(Z) such
that pc € Jy 7.

3. Suppose in addition that j,: Y; — Z, is a regular immersion. Then j, j,
and }1 are also regular immersions, and the map p (see induces an
isomorphism:

Jy)z/I%)72 = Jyip/ I3 p-

Proof. Since Y is p-torsion free, it is a p-adic enlargement of itself, so the exis-
tence and uniqueness of j follows from the universal property of Dy (Z). Let us
write the rest of the proof in the affine case, with Y = Spf B, Z = Spf C, and
mp given by Spf(#: C — C”). If x € Jy,z, then pp(z) = 6(z), hence

pi*(p(x)) = j*0(x) = j*(z) = 0.

Since B is p-torsion free, it follows that j*(p(z)) = 0, hence that p(z) € Jy,p.
This shows that p factors through Jy,/p. Choose a set of generators z1,...,z,
for Jy,z. As we saw in the proof of Theorem the algebra C’ is the p-adic
completion of the p-torsion free quotient of Clys, ..., yn]/(PY1—21, ..., PYn—Tn).
In particular, y; = p(x;), and these elements topologically generate C’. Thus
every ¢’ € C’ can be written, in multi-index notation, as a p-adically convergent
sum ¢/ = 3" 0(cr)p(z)!, with ¢; € C. If ¢ € Jy/p, then j*(¢) = 0, and hence
7*(co) = j*0(co) = 0, hence ¢y € Jy z. Then ¢ = pp(co) + > 20 0(cr)p(x)!
belongs to the image of p. This completes the proof of statement (2).

Now suppose that j; is a regular immersion. Since B is p-torsion free, the
ideal defining j is Jy,z/pJy/z. Choose a Cj-regular sequence generating this
ideal, and lift it to a sequence (z1,...,z,) of elements of Jy,;. Since Jy,z
is closed in C| it is p-adically separated and complete, and it follows that this
sequence also generates Jy,z. By construction, the sequence (p,z1,...,z,) is
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C-regular. By Lemma it follows that (z1,p,z2,...,2,) is also C-regular
and that C'/z,C is again p-torsion free and p-adically separated and complete.
Repeating the argument with the ideal of C/x1C generated by (z2,...,z,) and
continuing by induction, we conclude that (x1,...,x,) is C-regular. Thus j is a
regular immersion. Furthermore, Proposition m shows that C identifies with
Cly1, - ynl"/(py1 — 1, .- -, PYn — Tpn). Thus C] identifies with the polynomial
algebra Bi[y1,...,¥yn], in which the sequence (y1,...,yn) is very regular. Then
by Proposition we can conclude that (p,y1,...,yn) is a very regular se-
quence in C’, and in particular that (yi,...,y,) is C'-regular and C}-regular.
It follows that the image of this sequence forms a basis for Jy,p/ Jf/ /D Since
(21,...,xp) gives a basis for Jy/Z/J%/Z and p(z;) = y; for all i, statement (3)
is proved. O

Statement (2) of Theorem shows that formation of p-adic dilatations
commutes with flat base change. The flatness hypothesis is used to control
possible p-torsion in the fiber product. The following generalization, in the case
of regular immersions, will be important in applications.

Proposition 2.13. Let g: Y — Z be a morphism of p-torsion free formal
schemes and i: X — Z; a regular closed immersion.

1. Suppose that the ideal of X in Z; is locally defined by a regular sequence
which remains regular in Oy,, and let X' := g=%(X) C Y;. Then the
natural map

DX/(Y) — Dx(Z) Xz Y
is an isomorphism.

2. Suppose that i: X — Z; factors as the composite of regular immersions:
X = Y and g1: Y1 — Z;. Let Y — Dy(Z) be the canonical section
defined by g. Then the natural map

Dx(Y) = Dx(2) xp, (5 ¥

is an isomorphism,
Proof. We can check these assertions locally, and hence we may and shall assume
that j: Y — Z = Spf(C — B) and that X C Zj is defined by a Cj-regular

sequence (1, ...,x,). Our hypothesis in statement (1) asserts that this sequence
is also Bj-regular. Then as we saw in Proposition [2.9

Dx(2)
Dx(Y)

Spf C[t1,...,t.]"/(pt1 — x1,...,pt, — x,) and
Spr[tla s 7tr]A/(pt1 - mllv‘ oy Pt — {I?;,),

where a7 is the image of z; in B. This proves statement (1).

In the situation of statement (2), we first find a sequence (z1,...,z,) of
elements of C' which generates the ideal J of Y7 in Z; and is C;-regular. Since
X — Y; is also a regular immersion, we may then find a Bj-regular sequence
(Y1, ..., Ym) of elements of B which generates the ideal of X in Y;. Then Z :=
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Dy (Z) = SpfC’, where C" := Clt1,...,t,]"/(pt1 — x1,...pt; — x,.), and Y is
defined by the ideal (t1,...,t.). Let X := X xy, Dy(Z) C Dy(Z);. The ideal
of X in Dy (Z) is generated by the sequence (p, 21, ..., %, Y1, ., Ym), OF in fact
just by (p,y1,-..,Ym) since z; € pC’. Since C] is just a polynomial algebra over
By, it follows that (y1,...,y.) is also Cf-regular, so the map map X — 7 is
a regular immersion. The map X NY; — Y; identifies with the map X — Y,
and hence is also a regular immersion. Then statement (1), applied to the

morphisms j: Y — Z and i: X — Z, implies that the map
Diny (V) = Dx(2) ;¥

is an isomorphism. Lemma [2.11] - tells us that the map Dy <(Z) = Dx(2) is

an isomorphism, and since the map of pairs (XNY CY)— (X CVY)isan
isomorphism, so is the map Dxmy(Y> — Dx(Y). This concludes the proof of
statement (2). O

Corollary 2.14. Suppose that X and X' are two regularly immersed sub-
schemes of Y1 which meet transversally. Then the natural map

DXﬁX’(Y) — Dx(Y) Xy DX/(Y)
is an isomorphism.

Proof. We may assume that Y = Spf B and that X (resp. X') is defined by
a B/pB-regular sequence (z1,...,2,) (resp. (2,...,2},). Then Dx/(Y) =
Spf(B’), where

B’ = BIt},...,t.](pth —x,...,pt., — L)
Since X and X’ meet transversally, the sequence (x4, ..., ;) remains regular
in B/(p,x1,...,,.,), and hence also in B'/pB’ = B/(p,x,...,2.)[th,. ... t.].
Note that X := X xyDx/(Y) = 7' (XNX'). Statement (1) of Proposition|2.13

applied to the map Dx/(Y) — Y, implies that
D¢ (Dx/(Y)) = Dx(Y) xy D (),
and Lemma, implies that D ¢ (Dx/(Y")) = Dxnx/(Y). O

Example 2.15. Let i: X — Y be the closed immersion corresponding to the
map Wz]" — k. Then Dx(Y) — Y corresponds to the homomorphism Wiz]" —
W{t]” sending « to pt, and Dx (YY) xy Dx (Y') = Spf W{t1, ta]"/(pt1 — pt2). Thus
ty — t1 is a p-torsion element, and in fact the diagonal morphism Dx(Y) —
(Dx(Y) xy Dx(Y))ss is an isomorphism.

Remark 2.16. Let i: X — Y be a closed immersion of a scheme into a p-
torsion free p-adic formal -scheme. Then we have seen that Dx(Y) can be
empty. However, this cannot happen if Y is a formal ¢-scheme. To see this,
recall from [22] 2.6.1] that, for m > 0, Dx, (Y') is not empty, where X, is the
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closed subscheme of Y; defined by Iy + pOy. The map ¢™ maps X, to X,
and hence induces a morphism Dy, (Y) — Dx(Y). Since the first of these is
not empty, neither is the second. The main idea of [22] was to consider p-adic
enlargements of all X, as enlargements of X. It appears that if Y is a ¢-scheme,
this is unnecessary.

2.3 Prisms and prismatic envelopes

We now shift our attention to prisms and prismatic envelopes, as introduced
in [7]. We restrict out attention to the special case of crystalline prisms, i.e.,
the case in which the invertible ideal I in Definition 3.2 of [7] is generated by p.
We fix a formal ¢-scheme S as base, and recall that, by definition, such a
scheme is p-torsion free, so (p) is invertible.

Definition 2.17. Let S be a formal ¢-scheme and let X/S be a formal scheme
over S (typically over S). An X-prism is a formal ¢-scheme endowed with a
¢-morphism T — S and an S-morphism z7: T — X. An X-prism is small if zp
is flat. A morphism (T, zr) — (T", zp) of X-prisms is a morphism of ¢-schemes
f:T — T’ such that zp: o f1 = zp. If i: X — Y is a closed immersion from X
into a p-torsion free formal scheme endowed with a an endomorphism v, then
an X -prism over Y is an X-prism (T, zr) together with a morphism of formal
schemes r: T — Y such that i 0 zp = |- and Y o mp = T o ¢:

¢

T > T > T

27 Tr Tr
Xy Y Ly
If (T, zr) is an X-prism and g: 7" — T is a morphism of formal ¢-schemes,

then g induces a morphism g: T - T, and (T',g o zr) is also an X-prism.
If f: X’ - X is a morphism of S-schemes and (7, zr) is an X’-prism, then
(T, fozr) is an X-prism. In particular, the map X — X induces an isomorphism
on the respective categories of prisms.

Definition 2.18. Let i: X — Y be a closed immersion from an F,-scheme
into a p-torsion free formal scheme Y endowed with an endomorphism 1. The
prismatic envelope of X in'Y, denoted by x(Y), is the final object of the
category of X -prisms over Y .

The existence of prismatic envelopes, when Y is a ¢-scheme and X — Y is
a regular immersion, is proved in [7, 3.13], using the formalism of §-rings. Our
construction is more general, in that we do not require that 1) be a Frobenius lift,
and more explicit, expressing the prismatic envelope as the limit of a sequence
of dilatations. For an example of an application of this extra generality, see
Proposition the extra generality is also needed because of the inductive
structure of the proof On the other hand, the construction in [7] works for more
general prisms (not necessarily crystalline).
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Theorem 2.19. Suppose that Y is p-torsion free p-adic formal scheme with an
endomorphism 1 and that i: X — Y is a closed immersion such that 1 oi =
1o Fx. Then the prismatic envelope of X in Y is represented by an X-prism
( x(Y),z ) endowed with amapm : x(Y)—Y. The morphisms 7y and z
are affine, but not necessarily of finite type. The morphism w can be viewed as
a completion of a limit of p-adic dilatations. Specifically, there exists a sequence
of morphisms of closed immersions:

(XD Ccytt)y o (XMW Ccy™) (X CY)

such that Y+t — Y js the p-adic dilatation of X in Y™ and such that
the p-adic completion ofyilY(") is the prismatic envelope x(Y) of X inY.
Furthermore, the following statements are verified.

1. Formation of x(Y') is functorial: a morphism g: Y’ — Y sending X' CY’
to X CY induces a morphism x:(Y') = x(Y). If g is p-completely flat
and X' = g~ 1(X), then the resulting morphism x/(Y') — x(Y) xy Y’
is an isomorphism.

2. Suppose that X — Y is a regular immersion. Then the same is true
of each X — Y™ and “x(Y) — X is faithfully flat. In particular,
x(Y) is small.
Proof. The main computations are in the following lemma, which we formulate
in the affine setting.

Lemma 2.20. Let I be an ideal in a p-torsion free ring B. Assume that p € [
and that B is equipped with an endomorphism 1) such that 1¥(b) = b? (mod I),
for all b € B; note that 1 necessarily maps I to I. Let 6: B — B’ be the
homomorphism corresponding to the p-adic dilatation of I in B, let vy’ be the
endomorphism of B’ induced by 1, and let p: I — B’ be the homomorphism
defined in . For b € B, set

§(b) = Pb)—b el
e(b) = p(d'(b) =p Oy (b)) —O(b)?) € B,
and for x € I, set
é(@) = ' (p(x)) —plx) € B
Then the following statements are verified.

1. Ifx,y € I and b € B, then

ety = €(@)+€(y) (modpB')
€z) = 0(0P)e(x) (mod pB’)
2. Ifx € I, then
p((z)) = ¥'(p(x))
p(¥(z)) = e€(x) (mod pB’)
€(z) = e(@)—p(x)’ (modpB)



3. Let I' be the ideal of B' generated by ¢ (I) and pB’.Then v'(b') = b'*
(mod I') for all b/ € B'.

4. if I/pB is generated by a B/pB-regular sequence, then I' /[pB’ is gener-
ated by a B’ /pB’-regular sequence and B’/I’ is faithfully flat over B/I.
Moreover, ¢’ induces an isomorphism

I/ - T/T°
where I (resp. 7/) is the image of I in B/pB (resp., of I' in B’ /pB’).

Proof. First note that €(p) = 1 — pP~! and that € (p) = 0. The first equation in
(1) follows from the definition and the additivity of p. If « € I, we have:

€(bz) =

Il
SESNESN
===

Since ¢’(b) € I and 6(I) C pB’, this proves the second equation in (1).
If x € I, we have

and so p(¥(z)) = ¥'(p(x)). Moreover, since x and ¥ (x) belong to I, we have
0((z)) = 0(x)’ + pe(z)
pp(¥(z)) = (pp(x))” + pe(x)
p((z)) = PP~ p(x))? + e()
p(d(z)) = e(x) (mod pB')

Since €' (z) = ' (p(x)) — p(z)?, this completes the proof of statement (2).
To prove (3), first suppose that b = 6(b) with b € B. Since ¥(b) — bP € I, it
follows that
W' (b)) — b'P = B(p(b) — bP) € O(I) C pB' C I'.

On the other hand, if € I, then ¢¥/(p(x)) — p(x)? = €/(z) € I’, and hence
' (p(x)) = p(x)? (mod I’). Since the B-algebra B’ is topologically generated
by such elements p(z), the claim holds for all ¥ € B’.

Statement (1) implies that the ideal I’ is generated by p and the set of
elements € (x) as x ranges over any set of generators for I. Suppose that T is
generated by a B-regular sequence (p, x1,...,2,). Then I’ is generated by the se-
quence (p, € (x1),...,€(x,)). We claim that this sequence is B’-regular. Indeed,
as we saw in Proposition B’ /pB’ is isomorphic to the polynomial algebra
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B/I[yi,...,yr], where y; is the reduction modulo pB’ of p(z;). Then the image
of I' in B'/pB’ is generated by the image of the sequence (€'(z1),...€ (z,)).
Each 6¢'(z;) belongs to I, and so there is a sequence b; 1, ...,b; , in B such that
5/(I1) = Z_j bi7jllfj. Then

c(xi) = p(d'(x:))

= Z p(bi ;)
Z 0(bi,;)p(x;)

Then, working mod pB’, we have

é(z;) = el@;)—plxi)?
= 0(bij)y; — i
This is a monic polynomial whose leading term is —yY. One sees easily by
induction that the sequence (¢'(x1),...,€(x,)) is B’/pB’ regular and that the
quotient is faithfully flat over B/IB. Statement (1) shows that e induces a
linear map F*T — T, which is surjective by construction. If (p,x1,...,2,) is a
B-regular sequence then (x1,...,,) induces a basis for 7/72, and we have just
seen that (¢'(x1),...,€(x,)) is a B’/pB’-regular sequence which generates T.

Hence it induces a basis for I’ /72, concluding the proof of statement (4) O

Let us prove the existence of prismatic envelopes using affine notation, as-
suming that Y = Spf B and X = Spec B/I. Using the lemma, we inductively
find a sequence:

(B, I,eM) = (B, I',e®) = (B" 1" e®) - ... — (B, 1™ +1y ...

where B(™ — B(™+1) ig the p-adic dilatation of 1™, where ¢+ (n+1) _
B+D g a function, and where I1 is the ideal of B"t1 generated by
p and e(”+1)(I(”)). Each B™ inherits an endomorphism (™, and these en-
domorphisms are compatible with the transition maps B — B™+1  Fur-
thermore, if b € B(™, we have 1 (b) = b” (mod I™) and hence the image
Y (b) — bP in B+ is divisible by p. Let (B,1) := h_n}(BW,w(n)). Then
B/pB = lii>nB(”) /pB™), which inherits a B/pB-algebra structure. Since B is
p-torsion free, its p-adic completion B” is also ( see Lemma7 and so defines
a p-adic enlargement of X in Y. If b € B comes from an element b,, of B(™,
then ¢(™(b,) = b2 (mod pB™*1)) and hence ¥(b) = b (mod pB). Tt follows
that this congruence also holds on all of B". Thus Spf(B") defines an X-prism
Y over Y. If (T, 7y, zr) is another, we claim that 7 factors uniquely through
Y’. We may check this locally on T, and so may assume that T is affine, say
T = SpfC. Since T is a p-adic enlargement of X, the map B — C factors
through B’ = BMW; necessarily the endomorphisms ¢ of C' and 9" of B are
compatible. If ¢ € C is any element of C, necessarily ¢(c) — ¢? € pC. This
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applies if ¢ is the image of any element b’ of B’ and in particular if ' = p(x)
for some x € I, we see that € (x) becomes divisible by p in C. Thus the homo-
morphism B! — C factors through B(®). Continuing in this way, we find a
homomorphism B — C and then B~ — C. Each step is unique, and hence so is
this homomorphism. We conclude that Y is indeed a final X-prism over Y.

The proofs of functoriality of prismatic envelopes and their compatibility
with base change is the same as that for p-adic dilatations; of course they also
can be found in [7].

If X — Y is a regular immersion, we have seen that the same is true of
each of the closed immersions defining each of the successive dilatations, and it
follows from Theoremthat each map B /T(™) — Bn+1) /1(n+1) i faithfully
flat. Then the same is true for the map

B/I — li_rr>13(")/I(") = B/pB=B"/pB".
O

The following result gives a more explicit description of prismatic envelopes
in the case of a regular immersion into a formal ¢-scheme.

Proposition 2.21. Let Y = Spf B be an affine ¢-scheme, with ¢(b) = bP +pd(b)
forb € B, and let X be the the closed subscheme of Y defined by a B /pB-regular
sequence (x1,...,2,) of elements of B. Then the prismatic envelope of X in' Y
is the formal spectrum of the p-adic completion of the ring B*, described as
follows. Let {t; ; : 1 < i <r,j € N} be free variables for j > 0, let t; o := 0,
and set

B> = B[ti,j]/(pti,j-&-l — (W(Il) +tf,]) i=1,...,m,75 € N.

Proof. Let I be the ideal of B generated by (p, z1, ..., z,). We define a sequence
of rings B = B € BMW C B®) where BY) is the subring of B generated by
{tij :j <r}. Then

BUTY = BOty v, .ot i)/ (Pligen — 07 (i) + 42, ci = 1,...,7),

and B® = h_n)l{B(j) :j € N}. Let IU) be the ideal of BYU) generated by p and
{67 (x;) — tﬁj :4=1,...,r}. This sequence of rings and ideals corresponds to
the sequence of (uncompleted) p-adic dilatations used to construct the prismatic
envelope as in the proof of Theorem [2.19] However, we write the proof here so
that it can be read independently. We shall prove the following statements by
induction on j.

1. For each j > 0, BYU) corresponds to the (uncompleted) p-adic dilatation
of the ideal 7U~1 in BU=1_ In particular, each of these rings is p-torsion
free.

2. For each j > 0, the ring BY) admits a unique endomorphism ) com-
patible with the endomorphism ¢ of B, and

YD (t; ;) =& (x;) (mod pBW).
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3. ) (b) =P (mod IV)) for all b € BY),

It follows from the definition that B(®Y) = B. Since (z1,...,z,) is B/pB-
regular, Proposition 2.9] shows that

B(l) = B[tl,l e 7tr’1]/(pt171 —TL1y.-- 7ptr,1 — .’Er)7

is the (uncompleted) p-adic dilatation of I, so statement (1) holds when j =
1. Moreover, BM /pB(1) = B/I[t11,...,t1,], and so the sequence (p, t]19,1 -
6(x1), .. t7 —0(x,)) is BM_regular. This implies that B(?) is the uncompleted
p-adic dilation of I in BMW and in particular is p-torsion free. This same
argument works for all j, proving (1).

To prove (2) when j = 1, we use the facts that B() is p-torsion free and
that ¢;; = p~1x;. Calculating in B ® Q, we find

o(tin) pp(w)
= p '(af + pd(x;))
PP+ ()

This shows that ¢ induces an endomorphism 1!) of B and that ¢ (¢; 1) = 6(;)
(mod pBM). Since §(z;) = ty, (mod ITM), this equation implies that (3) holds
for each of ¢ 1,...,t,1, and since it also holds for elements of B©) it holds for
all elements of B completing the proof when j = 1.

To proceed by induction, note first that the congruence in (2) for j implies
that each U+ (t; ;1) is well-defined, hence that 11 is well-defined, and
also that

(WY (i) = (87 ()" (mod p*BY).

Now we compute:

PO (i gan) = O () — I () |
= o) () (mod PBUTY)
= (8(2))P + p& T (z;) — (67 (2;))?  (mod p>BUTY)
= pd& T (xy) (modpQB(JH))

This implies that ¢U+D(¢; ;1) = 67T (x;) (mod pBUHD) as claimed in (2).
Statement (3) follows as before.

One concludes easily that the endomorphism v of B* is a Frobenius lift
and that the p-adic completion of B*° satisfies the universal property of the
prismatic envelope. O

The description of prismatic envelopes in explained in Proposition de-
pends on certain choices of a generating set for the ideals 1™ . The formulas
there look quite explicit, and perhaps appealing, but in some cases the com-
putation of the iterates 6™ can be daunting, and other choices may be more
convenient. Here is an example, which arose from an attempt to compare pris-
matic envelopes with differing Frobenius liftings.
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Example 2.22. Write Y := W[z]" with ¢(z) = 2P and Y’ := W]y|" with
o(y) = yP + pd(y) for some §(y). We have maps of formal ¢-schemes

Y«YxY =Y,
and if we identify the underlying schemes of Y7 and Y] as X, we then get maps
Y« x(YxY)—=Y/

Here Y x Y’ = Spf Wiz, y]" = Spf Wz, &]", where y =  + &, and X is defined
by (p, &)

Claim 2.23. With the notation above, the prismatic envelope of X in Y x Y’
is the p-adic completion of the ring

Wiz, n1,m2,m3, - 1/ (om — yapmz — 6(y) + 0%, pns — 6%(y) + b, -+ )

To show this, note first that Dx (Y x Y”) is obtained by adjoining 7;, with
pm = &. Now we calculate:

(&) = ( )
= Y’ +pi(y) — P
= (z+&P —aP +pi(y)

p—1
D\ igp—i—1
5; ()x €T €+ pi(y),

Thus,
36 = €Y Al al)

a rather unwieldy expression, and computation of 6”(§) seems hopeless. How-
ever, the fact that the summed term is divisible by £ means it can be neglected.
Indeed:

po(m) = ¢(§)
- & Zﬂ L) 4 € 4 pi(y)
= pmzz, a'pP T P 4 Py 4 pd(y)

Hence
¢(m)=0(y) (mod p)

Thus the ideal of the next dilatation is generated by (p,n} — 6(y)). Let pns :=
d(y) —nY and compute:

P (pn2)
(mod p?)

(11l
<
—

(o0
—~
<
~—
~—

|

(o)
—~
<
~—

]



pé*(y) (mod p®),
5%(y) (mod p)

B(n2)

The remaining calculations proceed in the same way.

Corollary 2.24. Suppose that Y — S is a morphism of formal ¢-schemes, that
X — S is flat, and that X — Y is a regular immersion. Then x(Y) — S is
p-completely flat.

Proof. By construction, x(Y) is p-torsion free, and statement (2) of Theo-

rem tells us that z : x(Y) — X is flat. Then x(Y) — S is also flat,
and Proposition tells us that  x(Y) — S is p-completely flat. O

The construction in the Theorem[I.12]used the fact that ¢ is locally surjective
in the p-completely flat topology. This is proved by a universal construction in
[7, 2.12]. It is also an easy consequence of Theorem as we explain in the
following proposition.

Proposition 2.25. Let T be ¢-scheme and let b. :== (by,...,b,) be a sequence
of sections of Or. Then there exist a p- complete]y flat morphism of ¢-schemes
w: T — T and a sequence b. of sections of Oz such that u?(b.) = o(b.), and
which enjoys the following universal property. If u': T' — T is a morphism of
¢-schemes and b’ a sequence of sections of O/ such that u'*(b.) = ¢(b!), then
there is a unique morphism of ¢-schemes v: T" — T such that v/ = uo v and
vt (b.) = /. Formation of T is functorial in (T,b.) and compatible with base
change.

Proof. Suppose for simplicity of notation that T" = Spf B. Let C be the p-
adic completion of the polynomial algebra B[zy,...,x,], extend ¢ to a ¢p-
linear endomorphism ¢ of C' by letting ¢ (x;) := b;, and let I be the ideal
of C' generated by p and {2 —b; : ¢ = 1,...,n}. Since ¢(z;) = b; =
(mod 1), this endomorphism induces the Frobenius endomorphism of C/I. Let
Spec(C’ — B) be the prismatic envelope of I described in Theorem Since
z? —b. is a C/pC-regular sequence, statement (2) of the theorem tells us that
c/I — B/pB is faithfully flat. Since B/p — C/I is also faithfully flat, so is
the map B/pB —> B /pB Then u!: B — B is p-completely faithfully flat by
Proposition Let b; be the image of x; in B; then o(b;) is the image of
P(x.), Wthh is mdeed uf(b;).

To check that the universality of this construction, suppose that v': 7" — T'
is a morphism of ¢-schemes and b’ is a sequence of sections of O7/. Then there
is a unique T-morphism 7" — Spf C' sending x; to b}. If ¢(b) = u'#(b;), then
this homomorphism sends 2 — b; to bF — u/*(b; ) = b’ — ¢(b) € pOrs, so T"
becomes a Spec C'/I-prism over C' and the map u’ factors uniquely through T.

The universality of T guarantees its functoriality. To see that its formation
commutes with base change, suppose that f: 7' — T is a morphism of ¢-
schemes and b, = f¥(b.). Since T — T is p-completely flat and T’ is p-torsion
free, it follows from Proposition that T xp T’ is again p-torsion free and
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hence a ¢-scheme. We claim that the map T =T X T induced by f is an
isomorphism. But

o7 (m (5.)) = b (67(5.)) = T (u (b)) = F(b.)) = b,

and so the universal property of T’ guarantees the existence of the desired inverse
morphism. O

Remark 2.26. The construction in Proposition is universal but not espe-
cially efficient. For example, if T = Spf B and b. = 0., then T is the prismatic
envelope of (p,z?) in B[z.]", which, as we shall see in Theorem is the
p-adically completed divided power envelope B(z.)"; with ¢(z.) = 0. Note,
however, that in this case the sequence 0. in B satisfies ¢(0.) = 0., so no
p-completely flat cover is necessary. The universal property of T gives us a
section T — T of T — T sending 0. to 0..

In some cases, prismatic envelopes can be expressed as PD-dilatations. The
second of the following two results appears in [7), 2.38] and is the key to its main
cohomology comparison theorems.

Theorem 2.27. Let Y be a formal ¢-scheme and let i: X — Y7 be a closed
immersion.

1. Suppose that we are given a p-torsion free lifting j: X — Y of i. Let
j: X — Dx(Y) be the resulting section and let sz: X — Dx(Y) be its
restriction to X. If X is ¢o-aligned (see inY, then x(Y) iden-
tifies with the PD-dilatation of this section. Moreover, if i is a regular
immersion, the same is true of j, j, and S5%.

2. Let X% be the inverse image of X under ¢. The canonical map Px(Y') —
Y induces a map z: Px(Y) — X, identifying (Px(Y),z,m) with the
prismatic envelope of X?® in Y.

Proof. The universal property of Dx(Y) guarantees the existence of 7, and the
statements about regular immersions are explained in Proposition [2.12

Let P ¢ (Dx (Y')) be the PD-dilatation of s ¢ defined in Proposition which
is p-torsion free by construction and which agrees with the usual PD-envelope
if s; is a regular immersion. The morphism P ¢(Dx(Y)) — Y factors through
X, and so P4 (DxY')) can also be viewed as a p-adic enlargement of X over Y.

The endomorphism ¢ of Y induces endomorphisms of Dx (Y) and P ¢ (Dx (Y)),
both of which we denote by ¢. Although ¢ may not be a Frobenius lift on
Dx(Y), we claim that it is so on Pz (Dx(Y)) if X is ¢o-aligned. Let us check
this locally, assuming that Dx (Y) — Y is given by 0: C — C’, that C' — C”
defines the PD-dilatation of s¢, and that J is the ideal of XinY. Ifz e J,
then ¢(x) = aP + pd(x) € J + p2C, since X is ¢o-aligned. It follows that
pd(z) € J + p*C, and since X is p-torsion free, that &(x) € I := J + pC. The
ideal J of j is generated by elements p(x) with 2 € J, and for such x we have:

pe(p(x)) = ¢(0(x))

3Recall from Corollary that if X is reduced, a ¢-aligned lifting X is in fact unique.
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= 0(¢(x))

O(zP 4 pd(x))

= p’p(x)’ + ph(d(z))
= p’p(x)? + p*p(5(x))

It follows that ¢(p(x)) € pC’. The C-algebra C’ is topologically generated
by p(J), and the divided power envelope C” of the ideal generated by p(J) is
topologically generated by the divided powers of the elements of p(.J). Since
we already know that ¢(c) = P (mod p) for ¢ € C, it will therefore suffice to
check that the same holds for all such divided powers. Write ¢(p(z)) = pZ with
# € €', and note that in fact & belongs to J. Then (¢(p(z))M = plMz™ € pC”,
On the other hand, p(z)[") belongs to a PD-ideal of C”, so (p(z)!™)? also belongs
to pC”. Thus ¢(c") = ()P (mod pC”) for all ¢’ € C”, as required.

To complete the proof of statement (1), it remains only to show that the
X-prism Px(Dx(Y)) is universal. Suppose that T is another X-prism over Y.
In particular it is a p-adic enlargement of X over Y, and hence maps to Dx (V).
We saw above that ¢ maps the ideal J of s 5 to pOD, and hence ¢ maps the
ideal JO7 to pOr. In other words, J is contained in the ideal of &(T) C T.
As we saw in in Proposition 2:4] this is a PD-ideal. It follows that T factors
uniquely through Px (Dx (Y)).

To prove (2), note first that it follows from (3) of Proposition that the
endomorphism Px (¢y) endows Px (Y) with the structure of a formal ¢-scheme.
Furthermore, the ideal of X? is generated by p and the pth powers of elements
of I, and since I maps into a PD-ideal in Px(Y"), all these elements become
divisible by p in OPX(Y)' Thus Px (Y) defines an X¢-prism over Y. To see that

it is final, let (T, zr, 77) be another such. We claim that there is a commutative
diagram:

Ty (1) T
T : zZT
"

X - X - X¢

and the composite horizontal arrows are the Frobenius endomorphisms. Indeed,
if  is a local section of the ideal of X in Y, then q[)T(WﬁT(m)) = WﬁT(qﬁy(w)) €
pO7, since ¢y (x) belongs to the ideal of X¢. But Proposition tells us that
o(Ty) = Tp, and, since Tp — T is a PD-immersion, the arrows Tp — X and
T — 'Y then give T the structure of a PD-enlargement of X over Y which must
factor through Px (V). O

Remark 2.28. The two statements of Theorem are related. In fact, state-
ment (2) can be deduced from statement (1), using the fact that X¢ is always
¢o-aligned in Y. To see this suppose that (p, z1,...,z,) is a sequence generating
the ideal of X in Y. Then (p,x},...,2P) generates the ideal of X?, and

$(af) = p(xi)" = (af +pd(:))" = (2})”  (mod p?).
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Thus we find a section X C Dx (Y) defined by (p(z?),...p(zP)), and statement
(1) tells us that  x(Y) is the PD-dilatation of X in D¢ (Y). Since p(z?) = % /p,
this coincides with the PD-dilatation of X in Y.

Example 2.29. Let us remark that, as observed in [7, 2.40], statement (2) of
Theorem implies that x4 (Y) does not depend on the Frobenius lifting
¢ of Y, but this is not true more generally. By way of example, it is shown
that if Y = Spf W[z]" and X is defined by the ideal (z,p), then the choices
¢(z) = 2P and ¢(x) = 2P + p give different prismatic envelopes. Statement (1)
of Theorem allows us to be a little more explicit about these examples,
since X is ¢s-alignable in both cases. In the first case, since ¢(x) = 2P, one
finds that x(Y) is the formal spectrum of W{(z/p)). In the second case, note
that ¢(z — p) = 2P = (z — p)P (mod p?), so x(Y) is the formal spectrum of
W {((a/p — 1))

For another example, consider the formal ¢-scheme Y given by Spf Wz, y|",
with ¢(z) = 2P+py and ¢(y) = yP, and let X be the closed subscheme defined by
the ideal (p,x). As we saw in Example this X is not ¢s-alignable in Y. We
claim that the prismatic envelope x(Y) — Y is given by the homomorphism:

Wiz, y]" — W[s](t)" : x — ps,y — pt + sP.

Let us check this using the constructions and notations of the proof of Theo-
rem [2.19] Thus we let B := W(z,y]" and let B — B’ be the p-adic dilatation of
the ideal I := (p,z), i.e., B' is the (p-adic completion of ) Bls]/(z — ps). Then
€(x) = pP~taP +y — sP, so I’ is the ideal of B’ generated by p and y — sP, and
B"” = BJ[t]/(pt' — (y — sP))". Let us compute:

V(y—s") = 'y —p Y (2)"
= Y —p @’ +py)’
= Yy’ —p P(p’s" +py)’
= y' =Sy
e p’B

Thus " (t) € pB”, and it follows from Proposition that the prismatic en-
velope contains all the divided powers of ¢, and hence all of W{s|(t). In this
ring,
Y(s) =pPts? +y=pP tsP +pt +sP =sP (mod (p))
and
D(t)=p "y —s*) =0 (mod (p)) =17,
this ring really is the prismatic envelope.

Example 2.30 (semi-final prisms). Suppose that S = Spf R is affine and that
X/S is an affine scheme, say X = Spec A. Choose a set of generators for A/R,
indexed by a natural number I, or more generally, any set. Then we find a closed
immersion of X into the affine space Al over S. Recall from Example that
there is a formal ¢-scheme Aé equipped with a universal morphism 7 : Aé — Al

Let Xy := r~1(X) C A], let x,(A]) denote its prismatic envelope, and let
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z be the composite map x,(Af) = Xy — X. Then ( x,(A}),z )isan X-
prism, and it is semi-final in the sense that it receives a morphism (not unique)
from every affine X-prism (7, z7). Indeed, if (T, z7) is such a prism, the map
T — T is a closed immersion and consequently the map T — X — A7 lifts
to a map T — Al which in turn lifts uniquely to a map of formal ¢-schemes
T — Aé. The map T — Aé factors through Xy, giving T the structure of
an Xg-prism over Aé, and this map T — Aé, factors through x, (Aé) This
construction, which I believe is due to Koshikawa, was communicated to be by
Shiho, and now appears in [7, 4.16]. We discuss generalizations and variations
of this construction in

As a subexample, take X = S and I = 1. Then A! = Spf R[z]", and Aclp
is the universal d-ring (B, ) on the variable x. Explicitly, B is the completed
polynomial algebra R[zg,z1,...]", with & = =z, and ¢(z;) = 2t + pz;1; for
all . The ideal J generated by x as a d-ideal is generated by xg,z1,... as
an ideal, and is ¢-invariant. Thus Theorem applies, and we find that the
prismatic envelope T*l(X)<A;5) can be identified with the PD-envelope of the
ideal J' of the section of the p-dilatation B’ of (p,.J) defined by J. In fact,
B = Wlyo,vy1,---,] with x; = py;, and so this envelope is the spectrum of the
completed PD-polynomial algebra W{yo,y1,...)".

The next two results are formal but useful.

Lemma 2.31. Let Y be a formal ¢-scheme, let X C X' C Y be closed immer-
sions, and X := 7y (X) € x/(Y). Then the natural map

£ x(Y) = x(Y)
is an isomorphism.
Proof. This is proved in the same way as Lemma [2.11] O

Lemma 2.32. Suppose that g: Y — Z is a closed immersion of formal ¢-
schemes admitting a p-completely flat retraction r: Z — Y. If X is a closed
subscheme of Y, let Y' := x(Y) and Z' :=Y' xy Z and let ¢': Y’ — Z' be
the closed immersion idy+ Xy g. Then the natural map

vi(Z') = x(Z)
is an isomorphism.

Proof. We should first observe that, since r is p-completely flat and Y’ is p-
torsion free, necessarily Z’ is also p-torsion free, so Z’ is again a formal ¢-scheme.
Since Y — Y factors through X, the projection Z’ — Z induces a map of pairs:
(7/ C 7)) —» (X C Z) and hence a map of prismatic envelopes v/(Z') —

x(Z), uniquely determined by its projection to Z. On the other hand, the
map x(Z) - Z — Y is an X-prism over Y, and hence it factors uniquely
through Y’ = x(Y). Thus we find a morphism x(Z) — Y’ xy Z = Z’, which
we claim factors (uniquely) through y-(Z’). In fact, themap x(Z) =Y xyZ
factors through Y xy X =Y, so x(Z) = Z' is indeed a Y’-prism over Z'.

40



The uniqueness of these maps allows one to check that they are inverse to each
other, proving the lemma. O

Corollary 2.33. Let j: Y — Z be a closed immersion of formal ¢-schemes and
assume that Y — Z is a regular immersion. Then j lifts uniquely to a closed
immersion j: Y — 7(Z), and the ideal Jy, of j is a PD-ideal. In fact, Jy,
is the PD-ideal generated by the sections t of O v(2) such that pt belongs to
the ideal Jy,z of Y in Z.

Proof. Since Y — Z is regularly immersed and ¢,-alignable, statement (1) of
Theorem implies that y(Z) identifies with the PD-envelope of the section
j:Y — Dy(Z). As we saw in Proposition the ideal of this section is
generated by the sections ¢ of ODy(Z) such that pt € Jy,z. The corollary
follows. O

Corollary 2.34. Let Y/S be a morphism of formal ¢-schemes, with relative
Frobenius morphism ¢y;g: Y — Y’ 1 . If X is a closed subscheme of Y,
there is a commutative diagram:

(V) L Py(v)

Px(¢y/s)
Py
x(oy/s)

/

v
x(Y') — Px/(Y)
IfY/S is p-completely smooth, then ®y g is p-completely faithfully flat.

Proof. Let X? C Y be the inverse image of X by the endomorphism ¢ of Y;
equivalently, the inverse image of X’ by the relative Frobenius morphism ¢y /g.
We then have morphisms of pairs:

(v, x) 8410y ko
(¢Y/S7 QSX‘;/S)
(by/s, Px/s) o
(', x7) BLI) o xor).

where the vertical map is induced by ¢y/s, which maps X ¢ to X’. Taking
the corresponding diagram of prismatic envelopes and using statement (2) of
Theorem [2.27] to identify x+(Y) with Px(Y) and ya (Y') with Px/(Y”), we
obtain the diagram in the statement of the corollary. Let us note for future
reference that the morphism ¥ in the diagram factors naturally:

U= x(Y)— Dx(Y)—Px(¥). (2.2)
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If Y/S is p-completely smooth, then ¢y, g is p-completely faithfully flat, and
since X? is the inverse image of X', the square in the diagram

~

:Px(Y) = xo(Y) — x(Y)

(2.3)

v dy)s v/
is Cartesian, by statement (1) of Theorem Then @y g is also p-completely
faithfully flat. O

Example 2.35. Suppose that X — Y admits a ¢-invariant lift X - Y, and
let X — Dx(Y) be the induced section (see Proposition [2.12). Then by The-
orem we can identify x(Y) with P¢(Dx(Y)). Furthermore, the map of

pairs (Dx(Y), X) — (Y, X) induces a map of divided power envelopes:
x(Y) =Pz (Dx(Y)) = Px(Y)

which is none other than the morphism V.

The next proposition discusses finite inverse limits of prisms; as we shall see,
these are better behaved if we restrict our attention to small prisms.
Proposition 2.36. Let S be a formal ¢-scheme and X /S a morphism of finite
type.

1. In the category of X-prisms over S, inverse limits over finite index sets
are representable.

2. If X — Y is a closed S-immersion from X into a formal ¢-scheme Y, then
in the category of X-prisms over Y, inverse limits over finite index sets
are representable.

3. Suppose that X/Sy is smooth and that T’ and T" are small X-prisms.
Then their product T' x g T" (in the category of X -prisms over S) is also
small, and its projection mapping to T’ and T" are p-completely flat.

Proof. To show that a category admits finite nonempty inverse limits, it is
enough to show that the product of every pair of objects and the fibered product
of every pair of morphisms are representable. With this strategy, statement (1)
is straightforward. If 7/ and 7" are X-prisms, let T := (T" xg T")t be their
product in the category of formal ¢-schemes over S as described in Remark [T.3]
and let be X be the inverse image of the diagonal under the natural map 71 —
T] xgT{" = X xg X. Then it is straightforward to verify that ¢ (T') represents
the product of 7" and T” in the category of X-prisms over S. The analogous
construction works for fibered products. Since the category of X-prisms over Y’
is equivalent to the category of morphisms of X-prisms T — x(Y), statement
(1) implies statement (2).
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Now suppose that 7" and T” are small. Since X — S;, 7] — X, and
T — X are flat, the maps 7] — S; and T}" — S; are flat. Thus 77 — S
and T” — S are p-completely flat, by Proposition and it follows that
T =T xgT" is p-torsion free (Proposition . Furthermore, the map
T| = T] xg T} — X xg X is flat, and since X/S; is smooth, the diagonal
X — X xg X is a regular immersion. Then X — Tl’ is also a regular immersion,
and it follows from Theorem that ( X(T))l — X is flat. Since X — X is

also flat, we conclude that ( ¢ (7)); — X is flat, so (7" xgT") is small. We
have seen that ( ¢(7T)); — X is flat, and X — T7 is flat because it is obtained

by base change from the flat map 77" — X. Thus the the map ( (7)) — 17 is

flat, and since ¢ (T') is p-torsion free, it follows that ¢ (7') — T" is p-completely
flat. The case of the projection to T" follows by symmetry. O

Remark 2.37. If 7/ — T and T"” — T are morphisms of small X-prisms, and
if T xp T" is p-torsion free, then it is also small. For example, this holds if
T — T or T — T is p-completely flat. However I do not know if this is true
in general.

Proposition 2.38. Let g: Y — Z be a morphism of formal ¢-schemes and
i: X — Z1 a regular closed immersion.

1. Suppose that the ideal of X in Z is locally defined by a regular sequence
which remains regular in Oy,, and let X' := g=*(X) C Y;. Then the
natural map

X/(Y)—> X(Z) XZY
is an isomorphism.

2. Suppose that i factors as a composite of regular immersions X — Y7 and
g1: Y1 — Z. Then the natural map

x(Y)— x(Z)x v(2)

is an isomorphism.

Proof. We shall deduce statement (1) from its analog in Proposition and
the explicit construction of prismatic envelopes in Theorem [2.19] Recall that
x(Z) is a (completed) limit of flat W-schemes Z(™) | where each Z(™+1) — Z(®)
is obtained as the dilatation of a subscheme X(). The envelope x/(Y) is
constructed in the same way, and in fact there is a commutative diagram

Y(n+l) Z(n-‘rl)

y () z(n)

When n = 0, the vertical map on the right (resp. left) is the dilatation of X
in Z (resp. of X’ in Y), and the diagram is Cartesian by Proposition Tt
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follows from Statement (2) of Theorem that each X — Z(™ and each
XM Ly g again a regular immersion, and from the construction of the
ideal defining X (™ described in (3) of Lemmam that X' = x(™ X 7 Y,
Then Proposition [2.13] implies that that the diagram is Cartesian for every n.
We deduce that Y(") =V x; Z(" for every n, and statement (1) follows.

In the situation of statement (2), we follow the method of proof of statement
(2) of Proposition working locally in an affine setting with the same nota-
tion. We first find a sequence (x1, ..., 2, ) in C which generates the ideal J of Y’
in Z and is C/pC-regular. Since X — Y} is also a regular immersion, we may
then find a B/pB-regular sequence (y1, ..., Ym) in C whose image generates the
ideal of X in ¥7. Then by Theorem the prismatic envelope Z := y(Z) of
Y in Z corresponds to the PD-envelope Py (Dy (Z)) of the section Y of Dy (Z)
defined by Y — Z. The ideal of this section is generated by the regular sequence
(t1,...,t.), where t; :== p(z;), by Proposition and hence this PD-envelope
is given by Spf C, where C is the completion of the PD-polynomial algebra
B(ty,...,t.). The inverse image X of X in Dy (Z) is defined by the ideal gener-
ated by the sequence (p,1,..., %, y1,.-.,Ym), or in fact just by (p,y1,---,Ym)
since x; € pC. Since C/ pC’ is a PD-polynomial algebra over B/ pB it follows
that (yl7 ..,yr) is also C'/pC-regular. Thus the maps X := =, Yx) = 2
and X NY; = Y1 are regular immersions. Then statement (1), applied to the
morphisms j: Y — Z and i: X — Z, implies that the map

x(YV)= 37(V) > 3(2)x;Y

is an isomorphism. Lemma tells us that ¢(Z) = x(Z), proving state-
ment (2). O

Corollary 2.39. If'Y is a formal ¢-scheme X and X' are regularly immersed
in Y7 and meet transversally, then the natural map

xnx(Y) = x(Y) xy x/(Y)
is an isomorphism.
Proof. This is proved in the same way as Corollary O

The various envelopes we have constructed can be thought of as having
differing sizes and shapes. If Y is a formal ¢-scheme and X is a closed subscheme
of Y, the following diagram illustrates some of their relations:

() oY) — Dya(¥) — Dy (1)
) = (2.4)

x(Y) — Dx(Y) — Px(Y) Y

A crude measure of the size of these envelopes is the radius of the analytic
tubes they define. It may be interesting to compute these. For simplicity,
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let i: X — Y be the embedding of the point Speck in the formal affine line
SpfWIX]. If f =Y a; X' € W[X] and # € K", then Y a;x" is guaranteed
to converge if || < 1, so the rigid space Yk associated to W[X]" corresponds
to the closed unit disc {z : |z| < 1}. Now Dx(Y) = Spf W[T|", with X = pT,
and the image of Dx (Y)k in Y is the closed disc of radius [p|~!. On the other
hand, an element of the completed divided power algebra W ({X)" converges at
z if ord,(zP" /p™) > 0 for all n. But

ord,(zP" /p™) = p"ord,z — ordy,(p™!)
= plordyr — (1+p+p*+-+p"7)
= p"lordyz —p "4 +ph).

Thus ord,,(z?" /p™!) > 0 for all n if and only if ord, 2 > 1/(p—1), so Px (Y) g cor-
responds to the closed disc of radius |p| 71 Since x(Y) = Spf W(X/p)", its im-
age in Y is the closed disc of radius [p|7=. Finally, Dg?n)(Y) = Spf W[zP" /p]",
so the associated rigid space is the closed disc of radius p~? . The union of
these is the open disc of radius one, which is the neighborhood corresponding
to convergent cohomology.

We have seen that the construction of prismatic envelopes is, under some cir-
cumstances, independent of the choice of Frobenius lifting. The following result
illustrates that prismatic envelopes are functorially independent of Frobenius
lifts under certain circumstances. This result will not be used in an essential
way in the remainder of the current manuscript; its was motivated by an un-
successful attempt to prove a prismatic Poincaré lemma without recourse to
p-completely flat localization.

Proposition 2.40. Let j: Y — Z be a closed immersion of formal ¢-schemes
and let X — Yj be a regular closed immersion. Suppose that j admits a
retraction r: Z — Y, not necessarily compatible with the Frobenius lifts. Then
there is a unique retraction 7 of x(j) making the following diagram commute:

Y

71

x(Y)
x(7)
; A
Y) Y

x(
x(

Proof. We work locally, assuming that j is given by a surjection 7: (C, ¢¢) —
(B, ¢p), with kernel J. Then r is given by an injective homomorphism p: B —
C. Here 7 is compatible with the endomorphisms ¢¢ and ¢ of C' and B, but
p may not be. We shall follow the step-by-step procedure for the construction
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of prismatic envelopes described in Theorem Thus x(Z) (resp. x(Y))
is the p-adic completion of C := h_H)lC(") (resp., of B := li_I>nB(”))7 where C'(")
and B(™ are obtained by certain (uncompleted) dilatations as described in
Lemma The splitting p induces a splitting id ® p: Q ® B — Q ® C, and,
since C C Q® C and B C Q ® B, it will suffice to show that id ® p maps B
to C. The following lemma, which we prove by induction on n, establishes this

fact. To simplify the notation, we view the injective map p as an inclusion, so
C=BaJ.

Lemma 2.41. For each n, the following statements hold.
1. Yo(B™) C B+ pC™.
2. Yp(b) = Ye(b) (mod pC™) for all b € BM.
3. The map Q ® B — Q ® C sends B™ to C'(™).

Proof. Since J is the kernel of a homomorphism of ¢-algebras, it is invariant
under ¢¢o. If ¢ € C, write ¢pc(c) = ¢ + pd(c); since C/J = B is p-torsion
free, 6(c) € J if ¢ € J. Let K C B be the ideal of X C Y then the ideal
ICC=BaJofXinZis K J. If ceC, write 6(c) = B(c) + v(c), with
B(c) € B and «(c) € J. Since m: C — B is compatible with the Frobenius
lifts, it necessarily sends each C(™ to B(™); furthermore, v (b) = b* +pB(b) for
beB.

Note that, in general, statements (1) and (3) imply statement (2). Indeed, if
b€ BM, (1) implies that 1c(b) = by + pe for some by € B and ¢ € C™. Then
7(c) € B™, statement (3) implies that 7(c) € C™, and so

Yp(b) = e (b) = w(bo + pc) = by + pr(c) = e (b) — pc + pr(c).
If n = 0, the inclusion B — C' is given, and if b € B,
Yo(b) =" + pé(b) € B+ pC,

and ¢p(b) = bP + pB(b). This implies (1) and (2) when n = 0.

Now suppose n = 1. By construction, B — B is the dilatation of K and
C — CW is the dilatation of I = K @ J. Then B C CM because K C I, so
(3) is automatic. To prove (1), it will suffice to check that ¢c(b) € B + pC™)
as b ranges over a set of generators of B(!) as a B-algebra, e.g., for elements of
the form z/p with € K. We compute:

ve(z/p) = ploc(x)
= p ' (a” +pB(z) + py(x))
P Ha/p)? + B(z) +v(x)

Here y(x) € J C I, and since IC(Y) = pC'™) | it follows that ¢ (z/p) € B+pC™).
For the induction step, we assume that n > 1 and that the lemma is proved
for n. We first verify statement (3), i.e., that B+ C 0"+, Because of the
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induction hypothesis, it suffices to check this for a set of generators for B("+1)
as a B(™-algebra. Recall that C("*1) (resp. B(*1) is the dilatation of the
ideal I of C™ (resp. of the ideal K™ of B(™), where I™ (resp. K() is
generated by elements of the form ¢ (c) — ¢ with ¢ € C™ (resp. ¥p(b) — b?
with b € B™). So it will suffice to check that, for each b € B(™),

“H(yp(b) — ")

belongs to C("*+1), By statement (2), there is some ¢’ € C™) such that ¢p(b) =
o (b) + pc’. Then

b = p (¢p(b) —P)
= p '(Yc(b) +pd —b°)
= p'(Ye(b) =)+

which belongs to C'(" 1),

If statement (1) holds for n, it will also hold for n + 1 if we verify it for
a set of generators of B("*1) as a B("_algebra, e.g., for elements of the form
b= p ' (¢p(b) — b?), where b € B(™. By statement (1) for n, we may write
Yo (b) = by + pc, with by € B and ¢ € C™. Then ¢g(b) = by + pb/, where
V= n(c') € BM™. Now write (V) = by + pc’ with b)) € B and ¢’ € C™.
Writing (bo + pc’)P = bh + p?c’”’, we calculate:

ve(b) = p e (Yp(b) —bP)
= p e (bo + pb' —bP)
= p e (bo — V) + e (b))
P~ (pc(bo) — (Yo (b)P) + by + pc”
= p " (¢c(bo) — (bo + pc)?) + by + pc”
= p " (b) +pB(bo) + py(bo) — by — p°c”) + by + pc”
= B(bo) +(bo) — pc"” + by + pc”

Since y(bg) € JC C pC'M)| the lemma is proved.

3 Connections, p-connections, and their coho-
mology

In this section we review the notion of p-connection and p-de Rham cohomology
and prove a Poincaré lemma for these notions. We use this result to show that
they can be used as the basis for a cohomology theory, which we later will relate
to the cohomology of the prismatic topos.
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3.1 Basic definitions

Let Y/S be a morphism of p-adic formal schemes. We write Q%//S for the
completed sheaf of Kahler differentials on Y/S and recall that the universal
derivation d: Oy — Q%,/S fits in the de Rham complex

. d d d
(Qy/&d) =0y — Q%//s - Q%//s -

Multiplying the differential by p, we find the p-de Rham complex
. d d d
(QY/S’d’) = 0y 2% Qly/s _re, Q%/S b,
Note that if f and g are sections of Oy, then

d'(fg) :==pd(fg) = pfdg + pgdf = fd'g+ gd'f,

1.e., d’ satisfies the usual Leibniz rule.

Remark 3.1. Bhatt has suggested the utility of a generalization of the no-
tion of the p-de Rham complex. If A is an effective divisor on Y, then the
canonical section Oy — Oy (A) defines a map Q! — Q(A), and we define
dpn: Oy — Q%,/S(A) to be the composite of d and this inclusion. Noting

that A° (Q%,/S(A)) = Q%,/S(Ai), one checks that dy extends naturally to maps
dn: Q%,/S(Ai) — Qif/ls(/\”l). The successive composition of any two of these is
zero, and we call the resulting complex the “A-de Rham complex of Y/S,” which
we denote by €y, (A7), If the ideal of the divisor A is principally generated by
A € Oy and dX = 0, then there is an isomorphism of complexes:

da da
Oy — Q%//S(A) - Q%//S(AZ) -

id A A2 (3.1)

Ad Ad

Oy

Qly/s > Q%//s
Thus in this case the complex 5, / g(A") is isomorphic to the A-de Rham complex.

Recall that a connection on a sheaf of Oy-modules E is an additive homo-
morphism V: E — Q%//s ® E such that V(fe) = fVe+df @ e for f € Oy

and e € F, that such a V induces maps Q%,/S ®FE — ng?g ® E satistying
V(w®e) =dw®e+ (—1)'w A Ve, and that V is integrable if V2 = 0. In this

case one can form the de Rham complez of (E,V):

Qs ®Ed):=E —+ Qg 0F —» Q3 s ®F —» .

Let us also recall the notion of a p-connection.
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Definition 3.2. IfY/S is a morphism of p-adic formal schemes and E is a sheaf
of Oy -modules, a p-connection on E is an Og-linear map

V:iE—=QysQF

such that V'(ae) = d'a®@e+aV'(e) for all a € Oy and e € E, where d'a := pda.
A p-connection extends uniquely to a family of maps

VY s ©E - Qg0 F

such that V'(w®e) = dw® e +w A V'(e) for all w € Qg and e € E. A
p-connection is integrable if V' = 0. In this case one can form the p-de Rham
complez (E' @ Qy g, d') of (E,V').

Example 3.3. If V is a connection on an Oy-module E, then pV is a p-
connection. We call (E,pV) the p-transform of (E,V). There is a natural
morphism of complexes:

b (s @ By d) = (@5 © B, pd) (3.2)
given by
d

d d

id p p?

d pd d

We note that this morphism is an isogeny: if Y/S has dimension m, there is a
morphism of complexes:

given by:

d d d
E—" ol o0 0™~ 0y e

m pm— 1 pm—2 id

E—»Q%V/S@EaQ%/S@E—»- 0F)g ®

Evidently b o band bob are multiplication by p™.
Let us also note that, if E is p-torsion free, then b factors through an iso-
morphism
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Indeed, since the differentials of the p-de Rham complex of (E, pd) are divisible
by p, In(E ® Q'Y/S,pd) in degree 7 is just p'E ® Q%,/S, the image of b in that
degree.

We shall give a geometric interpretation of this trivial-looking construction
in Theorem [6.291

We omit the proof of the following analog of Katz’s construction of Gauss-
Manin connection.

Proposition 3.4. Let g: Y — Z be a p-completely smooth morphism of p-
completely smooth p-adic formal schemes over S and (E,V') a sheaf of Oy-
modules with integrable p-connection relative to S. Then the composition

V:E—=Qys®FE—>Qy,0F
defines a p-connection relative to Z. Furthermore, the sheaves
B = Rg.(y,, © E)
carry a natural p-connection relative to Z, and there is a spectral sequence with

Ey) = H'(Z,Qy,5® B) = H™(Y,Qy g ® E). O

3.2 Dilatations and p-connections

The twisted differential d’ has a geometric interpretation, analogous to the well-
known interpretation of the usual differential d. Let Y(1) := Y xg Y, and
let J be the ideal of the diagonal embedding, Ay/s: Y — Y(1). Recall that
Q5 = J/J?, and that df is the class of p3 f — pif under this identification.

To treat d’, suppose that Y and S are p-torsion free, let Dy (1) := Dy, (Y (1)),
and consider the commutative diagram:

Dy (1)

Ayys

Ayys

Y Y (1),

where Ay/ 5 is the map induced from the universal property of the dilatation as
discussed in Proposition 2.121 Let J be the ideal of the locally closed immersion
Ay/s. Proposition [2.12 implies that p induces an isomorphism p fitting in a
diagram:

gL

(3.4)

Oy



in the notation of Remark We find an isomorphism of complexes, in which
the vertical arrows are induced by the exterior powers of p:

!

~ o~ d ~ o~
J)J? —— A2 J/)J?

Oy
id = o (3.5)
pd pd
Oy > QlY/s > sz/s

These constructions can be used to amplify Mazur’s interpretation of the
Cartier isomorphism.

Proposition 3.5. Let Y — S be a p-completely smooth morphism of formal
¢-schemes, and let P}/ /s (resp. D%, /s ) be the first infinitesimal neighborhood

of Ays in Y(1) (resp., OfAy/S in Dy/s(1)). Then the composition

~ (1
é: PLs cv(1) 2 v

defines a p-adic enlargement of Y over Y (1) and factors uniquely through a map
F: le//s — D%,/S, and there is a commutative diagram

. F*
J)J? —— JJ?

P o~ (3.6)
2 = Ql C Ql
J/J vis — Qys;
where the top horizontal arrow is induced by F, and p¢ = dé. O

Proof. We claim that the morphism ¢(1): Y (1) — Y(1) induced by ¢ fits into
a diagram:

1
Py — Py
v

Y (1)

z

AR

Y

Y (1).

To see the existence of the dashed arrow, we note that the ideal of A is generated
by p and the set of sections of Oy (1) of the form 1® f — f®1 for f € Oy. Then

Prleof-feol)=1eff-ffel=>011f-f®1)’ (modp),

which belongs to J? and hence belongs to the ideal of ?;/S in Y(1). The arrow
z gives Pil/1 /s the structure of a p-adic enlargement of ¥ in Y (1) and hence the
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map quS factors through Dy (1) as claimed. This map takes the diagonal of P}/ /s

to the diagonal section of Dy (1)) and hence induces a map F: P g Dy, g as
claimed. It is then immediate to check the commutativity of the diagram O

Let (E,V) be a module with integrable connection on Y/S. Its reduction
modulo p is a module with integrable connection on Y /S, whose p-curvature
can be viewed as a linear map

. *)1 Fnl
Y: E— F Q?/S@)E
where F: Y — Y is the relative Frobenius morphism [I7]. The map ¢ induces

maps F*QL, s ®E = F*Q;C} ¢ ® E which satisfy the integrability condition

1% = 0, which is equivalent to the fact that the dual map F*TV’/S — EndE
extends to an algebra homomorphism S" F* Ty~ /s End E.
Let (E,V’) be a module with integrable p-connection on Y/S. Then the

reduction modulo p of V’ is a linear map
9/2 E—) Q%’/S ®E,

equivalently a linear map Ty,g — End(E). The integrability guarantees that
the image of T3 /s n End(E) is contained in a commutative subalgebra, i.e.that
it extends to an algebra homomorphism STy g — End(E). Such a map is often

called a Higgs field on E. A Higgs field is said to be quasi-nilpotent if for every
local section e of E, there is an n such that S™I% ¢ annihilates e. We say that a
p-connection is quasi-nilpotent if its reduction modulo p has this property, and
that a connection is quasi-nilpotent if its p-curvature does.

3.3 Connections and p-connections on envelopes

If X is a closed subscheme of a smooth scheme Y over C, a fundamental in-
gredient in the theory of de Rham cohomology is that fact that the differential
of the de Rham complex of Y/C extends naturally to the formal completion
Y along X, or, equivalently, that its structure sheaf Oy, viewed as a sheaf of
Oy -algebras, admits an integrable connection compatible with its structure as
an Oy-algebra. The crystalline incarnation of this fact says that if Y/W is
a smooth and X C Y is a closed subscheme, then the structure sheaf of the
divided power envelope Px (Y), viewed as a sheaf of Oy -algebras, admits an in-
tegrable and quasi-nilpotent connection. In this section we explain that analogs
hold true for p-adic dilatations and prismatic envelopes, but one must replace
connections by p-connections. We will give a more conceptual geometric proof
of the these results later, in section

Proposition 3.6. Let Y/S be a p-completely smooth morphism of p-torsion
free p-adic formal schemes and let i: X — Y be a closed immersion.

1. The p-connection d' := pd of Oy extends uniquely to a multiplicative
integrable and quasi-nilpotent p-connection d’' on the Oy -algebra ODX (v)"
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2. If Y is a formal ¢-scheme and X — Y is a regular immersion, then
d' extends uniquely to a multiplicative integrable and quasi-nilpotent p-
connection on the Oy -algebra O () This p-connection is compatible
with ¢, in the sense that the following diagram commutes:

d 1
O v O o) ®yys
o TS
Y
(O x(Y)) #+(0O x(Y)> ®oy ¢*(Q%//S)
¢* (dl) y

Px ((O x(Y)) ®oy ¢*(Q%//s))

Proof. For (1), we suppose without loss of generality that Y is affine, with Y/S =
Spf(B/R). Let I be the ideal defining X and and let B’ be the uncompleted
version of the p-adic dilatation of I. Then B’ C Bqg := Q ® B and is generated
as a B-algebra by elements of the form p(z) with « € I. The p-connection
d'z := pdp extends uniquely to an integrable p-connection d’Q: Bq® Q}B /R* We
claim that dgy maps B’ to B’ ® QlB/R' In fact, for x € I:

dqp(x) = pdap(z) = dq(pp(z)) = dr € Q5. (3.7)

Since d’ satisfies the Leibnitz rule and B’ is generated over B by p(I), it follows
that dgl’ € Qp@ B’ forall b’ € B'. We write d’: B’ — QE/R®B’ for the induced
map, which is evidently an integrable p-connection on B’ and is the unique such
extending the canonical p-connection on B and which is multiplicative. This
p-connection extends uniquely to the p-adic completion of B’ by continuity.
To see the quasi-nilpotence, choose an element 7 of Tz,g, and observe from
equation that d.(p(x)) € B for all x € I. Then (d})?(p(x)) € pB, and,
since B’ is generated as a B-algebra by p(I), the multiplicativity of d. implies
that it is quasi-nilpotent modulo p.

Now suppose that ¢ endows Y with the structure of a formal ¢-scheme. We
are assuming also that X is regularly immersed in Y for convenience, since it
will allow us to apply the explicit description of x(Y') from Proposition
With the notation there, we calculate:

pdlti’j+1 = d/éj(xl) — dl(tij)
= pd&J ({El) — ptfﬁ;ld/tiﬁj
dtije = do () —th; d't (3.8)

This shows that the subring B> of Q ® B is stable under the p-connection d’Q,
and also that the resulting p-connection on B is quasi-nilpotent, since d’'é? (x;)
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is divisible by p. Furthermore, the diagram in statement (2) commutes with Bg
in place of B> by functoriality, and hence also with its subring B®°. These
results extend to the p-adic completion by continuity. O

Remark 3.7. We should point out that the more general prismatic envelopes
constructed in Theorem [2.19 may not inherit a p-connection. For example, let
Y :=SpfZ,[z]", with ¢(z) := 2P + x, and let X be the closed subscheme of ¥’
defined by (p,z). Then % restricts to the Frobenius endomorphism of X, and
it is not difficult to compute that x(Y) is given by the p-adic completion of
the ring Z, [z, s1, s2,...]/(ps1 = z,psa = s} — s1,ps3 = sh + s2,--+). But then
d's1 = dx and pd'sy = (psf'fl —1)dz, so d'sy cannot belong to B> @ QL. For
a more geometric explanation of the difficulty, see Remark
Example 3.8. Suppose that (z1,...,2,) is a local system of coordinates for
Y/S, that X C Y is defined by (1,...,2,,p), and that ¢(x;) € (21,...,7,,p?)
for 1 < i <r. Then by (1) of Theorem x(Y) is the p-adic completion
of Oy (t1,...,t,), where pt; = x;. Then d't; = pdt; = dz;, and, more generally,
d't™ = dr g,
Remark 3.9. Our next goal is to define a suitable notion of module with pris-
matic connection. Suppose again that Y/S is a p-completely smooth mor-
phism of formal ¢-schemes and that X — Y is a regular immersion. Let
( x(Y),zy,my) denote the prismatic envelope of X in Y. We shall some-
times find it convenient to work with sheaves on Y, sometimes with sheaves on
x(Y), and sometimes with sheaves on X. Let us explain how we can shift
among these points of view. As we have seen, the projection 1y : x(Y) — Y is
an affine morphism of formal ¢-schemes. Since formation of prismatic envelopes
commutes with p-completely flat base change Y’ — Y, the sheaf 7, (O x(Y)) is
p-completely quasi-coherent, in the sense of Definition[7.20] Moreover, thanks to
a (relative version of) Proposition there is a natural equivalence from the
category of sheaves of p-completely quasi-coherent Oy -modules on Y endowed
with a (compatible) O . (Y)—module structure, and the category of p-completely
quasi-coherent O (Y)—modules on x(Y). We shall allow ourselves to identify
these categories when we feel that no confusion should result. Note also that, if
FE is a p-completely quasi-coherent sheaf of O X(y)—modules, Proposition
tells us that RI7my . (FE) vanishes for ¢ > 0, so that cohomology computed with
these two points of view coincide.

Next, observe that the underlying topological space of x(Y) is x(Y),
and that zy: x(Y) — X is an affine morphism of schemes. Thus, if E is a
p-completely quasi-coherent sheaf of O N (Y)—modules7 by Proposition also
implies that R9zy,(E) vanishes for ¢ > 0. Furthermore the support of any sheaf
of Ty« (O X(y)—modules is contained in the subset X; and if F' is any sheaf on
Y with this property, then the natural map F — i,i~'F is an isomorphism, so
we may indifferently view such a sheaf as living on on Y or on X.

Definition 3.10. Let Y/S be a p-completely smooth morphism of formal ¢-
schemes, let X — Y be a regular closed immersion, and let E be a p-completely
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quasi-coherent sheaf of O X(y)—modules (see the previous paragraph).
1. An integrable p-connection V': E — Q%,/S ® E on E is compatible if
V'(ae) = d'a®e+aV'(e).
for every pair of local sections a € O () €E E.

2. A module with prismatic p-connection on (X/Y/S) is a p-completely quasi-
coherent sheaf of O (Y)—modules endowed with an integrable, quasi-
nilpotent, and compatible p-connection.

We denote the category of modules with prismatic p-connection on X/Y/S by
MICP(X/Y/S).

The analogous category MIC(X/Y/S) of p-completely quasi-coherent Op _ )
modules with compatible quasi-nilpotent connection is discussed, for example,
in [6 §6]. In the next section, we shall show that the category MICP(X/Y/S)
is, in a suitable sense, independent of Y.

3.4 The prismatic Poincaré Lemma

Let S be a formal ¢-scheme and X/S a smooth morphism. Although we have
not yet discussed the prismatic site, we can use “bare hands” methods to prove
the existence of a functorial cohomology theory H* (X/S), (including a theory of
coefficients) that will agree with the cohomology of the prismatic topos (X/S)
The key is to show that, if X is embedded in p-completely smooth Y/S, the
category of modules with prismatic p-connection on X/Y/S is independent of
the choice of Y, and that the same independence holds for the cohomology of
any such module. We accomplish this using our detailed study of the nature
of prismatic envelopes in (When the base S is perfect, another approach
is possible, by reduction to the usual crystalline theory using the F-transform,
but we shall not explain this here.) In the following theorem, we show that the
category MICP(X/Y/S), and its cohomology, is independent of the choice of
Y. Here we view an object (E,V’) of this category as living on the topological
space X, as explained in Remark [3.9]

Theorem 3.11 (The prismatic Poincaré Lemma). Let S be a formal ¢-scheme,
let X/S be a smooth morphism, and let g: Y — Z be a morphism of p-
completely smooth formal ¢-schemes over S such that j := g o is again a
regular closed immersion.

1. The morphism g induces an equivalence of categories:
MICP(X/Z/S) — MICP(X/Y/S).

2. If (E, V') is an object of MICP(X/Z/S), then the natural map
(/s ® B, d) = (Qy,s @ g"(E),d)

is a strict quasi-isomorphism.
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Proof. The proof will proceed by reducing to calculations in the case of prismatic
neighborhoods of a point. Thus the key case occurs when Y = S, when g is
a closed immersion, which we now denote by s: S — Z, and when X = S.
Under these conditions, the category MICP(X/Y/S) = MICP(S/S/S) is just
the category of p-completely quasi-coherent Og-modules, and the the statement
itself reduces to the following lemma.

Lemma 3.12. Let h: Z — S be a p-completely smooth morphism of formal
¢-schemes. Assume that h admits a section s: S — Z, compatible with ¢.

1. The functor
s*: MICP(S/Z/S) — MICP(S/S/S) : (E,V') = Eg
is an equivalence, with quasi-inverse
h*: MICP(S/S/S) — MICP(S/Z/S) : E' = (O s(z)® E' d ®id).
In particular, the natural maps
(EY %050 _5ided) = (E,V) and EY - Es
are isomorphisms.

2. If (E,V') is an object of MICP(S/Z/S), the natural map
EY' 5 (E®Qys,d)
is a quasi-isomorphism.

Proof. Before embarking on the proof, let us note that, since (S,idg,ids) is
an S prism over S, the map s(Z) — S admits a section §': S — Z, and
the functor s* in statement (1) takes an object (E, V') of MICP(S/Z/S) to its
pullback via §. As we saw in statement (1) of Theorem the prismatic
envelope g(Z) of S in Z can be identified with the divided power envelope
Ps(Ds(Z)) of the section S of the p-adic dilatation of S in Z defined by s.
Working locally, we may assume that Z — S is Spf(B — (') and that there is
a set of local coordinates (z1,...,z,) for Z/S which generates the ideal of S in
Z. Then the formal completion of S along Z is Spf B[[z1,...,z.]], and Dg(Z)
is Spf Blt1,...,t,]", with 2; mapping to pt;. Thus the map Dg(Z) — S is also
formally smooth.
Continuing to work locally with the aid of coordinates, we can write P5(Dg(Z))

as the formal spectrum of the p-adic completion of the PD-algebra B(tq, ..., t,).
Since pt; = x; and d'z; = pdx;, it follows that d't; = dx;, and since O «(2)
is p-torsion free, that d’tg-n] = tgn_l]dxi for all n. (See Example ) Because
the p-connection V' on E’ is compatible with the p-connection on O «(2) it

behaves like a connection on E’, viewed now as a B(ty, ..., t,)"-module; further-
more, it is quasi-nilpotentl as a connection. In this light the lemma becomes a
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standard fact from the usual crystalline theory. Let us nevertheless write some
details.
Let 0; := V’a/am, and let

=Y (-t)19" € Endo, (E). (3.9)
I

This formula converges p-adically because of the quasi-nilpotence of V': if e € E
and n € N, then d’e € p"F for |I| > 0. Then a standard formal verification
shows that

Vor 0
> tlrod" = id (3.10)

I

It follows that EY — E|, is surjective, since for every e € E, r(e) € EY and
r(e) = e modulo the ideal of S'in g(Z).
The equations implies that every element e of E can be written as a
p-adically convergent sum
e= Z tle I

with each e; € EV'. We claim that any such expression is unique, i.e., that
necessarily e; = r(0%e). To see this, we calculate

T(ZtmeI) — Z(_t)[J]aJ (Z:t[I]eI)

J

= Z(,t)[J]t[IfJ]QI

I1,J

T

I

s

_ Zi( > 1),

I J=0
= Z(l mtl]e

1
= 60

Applying this same calculation to d’e, we verify that r(07e) = ey for all I.
This proves that the map s*(EV') — FE is an isomorphism. It follows that
EV' — Egis also an isomorphism, because s*h* = id. This completes the proof
of statement (1). E|

We continue in our localized situation to address statement (2). Statement
(1) implies that we have a natural isomorphism:

(E®Qyg.d) = (EY ®p Blt,....t,)",d)

4should I write 57
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where d is the usual differential of the de Rham complex of the divided power
polynomial algebra. Thus the result follows from the standard divided power
Poincaré lemma [6], 6.12]. O

The remainder of the proof of the theorem will be series of reductions to the
case handled in Lemma [3.12]
Lemma 3.13. Theorem holds if Z — S is the identity map and g admits
a section s such that i = soj.

Proof. Since Y/S was by assumption p-completely smooth, and in this case g is
the structural morphism of Y/S, it follows that g is p-completely smooth. Let
S':= x(5)andlet Y’ := 5" xgY; recalling that since g is p-completely smooth,
this fibered product is again p-torsion free, so Y’/S’ is again a p-completely
smooth morphism of formal ¢-schemes. The section s induces a section s’ of
g : Y’ — 5’ and there is a (2-commutative) diagram:

g*: MICP(X/S/8) — MICP(X/Y/S)

g+ MICP(S'/S"/S") — MICP(S'/Y'/S").

Lemma tells us that ¢’ is an equivalence, compatible with cohomology.
It follows from the definitions that the category MICP(? /S’/8") is just the
category of p-completely quasi-coherent S’-modules; similarly, MICP(X/S/S) is
the category of p-completely quasi-coherent x (S)-modules. Since S’ = x(5),
the left vertical arrow is an equivalence—in fact, just the identity functor. On
the other hand, an object of MICP(X/Y/S) is a p-completely quasi-coherent
sheaf E of O X(y)—modules equipped with with a compatible quasi-nilpotent
p-connection
V':E = Q35 ®0, E,

and an object of MICP(?I/ Y’/S") is a p-completely quasi-coherent sheaf of
@ Sl(y,)—modules FE together with a quasi-nilpotent p-connection:

V’: E — Q%///S/ ®Oy, E

But S’ = x(S), and Lemma tells us that ¢ (Y’) = x(Y). Furthermore,

if £isan O -module, we have
x(Y)

W )s0 0y, E =0y )6 oy Oy Qoy,, E= Qg ®0, E,

we see that the right vertical arrow is also the identity functor. Furthermore,
for any object I of this category, the respective p-de Rham complexes F'® ()5, /s

and £ ® Q) /s are the same. This concludes the proof of the lemma. O

The next step requires localization in the p-completely flat topology.
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Lemma 3.14. Theorem holds if Z — S is the identity map.

Proof. Thanks to the descent results in section §7] this can be checked p-
completely flat locally on S, so we may and shall assume that S is affine. After
replacing Y by its formal completion along X, we may find a section of g which
is compatible with the embeddings of X in Y and S but not necessarily with
the ¢-structures. However, by Proposition there exist a p-completely flat
covering S — S of formal ¢-schemes and a section §: S — Y xg S which is 1
compatible with the embeddings as well at the ¢-structure. Then Lemma [3.13
applies. O

Lemma 3.15. Theorem holds if g p-completely smooth.

Proof. In this case, we can form the relative cohomology sheaves
B = Rig.(E®Qy, g, d),

which here are just the cohomology sheaves of the complex (E®Q;, 17 d'). (Here
we work modulo each power of p, not in the exact category of p-adic sheaves
described in §7l) Lemma applies to the morphism g, with S replaced by
7, and tells us that in fact these sheaves vanish for ¢ > 0 and that the natural
map ¢*E° — E is an isomorphism. As we saw in Proposition these sheaves
admit a Gauss-Manin p-connection, and there is a spectral sequence with

EY?~ RP(ET® Q79 d)= RFYE® Qy/s d).
Since F? =0 for ¢ > 0, in fact we have isomorphisms
RY(E®Qyq,d) = R"(E° ® Q).
Since also ¢*E° — F is an isomorphism, we see that the map
(E°®9Qy5,d) = (EQ Qg d)

is a quasi-isomorphism, as claimed in the theorem. The fact that ¢*F — E° is
an isomorphism also implies that g induces the claimed equivalence of categories.
O

We can now prove the general case of Theorem[3.11} First note that if f and ¢
are composable morphisms and the result holds for any two of f, g, and go f, then
it also holds for all three, as is easily seen. Now in the situation of the theorem,
consider the graph I'g: Y — Y xg Z of g. The projections my: Y xg Z =Y
and 7z: Y Xg Z — Y are p-completely smooth, and Lemma implies that
the theorem is true for each of these. Since my oI'y = idy, the result for 7y and
for idy imply the result for I'y. Since g = mz o I'y, the result for 7z and for Iy
imply the result for g. O
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Corollary 3.16. Let Y/S be a p-completely smooth morphism of formal ¢-
schemes and let X — Y be a closed immersion, with X/S smooth. Then
if (E,V) is an object of MICP(X/Y/S) and n > 0, the cohomology sheaves
’Hq(Q'Y/S ® E,,d") vanish if ¢ > dim(X/S).

Proof. We can check this statement locally on X, and so we may and shall
assume that there is a p-completely smooth formal ¢-scheme X /S lifting X/S.
The corollary is certainly true with X in place of Y/S. Now we have morphisms
of embeddings:

(X, X) « (X x Y, X) = (V,X)

and so Theorem allows us to carry the result for ()~(, X) over to (Y, X). O

4 The F-transform

The purpose of this section is to explore the relationship between the prismatic
theory and some of its predecessors, especially attempts to develop p-adic non-
abelian Hodge theory. The material in this section is not strictly needed for the
proof of our main comparison theorems, but it will have some applications to
the prismatic theory, for example in section §6.6]

4.1 Shiho’s equivalence of categories

We recall the following construction, which has been used by many authors, for
example, in [24], [26], [10], and [28]. The setup is slightly more general than
what is provided by ¢-schemes.

Proposition 4.1. Let S be a p-torsion free p-adic formal scheme and Y/S a
p-completely smooth morphism of p-adic formal schemes. Suppose that we
are given a morphism F:Y — Y’ lifting the relative Frobenius morphism
Fy;s: Y1 =Y/, and let

Ci=p ' F*: Oy g = Py

If (E',V’) is an integrable p-connection on Y’ there is a unique integrable
connection V on F*FE with the property that

Vl®e)=(oid)(V'())

for every local section e’ of E'. We call (F*E’,V) the F-transform of (E',V").
O

Connections, p-connections, and the F-transform can also be interpreted
geometrically. As is well-known, to give a connection on an Oy-module F
is the same as to give an isomorphism of O Pé/s—modules e: p5sE — piE whose

restriction to the diagonal is the identity. The isomorphism € and the connection
V are related by the formula

e(pye) = pje + Ve.
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Similarly, giving a p-connection on an Oy-module E is equivalent to giving
an isomorphism of O D;/S-modules p5E — pi E whose restriction to the diagonal
is the identity. Using these interpretations of connections and p-connections, we

find the following geometric interpretation of the F-transform. The proof is
immediate from the definitions and diagram (3.6|) of Proposition

Proposition 4.2. Let F': Y — Y’ be a lift of the relative Frobenius morphism
of a smooth p-adic formal scheme Y/S, and let ¢': p'5E' — p'{E’ be the iso-
morphism of O D;l/s-modules corresponding to a p-connection V' on E’. Let

F: Pll//s — D}l,,/s be the morphism |°| defined in Proposition Then the
F-transform of (E’,V’) corresponds to the isomorphism of O p}l//s-modules:
F*(): F*pl)"E' — F*p'"F',

after the identifications F*p|* = pi F*. O
Remark 4.3. Note that the F-transform of E’ depends on the choice of Frobe-
nius lifting. Two Frobenius liftings F} and F, agree modulo p, and since the
ideal (p) has a unique PD-structure, an integrable connection on E’ would de-
fine an isomorphism FyE’ = F}*E’, but a p-connection is not enough to do this

on its own. This issue was studied in [24], [25], and [28], and we will review it
in Proposition 5.8

The following important theorem is due to A. Shiho [26], 3.1]. As he explains,
it is a “descent to level minus one” version of Berthelot’s Frobenius descent
ideas [4]. We shall review his proof, using the point of view developed in our
current context, in subsection [5.2]

Theorem 4.4 (Shiho). Let F: Y — Y’ be as in Proposition[4.1, and let (E, V)
be the F-transform of an integrable p-connection (E',V') on Y'/S. Then V is
nilpotent if V' is. The F-transform (E',V') — (E,V) defines an equivalence
from the tensor category of nilpotent integrable p-connections on Y’ to the
tensor category of nilpotent integrable connections on Y . O

Remark 4.5. Shiho shows in [26] that the F-transform of a quasi-nilpotent p-
connection is a quasi-nilpotent connection. We shall give a more precise version
of his argument by computing the p-curvature of the F-transform explicitly; see
Theorem below. We should also point out that the converse result is not
true: the F-transform of a non-quasi-nilpotent p-connection can be nilpotent,
even zero. In particular, the F-transform functor is not fully faithful on the
category of all p-connections.

The following result is strengthening of a special case of a result of Shiho [26],
4.4] relating the cohomology of a module with quasi-nilpotent p-connection to
the cohomology of its F-transform. See for the terminology used in the
following statement.

5The treatment there used the absolute instead of relative Frobenius, but the construction
here is essentially the same.
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Theorem 4.6. With the notation of Theorem[4.4, let (E', V') be a p-completely
quasi-coherent sheaf of Oy -modules with quasi-nilpotent integrable p-connection
and let (E,V) be its F-transform. Then the natural morphism of complexes:

(e Qyrys ® E' = Fu(Qy5 ® B)
is a strict quasi-isomorphism.

Proof. First suppose that (E', V') = (Oy,0). Then (£,V) = (Oy,d), and our
assertion is that
% (Q'?/S,O) — F*(Q'?/S,d)

is a quasi-isomorphism. This follows from the fact that in each degree ¢, (g
reduces to the inverse Cartier isomorphism:
-1 . i i
C’?/S. Q?’/s — F\H (QY/S)'
Now let E’ be any sheaf of Oy»-modules. Since all the terms of the complex
F, (Q? ) S), as well as its cohomology sheaves, are locally free over Oy, it follows

that the map
(p: (Q'?,/S ®E'0) — F.(Qp g ®o,, E' d®id)

is still a quasi-isomorphism. The right side is the de Rham complex of the
F-transform of (E’,0). Thus we have proved the theorem whenever E’ is anni-
hilated by p and by V'.

Note next that, since F' is flat, the F-transform preserves exact sequences.
Hence if 0 — (B}, V') — (E5, V') — (E4, V') — 0 is an exact sequence of
modules with p-connection and the theorem is true for any two of the terms,
then it is true for the third. Consequently the result also holds if E’ has a finite
filtration whose associated graded satisfies the claimed result.

Let us now check that the theorem is true whenever E’ is annihilated by p.
We may work locally, and in particular we may assume that Y is affine. Let
E{ = Ker(V'), let E} be the inverse image in E’ of the kernel of V' acting
on E'/E{, etc. We obtain an increasing filtration Ef C E} C --- on whose
associated graded V' is trivial. It follows that the result holds for each Ej,. If
E'’ is noetherian, this sequence terminates, and E/, = E’ for n > 0 because
V' was assumed to be locally nilpotent. In any case, E' = lim E/,, and since
formation of F-transforms and of cohomology commute with direct limits, the
result also holds for E'.

It now follows by induction that the theorem is true for any E’ annihilated
by a finite power of p. To check the induction step, assume that p"t!E’ = 0, so
that there is an exact sequence:

0—p"E - E — E'/p"E — 0.

The first term in this sequence is annihilated by p and is a quotient of E’/pE’,
hence its p-connection is quasi-nilpotent, and hence the theorem holds for this
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term. Since the p-connection of the last term is also quasi-nilpotent, the theorem
also holds for it, and hence also for E’.

To complete the proof of the theorem, recall that, by definition, a morphism
of complexes p-completely quasi-coherent sheaves is a strict quasi-isomorphism
if and only if its reduction modulo each power p is a quasi-isomorphism. Since
the F-transform commutes with reduction modulo each power of p, and and we
have just checked that the result is true for every such reduction, the theorem
is proved. O

The following result relates the Frobenius pull-back of a module with p-
connection (E’, V') on Y’'/S to the p-transform (explained in Example of
the F-transform of (E’, V’). It will allow us to see that the prismatic Frobenius
is an isogeny on cohomology.

Theorem 4.7. Let Y/S be a p-completely smooth morphism of formal ¢-
schemes, with relative Frobenius morphism ¢y;s: Y — Y', and let (E',V’)
be an object of MICP(Y’/S).

1. The ¢y s-pullback (E",V") of (E', V') as a module with p-connection is
the p-transform (see Example[3.3) of the F-transform (E,V) of (E',V').

2. There exists a commutative diagram: of complexes:
. / ! CE .
(Qy//s ® E ,d ) — ¢Y/S*(QY/S ® E,d)
¢Y/S* (b)

¢Y/S*(Q'Y/S ® E//>d/)v

where (j; is the quasi-isomorphism of Theorem |4.6, where b is the mor-
phism defined in Example[3.3, and where c is the canonical map induced
by the morphism ¢y/g.

Proof. By construction E := ¢§,/S(E’); let a: E' — ¢y/s.(E) be the adjunction
map. Then we have a commutative diagram:

p—Y

0515 @ E
« (®a
' v

v 1
Oy/sx(E) — dy/s:(Qy s ® E)

id p®id

Y 17 Y

Vv
by /s (E") — ¢Y/S*(Q%//S ®@ E").
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The composition of the vertical arrows on the left is «, and on the right is
oy /s ® o Then the rectangle commutes, by the definition of the pullback p-
connection V”. The top square commutes by the definition of the F-transform
connection V, and it follows that the bottom square commutes as well. This
implies that V" = pV, so V" is the p-transform of V.
The diagram above extends to a diagram of complexes:
! / !
d Qs E d 05 s QF d

E/
(0% p71¢§//5®0z p72¢;/5®a

' d ' d i d
Py s« (E) — ¢Y/s*(9%//5 ®FE) — ¢Y/s*(92y/s QF) — -

id D p?
" pd ' pd ' pd
Dy 5+ (B) = by 5:(Qy s @ E) = dy/5.(Qy )5 @ B) —— -+,
which is the content of statement (2). O

Continuing to let Y/S be a p-completely smooth morphism of formal ¢-
schemes, we now suppose that X is closed subscheme of Y and is smooth over
S. We have seen in Proposition that the (structure sheaf of) the prismatic
neighborhood x/(Y”) carries a p-connection, while (that of) the divided power
neighborhood Px(Y") carries a connection. We shall see that the F-transform
takes the former to the latter.

Recall that if X? := ¢7)(X'), then x4(Y) 2 Px(Y), and, from Corol-
lary and diagram in its proof, the commutative diagram:

e 2P) 2 vy ()

(4.1)

s Ly T Ly

whose left square is Cartesian. (If S is perfect or regular, the same is true of
the right square.)

Y

Theorem 4.8. With the notation and hypotheses described in the previous
paragraphs, the canonical connection

. 1
on Op v) is the F-transform ‘ of the canonical p-connection

/. 1
d: O 2 e Qy,/s®(’) (Y1)
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on O () Furthermore, the F-transform defines an equivalence of categories:
MICP(X'/Y’/S) — MIC(X/Y/S),

Proof. Since the square in the diagram is Cartesian, the map

~

T ¢§//s(o x/(Y’)) -0 = OPX(Y)

XP(Y)

is an isomorphism. We claim that this isomorphism identifies the F-transform
connection with the standard connection d. We must show that if ¢’ is a local
section of O (Y7 then

(635 @id)(d'e") = pd(7(e'))

The construction of x/(Y”’) shows that O () is topologically generated by
elements €’ such that p™e’ belongs to Oy for some m > 0, and so it suffices to
check this equality for such ¢’. Since the target is p-torsion free, in fact it suffices
to check the result for elements of Oy/. Since the p-connection on O o) is
compatible with the p-connection pd on Oy and the connection on OPx(Y) is
compatible with the connection d on Oy, the result is obvious for such elements.

To prove the last statement of the theorem, observe first that Shiho’s the-
orem already tells us that the F-transform is an equivalence from the category
of modules with quasi-nilpotent p-connection on Y'/S to the category of mod-
ules with quasi-nilpotent connection on Y/S. The p-complete faithful flatness
of ¢y,s implies that this functor preserves p-complete quasi-coherence. It re-
mains only to check the compatibility condition. Suppose that E’ is an object
of MICP(X’/Y’/S) and that F is its F-transform. The O X//S(w)—module

structure of E’ is a horizontal map:
() (Y1) ®oy, E > FE
which induces a horizontal map
83750,y ®oy, B') = 63 5(E)

Since the F-transform is compatible with tensor products, this gives us a hori-
zontal map

(Op . (v) ®oy by s(E') = 63, 5(E),
endowing ¢;‘,/S(E’) with the structure of an object of MIC(X/Y/S). This con-

struction works in the opposite direction, proving the theorem. O

Remark 4.9. As we saw in Theorem the category MICP(X'/Y’/S) is, in
a suitable sense, independent of the choice of Y, and the same is true for the

category MIC(X/Y/S). One can check that the F-transform is aso independent
of this choice. Namely, if g: Y — Z is a morphism of p-completely smooth

65



formal ¢-schemes such that g o is again a closed immersion, then one finds a
2-commutative diagram

MICP(X'/Z']§) — MIC(X/Z/S)

MICP(X'/Y']S) — MIC(X/Y/S)

In section [6.5| we shall give a topos-theoretic version of the F-tranform that does
not refer to any embedding.

4.2 A kernel for the F-transform

Let Y/S be a p-completely smooth morphism of ¢-schemes. Shiho’s Theo-
rem gives an equivalence of categories

MICP(Y'/S) — MIC(Y/S).

The description of the functor in this direction is explicit and simple, but that
of the inverse is less so. Here we shall describe a more symmetric construction
of this equivalence, as a geometric transform. Namely, we will see that there is
a formal ¢-scheme T with affine morphisms 7y : T — Y and 7my+: T — Y’, and
that the F-transform and its inverse are given by (suitably defined) functors
Ty Ty, and my,my-. This construction is the prismatic analog of the “torsor of
Frobenius liftings” used in [24] §2.4] and its p-adic versions in [25] and [28].

If Y/S is a p-completely smooth morphism of formal ¢-schemes, we let
Z =Y xgY  and let I': Y — Z be the graph of the relative Frobenius map
¢yss: Y = Y'. If p(Z) is the prismatic envelope of this immersion, there are
morphisms

Tz F(Z) — 7
my: r(Z) = Z-Y
Ty’ : F(Z) - Z-=Y'.

Note that these morphisms are affine, because r(Z) is affine over X. We also
have isomorphisms:

(v ) = 7y (D g)
Ty (Qyyr) =3 (D )s),s
which we may use without further mention in what follows.

Proposition 4.10. With the notation above, let Ay := O ~(2)
variously as a a sheaf of Oy -algebras, a sheaf of left Oy-modules or a sheaf of
right Oy-modules.

which we view
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1. The p-differential d': Oy — le/y = 0z® (2%/,/5 extends uniquely to
a quasi-nilpotent integrable p-connection on Ay viewed as a right Oy:-
module:

d: .Ay — .Ay X Q%///S'

2. The differential d: Oz — le/yf ~ Q%//S ® Oz extends uniquely to an
integrable and quasi-nilpotent connection on Ay viewed as a left Oy-
module:

d: Ay — Q%//S R Ay.

3. The object (Ay,d) of MIC(Y/S) is the F-transform of the object (O
of MICP(Y'/S) (viewed as on Oy -module via the first projection).

U
oy @)

4. The map d' in (1) is Oy-linear, the map d in (2) is Oy--linear, and the
following diagram commutes:

Ay)z Qy/s ® Ayz

d’ ide d

d®id
.AY/Z ®Q%///S e Q%//S ®AY/Z ® Q%/'/S

Proof. Proposition tells us that the Ogz-algebra Ay admits a natural p-
connection d': Ay — Ay ® le/s. Composing this with the projection le/s —
le/y = Q%/,/S ® Oz, we find the p-connection of statement (1).

The uniqueness of the connection d in (2) is clear, and we will deduce its
existence from statement (3). The map ¢y,g x id: Z — Z' is flat, and the
Cartesian diagram below is Cartesian:

I
Y VA
by/s dy/s % id
id, id
w;ﬁil»ym)

It follows from Theorem that the induced map
r(Z2) = Z xyiqy y(1)2Y xyr yi(1)
is an isomorphism. Thus we have found an isomorphism of left Oy-modules:
Py,s(0 y/(l)) — Ay,

and we can endow Ay with the F-transform of the p-connection of O L)

The linearity assertions in (4) are immediate from the definitions, and the
diagram commutes when restricted to Oz. It follows that it commutes on all of
Ay . O
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We can now describe the F-transform in the following way. Recall that Ay
is regarded as a left Oy-module and a right Oy -module, and, if F (resp. E’)
is an Oy-module (resp., Oy -module), make identifications:

E® Ay =73(E), Ay/s®E =n3.(E').

Suppose (E’, V') is an object of MICP(Y’/S). Endow Ay ® E’ with the tensor
product p-connection coming from the p-connections on E’ and on Ay:

V:Ay @ E' — Ay @ E' © Qy. 5.
Since the connection d on Ay is Oy~ -linear, it induces a connection
Vi=doid: Ay  E' - Qy)s © Ay @ E

which annihilates E’. It follows that V and V' commute and that V induces
a connection on the cohomology sheaves of the complex (Ay ® E' ® Q5 /5 d")

and in particular on (Ay ® E')V'.
Similarly, if (E, V) is an object of MIC(Y/S), then we endow E ® Ay with
the tensor product connection

V:E® Ay = Qy s ® E® Ay.

coming from the connections on Ay and on E. Since the p-connection on Ay
is Oy-linear, we also find a p-connection:

Vi=ided: E@ Ay —» E® Ay ® Qy /g,

which commutes with V.

Theorem 4.11. With the constructions described in the previous paragraph,
the following results hold.

1. If (E',V') € MICP(Y"/S), let
(E,V) = ((Ay ® B)Y ,d ®id).

Then the map
E — (AY ® E/ ® Qi///s, d/)

is a strict quasi-isomorphism, and the natural Oy -linear map
ExAy - Ay @ F

is an isomorphism. Furthermore, (E,V) is isomorphic to the F-transform
of (', V').

2. If (E,V) € MIC(Y/S), let

(E'\V'):=(E®Ay)V,id® d).
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Then the map
E - (E® Ay ® Q'Y/S,d)

is a strict quasi-isomorphism, and the natural Oy -linear map
Ay ® E' - E® Ay
is an isomorphism.

3. The functor MICP(Y'/S) — MIC(Y/S)
(B, V') = (Ay ® E)Y, V)
is an equivalence of categories, with quasi-inverse

(E,V)— (E® Ay)Y,V)

Proof. The map my: Z — Y is p-completely smooth, with a section I': Y — Z,
Thus we are in the situation of Lemma[3.12} with a change of notation: S — Y,
s— T, and E := 7}, (E’). The first part of statement (1) follows.

To see that (Ay ®E')Y', V) is the F-transform of (E', V'), let I": Y — 1(Z)
be the canonical section of I'. Lemma tells us that the map

E:= Uy @ E)Y T4y @ E)

is an isomorphism. Since I'"*(Ay ® E') = ¢3,,5(E’), we find an isomorphism
E — ¢3,,5(E’). It remains to show that the connection on (Ay ® EY' agrees
with the F-transform connection. We begin with the following result (really a
special case).
Lemma 4.12. Ife” is a local section of the kernel E” of Ay QE' — I'"*(Ay QFE'),
then

I™(V(e") = =(C@id)(T"™(V'(e"))

Proof. Recall first that, since I': Y — Z is a regular immersion of p-completely
smooth formal ¢-schemes, Theorem [2.27 implies that p(Z) is Px(Dr(Z), where
I is the canonical section Y — Dr(Z). If f is a local section of Oy, then

e(f) = dys(f) @1 -1 (f)

belongs to the ideal It of I': Y — Z and in fact this ideal is generated by the
family of such elements. Then the ideal of I': ¥ — Dy (Z) is topoloogically
generated by elements p~le(f) for all such f, and hence the ideal of I': Y —
v (Z) is topologically generated as a PD-ideal by such elements. Hence every
element of E” is a p-adic limit of a sum of elements of the form gl™e’ for some
e € Ay ® E' and some g = p~le(f). and it will suffice to prove the result for
every such gl"le’.
Note first that

V(gle') = gl tdg @ ¢ + gV (),
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which again belongs to E” if n > 1, and the same holds for V'(¢”). Thus
V(gl"le’) and V'(g"e’) both vanish when pulled back via IV, so it suffices to
treat the case n = 1.

Compute:

dp~le(f)) = p_1¢§k//s(df)
d(pre(f) = —n"(df)
Then:
V(") = I*(V(pe(f)e))
*((p~e(f) @ + (p~'e(f)V(e))
pfléb;/s(df) ®e

PV = TV )
= (" e(f)e +pte(f)V'(¢)
= —m(df)®¢
Since ((m*(df)) = p~1¢*(df), this proves the lemma. O

Now suppose that ¢’ € E’. We can uniquely write 1 ® ¢/ = e + ¢”, with
V'(e) =0 and ¢” € E”. Since V(1 ® €’) = 0, it follows that V(e) = —V(e"),
which, by the lemma, is ((®1d)V'(e”). But V'(¢") = V'(1®¢e')—V'(e) = V'(¢').
We conclude that

V(e) = ((®@id)V'(¢),
as claimed.

The following result, which is a special case of statement (2), is worth stating
separately.

Lemma 4.13. The de Rham complex (Ay ® Qv d) of the Oy-module with

connection (Ay,d), viewed as a complex of Oy:-modules, is a resolution of Oy,
each term of which is p-completely flat.

Proof. By statement (3) of Proposition we know that (Ay,V) is the F-
transform of (O (1) d'). Theorem [4.6]implies that the map

(Ay ® Qyy5.d) = bys:(O 1) @ Dy, d)

is a strict quasi-isomorphism. Theorem [3.11] tells us that the complex on the
right is a strict resolution of Oy, and hence the same is true of the complex on
the left. It is clear that each of its terms is p-completely flat over Oy and hence
also over Oy-. O

Now to prove statement (2), we use Shiho’s Theorem [4.4] which tells us that
(E,V) € MIC(Y/S) is the F-transform of some (E’, V') € MICP(Y'/S). Then,
by statement (1), we have isomorphisms:

(E,V) = (Ay ® )Y ,d®id)
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ExAy =2 Ay Q F
(E®@Ay ®Qy/g,d) = (Ay @ E' ® Qy)5,d @ idp),

The lemma tells us that (Ay ® €2y g,d) is a strict resolution of Oy all of
whose terms are p-completely flat, and hence (Ay ® E' ® Q,/¢,d ® idg/) is a
strict resolution of E’. Statement (2) follows, and Theorem Mnow also implies
statement (3). O

4.3 F-transform and p-curvature

Our goal here is to give an explicit formula for the p-curvature of the reduc-
tion modulo p of the F-transform of a module with integrable p-connection.
This explicit formula is not needed for the remainder of this paper; all that
is needed here is that quasi-nilpotent p-connections give rise to quasi-nilpotent
connections, which has already been proved in [20].

Since everything takes place in characteristic p, we change the notation.
Let X — S be a smooth morphism of schemes in characteristic p > 0, let
Fx;s: X — X' be the relative Frobenius morphism, and let 7x/g: X’ — X
be the projection mapping. We can generalize the F-transform construction as
follows. Suppose that we are given a splitting ¢’ of the inverse Cartier isomor-
phism, as in the following diagram.

Fx/s:Q% /5
A
¢
!
Qs Fx/s:2x;s
—1
Cx/s ‘
Fx/s:H (Qy/s)

(Recall, e.g. from Proposition that a lifting of the Frobenius morphism
to a smooth morphism of p-torsion free schemes provides such a splitting.) If
0:E — Qﬁ(,/s is a Higgs field on a sheaf of Ox/,-modules E’, there is a unique
connection V on E := Fy o (E') such that V(1®e') = (' ®@id)#'(¢) for every
local section €’ of E’. We call this (E,V) the (-transform of (E’,0"). This
construction generalizes the F-transform in the obvious way. Our goal is
to compute the p-curvature of (E, V).
The splitting ¢ induces, by adjunction, duality, and pullback, maps:

C~IF;(/As(Q§(//s) - Qx5
¢: Txys — Fyx/s(Txiys)
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It follows from the definition that there is a commutative diagram:

FE, o (0)
g LX/s

F)?/S(Qk//s) RFE
S Fis(0)

Qk/s®E

For the computations, we shall use the following standard notations for the
Higgs field and connection:

0" F — Q}(,/S ®E'" Tx/s — Endo,, (E') : D"+ 0},
V:E—=Qys@E Txss = Endo,,(E'): D Vp
We also have a map:
O: TX/S — EndoX (E) :D— F;‘(/S(G’)é(D)
and the connection V corresponds to the map
V:Tx/s — Endo,, (F): D+~ D ®id+ ©p.
Recall that the p-curvature of (E, V) is by definition the map
Y: E— Fx/5(Qk,5) ©F
such that
(¥(e), 7%, s(D)) = Vi (e) = Vpw ()
for all e € E' and D € Tx,g, where D) ¢ Tx/s is the pth iterate of D. That
is, if D € Tx/g and D' = ﬂ}/S(D) € T'x:/s, we have
Ypr = V% — Vpw € Endop, (E)

Theorem 4.14. With notations described in the previous paragraphs, for every
local section D of T'x:;5, we have:

¢D’ = @% - F;{/S( ID’)a

where D' := 71';(/5 (D)
Proof. Let us first remark that, when E' = Ox, Theorem is equivalent to
a formula of Katz [I7, 7.1.2], and our proof begins the same way. From the
definition of the p-curvature and a formula of Jacobson, we find:

Yp = VI —Vpm
(D®id+0p)? — (DP ®@id— Opu)
= (D®@id)” +ad),,,4(0p) + 0% — (D) @id — O pw)
= adg@lid(@D) +0h —Opw

Then the following lemma proves the theorem.
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Lemma 4.15. If D is any section Tx;s and D" := 7 ,4(D), then as endomor-
phisms of Fy 5 (E"), we have

ad%gid(@D) —Opw = _F)*(/S(Q/D’)
Proof. We work locally, with the aid of a system of coordinates (t1,...,tn).
Let (D1,...,Dy,) be the basis for Tx /g dual to (dty,...,dt,), let w; := ((dt}),
let D} = w}/S(Di) € Txs /g, and let 6] := 9;3;. The integrability condition
implies that 61, ..., 6/, is a family of commuting endomorphisms of E’; they also

commute with each ©p because ¥ p, is horizontal. Then for each ¢’ € E’, we
have

o' ()

> dt; @ 6;(e)
Viige) = Zwi ® 0i(e).

For D € Tx/s, we have:
Op = F)*(/S(el)f(D) € EndOX E
> (1wt (D) ©
> _((dt), D)y 2 6;
= Z<wiﬂ D)® 9;
Recall from [I7), 7.1.2.6] that the Cartier operator C': F*(Z)1(/5) — Qﬁ(,/s
satisfies the following formula

Fs((C(w),m%/sD)) = (w, DW) = D"~ ({w, D))

for w € FX/S*Z)l(/S and D € Tx/g. Using the fact that ©p commutes with
each 6}, we compute:

ad%gid(@r)) —Opw = ad%gid <Z<WiaD> ® 92) - Z(wi,D(P)> ® 0;
> D" Hwi, D) @0 — (w;, D)) @ 6]
= =Y Fys((Clw), D) &6

Since w; = ((dt}) and ( is a splitting of the inverse Cartier isomorphism, in fact
C(w;) = dt}, and we find that

ad%gid(eD) - Opw = - ZF;{/S<dt;7 D/> ® 9;
= —Fx/s(0p)

as claimed. 0
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Remark 4.16. We should also point out that the (-transform was also discussed
in [24, 2.11.1]. For quasi-nilpotent Higgs fields, [24] 2.13] gives another proof
of the p-curvature formula. In the discussion there, this formula is presented in
a more geometric way, which the reader may find more appealing. It used to
define a twisted version of the (-transform whose p-curvature is Frobenius pull
back of the Higgs field 6.

5 Groupoids, stratifications, and differential op-
erators

In this section adapt some standard constructions relating groupoids, stratifica-
tions, and differential operators to prismatic crystals. To facilitate the compar-
ison to other theories, we let T stand for any one of P,D, or , and sometimes
also for F. We work over a p-torsion free p-adic formal scheme S, endowed with
a ¢-scheme structure in the last case. If X is smooth S-scheme, we let T(X/S)
be the category of PD-enlargements of X /S, of p-adic enlargements of X/S, or
of X/S-prisms, respectively. If X C Y is a closed embedding, we write Tx(Y")
for the appropriate envelope of X in Y. Section [8|in the appendix reviews (and
reformulates slightly) the general theory of groupoid actions, stratifications, and
crystals in the context of fibered categories. The reader is invited to consult or
ignore this treatment as his/her convenience.

5.1 Prismatic stratifications and differential operators

Let f: Y — S be a p-completely smooth morphism of p-adic formal schemes,
or, in the prismatic context, of formal ¢-schemes. If n € N, we write Y (n)
for the n + 1-fold product Y xgY xg ---Y, noting that this product is again
p-torsion free and that it inherits a Frobenius lifting in the prismatic case. If
X — Y is a closed immersion, we let Tx/y (n) denote the T-envelope of X in
Y (n), embedded via the diagonal. In the important case in which X =Y, we
abbreviate this to Ty (n).

Proposition 5.1. Let f: Y — S and g: Z — S be p-completely smooth mor-
phisms of p-torsion free p-adic formal schemes (resi). of formal ¢-schemes if
T= ),andleti: X - Y and j: X — Z be closed S-immersions.

1. The envelope Tx (Y xg Z) represents the product Tx (Y) x Tx(Z) in the
category T(X/S). Similarly, for each n, Tx/y (n) represents the n+ 1-fold
product of Tx(Y') with itself in the category T(X/S).
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2. For every n € N and for 0 < i < n, the diagram
TX/Y(”)) - TY(”)

Tx(ps) Di

™

Y

Tx(Y)
is Cartesian.
Proof. The proof of statement (1) is purely formal. The maps
Tx(Y xsZ) = Tx(Y)and Tx(Y x5 Z) = Tx(2)

define a map from the functor represented by Tx (Y xg Z) to the product of the
functors represented by Tx(Y) and Tx(Z). To construct the inverse, suppose
that (T, zr) is an object of T(X/S) and that f: T = Tx(Y)and g: T — Tx(Z)
are maps in T(X/S). Then 7o f: T — Y and nyog: T — Z define a map
h:T =Y xgZ,and h = (i,j)ozr: T — Y xg Z. Thus h factors uniquely
through Tx (Y xg Z).

We focus on the prismatic context in the proof of statement (2). First note
that the map

Ty(n) — Y(n) 22 v

is p-completely flat, by statement (3) of Proposition [2.36] It follows that the
product Tx(Y) xy Ty (n) is p-torsion free, and hence that the maps

2y X 2Y (n) - TX(Y) Xy Ty(n) — X Xy?: X

and
Ty X Ty (n): Tx(Y)xy Ty(n) =Y xy Y(n) =Y(n)

endow Tx(Y) Xy TyY(n) with the structure of an X-tube over Y (n). Hence
there is a unique map

TX(Y) Xy TY(”) — TX/Y(”) (5.1)
of X-tubes over Y (n). On the other hand, the map of pairs
(id,i): (Y(n),X) = (Y(n),Y)
defines a Y-morphism Tx (Y (n)) — Ty (n), and the map
(pr1,i): (Y(n), X) = (¥, X)
defines a Y-morphism Tx /y (n) — Tx(Y'). These assemble to define a morphism
TX/Y(”) = Tx(Y) xy Ty(n)
which is inverse to the mapping One constructs the isomorphism
Tx/y(n) = Ty(n) xy Tx(Y)

in the same way. U
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We find morphisms

t,s: Txy(1) —  Tx(Y)
Y —— Ty(1)
e Ty (D) <7 vy Txyy(@) — Txv(1)

covering the corresponding structural morphisms of the “indiscrete groupoid”
Gy defined by Y, as described in Example (The morphism ¢ is obtained as
the composition of the isomorphism

Tx/y(1) xT . Tx/y(1)=Tx/v(2)

x/

of statement (1) of Proposition with the map Tx/y(2) = Tx/y (1) induced
by functoriality from the composition law of Gy.) These assemble to define a
groupoid G Jy over Y, with Tx/y (1) representing the class of arrows. In fact,
statement (1) of Proposition tells us that Tx/y (1) is the fiber product of
Y with itself over S in the category T(Y/S), so UTx/y can be viewed as the
indiscrete groupoid on the object Tx(Y) when viewed in this category. In the
important case when X =Y, we just write Gty for this indiscrete groupoid on
the object Y of the category (Y/9).

If X is a closed subscheme of Y, there is a unique morphism e making the
following diagram commute:

Tx(Y) xy Ty (1) = Ty (1) xy Tx(Y)

>~

1%

where the isomorphisms come from Statement (2) of Proposition On T-
values points, the morphism e takes (y1,y1,y2) to (y1,¥2,y2); its nontrivial
content is that if y; is in Tx(Y) and (y1,%2) in in Ty (1), then yo is also in
Tx(Y). It is easy to see from this that e defines a G -stratification on Tx (Y),
or, equivalently, a right action:

T Tx(Y) Xy Ty(].) — Tx(Y) (52)

In every case we are considering, the morphisms s and ¢ : Tx/y(1) = Y
are affine. Let ‘ATX/Y = t*(OTX/Y(l))' Then the groupoid G, comes from a

Hopf algebra structure:

¢t ATxy = ATxy®or o ATx)y
i Atxyy = OTem
ATy o ATy
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If X is closed in Y, the right action of Gy, on Tx(Y") corresponds to a coaction
of Aty on Oy

b OTX(Y) — OTX(Y)®OYATY‘

The ring of (hyper-)T-differential operators is defined by taking the OTX(Y)'
linear dual:
HDTx,y = Hom(A1x /v, OT (v)»

with ring structure induced by the dual of ¢f. The right action of g1y on Tx(Y)
corresponds to a left action of HDy,,, given by

D(e) := (id®D)(ru(e)),

for e € OTX(Y) and D € HDy,. If T = P, the ring D, is topologically
generated by derivations, and if T = | by p-derivations; see [26], which we shall
review below.

Statement (2) of Proposition tells us that Ty/y (1) = Tx(Y) xy Ty (1),
hence that

ATX/Y = OTX(Y)®OY ATy
and that
HDTX/Y = OTX(Y)®OY HDT1, (5.3)

where the completion here means the inverse limit over the duals of the formal
neighborhoods of the diagonal ideal in A, .

Let us make these constructions explicit in a local situation with the aid
of a system of local coordinates. We suppose that X/S and Y/S are smooth,
that S = Spf R, and that we have a system of local coordinates (x1,...,x,) for
Y such that the ideal of X in Y is generated by (p,x1,...,2,). The following
straightforward computations appear in the literature, for example in [6], [26],
[25], [28].

First of all, there are p-completely étale maps:

Y — SpfR[zy,...,2,)

Fx(Y) — SpfR[[z1,...,2]][@rs1,- -, 20]
Px(Y) — SpfR(x1,....2) @41, 20]
Dx(Y) — SpfR[t1....t:)[xrs1,--,20])", where z; = pt;, for 1 < 1(5.4)

The prismatic case is not so familiar or explicit; we can only say that, as a
consequence of Proposition there is a p-completely étale map:

x(Y) = Spf B®[zr41,...,2,]", where

B> .= R[ti,j}A/(t1‘707pti7j+1 - (W(.Tl) + tf,]) = 1, . ,T,j € N.

Let § == 1®2; —x; ® 1 in Oy(y). Viewing Oy(q) as an Oy-module via
the first projection ¢, we identify z; € Oy with z; ® 1 € Oy (y). Then we have
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coordinates z1,...,2n,&1,..., &, for Y (1), and (p,&1,...,&,) is a sequence of
generators for the ideal of Y in Y (1). Thus:

Fy(1) = SpfOy[l&,... &l
Py(l) = Spf0y<§1,...,§n>A
Dy(1) = SpfOy[m,...,n.)", where & = pn;
y(1) = SpfOy(m...,nn)", where & =pn; (5.5)

Recall that the composition law ¢: Y (1) Xy Y (1) — Y (1) corresponds to the
map p13: Y XgY XgY = Y XgY. One then gets the following formulas for
the Hopf algebra structures:

FOp ) Oy @ & &el+18E
Cu:OPy(l)%Opy(Q) DL LERI+T1IRE
Cﬁ5ODY(1)_>ODY(2) el +10n
Ao n =0 L ¢ mmmeltlemn, (5.6)

v (

For each multi-index I := (Iy,..., I,), define differential operators:

1 € HDpy: t.0p (1) = Oy &= 01y
Or GHDDY: t*ODy(l) — Oy 77{]*—)5[“]
or € HD Y:t*O y(l)_>OY : 77J’—>6[’J (57)

The set of these operators forms a formal basis for each HD,, in that every
operator can be written uniquely as a formal sum ), a;0r with a; € Oy (with
no convergence conditions). Operators in HDT /vy can be a sum of the same
form, now with coefficients in O ) Furthermore we have the following
composition laws:

0105 = Oryys € HDp,
I+ J)!
8[8] == %81+J S HDDY
010y = 014y € HD v (5.8)

In particular, the rings HDp,, and HD  are formally generated by operators
of degree at most one, but this is not the case for HDp,,.
The right actions of G, on Tx(Y') cover the action of Gy on Y. These
actions are given by the following formulas:
ﬁ Tﬁl Oy —i OFy(l) DX =T+ fi
:0p vy 2 Op v)®O0p 1y : Tim Tt
Pt ODX(Y) — ODX(Y)®ODY(1) Comg T pn, bt
Tﬁ; O (V) — O X(Y)®O v (1) DLy =X P, it (59)
These actions give rise to corresponding stratifications and consequently to

actions of rings of differential operators. These in turn correspond to connections
on Oy and on OPx(Y) and to p-connections on ODX(Y) and O (V)

V:0y — Q%/ S nz" ldx;
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. 1 - [n—1]
ViOp vy~ Op (v)® Qf/s ox =y 1 dz;
/ n—
V' Op, vy = ODy(v) ©Syys ¢ G =t da; 1
1 j -
V0 x(¥) -0 x(Y) & QY/S : ti’j — déj(azz) — tf,j_ldlti’jfl (510)
This last formula follows from the formula (3.8) for d’ in the proof of Proposi-
tion
The right regular representations of Gy on Y (1)s and Y (1); described in
Example [B.9] give rise to stratifications and connections which we claim are
given by the following formulas:

V:OF, (1, _>OFY(1)t®Q%//S D ®1=0

S &G t1lol®dn (5.11)
V:OF, (1), —>OFY(1)S®Q§/S D 1l®x; =0

& —1®1Qdy; (5.12)

V0 L), =0 L0, @%ys 2 wi@1o0
ViO ). 20 ). @05 ¢ 1@z 0

nie —101®ds (5.14)

It suffices to check these formulas when T = F. We begin with the following for-
mulas for the right actions of Gy on Fy (1)s and Fy (1), which are consequences
of the descriptions in equation (8.8)).

7€C¢ﬂngﬁoﬁug®oﬁm): aRb—a®le1®b
Ty OFy(l)t — OFy(l)t ®0Fy(1) D a®b— 1R®1Ra

Recalling that 1 ® z; = z; ® 1 + &;, we find

il - elelel
= 1®10z;01+1R1& —;,0111
= 1ez0101+1010& - 1;019111
= LRIRI+1IRIRE

;01 = 11l

12,11 -11R2,01-11R¢&
= 10101 -15;,0101-1R1&¢;
= -1®11¢&

We deduce that:

Vi(zi®1) = 0
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Vs(fz) = 1®1®dr;
Vt(l ® 331) =0

as claimed.
The following proposition, a consequence of the above discussion, summa-
rizes what we shall need.

Proposition 5.2. Let Y/S be a p-completely smooth morphism of formal ¢-
schemes.
1. The reduction of HD v

pletion of S"Ty, /5 along the ideal S Ty, /s of the zero section. Thus there
are ring homomorphisms:

) modulo p is canonically isomorphic to the com-

HD ) — S.Tyl/s — Oy.

2. If X is a closed subscheme of Y7 which is smooth over Sy, there is a natural
isomorphism

O 1@y HD () = HD 4y,

x(

where the completion is taken with respect to the kernel of the homomor-
phism HD )~ Oy. O

To prepare for a discussion of prismatic crystals, we let F: V. — T(X/S)
be the fibered category whose objects are pairs (T, ET), where T is an object
of T(X/S), where Er is a p-completely quasi-coherent sheaf of Op-modules on
T (7.20), and where F(T, Er) := T. Since we may also want to work geometri-
cally, we let VEp = Spec S"Erp.

The following result, whose (omitted) proof follows from the above discus-

sions and the methods described, for example in [6] and [26], summarizes various
ways of understanding stratifications. For clarity, we state it just for prismatic
crystals.
Theorem 5.3. Let Y/S be a p-completely smooth morphism of formal ¢-
schemes and let X — Y be a closed immersion, where X /S is smooth. Suppose
that E € VT, is a p-completely quasi-coherent sheaf of OTXY—modules onY.
Then the following sets of data are equivalent:

1. A right action of G x/y On VE.
2. Ag X/Y-stratiﬁcation on VE.
3. A quasi-nilpotent left action of the ring HD x/y on E,

4. A quasi-nilpotent left action of the ring HD ,, on E compatible with its
action on OTX(Y)'

5. A quasi-nilpotent p-connection V' on E, compatible with the p-connection

on O (V)"
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O

Remark 5.4. Let Y = Spf W{z]", with ¢(z) = 2P + z, and let X be the closed
subscheme defined by (p,z). Although Y is not a ¢-scheme, Theorem m
constructs a prismatic envelope x (Y'). We saw in Remarkhat o < (Y) does
not inherit a p-connection relative on Y, despite the fact that the arguments here
would seem to give an isomorphism x (V) Xy y(Y(1)) 2 Y (1) xy x(Y).
The issue is that y(Y(1)) itself is not well behaved, although it too exists. To
see this, write Y (1) as the formal spectrum of Wz, xs]", with ¢ (x;) = z¥ + ;.
Then the ideal of the diagonal is defined by £ := x9 — x;. Write x for z1, so
Wixy, xe|” = Wiz, ,€]", with

(E) =ap —af +xy—a1 =+ £ (mod p).

Then the prismatic envelope of the diagonal is the formal spectrum of the p-adic
completion of Wz, &, m1,m2,...]/(pm = &, pm2 = 0] —n1,pnz =05 +n2-- -], and
the ideal of the diagonal section is defined by the p-adic closure of the ideal
generated by (11,72 - ). In the quotient by the square of this ideal, we see that
& =pn1,m =pn2,n2 =pns---, so & vanishes in the p-adic completion, and the
first infinitesimal neighborhood of the diagonal is just the diagonal itself.

Recall that the ring HD  of prismatic differential is Hom(t.(O y(l))’ Oy).
We discuss general differential operators in §8.4] in a geometric context. In the
prismatic context, this boils down to the following notions. We refer to the
treatment in for details and proofs.

Definition 5.5. Let Y/S be a p-completely smooth morphism of formal ¢-
schemes, and let t,s: y(1) = Y be the two projections.

1. If Q is a sheaf of Oy-modules, let

L(Q)=ts"(Q=0 &0

2. If Q and ' are sheaves of Oy-modules, a (hyper) prismatic differential
operator from Q to ' is an Oy-linear map t,s*(Q) — ', i.e., a map

D:L (=0 @0, Q.

3. If D is a prismatic differential operator from §Q to ), then L (D) is the
Oy -linear map:

o®id id®@D

L (D)=0 @2 —=0 &0  &2—=0 &9,

v (

4. If E is an Oy -module with prismatic stratification € and D is a prismatic
differential operator from Q to Q', then e(D) is the prismatic differential
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operator from E®S) to EQQ) defined by the following diagram:

R D R
£ o0 — P peor
=~ id®D
N e®id . R

Since £ () is computed using s but is endowed with the Oy-module struc-
ture coming from ¢, the prismatic connection on t,.0O v (1) described in Propo-
sition [3.6| carries over to £ () and £ ('), and if D is a prismatic differential
operator from Q to €, the corresponding Oy -linear map £ (D) is horizontal.

There is a commutative diagram:

(5.15)

L ()

Q,

where ¢* is induced by the diagonal mapping and s*(w) := 1®w. When Q = Oy,
the map s is compatible with the prismatic connections. (See diagram .

The following prismatic variant of the crystalline construction [6, 6.15] then
follows from Proposition

Proposition 5.6. Let E be an Oy-module with prismatic stratification e, let
Q be an Oy-module, and define

B:EQL Q)L (E®Q)
to be € ® id.
1. The map B is a horizontal isomorphism.

2. If D is a prismatic differential operator from Q to §)', the following diagram
commutes:

EoL @ -z (Baq)

id® £ (D) L (e(D))

Eerl ()5 (Baw).

The differential in the p-de Rham complex of Y/S are prismatic differen-

tial operators. As in the crystalline model explained in [6, 6.11], we have the
following description of their linearization.

82



Proposition 5.7. Let Y/S be a p-completely smooth morphism of formal ¢-
schemes. View (1) as a formal scheme over Y via the morphism t. Then
there is a natural isomorphism of complexes:

(Q d) =L (Qygd)

Yy’

In particular, if Y/S admits a system of local coordinates (x1,...,x,) and
Mye-oyNn) €O v (1) are as in Equation , then the homomorphism

L(d): L (Qys) =L (%)

is given by

™l @ w e Sl T ) @ day Aw + g™ gln) @ du
k

Proof. As noted in diagram [8.9)in the discussion of the the general construction,
there is a commutative diagram:

L) @) , &
O ,)y—=0 @y —0  ®Quyy —
A A A
d’ d’ d
Ova) Qv Wy ——
A A
d’ d’ d
Oy . Q§’/S > Q%//S -

As we have argued before, O v (1) is locally topologically generated by elements
a such that p™a lies in Oy for some n, and since the terms of the top complex
are p-torsion free and p-adically separated, its differentials £(d") are uniquely
determined by the commutativity of the diagram. Thus they must agree with the

differentials of the complex (' (1)/v d'). In the presence of local coordinates,
Y

we have pn; = s%(x;) — th(2;), so d'n; = pdny; = dx;. The formula in the
proposition follows.
O

5.2 Morphisms among tubular groupoids

Let us explain the relationships among the various groupoids we have now con-
structed, as well as how they relate to the relative Frobenius morphism. As we
shall see, these constructions allow for a geometric framework for Shiho’s theory
of the F-transform.
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Let Y/S be a p-completely smooth morphism of formal ¢-schemes and X —
Y a closed subscheme, with X/S smooth The morphisms of tubes, some of
which were illustrated in diagram (2.4)), prolong to morphisms of groupoids:

g x/)y 7 gDX/Y - gPX/Y - gFX/Y (5.16)

In particular, an action of QPX/Y restricts to an action of gDX/Y’ which in turn

restricts to an action of G Xy When X =Y and we are working with actions
on Oy-modules, this amounts to restricting an action of the ring Hp, to the
actions of the p-derivations, i.e., to the underlying p-connection. The following
result, inspired by an argument in [18], gives a criterion for extending actions
of G to Gp.

Proposition 5.8. Suppose that E is a p-torsion free sheaf of Oy-modules en-
dowed with an integrable p-connection V' whose action on E/pE has level less
than p — 1 (resp. p —2). Then V' extends uniquely to an action of Dp(Y)
(resp.to HDp(Y)).

Proof. The uniqueness follows from the assumption that E is p-torsion free,
and it implies that we can work locally. Choose local coordinates (1, .. .,t,) on
Y/S, let (01,...,0,) be the basis for Ty, g dual to (dty,...,dt,), and write V;
for the corresponding endomorphism of E’. To say that (E/pE,V’) has level
less than ¢ means that the ideal {@SiTy/S : ¢ > £} annihilates E/pE, i.e., that

V{l -Vl B C pE whenever I + -+ I,, > /. In particular, if the level is less
than p — 1, then VP~'E C pE. Tt follows that for each m > 0

m—2

.~~(fol)E§ppm_lpp pE

m—2
p

VB = (VP
Recalling that ord,(p™!) = p™~ 1 +---+1, we see that meE C p™!E and then
that V' C n!E for all n. It then follows from the formulas in that the ring

Dp operates on E. If the level is less than p — 2, we have VI “E C pE, and
then

VB = (VRO (VP VLE
c p TP .pvfmflE
g pm!pmf2E.

This implies that the operation of Dp(Y') is quasi-nilpotent, and hence that it
extends to HDp(Y). O

In the prismatic context, the Frobenius lifting induces additional morphisms
of groupoids. This gives another approach to the F-transform and Shiho’s the-
orem. The main point is to see how a quasi-nilpotent connection gives rise to
descent data for the relative Frobenius morphism, as explained by the morphism
of groupoids u in the following proposition.

Proposition 5.9. Let Y/S be a p-completely smooth morphism of ¢-schemes,
let ¢y;s: Y — Y' be the associated relative Frobenius morphism, and let G
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be the groupoid over Y corresponding to ¢y,s as explained in Example
There are corresponding morphism of groupoids:

P(dys)
D

(Bys)

Y

gy

The morphisms defining ® are p-completely faithfully flat. Moreover, the com-
posite @ o u factors through the identity section.

\I/l

gPy/

Proof. The existence of the lower rhombus is a consequence of Corollary
applied with Y replaced by Y (1) and X by the diagonal embedding of Y. That
corollary also explains why ® is p-completely faithfully flat. Using the same con-
struction with Y (2) in place of Y (1), one can check that ® and ¥ are compatible
with the composition laws and identity sections.
To construct the morphism u, we use the following lemmas.

Lemma 5.10. Let X/S be a morphism of schemes in characteristic p, and let
Fyg: X = X’ be the relative Frobenius morphism, and w: X' — X the base

change map. Then the scheme theoretic image of the Frobenius endomorphism
of X x x, X is contained in the diagonal.

Proof. We have a commutative diagram:

X' T X
////// Ax: Ax
//}/7 x F %
N X 527X e X' 228 X xo X

The composition along the bottom is the absolute Frobenius endomorphism of
X Xx X. O

Lemma 5.11. Let Y/S be a p-completely smooth morphism of formal ¢-schemes,
with relative Frobenius morphism ¢: Y — Y'. ThenY Xy~ Y inherits the struc-
ture of a formal ¢-scheme, and the diagonal embeddingY — Y Xy Y is defined
by a PD ideal.
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Proof. Let (Z,¢z) = (Y xy'Y, ¢y x4, ¢y ), Since ¢y g is p-completely flat, this
fiber product is again p-torsion free, by Proposition[7.14] and ¢z is a Frobenius
lift. By Proposition the scheme theoretic image of Z by ¢ is Zp, the
smallest PD-subscheme of Z. Applying the previous lemma with X =Y, we
see that this image is contained in the diagonal embedding of Y in Z. Thus the
ideal of Y is contained in the maximal PD-ideal Ip of Oyz. Since Y is p-torsion
free, it follows that its ideal is also a PD-ideal. O

The map Y Xy Y — Y xgY sends the diagonal of Y xy+/Y to the diagonal of
Y xgY, and since the former is defined by a PD ideal, this map factors uniquely
through a map w as claimed. Repeating this argument with Y xy+ Y xy/ Y in
place of Y Xy Y shows that u is compatible with the composition laws.

The composite ® o u is given by the following diagram,

id
y 4y sy

which shows that ® o u factors through the identity section.

It may be enlightening to write formulas for these morphisms In terms of
the local coordinate description of these groupoids given in equations (5.5)). The
formals for ¥ and ® are straightforward:

\I/ﬁi Oy<£1,...,£n>A—)Oy<771,...,’l7n>A : fz = PN (517)
O Oyr (i, om) = Oy (€r, . 6) ¢ = dyys(&)  (5.18)

It is apparent from the formulas that U# is well-defined, but this is less apparent
for ®f. The point is that by ;s(&)) = € modulo ply, not just modulo p. This
will imply that ¢y,s(1;) = (p — 1)1 modulo Iy, which belongs to the PD
ideal Iy. To check the claimed congruence, we compute as follows:

bys(€) = oysl@a’ —2'@1)

1 ® dy/s(z’) — dyys(z’) @1

= 12 —2?®@1+p®i(z) —d(x)®@Dp

= 214+’ -2"R@1+p®i(x) —d(z)®p

= > (i)(xi®l)£pi —a'®l+pai@) —i@)@p

0

S (ﬁ) (@ 1™ +p(1®d() —5(@) ©1)
1
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Thus ¢y/s(¢') = &P (mod ply), as claimed. The morphism u is more difficult
to write explicitly, as we explain in the remark below. O

Remark 5.12. The morphism u does not factor through the PD-completion of
the diagonal of Y in Py (1) and seems to be difficult to compute explicitly. For
example, let Y := Spf W[t]” and let ¢(t) = t?. Then Y xgY = Spf W{t1,ts]",
where t1 :=t® 1,t5:=1®¢t. Let £ := ty — ¢; and view Y (1) as a Y-scheme via
p1. Thus ¢t identifies with ¢1, and the ideal of Y xy+ Y in ¥ xg Y is generated
by

p—1
h—th=(+&P P ="+ (?)fitpi = & — pty,
i=1

where

=1l i 1p—i
v =D St = (mod o)
ekl !

Then Y xy/ Y = Spf Wt, £]/(€P — p€y), and in this quotient, we have

& = psy

&= ptety"

el Pyt
(pn)!

Since ord,(pn!) = n + ord,(n!) and y™ is not divisible by p, we see that ¢P™
and €™ share the same divisibility by p. In particular, if n is a power of p, £
is not divisible by p.

Before explaining our proof of Shiho’s theorem, we should make explicit the
relationship between the F-transform and the morphism ®.

Lemma 5.13. Let Y/S be p-completely smooth and (E',V’') an object of
MICP(Y'/S), with corresponding action r' of G ,,. Then the F-transform
of (E', V') corresponds to the pullback of (E’,r") via the morphism ® of Propo-
sition Furthermore, the action of Goy on ¢3 y s(E") corresponding to its
descent data is the pullback of ®*(r') by w.

Proof. Let (E, V) be the F-transform of (E', V'). By definition, £ = ¢3,, 5(E),
and it remains only to prove that the connection V corresponds to the action
®*(r'). This can be checked after restricting to the first infinitesimal neighbor-
hood of the diagonal, where the requisite compatibility is proved in Proposi-
tion[4:2] The last statement follows from the fact that ® ou factors through the
identity section. O

We can now explain how Shiho’s proof of theorem [4.4] fits into our current
context. His proof is quite detailed, so here we give only a sketch.
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Proof of Theorem[].] Let (E, V) be a p-completely quasi-coherent sheaf of Oy-
modules with integrable and quasi-nilpotent connection, and let

r: VE xy Gpy, = VE

be the corresponding action of Gp, on VE. (Here we abusively use the same
notation for the groupoid Gp,, and its object of arrows Py (1).) We claim that
there is an (E’, V') € MICP(Y'/S) whose F-tranform is (F,V). Thanks to
Lemma [5.13] it will suffice to show that there is a sheaf of Oy -modules E’ with
an action ' of G , such that ®*(E’,r") = (E,r).

The pullback of r by the morphism u: G , — Gp,, of Proposition @
induces an action u*(r) of G |, on VE. This action is in fact descent data for
the p-completely faithfully flat morphism ¢y /g. Thanks to Proposition
these data give rise to a p-completely quasi-coherent sheaf of Oy/-modules E’
and an isomorphism ¢3, / s(E") = E, which we view as a linear scheme VE' over
Y’ together with an isomorphism Y xy+ VE' 2 VE. We claim that r induces
an action 7’ of G |, on VE', i.e., that there is a commutative diagram:

T
VE xy Gpy, — VE

X ® T

/

VE xy' G -~ VE/,

v
Such an 7’ will automatically satisfy the cocycle conditions in statement (1) of
Definition [8.4)), since 7 does.

Applying Theorem m to the diagonal embedding of Y in Y (1), we see that
Gpy := Py(1) is the F-transform of G ., := y-(1), viewed over the formal
¢-scheme Y (1), via the morphisms ¢ and s. Thus the morphism ® presents G ,,
as the quotient of Gp,, by an action of the groupoid Gy (1). By Lemma
this action is the restriction by u of the action of pr(l) corresponding to the
canonical connection on Py ;). By construction, this action corresponds to the
tautological action of pr(l) on Py (1). As explained in Proposition m there
is an isomorphism of groupoids gpy(l) = Gpy (1), and the tautological action
of the former corresponds to the conjugation action by the latter. Thus the
action of Goy (1) on Gp, is the restriction by u of the action of Gp, (1) given
by h(g1,92) = g7 “hga. Similarly, by its very definition, the action of Gy on
VE is given by the restriction of the action of Gp, via the morphism u, i.e.,
vg = r(vu(g)) for g € Gpy.

Since 7 is the quotient morphism by an action of Ggy and @ is the quotient
morphism by an action of Ggy (1), we find that m x ® is a quotient morphism
by an action of Ggy (1), where (v, h)(g1,92) := (vg1,h(g1,g2)). Thus, to show
that r descends, it will suffice to check that 7(r(v,h)) = w(r(v,h)(g1,92)) for
all (g1.92) € Goy (1). In fact, since the action of Ggy on VE is the restriction

88



of the action r of gpw we compute:

r((v,h)(91,92)) = 7(vgr,h(g1,92))
= 7(vg1, 97 'hg2)
r(v, hg2)
(
(

r(r(v, h)ga)

= T’U,)

Thus, if g2 € Gag, we see that w(r(v,h)(g1, g2)) = 7(r(v, h)), as required. O

6 The prismatic topos and its cohomology

We finally turn to study of the prismatic topos per se. For technical reasons,
we shall need to introduce an additional topos, based on small prisms, which
is easier to work with, but does not seem to be adequately functorial. In order
to focus ideas, we repeat the main definitions of [7], in the special case we are
studying here. Throughout this section, we let S be a formal ¢-scheme. If
S = Spf A, then (A4, (p)) is a bounded prism in the sense of [7].

6.1 The prismatic topos

Let S be a formal ¢-scheme and let X/S be a morphism of formal schemes;
typically X will in fact be a scheme over S := S;. Recall from Definition
that an X/S-prism (resp. a small X-prism) is a pair (T, zr), where T/S is a
formal ¢-scheme over S and where zp: T — X is an S-morphism (resp. an
S-morphism such that the induced map T — X is flat. (The category of X/S-
prisms is the same as the category of X /S prisms, but we will find the additional
notational flexibility convenient.)

Definition 6.1. Let S be a formal ¢-scheme and X/S a morphism of p-adic
formal schemes. Then (X/S) is the category of X/S-prisms, and s(X/S)
is the full subcategory of small X/S-prisms. We endow these categories with
the topology in which the coverings are the ¢-morphisms f: (f, 25) — (T, 27)
where f is quasi-compact and p-completely faithfully flat . We may also
sometimes consider (X/S) and s(X/S) with the Zariski or p-completely étale
topology.

The following result explains the relation between these two sites and estab-

lishes functoriality of the prismatic topos. Note that we have not established
functoriality of the small prismatic topos.
Proposition 6.2. Let X/S be a smooth morphism of schemes. Then (X/S)
and 4(X/S), endowed with any of the topologies above, form sites. Further-
more, the inclusion functor u: 4(X/S) — (X/S) is continuous and cocontin-
uous and hence induces a morphism of topoi:

u: (X/S) = (X/S) .
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A morphism f: X — X' of smooth schemes over S induces a continuous and
cocontinuous map (f): (X/S)— (X'/S) and hence a morphism of topoi

f(X/8) = (X)) .

Proof. Tt is verified in [7, 3.12] that (X/S) does in fact form a site with the
p-completely flat topology. The Zariski topology and étale topologies are even
easier. Let us check that the same is true for (X/S). It is clear that isomor-
phisms are coverlngs and that the composition of coverings is a covering (see
Proposition |7.14)). Furthermore, if T — T is a morphism and T — T is a cov-
ering in (X/S) then Proposition [7.14|implies that the fiber product T xpT
is p-torsion free. Furthermore, the map T1 — T is flat, hence so is the map
T X1 T — T, and since Ty — X is flat, so is the map (T’ X T)l — X. Thus
T' xr T is again small.

To prove that u is cocontinuous, let T — T be a cover in (X/S) and
let T — u(T) be a cover in (X/S). Then T’ — u(T) is p-completely flat,
hence T} — Ty is flat, hence T} — X is flat, so 1" is again small, hence in the
image of u. To check that u is continuous, observe that if T—Tisa covering
in 4(X/S), then u(T) — u(T) is a covering in (X/S), and ift T/ — T is a
morphism in  4(X/S), then the fiber product TxpT is again small, hence the
map w(T x7 T") — u(T) X () u(T") is an isomorphism.

It is also checked in [7, 4.3] that a morphism f: X — X’ of S-schemes
induces a morphism of topoi. The argument there is rather abstract; here is
another. If (T, zr) is an X-prism, then

(f)(Tv ZT) = (Tv f © ZT)
is an X’-prism. Thus we find a functor
(f): (X/8) = (X'/8) (T 2r) = (T, fozr)

To check that this functor is cocontinuous, let g: (T,ZT) — (T, fozr) be a
covering of X'-prisms. The diagram

g1 =~

T T
zT Zf
X / X’

commutes. Then (T, zrogi) is an X-prism, and the map g defines a covering of
X-prisms (T, 27 0 g1) — (T, z7) with  (f)(T, 25 0 g1) = (T, z3). To check that

(f) is continuous, suppose instead that (T, z5) — (T, zr) is a covering of X-
prisms. Then (f, fozz) = (T, fozr)is a covering of X'-prisms. Furthermore,
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if T/ — T is a morphism in (X/S), then from the description of fiber products
we saw in Proposition [2.36} it is clear that the map

(D) (T 27) % (T's22)) = (T f 0 27) X2 gosry (T, f 0 217)
is an isomorphism. O

The following result illustrates an important advantage of working with
small prisms. Before stating it, we introduce a useful, if somewhat abusive,
abbreviated notation. Suppose that f: X — X’ is a closed immersion of S-
schemes and (7,z7/) is an X’-prism. Then, 23} (X) — T is also a closed
immersion, and we can form the prismatic envelope 22k X)(T’ ). The map

x)(T") = 271 (X) — X endows x(T") with the structure of an X-prism,

z;,l
and if no confusion is likely, we write

(T = fHT) = (T) (6.1)

Proposition 6.3. Suppose that Y/S is a p-completely smooth morphism of
formal ¢-schemes and i: X — Y is a regular closed immersion.

1. If T is a small Y-prism, the prismatic envelope x(T) of z'(X) in T is
a small X-prism. Furthermore, if T — T is a morphism in ¢(Y/S), the
natural map

X(T/) 1T X7 X(T)

is an isomorphism.

2. The prismatic envelope x (Y (1)) of the composition X —Y — Y (1) of i
with the diagonal embedding in Y (1) is small. Furthermore, if T — Y is
any morphism in ¢(Y/S), the natural map

X(T X5'Y)—)T><y X(Y(l))
is an isomorphism.

Proof. If T is a small Y-prism, the map zr: T — Y is flat, and since X = Y
is a regular immersion, the same is true of the map z;'(X) — T. Then it
follows from statement (2) of Theorem that the map x(7) — X is flat,
so x(7T) is a small X-prism. Suppose T — T is a morphism in ,(Y/S).
Working locally, choose an Oy-regular sequence which generates the ideal of X
inY. Since 27 and 27 are flat, this sequence remains regular in 7 and 7' . Then
statement (1) of Proposition [2.38| implies that the map x(7) = T" x7 x(T)
is an isomorphism.

Since Y/S is smooth, the diagonal Y — Y xgY is a regular immersion, and
hence so is the the map X — Y (1). Then statement (1) implies that x(Y)(1)
is small. Furthermore, if T — Y is a morphism of small Y/S-prisms, the map
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T — Y is flat, hence T xg Y — Y xgY is also flat, and hence T' xg Y — Y (1)
is p-completely flat. Thus it follows from Theorem that the natural map

x(TxsY) = (TxsY)xyq x(Y)(1)=Txy x(Y)(1)
is an isomorphism. O

Note that Propositions [6.3] is not true if we work with full prismatic sites.
For example, let S = Spf W, let X = Speck, and let Y = Spf W[x]", with
¢(x) := 2P and the inclusion X — Y defined by (p,z). Then the prismatic
envelope x(Y) = Spf W{z/p)" of X in Y can also be viewed as a Y-prism T’
via the (not flat) map x(Y) — X — Y, and the natural map f: 77 — Y is a
morphism in (Y/S). However, the map

x(T') =T xr x(Y) (6.2)
is not an isomorphism. Indeed, x(7”) = x(Y) = SpfW({z/p), but
T' xy x(Y) = Spf (W(z/p) @wia W(z/p) ),

because of all the p-torsion in the tensor product. It could be argued that
is an isomorphism if the fiber product appearing is taken in the category of
formal ¢-schemes, but this would involve killing an incomputable amount of
p-torsion.

Pro;l()sition 6.4. Let i: X — X' be a closed immersion of smooth schemes
over S. If T" € (X'/S), the sheafi~'(T") in (X/S) is represented by x(T"),
which is small if T’ is small.

Proof. For any morphism f: X — X', the functor f~1(T") is by definition the
sheaf on (X/S) sending an object T € (X/S) to the set of ¢-morphisms
v: T — T’ such that zp o T = f o zp, d.e., such that (zr,7) factors through
X Xx/ T. It f =i is a closed immersion, then this functor is represented by

x(T"). Furthermore, since X and X’ are smooth, i is a regular immersion,

and since T — X' is flat, the immersion X xx» 7' — T is also regular. Then
Theorem tells us that x (7”) is also small. O

6.2 Coverings of prismatic final objects

Let S be a formal ¢-scheme and X/S a smooth morphism. We shall describe
two constructions of coverings of the final object of the topos (X/S) . The first
of these, based on [7, 4.16, 4.17] and a conversation with A. Shiho, is in fact
a covering in the Zariski topology. However, it seems to be quite unwieldy in
practice.

Proposition 6.5. Let S be a formal ¢-scheme, let Y — S be a p-completely
smooth morphism of p-adic formal schemes, and let r: Y, — 'Y be the universal
morphism from a formal ¢-S-scheme to Y described in Example IfX —-Y
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is a closed immersion, let X := r~'(X), and let ( (Yy),2¢) be the prismatic
envelope of X in Yy. Then

( x(Yg),r,025)

is a small X -prism and is a covering of the final objects of (X/S) and (X/S)
respectively, if these are endowed with the Zariski topology. &

Proof. We first claim that r: Y3 — Y is p-completely flat. This can be checked
étale locally on Y, so we may assume that Y and S are affine and that Y is
étale over an affine space over S. Then as we saw in the explicit construction
in Example the space Yy is étale over an affine space over Y, hence p-
completely flat. Since X — Y is a closed immersion of smooth JovS-schemes,
it is a regular immersion, and since Y — Y is flat, X - Y4 is also a regular
immersion. Then it follows from Theorem that Y — X is flat. Since T+
is also flat, we can conclude that x(Y3) is small.

We claim that every affine X-prism admits a morphism to x(Yy). Since
T is p-adically complete and affine and Y/S is formally smooth, the map T —
X — Y extends to an S-morphism 7" — Y, which in turn lifts to a unique
morphism of formal ¢-schemes T' — Y. This morphism necessarily maps T to
r~1(X) and hence factors through x(Yy). O

We should explain our characterization of x(Y,) as “unwieldy.” This
is partly because Yy is itself somewhat unwieldy, but there is more to the
story. For example, suppose that X = Speck[z] and Y = Spf W[z]". Then

Yy = Spt Wzo,z1,...]" with ¢(x;) = 2¥ + pr;t1, as we saw in Example
Here X := r~}(X) = Y, which does not seem so unwieldy. However to do

cohomology calculations, one needs to understand x(Y,(1)), the prismatic en-
velope of X xx X in Yy x Yy, which seems very difficult to describe explicitly.

Fortunately, it turns out that, if one is willing to use the p-completely flat
topology, the construction of coverings of the final object becomes much simpler.
The following proposition was inspired by a result [20, 3.4] of Morrow and Tsuji,
which it generalizes.

Proposition 6.6. Let Y/S be a p-completely smooth morphism of formal ¢-
schemes and let X — Y be a closed immersion, where X/S is smooth. Then
the prismatic envelope x(Y) of X inY is small and is a covering of the final
objects of (X/S) and (X/S) respectively, if these are endowed with the
p-completely flat topology. )

Proof. Since X — Y is a regular immersion, statement (2) of Theorem m
shows that x(Y") is small. To show that it covers the final object of (X/S)
we shall show that if T is an affine X-prism, then there exists a p-completely
faithfully flat morphism of ¢-schemes T' — T and a morphism of X-prisms
T — x(Y). As in the previous proposition, the formal smoothness of the
underlying morphism Y — S implies that the map f1: 77 — X — Y lifts to
a morphism 7' — Y. This map may not be compatible with the Frobenius
liftings, but Proposition [[.12] shows that we may find a p-completely faithfully
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flat u:j“v — T and a morphism of ¢-schemes f: f — Y such that f; = uj o fi.
Then T becomes an X-prism over Y and hence f factors through x(Y). 0O

6.3 Prismatic crystals

Continuing to follow [7], we endow (X/S) with the structure of a ringed topos,
with structure sheaf Ox,g given by T'+— Or. This sheaf is p-completely quasi-
coherent, in the sense of Definition [7.20]

Definition 6.7. If S is a formal ¢-scheme and X/S is a scheme, a crystal of
Ox,g-modules on  (X/S) (resp.  (X/S)) is a p-completely quasi-coherent
sheaf E of Ox g-modules such that for each morphism f:T" — T in (X/S)
(resp. 5(X/S)), the corresponding transition map f*(Er) — Ers is an iso-
morphism.

A crystal E of Ox/g-modules can also be viewed geometrically. If T' is
an object of (X/S), then Er is a p-completely quasi-coherent sheaf of Op-
modules, and we let V E denote the corresponding formal scheme, as described
in Remark [7.22] Then T + VEr is a crystal of formal schemes. More precisely
let V. (X/S) be the category of morphisms of p-adic formal schemes V' — T,
where T' is an object of (X/95), andlet F: V (X/S) — (X/S) be the functor
taking a morphism to its target. Then V (X/S) is fibered over (X/S), and
the assignment 7' +— (VEp — T) defines a crystal in V. (X/S) in the sense of
Definition

Proposition 6.8. Let Y/S be a p-completely smooth morphism of formal ¢-
schemes and X — Y a closed immersion, where X /S is smooth.

1. The morphism u: (X/S) — (X/S) induces an equivalence between
the corresponding categories of crystals of O x;g-modules.

2. The functor
u oi 1 (X/S) —(Y/S) — (Y/S) .

takes crystals of Ox g-modules on (X/S) to crystals of Oy;g-modules
on (Y/S). In particular, Ax,y/s := u*i (O ) is a crystal of Oy/g-
algebras on (Y/S). If E is a crystal of Oxg-modules on (X/S), then
u*i  (E) inherits the structure of a p-completely quasi-coherent Ax /ys-
module.

3. The functor E — u*i _(F) is an equivalence from the category of crystals
of Ox/g-modules on (X/S) to the category of crystals of p-completely
quasi-coherent crystals of Ay,y,s-modules on (Y/S).

Proof. The general formalism of crystals, reviewed in tells us that if T'is a
covering of the final object, the category of crystals of Ox,s-modules is equiva-
lent to the category of p-completely quasi-coherent Op-modules endowed with
a stratification; this holds both on (X/S) and on 4(X/S). Proposition
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tells us that  x(Y") is such a covering, and Proposition [6.3| tells us that x(Y")
and x(Y (1)) are small. Statement (1) follows.

Recall from Proposition that if T is a Y-prism, the sheaf i ~*(T) is rep-
resented by the prismatic envelope ( x(T),z ,77) of 27 (X) in T. If E is a
sheaf in (X/S) , it follows that

(i (E)r=mr(E ) (6.3)

The morphism 7 is affine, and we can conclude that, if E is a sheaf of p-
completely quasi-coherent Ox/g-modules, then i _(E) becomes a p-completely
quasi-coherent sheaf of Oy, g-modules. Moreover, (Ax/y/s)r = Tr+(O x(T))’
and thus (7 _(F))r inherits the structure of a p-completely quasi-coherent
Ax/y/s-module.

Suppose that E is a crystal of Ox/g-modules in (X/S) and f:T" — T is
a morphism in (Y/S). This map induces a morphism (f): x(T7) — x(T),
fitting into a commutative diagram:

x@) L

Vi T

T’ / T

Proposition tells us that this diagram is Cartesian if 77 and T are small.
Since mp and 7y are affine, this implies that the map

frrr(Br) = mre (f*)(ET)

is an isomorphism. Since E is a crystal on (X/S), the map

() (E x(T)) - K

X(T')

is also an isomorphism. As we have seen, i _(E)r = mr. (£ «(7))> and similarly

for T'. Thus u*i _(E) forms a crystal of Oy g-modules on 4(Y/S). This proves
statement (2).

To prove statement (3), suppose that E is a crystal of p-completely quasi-
coherent Ax/y,s-modules on ,(Y/S). Then Ey and (Ax,y,s)y are sheaves of
Oy-modules endowed with prismatic stratifications; in fact Fy has a structure
of a p-completely quasi-coherent (Ax/y,s)y-module, compatible with the given
stratifications. But (Ax/y/s)y = mr+(O x(Y))’ and so Fy can be viewed as a
sheaf of O (Y

tion. As we recalled in the proof of statement (1), this gives rise to a crystal of
Ox/s-modules on (X/S). It is clear that this construction gives a quasi-inverse
to the functor u*i . O

)—modules on x(Y), and is endowed with prismatic stratifica-
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Note that Proposition is not true if we work with full prismatic sites, as
the discussion after Proposition [6.3| shows.

The construction of coverings in Proposition [6.6] enables us to establish the
speculated relationship between prismatic crystals and p-connections sketched
in the introduction.

Theorem 6.9. With the hypothesis of Proposition[6.8, there is a natural equiv-
alence, made explicit below, from the category MICP(X/Y/S) given in Defini-
tion|3.10, to the category of crystals of Ox g-modules on (X/S).

Proof. Recall than an object (E,V’) of MICP(X/Y/S) is a p-completely quasi-
coherent sheaf of 7wy, (O X(y))—modules FE together with a quasi-nilpotent p-
connection V': B/ — Q%//S ® E’ which is compatible with the canonical p-
connection on my (O x(Y))' As we saw in Theorem the connection V'
induces a prismatic stratification on E’, which is compatible with the prismatic
stratification on 7y, (O x(Y))' These data lead to a crystal of p-completely
quasi-coherent Ax/y/s-modules on Y/S, and so the theorem follows from state-
ment (3) of Proposition

O

The following special case is worth stating.

Corollary 6.10. IfY/S is a p-completely smooth morphism of formal ¢-schemes,
the category of Oy;g-modules on (Y/S) is equivalent to the category of p-
completely quasi-coherent Oy -modules with quasi-nilpotent p-connection. [

6.4 Cohomology of the prismatic topos

We are now prepared to prove the motivating results of this project. Let .S be a
formal ¢-scheme and X /S a smooth morphism. A p-completely quasi-coherent
sheaf of Ox,g-modules on (X/S) assigns to each X-prism T a p-completely
quasi-coherent sheaf of Op-modules Er. In particular, each of these is a “p-adic
sheaf” in the sense of Definition and we shall identify it with the inverse
system Er, : n € N of its reductions modulo powers of p. As explained in
472 the category of p-adic sheaves is not abelian, but is an exact subcategory
of the abelian category of inverse systems of p-torsion sheaves. In particular, in
forming the derived category D" (X/S) of sheaves of Ox/g-modules on (X/5),
we localize by morphisms of complexes which are strict quasi-isomorphisms, i.e.,
are quasi-isomorphisms modulo every power of p; (see Definition [7.5)). We have
a morphism of topoi
vx/st (X/S) = Xe,

and hence derived functors
va/s* : D+(X/S) — D+(Xét),
where the latter is the derived category of inverse systems of abelian sheaves on

X
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If T is an X/S-prism, let (X/S)|, denote the localized site whose objects
are morphisms 7" — T in (X/S), and let s: (X/S), — (X/S) be the
morphism taking 77 — T to T. As explained in [0, 5.23], there is a corresponding
morphism a corresponding morphism of topoi

jr: (X/S) )ir = (X/S)
where j,.' takes the (sheaf represented by) T" to (the sheaf represented by)
X(T/ Xg T) = X/(T/ Xg T),

where X’ := (277 X z1)"1(X). Note that if T" is small, then T'/S is p-completely
flat, hence T” x s T' is p-torsion free, and the product is computed in the category
of formal schemes.

We shall need the following analog of [6], 5.26]. We state it for (X/S), but
the same arguments show it also holds for (X/S).

Proposition 6.11. If T is an object of (X/S), let T,er denote the topos of
sheaves on the site defined by the p-completely flat coverings of T'. Then there
is a 2-commutative diagram of morphisms of topoi:

((X/S) S)lT Tpcf
Jr A
(x/9)  —L% X,

Furthermore, the following statements are verified.

1. The functor ¢, is exact. If E is a sheaf on Tp¢, then
Ux/5:JT+ P (E) = M\ (E).

2. If Er is a p-completely quasi-coherent sheaf of Or-modules on Tyc¢, then
¢*E is a crystal of Ox/g-modules on ((X/S) ).

3. If zp: T — X is affine and E Is a crystal of O x,g-modules on ((X/S) )
then Rjr.(E) and Rivx s, (jr«(E)) vanish for ¢ > 0.

Proof. If E is a sheaf in ((Y//S) )., then ¢.(E) := E(rq), and if E7 is a sheaf
onT and (T",h') € ( (X/S))),., then ¢~ (Er) = B'~'(Er). It is clear that ¢!
is left adjoint to ¢, that $~1 and ¢, are exact, and that ¢*(E) is a crystal if E
is p-completely quasi-coherent. The morphism A is defined as the composition

|7

A= Tyet — Ter —— Zy.

The 2-commutativity of the diagram is easy to check from the definitions. Then
if I is a sheaf on T}y,

Ux/5: T+ 9" (B) = M040™ (E) = A(@"(E)(1i0)) = A (E).
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This completes the proof of statements (1) and (2).

To prove (3), let T/ be an object of (X/S), let T := x(T" xsT), with
projections h: T" — T, and h': T" — T'. Then (T",h) € ( (X/S)),, and if
Eis a sheaf in ( (X/S))|,, then (jr«E)r = hL(E(r» ). There is a Cartesian
diagram:

X' T

T

T X

and, since zr: T — X is by assumption affine. the map X' — 7T is also
affine. Since the map T' = X' is affine by the construction in Theorem ,
we conclude that the composition T = X' — T is also affine. If E is a
p-completely quasi-coherent sheaf in ((X/S) )|, then E(pn py is p-completely
quasi-coherent on 7", and it follows from Proposition that R0, Eprp) =0
vanishes for ¢ > 0. Since this holds for all 77 € (X/S), we can conclude that
R%jp, E vanishes for ¢ > 0. Since ¢.(FE) is also p-completely quasi-coherent
and zr is affine, it follows also that RI\.¢.F also vanishes for ¢ > 0. Since ¢,
is exact, we conclude that R?(A o ¢),E = 0 for ¢ > 0. Then the vanishing of
R%jr. E implies that Rivx /g, (jr«F) also vanishes for ¢ > 0. O

Proposition will allow us to use Cech-Alexander complexes to compute
prismatic cohomology. Let T be a small X/S-prism, which we can view as an
object of (X/S) or of +(X/S). Since T is small, it is p-completely flat over S,
so by Proposition the n+1-fold product T'(n) := TxgT xg--- T, computed
in the category of p-adic formal-schemes is p-torsion free. We endow it with its a
natural structure of a formal ¢-scheme. The map zp(,): T(n) — X(n) is again
flat, and since X/S is smooth, the diagonal embedding X — X (n) is a regular
immersion. Then z;(ln)(X ) — T(n) is also a regular immersion, so the prismatic

envelope x(7T'(n)) of z;(ln) (X) in T'(n) is again small, by Theorem w Now
if £ is a sheaf of Ox/g-modules on (X/S), let

Cr(E) = jT(n)*j;(n)(E)v
and let C(E) be the Cech-Alexander complex:
Cir(E) := CY(E) = CH(E) = -+ — CH(E) — -

with the usual boundary maps.

Proposition 6.12. With the notations above, suppose that FE is a p-completely
quasi-coherent sheaf of Ox/g-modules on (X/S) or ,(X/S).

1. For each n, the sheaf C}.(E) is acyclic for the functors
Ux/le+(X/S) — Xt and D+(X/S) . — Xt
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2. If T is a covering of the final object of (X/S) , then the natural maps
E — Cp(E) and Rux/s.E — vx/s.Cp(E) are strict quasi-isomorphisms.

Proof. Statement (1) of this proposition follows from statement (3) of Propo-
sition applied to the prism T'(n). If T is a covering of the final object of
(X/S) , then, as explained for example in [6, 5.29], the natural map £ — Cr(E)
is a quasi-isomorphism, and statement (2) follows. O

Corollary 6.13. Let E be a p-completely quasi-coherent sheaf of O x ;g-modules
on (X/S) and let u*(E) be its restriction to 4(X/S). Then the natural map

Rvx;s.(E) = Rux/g.(u™(E))
is an isomorphism.

Proof. Without loss of generality we may assume that X is affine and choose
a lifting Y of X along with its Frobenius. Then Y is a covering of the final
object of (X/S) and of (X/S) , and Rux;s.(E) and Rvx/s.(u"(E)) are

both computed by the same Cech-Alexander complex. O

Recall from Definition the functor £ from the category of Oy-modules
to the category of Oy-modules with prismatic stratification. If F is an Oy-
module, we write L(E) for the crystal of Oy/g-modules on ,(Y/S) correspond-

ing to £ (E). The following result is the prismatic analog of the crystalline [6]
6.10]. Here it seems to be important to work in the small site.

Proposition 6.14. Let jy: ((Y/S) ), — (Y/S) and ¢: ((Y/S) ), —

Ypct be the morphisms as in Proposftion 6.11, and let E be a sheaf of Oy-
modules on Y.
1. There is a natural isomorphism
L(E) = jy.(¢"(E))
of crystals of Oy s-modules on 4(Y/S).

2. If A\t Yyt — Y is the natural map, there is a natural isomorphism:
vyys«(L(E)) = A (E).

If D: L (E) — E' is a prismatic differential operator, let D: E — E' be
the composition of D with s*. Then the diagram

) vy/s«(L(D))

vy s« (L(E vy« (L(E"))
M (B) D ~ \(E)

commutes.
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3. If E is p-completely quasi-coherent, then Rivy g, (L(E)) = 0 for ¢ > 0.

Proof. We first define a morphism j} (L(E)) — ¢*(E) as follows. For (1”,h) €
s(X/S), , the definitions tell us that

[y

UV L(E)) (1 py := L(E)r = ™ (L (E)).
Composing with the pullback of the map[5.15) £ (E) — E, we find the desired:
UV L(E))(rr,ny = W™ (L (E)) = h*(E) = (6" (E)) (17,1)-

To prove the proposition, it will be enough to check that the adjoint to this
construction is an isomorphism. Our claim is that for each T € 4(Y/S), the
map L(E)r — jr«(¢*E) is an isomorphism. We can check this p-completely
flat locally on T, and so by Proposition [6.6] we may assume that there is a
morphism of prisms h: T'— Y. We find a commutative diagram:

b2

y(T XSY)L v (1) Y

pr D1

T Y,

)

in which the square is Cartesian by Proposition [6.3] Then, using the definitions
and the fact that p;: vy (1) — Y is affine, we get that:

L(E)r = h'(L (E))
(O g
= h*(p1(p3(E)))
= pr-(f"(p2(E))),

On the other hand, since y (T xgY) — Y represents j;.' (T') we have

Iy« (E))r = pr((97(E)) | (7xsvy) = Pr«(7(P2(E)));

proving statement (1). The remaining statements then follow from Proposi-

tions 6.11] and B.17] O

We are now ready to prove the main motivating result of this project.

Theorem 6.15. Let Y/S be a p-completely smooth morphism of formal ¢-
schemes and let X — Y be a closed immersion, where X/S is smooth. If E is
a crystal of Ox,g-modules on (X/S), let (E x(Y)’V/) be the corresponding

object of MICP(X/Y/S), as described in Corollary (6.10). Then there is a
canonical strict quasi-isomorphism:

Ruox/s.E=(E 5 ®Qy/s,d).
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Proof. In fact we shall deduce the theorem from the special case in which X =Y,
stated as Corollary below. This deduction uses the following lemma.

Lemma 6.16. If E is an abelian sheaf (X/S), then R% _(E) =0 for ¢ > 0.

Proof. If T is an object of (Y/S) and E is a sheaf on (X/S), then the value
ofi (E)onTis E «(T) (using the notation in Equation . It follows that
the functor ¢ _ is exact, and hence that R% _ vanishes if ¢ > 0.

Now let E be a crystal of Ox,/g-modules. Since vx,s = vy;g0i , the lemma
implies that Rvx/g.(E) = Rvy;s.(i ,(E)). Unfortunately i  (F) is not a
crystal of Oy/g-modules, but, by statement (1) of Proposition its restriction
E :=u'i Eto 4(Y/S)is. Corollary will tells us that Ruy,g.(E) is
represented by the p-de Rham complex of (y, V’). Since Ey = E (V)7 this
will prove the theorem. O

Corollary 6.17. Let Y/S be a p-completely smooth morphism of formal ¢-
schemes, let E be a crystal of Oy, g-modules on (Y/S) (resp., on 4(Y/S)), and
let (Ey, V') be the corresponding Oy -module with integrable p-connection .
Then there is a canonical strict quasi-isomorphism

R’Uy/s*(E) = (Ey ® Q&/S’ d/)

Proof. Our proof will follow the method of proof of its crystalline analog as
carried out in [6]. We first explain the case when F = Oy, with its canonical
prismatic connection. The map s* in diagram defines a horizontal mor-
phism Oy — £ (Oy), which we will see extends to a morphism of complexes
of modules with prismatic connection:

Oy, d") —= L (Qy)g,d). (6.4)

Tensoring with Ey and composing with the isomorphism 3 of Proposition [5.6]
we get:

(By,V') —= By®L (Qy5.d) —ov £ (By ®Qy/g,d).  (6.5)
and hence a corresponding morphism of complexes of crystals on (Y/S):
E — L(By ®Qy5,d) (6.6)

Lemma below will tell us that this map is a strict quasi-isomorphism.
By statement (3) of Proposition each term of the complex L(EF ® Q'Y/S) is
acyclic for vy g, and by statement (2) of that proposition, vy, g.(L(E®Q',d’)
identifies with (Ey ® Q- /50 d'). Thus the following lemma will complete the
proof of the corollary. O

Lemma 6.18. let (Ey, V') be an Oy -module with integrable and quasi-nilpotent
p-connection, and let E be the corresponding crystal on s(Y/T), Then the
map (6.6) is a strict quasi-isomorphism.
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Proof. The isomorphism £ induces an isomorphism of complexes of crystals of
Oy s-modules on  4(Y/S):

E® L(Qys,d) = L(By ® Qy/g,d')

Thus it will be enough to prove that the morphism E — E®L(Q'Y/S7 d’) induced
by the first arrow in equation is a strict quasi-isomorphism. Since the
terms of the complex L(€2;, /5 d') are p-completely flat, it is enough to prove
this statement when £ = Oy/s.

The claim is that for every T € (Y/S), the map Or — L(Qy,5)r is a
strict quasi-isomorphism. Thanks to Proposition [7.16] this can be verified after
replacing T by a p-completely flat cover, so by Proposition we may without
loss of generality that there is a morphism of Y-prisms 7" — Y. Then, as we

saw in Propositions and
L(Qys)r = Or @oy L (Qy)s)-

Since T is small, the map T — Y is p-completely flat, so again by Propo-
sition [7.16], we are reduced to checking our claim when 7' = Y. Moroever,
it follows from Proposition that the complex £ (Qy5) identifies with the

1)y d"). If we write Z for Y (1), then the first projection Z — Y’
Y

is a p-completely smooth morphism of formal ¢-schemes, with a section defined
by the diagonal, and (1) is the prismatic envelope of this section. Then the
simplest form of prismatic Poincaré lemma, statement (3) of Lemma im-
plies that the map Oy — 1, /Y is a strict quasi-isomorphism. This concludes
the proof. O

complex ('

6.5 PD-prisms and the prismatic F-transform

In this section we introduce a variant of the prismatic site which lies between the
prismatic and crystalline theories. Inspired by work of Oyama [25] and Xu [2§],
it will allow us to give a more geometric interpretation of the F-transform. It
also provides a canonical factorization of the prismatic Frobenius endomorphism
which clarifies why it is an isogeny. Although this construction is not formalized
explicitly in [7], some of its key aspects are used in some of the comparison
theorems there.
Recall that if X is a scheme in characteristic p, the scheme theoretic image
Fx (X) of its absolute Frobenius endomorphism is the closed subscheme defined
by the ideal of sections of Ox whose pth power is zero. There is a canonical
factorization ‘
x ™ ox = x5 opex) 2 x (6.7)

Note that, since F'x is a homeomorphism and fg(, the morphism fxis an epi-
moorphismin the category of schemes.

If X is closed in Y and X¢ := F?fl(X)7 then Fys(X?) C X C X%, and we
have maps

kx,v g inc

xt Do xo = xodxh po ) B0 xr T x G xo. (6.8)
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Definition 6.19. If S is a formal ¢-scheme and X /S is a morphism of schemes,
an X/S-¢-prism is a pair (T,yr) where T is a formal ¢-scheme over S and
yr: ¢(T) — X is an S-morphism. We denote by 4(X/S) the category of
X/S-¢-prisms, and endow it with the p-completely flat topology. If X — Y
is a closed immersion of X in a formal ¢-scheme, then ( f((YLy , ™ ) is the
universal X /S-¢-prism endowed with a ¢-morphism to Y.

We omit the verifications that 4(X/S) forms a site and that its formation
is functorial.

Remark 6.20. If T is a formal ¢-scheme, then ¢(T) = Fx(T), which Proposi-
tion tells us is equal to Tp, the smallest PD-subscheme of T'. Thus we could
just as well have defined ,(X/S) to be the site whose objects are “PD-prisms”,
i.e., pairs (T, yr), where T is a formal ¢-scheme over S and yr is an S-morphism
Tp — X, and denoted the site by p(X/S). Theorem below implies that,
when S is perfect, the sites 4(X/S) and (X/S) give rise to equivalent topoi.
The key geometric construction we shall need is the following description of
¢-prismatic neighborhoods. Recall that if X C Y, then X¢ := Fv_l(X), and,
from Theorem that Px(Y") identifies with x«(Y"). This will allow us to
relate ¢-prismatic envelopes to divided power envelopes.
Proposition 6.21. IfY is a formal ¢-scheme and i: X — Y s a closed immer-
sion, let X? be the inverse image of X under Fg and let ( x+(Y),z o,7 o)

be the prismatic neighborhood of X ¢ in' Y. Then there is a unique morphism
y o xs(Y)) — X such that z oj =ioy , and the diagram:

¢ ( xe(Y)) — xo(Y)

X Y

represents ( % (Y),y ,m ). IfY/S is p-completely smooth and X /8§ is smooth,
then ( }‘}(Y),y ) is small.

Proof. The factorization (6.7) of the Frobenius endomorphism of y4(Y") gives
the top row of the following commutative diagram:

_ f— —
o (V) e 6 xe(¥) L (1)

N

. B
2 ¥ ’ (6.9)

.
) inc

Jxe . X . X%

Jxe

x? Fyo(X?)

The bottom row comes from the factorization of the Frobenius endomorphism
of X?, and the remaining solid arrows exist because of the functoriality of this
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factorization. The dotted arrow y is defined to make the triangle (and hence
the diagram) commute, and endows x«(Y) with the structure of an X/S-¢-
prism.

Conversely if (T, yr,7r) is an X/S-¢-prism over Y, the diagram

T yr o fr X

Y Y Y
shows that Fy- o wr factors through X ¢ hence that T — Y factors through
x#(Y). This proves that ( xe¢,y ,m ¢) does enjoy the requisite universal

property. If Y/S is p-completely smooth and X /S is smooth, then X’ is reg-

ularly immersed in Y, and since Fy g is flat and X% = F?_/ls(X’)7 it is also

regularly immersed in Y. Then it follows from Theorem that its prismatic
neighborhood is small. O

Combining this result with Theorem [2:27] we see that ¢-prismatic envelopes
are essentially the same as PD-envelopes, at least in the smooth case.

Corollary 6.22. In the situation of Proposition |6.21, suppose that Y/S is a

p-completely smooth and that X/S is smooth. Then there is a natural Y-

isomorphism Px (V) — f((Y) fitting into a commutative diagram

~

Px(Y) — %) — xa(Y)

O

We are now ready to define a pair of functors A and B which allow us
to factor the prismatic Frobenius morphism. We shall see later that B is a
geometric incarnation of the F-transform.

Definition 6.23. Suppose that S is a formal ¢-scheme and that X/S is a
smooth morphism.

1. A: (X/S)— ¢(X/S) is the functor
A: (T, zr) = (T, zr o jr),
where jr: F(T) — T is the inclusion
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2. B: 4(X/S)— (X'/S) is the functor
B: (Ta yT) = (Ta 2T)7

where Zp: T — X' is the unique S-morphism making the following dia-
gram commute:

X’ X.

(Note: This morphism exists because yr o f and 7 are Fg-morphisms.)

Theorem 6.24. Suppose that S is a formal ¢-scheme and that X /S is a smooth
morphism.

1. There is a commutative diagram of continuous and cocontinuous functors:

(x/5) > L (x/8)
o(Fx/s)

B
(Fx/s)

/

(X[5) B L(X/S).
2. If F is a sheaf on 4(X/S) (resp. on (X’/S)), then the presheaf
(T, zr) = F(A(T, 2r)) resp. (T,yr)— F(B(T,yr))
is the sheaf A=1(F) (resp. B~*(F)). Moreover, there are isomorphisms:

A7 (Ox5) — Oxys
B Y (Oxiys) — Oxys,

and hence morphisms of ringed topoi:

A ((X)S) ,Oxss) — ((X/S) ,,0x/s)
B :((X'/8) ,,0x/s) — ((X'/9) ,Oxs).

3. The morphism B is an equivalence of ringed topo and induces an equiv-
alence from the category of crystals of Ox:/g modules on (X'/S) to the
category of crystals of Ox/ /s modules on 4(X/S).
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Proof. To check the commutativity of the diagram, let (7T, zr) be an object of
(X/S). Then A(T,Zr) = (T,jr), where yr := zp o j7 and B(A(T, zr)) =

(T, Zr), where Z7 is the unique S-morphism such that 7 o 27 = y7 o f7. Since
(Fx/s)(T, zr) = (T, Fx/s o zr), we much check that the two maps Fx,g o zr

and Zp: T — X' from T to X’ agree. Since Fx/g 0 z7 is an S-morphism, it will

suffice to check that 7o Fx,g 0 zr = yr o ff. This follows from the following

commutative diagram.

T .fT _ ¢<T) JT _ T

T
zr Y zZT

FX/S;X, Ty

This shows Bo A= (Fx/s). We leave the second triangle for the reader.

We omit the proof that A is continuous and cocontinuous. To see that B
is continuous, observe first that it takes coverings to coverings. Furthermore,
if (T',y5) — (T,yr) and (T",y7) — (T,yr) are morphisms in 4(X/S) and
(f, y7) — (T,yr) is p-completely flat, then it follows from the construction in
Proposition that the fiber product (T, Y7) X (1,yr) (T',y7/) in the category

»(X/S) is given by the usual fiber product. Since the same holds in the
category (X’/S), we see that B preserves fiber products (at least) in this case.
To see that B is cocontinuous, let (T, yr) be an object of 4(X/S) and let
u: (T, 25) — (T, Zr) := B(T,yr) be a covering. We shall see that this covering
is induced by a covering of (T, yr). In fact, u: T — T is a p-completely faithfully
flat morphism and zz: T7 — X " is a morphism such that 25 = Zr owuy. Let
y7 = yroug: ¢(T1) — X. Then (T, y7) is an object of 4(X/S), and u defines
a p-completely flat covering i: (T, y7) = (T,yr). Let (f, Z5) = B(f, Y5), SO
that Z7: ﬁ — X' is the unique S-map such that 7o Zz = yz o fﬁ. But then

moZy = yrolfy
= O O =
Yr o ug le
= yrofrow
= mWoZrouj

= WOZT

This implies that 2z = 25. so in fact B(u) coincides with the original covering
(T, z25) — (T, 2r).

If Fis a sheaf on 4(X/S), recall that A=!(F) is the sheaf associated to the
presheaf which takes an object (T, zr) of (X/S) to F(A(T,zr)). Since A is
continuous, this presheaf is in fact a sheaf. Note that A(T, z7) = (T, yr), and so
the sheaf A’l(}")(T,ZT) on T is the same as the sheaf F(7,,.). Applying this to
Ox/s, we see that A_l((’)X/S) = Ox/s. It follows that if F is a sheaf of Ox/gs-
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modules on  4(X/S), then A7!(F) = A*(F), and that A*(F) is p-completely
quasi-coherent if and only if F is. The same argument works for B.

Lemma 6.25. In the situation of Theorem |6.24)
1. The functor B is fully faithful.
2. Every object of (X'/S) admits a cover by an object in the image of B.

Proof. The proof is a modification of Oyama’s argument, as explained by Xu [28]
9.8]. To see that B is fully faithful, suppose that (T, y7) and (T, y7) are objects
of 4(X/S). Then a morphism (T, y7) — (T, yr) is a morphism g: T — T such
that

YT © 96 = Y7» (6.10)

and a morphism B(T, y7) — B(T,yr) is a morphism g: T — T such that
ZTOEZEZ:. (6.11)

Thus it is obvious that B is faithful. To see that it is full, suppose that g: T—T
defines a morphism B(T',yz) — B(T,yr). Then

Zrog = Z7
TOZrog = TOZy
yrofrog = yzoff
yroggofs = yzolff

Since ff is a scheme-theoretic epimorphism, it follows that yr o g4 = Y7, SO g
defines a morphism (7, y7) — (T,yr). This proves statement (1).

To prove (2), suppose that (7", z7) is an object of (X’/S). Without loss of
generality, we assume that X’ and T" are affine. Choose a p-completely smooth
formal ¢-scheme Y/S lifting X/S. Then Y'/S is again p-completely smooth,
and by Theorem we may, after replacing T” by a p-completely flat covering,
assume that there is a morphism (77, zp/) — (Y’,idx/). The map ¢y/5: Y — Y’
is p-completely flat, and hence so is the map v: T := T’ xy+ Y — T". Note that

T>=T xx X, and that we have a commutative diagram:

AL G SR S U (S S
T
Px ~ Px 27! Px
yr
> % F
X % pox) bXx L x T L x

The map zr defined by the diagram endows T with the structure of an X'/S-
prism, the map yr gives T the structure of ¢-X/S prism, and v defines a p-
completely flat cover (T, zp) = (1", z1/). Note that yro fz = Fx opx We claim
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that B(T,yr) is equal to (T, zr), which will prove (2). We have:

TOoOZp = TWOZ/OU
= Fxopx
= yrofr
By the definition of B(T,yr) this proves the claim. O

Since the p-completely flat topology comes from a pre-topology, Lemma
and a general theorem of Oyama [25], 4.2.1] imply that B induces an equivalence
of topoi. As we have seen, B_l((’)X//S) = Ox/g, soin fact B is an equivalence
of ringed topoi. Suppose that £’ is a sheaf 1 of Oy g-modules on (X'/S). of
Theorem it is easy to check that B*(E') is a crystal of Ox/g-modules on

»(X/S). To prove the converse, one can argue locally, using Lemma
O

The following result establishes the naturality of the functors B and A. Its
proof is immediate from the definitions.

Proposition 6.26. Let S be a formal ¢-scheme and f: X — Y a morphism of
smooth S-schemes. Then there are commutative diagram:

J(x/8) BX (x7s)

o) ()

Sv79) 2% (vys)

(x/8) 25 (x/s)

() o)
Ay

(Y/S) — 4(Y/9)

Remark 6.27. If (T, yr) is an (X/S)-¢-prism, then Tp — T is a PD-thickening,
and thus by forgetting the ¢-structure of T' we can view (T,yr) as an object
of the site P(X/S) consisting of the PD-enlargements of X/S. This defines a
functor

»(X/S) = P(X/S). (6.12)

Although we have not written the details, it is clear that this functor will in-
duce an equivalence on the category of crystals of modules, compatibly with
cohomology. In particular, if E is a crystal of Oy, g-modules on 4(X/S) and
X is closed in a p-completely smooth formal ¢-scheme Y/S, then Rvy,g.E is
calculated by the de Rham complex of (Ey, V).
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There are similarly defined functors
o(X/9) = Dy(X/S)  (X/S) — D(X/S). (6.13)

Here Dy(X/S) and D(X/S) are the sites considered by Oyama and Xu. The
objects of Dy(X/S) are pairs (T, yr), where T is a p-torsion free p-adic formal
scheme and yr: F=(T) — X is a morphism from the scheme theoretic image of
F7 to X. Then there is a 2-commutative diagram

Jx/8) 2o (xs)

C
D, (X/8) — D(X'/9),
where C' is the equivalence defined by Oyama and Xu.

Proposition 6.28. Suppose that Y/S is a p-completely smooth morphism of
formal ¢-schemes.

1. Let yy: ¢(Y) — Y be the inclusion. Then (Y,yy) € 4(Y/S) covers the
final object of the topos (Y/S) Y More generally, if X is closed in Y,

then ( %(Y),y ¢) covers the final object of (X/S) ,

2. If E is a crystal of Oy g-modules on  4(Y/S), then its value on (Y, yy) is
canonically endowed with a nilpotent connection, and this correspondence
induces an equivalence from the category of such crystals to the category
of p-completely quasi-coherent Oy -modules with nilpotent connection.

Proof. Suppose that (T, yr) is an affine object of 4(Y/S). Thenyr: ¢(T) =Y
is an S-morphism, and since Y /S is smooth and ¢(T) — T is a nil immersion
it can be extended to an S-morphism 7 — Y. This morphism necessarily
takes ¢(T) to ¢(Y), and hence in fact yr factors through ¢(Y). Now using
the formal smoothness of Y/S, one can find a lifting 7' — Y, which, after
a p-completely faithfully flat cover, can be chosen to be compatible with the
Frobenius liftings, thanks to Theorem [1.12] The generalization to the case of
X CY is straightforward.

It follows from statement (1) that the category of crystals of Oy, g-modules
on 4(Y/S) is equivalent to the category of p-completely quasi-coherent Oy-
modules endowed with a right action of the groupoid ¢, s: ?}(1) — Y. Corol-
lary shows that there is an isomorphism of groupoids:

~

T(1) — Py(1)

t|s t| |s (6.14)




and hence an equivalence between the categories of crystals of Oy,g-modules
on P(Y/S) and on ,(Y/S). Since crystals on P(Y/S) are given by modules
with quasi-nilpotent connection, statement (2) follows. O

We can now explain why B* corresponds to the F-transform and why A*
corresponds to the p-transform. Since B is an equivalence, this gives another
proof of Shiho’s theorem
Theorem 6.29. Suppose that X is embedded as a closed subscheme of a p-
completely smooth ¢-scheme Y/S.

1. IfE is a crystal of Ox/g-modules on  4(X), its value on ?((Y) is endowed
with a canonical quasi-nilpotent connection.

2. If E' is a crystal of Ox g-modules on (X'/S), then B*(E") is a crystal
of Oxg-modules on (X/S) whose value on ?((Y) >~ Px(Y) is the
F-transform of the value of E' on x//s(Y").

3. If £ is a crystal of Oyg-modules on 4(Y/S), then A*(E) is a crystal of
Oy/s-modules on (Y/S), whose value on Y is the p-transform (Example

of its value on Y.

Proof. The geometry behind this result comes from the following relationships
between the functors A and B and the formation of envelopes.

Lemma 6.30. In the situation of Theorem the following statements hold.
1. Let ®: ?((Y) = x¢(Y) — x/(Y’) be the morphism induced by
(Pyss, kx/y): (Y, X2 — (Y, X)),
where kx/y is the map defined in . Then ® fits into a morphism of
X'/S-prisms
®: B XMy )= ( x(Y)2 )
2. The morphism ¥: x(Y)— }’;(Y) induced by the map
(id,inc): (Y, X) — (Y, X?)
fits into a morphism of X/S-¢-prisms:
WA x(V).z )= ( k(V)w)

Proof. Let ( ?((Y), zZ )= B( f((Y), y )). To prove that ® fits into a morphism
of prisms as shown, we must show that z + o ® = Z | i.e., that the triangle in
the diagram below commutes.

) 2 Ty T ) A T Ly
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Recall that incoy =2z s oj . Since the squares commute, we have:
incoy of— = zs0j of-
= 2z 40F—
= z 40 (inc)o (m)o®

= dncomoz rod

Since inc is a monomorphism, it follows that y o f—=moz o ®. Since 7 is
the unique S-morphism such that moZ =1y of—, we concude that 7 =2z /0®
as claimed.

Now suppose that (T,yr) € ?(X/S) and that
9: (T,2r) = B(T,yr)) = ( x(Y'),z 1)

is a morphism of X’-prisms.
For (2), we recall that 4, (Y) = x¢(Y) and note the diagrams:

W) L T o) 2 ) — )
z Yy (2 ) oy ) y

X x¢ $(X)

Thus we find a commutative diagram

X

X,
which fills in to define the morphism described in statement (2). O

Suppose that E’ is a crystal of Ox//g-modules on  x/(Y’). Then if (T, 2r)
is an object of 4 (Y), the definitions tell us that B*(E')r = Ep 1), and the
lemma implies that

* (7l ~ F* (T
B*(E") ¢ vy = o*(E X,(Y,)). (6.15)

Similarly, if E is a crystal of Ox /g crystals on  4(X/S), we find that
A*(E) ) =Y (E f((Y)) (6.16)

Turning to the proof of the theorem, we first consider the case when X =Y.
Then a crystal of Ox/g-modules on 4(Y/S) is given by a p-completely quasi-

coherent Oy-module Fy endowed with a fi(l)—stratiﬁcation which, thanks to
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the isomorphism (6.14)), is the same as a Py-(1)-stratification, which in turn is
equivalent to the data of a quasi-nilpotent connection on Ey. This explains (1).
For (2), we obtain from diagram ([6.14]) a commutative diagram of groupoids:

c) 2 L)

" dy/s V',

which in fact we already saw in Proposition Equation (6.15]) shows that

= o (E)

B*(E')y = ¢y,5(E') and that B*(E') | ) =

vy (1)
Since these isomorphisms are compatible with pullback by ¢ and s, we conclude
that the 4-stratification of B*(EY% ) is the ®-pullback of the -stratification of

E’. Thanks to Lemma this shows that the corresponding connection on
¢y 5(E) is the F-transform of the p-connection on E, proving (2) in this case.

The proof of (3) is similar. We have a morphism of groupoids (see again

Proposition :

Equation [6.16] implies that

A*(E)y = Ey and that A*(E) ~U*(E ,

v L)

It follows that the -stratification ¢ on A*(E)y is the U-pullback of the 4-
stratification € on Ey. Using equation (5.17), it is easy to see that the p-
connection corresponding to € is the p-transform of connection corresponding
to e.

To deal with the case when i: X — Y is a general closed immersion, we we
will use the following compatibility between the functor B and the functors 4 )
and i . The lemma follows from the fact that Bx and By induce equivalences
of topoi, but can also be checked directly by checking the value of both sides on
each object of (X/S).

Lemma 6.31. In the situation of Theorem the map (coming from the
commutative diagram of Proposition

By(i (B') »i ,.(BX(E")

is an isomorphism. U
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The general case of the theorem now follows easily. If E is a crystal of
Ox/s-modules on  (X/S), then i M(E) forms a crystal on Oy, g-modules on

the small version of 4(Y/S) whose value on Y is E' , . and the the special
case we have already discussed shows that this Sheafxcarries a quasi-nilpotent
connection. If E' = B% (E") for some crystal E’ of Ox//g-modules on (X'/S),
then

— o~ DX (s !
E i(y) =1 ¢*(E)Y—BY(Z *(E ))Y”
which we have shown is the F-transform of 4 ¢*(E)Y' O

Proposition 6.32. Let S be a formal ¢-scheme and X/S a smooth morphism.
There is a 2- commutative diagram of topoi:

(X/5) | —2w (X7/8)

/
ux/s Ux/s

Fx/s

Xau X,

If E' is a crystal of Ox/ g-modules on (X'/S), there is a natural isomorphism
Rv s, (E') = Fx/s.Rux;s.(B*(E")).

Proof. The existence of the diagram follows immediately from the definitions.
Since F'x/g, is exact, we find an isomorphism:

RV /s, 0 RB.(B*(E")) = Fx/s. 0 Rux;s.(B"(E"))

Since B is an equivalence of topoi, the functor B, is exact, so RB,B*(E’) &
B,.B*(E’) 2 E’', and the result is proved. O

Our next result shows that the topos-theoretic formulation of the F-tranform
is compatible with pullback and pushforward.
Corollary 6.33. Let S be a ¢-scheme for which Fg is flat, and let f: X — Y

be a morphism of smooth S-schemes.

1. If E' is a crystal of Ox//g-modules on (X'/S), the following statements
hold.

(a) The natural maps

By (R'f" (E')) = R(f . (Bx(E"))

ol

are isomorphisms.

(b) Suppose that the restriction of R1f _(E') to  (Y'/W) forms a
crystal of Oy g-modules. Then if Y/S is a formal ¢-scheme lift-
ing Y/S, the value of R1f ¢*<B§((El)) onY is the F-transform of
RIf (B,
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2. If E is a crystal of Oy,;g-modules on (Y/S), then the natural map
I (Bra(B) = Br.(f” (E)

is an isomorphism.

4

Proof. Theorem tells us that the morphisms Bx and By induce equiva-
lences of topoi. It follows that By, and By, are exact. Then if F is a crystal
on (X/S):

RIf" (Bx+(E)) = R!(f' oBx)«(E') = R'(Byof )(E)=DBy.R'f (E).

Now let E = B%(E’). Then Bx.(E) = E’, and applying By . to both sides of
the previous equation yields statement (1), and statement (2) follows, thanks
to Theorem [6.29) O

6.6 Applications

In this section we explain a few applications of our comparison theorems. These
are not really new, but our results allow us to present formulations that are
more explicit than has been possible previously. Throughout this section we
assume that S is a formal ¢-scheme and that X/S is a smooth morphism. As
usual, we let Fx,g: X — X' denote the relative Frobenius morphism. Recall
that we have canonical morphisms:

Vx/S: (X/S) — X¢ and Ux/s: (X/S)p — Xt

Compatibility of prismatic cohomology with base change, based on its com-
putation by Cech-Alexander complexes, is discussed in [7, 4.18]. The use of
p-de Rham complexes provides stronger results. This has been carried out by
Y. Tian [27] who also deals with more general prisms. Here is our (slighlty
different) version.

Theorem 6.34. If E is a crystal of Ox g-modules on (X/S), the following
statements hold.

2. If E is locally free, then formation of Rvx/s.(E) commutes with base
change S — S'.

3. If X/8§ is proper of relative dimension n, if E is locally free of finite ran,
and if S = Spf A, then RT'(X/S ,E) is a perfect complex of p-adic A-
modules, of amplitude in [0, 2n].

Proof. The first statement may be verified Zariski locally on X, so we may
without loss of generality assume that there is a formal ¢-scheme Y/S lifting
X/S. Then Rvx,g.(FE) is calculated by the p-de Rham complex of (Ey,V’),
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which has no terms in degrees greater than n. Statement (2) is proved in a
similar manner, using the fact that formation of the p-de Rham complex is
compatible with base change, and that its terms are locally free. (Note: if
we were willing use a form of derived tensor product in the context of p-adic
modules, then then local freeness assumption on F would be superfluous.) The
last statement also follows; see [27] for details. O

A key result of Bhatt-Scholze, [7, 5.2], compares prismatic and crystalline
cohomology. It asserts the existence of a canonical quasi-isomorphism:

LosRvx/s+(Ox/s) = Rux/s«(Oxys), (6.17)

where are the canonical projection morphisms. Strictly speaking, this result
is only stated and proved in [7] when X and S are affine; presumably the
general case follows by standard simplicial methods. Proposition [6.32] provides
a generalization to the case of crystals.

Theorem 6.35. Let E’ be a crystal of Ox,g-modules on (X/S) and let E be
the crystal of Ox;g-modules on P(X/S) corresponding to the F-transform
of m* (E’).

1. There is a canonical strict quasi-isomorphism

Rux 5. (7 (E")) = FxsRux)s.(E).

2. If E' s locally free or if ¢g is p-completely flat, there is a canoncial strict
quasi-isomorphism

¢5(Rux/s«(E")) = Fx/s«(Rux/s«(E)).
3. In particular, there is a caonical strict quasi-isomorphism:
?s(Rvx/s+(Ox/s)) = Fxs«(Rux;s.(Ox/s))-

Proof. Statement (1) here is just a restatement of (2) of Proposition The
remaining statements then follow from the base change results of Theorem
O

Next we show that Frobenius induces an isogeny on prismatic cohomology.
We can again include a version with coefficients in a prismatic crystal.

Proposition 6.36. Let E’ be a crystal of Ox: g-modules on (X'/S) and let
qu}/S(E’) be its pullback to a crystal of Ox g-modules on (X/S). Then the
natural map

Rux/s«(E') = Fx/s.Rvxs. (@(/S(El))

is an isogeny. In particular, the Frobenius morphism
¢ H((X')S) ,0x1ys) = H ((X/S) ,0x/s)

is an isogeny.
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Proof. We prove this under the assumption that X admits an embedding in a
p-completely smooth formal ¢-scheme Y/S. Let EY,, denote the value of E' on
the prismatic envelope of X’ in Y’. Then the morphism in the statement is
represented by the morphism of complexes:

(Ey @ Qyi/s d)— ((bY/S*(b;/S(Eg/’)v Q'Y/S”d/)'

This is the morphism ¢ in Theorem [£.7], the composite of the quasi-isomorphism
a and the isogeny b. It follows that b becomes an isogeny in the derived category.
The general case will follow by the usual simplicial methods. O

The following result is stated in [7, 4.15] and [I} 3.2.1]. The treatments there
only explicitly discuss the affine case, and the task of globalization (presumably
using simplicial methods) is left to the reader. For quasi-projective schemes,
our methods lead to a very explicit construction.

Theorem 6.37. Let S be a formal ¢-scheme, let X/S be a smooth and quasi-
projective morphism, and let L x5 denote the cotangent complex of X relative
to S. Suppose that there is a closed immersion X — Y, where Y/S is a p-
completely smooth morphism of ¢-schemes. Then there is a natural quasi-
isomorphism;

Lxss = 70 (0=, @ Qysll])

Proof. Strictly speaking, our formulation does not make sense without referring
to an explicit complex representing Ly /g. In fact, the closed immersion X — Y,
which is necessarily a regular immersion, provides us with such a representation:
by [, ], the cotangent complex of X/S can be identified with the complex:

d
Lx/y/s = IX/Y/I)Q(/Y — Q%//s ® Ox,

placed in degrees —1 and 0. Here d is the map induced by the Kahler differential
d: Ix;y — Q%,/S. It follows from the theory of cotangent complex that this
construction is functorial in the derived sense. (In fact, it is elementary to check
directly that if g: Y — Z is a morphism of smooth S-schemes such that g oi is
also a closed immersion, then the induced map of complexes Lx /7,5 — Lx/y/s
is a quasi-isomorphism.)

Recall from l} that we have a morphism p: Ix/y — O (V) with pp(x) =

7 (z) for all z € Ix,y. Thus p induces a morphism

- 2 _
p: IX/Y/IX/Y - O )

Furthermore,
pd p(z) = d'7* (z) = pdr* (z) = pr* (dz),
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so d'p(x) = 7* (dx). We see that there is a commutative diagram of Ox-linear
maps:

d
Ixyy /Ty y — Q)5 ® Ox 0F)s © Ox
p " pm -
— —/
d 1 d 2
T x(V) O oy @ 8vys = O ) @ Dyys

Since the rightmost vertical arrow is in fact zero, the diagram defines a morphism
of complexes:
<0(H— :
Lx/y/s = m="(O o @ Qy /(1))

Suppose that X — Y is another embedding of X into a p-completely smooth
formal ¢-scheme over S. Let Z :=Y x Y’ and let X — Z be the map induced
by these two embeddings. We find a commutative diagram of complexes:

Lx/v/s — TSO(O*X(Y) ® Qy/5(1])

LX/Y’/S — TSO(Ofx(Y/) ® QY’/S[I)]

The vertical maps on the right are quasi-isomorphisms by the prismatic Poincaré
Lemmal3.11] and the maps on the left are quasi-isomorphisms as we have already
explained. We can conclude that our construction gives a well-defined morphism
in the derived category, as stated in the theorem. To show that it is a quasi-
isomorphism, we may work locally, and in particular we may assume that Y is
a lifting of X. In that case, the complex Lx/y/g is (p) ® Ox in degree —1 and
Qﬁ(/s in degree zero, with d = 0, while the complex TSO(O*X@@ ® €y g[1]) is

Ox in degree —1 and Qﬁ( g in degree zero, with d =0 Furthermore, p sends
the class of p to 1, and we see that the map of complexes is the identity map in
this case. O

7 Appendix: p-adic sheaves and modules

Let A be a p-adically separated and complete ring, not necessarily noetherian.
We will need to work with A-modules which are also p-adically complete but
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not necessarily finitely generated. There are several possible strategies: “derived
complete modules” as suggested in [7], topological modules, filtered modules,
or p-adic inverse systems as in [9]. All these categories are additive, but only
the first is abelian, which makes it a tempting choice, and is the strategy fol-
lowed in [1]. However, this reference only studies derived p-complete modules
which have bounded p-torsion, and as it turns out, these are necessarily p-
adically separated and complete. Furthermore, we have been unable to prove
the key exactness properties in Proposition for derived p-complete modules
in general. Consequently we will work instead with the category of p-adically
separated and complete modules. This category can be profitably viewed as
living either in the category of all modules, or in the category of inverse systems
of torsion modules, each of which has its advantages and disadvantages. The
following exposition, which is perhaps overly detailed and which includes many
well-known results, summarizes our approach.

7.1 p-adic modules

Definition 7.1. Let A be a p-adically separated and complete ring. We write
M 4 for the category of all A-modules, and M. for the category of inverse systems
{M,, = M, _1 : n € N} of A-modules such that p" M, = 0 for all n. A p-adic
A-module is an object of M. such that each map M, ®4 A,_1 — M, _1 is an
isomorphism.

‘We have functors

@:M. - My: M —M
S.:My — M.: M~ {M/p"M — M/p" M} (7.1)
Proposition 7.2. With the definitions above, the following statements hold.
1. For every M € M, the object S.(M) € M. is a p-adic A-module. For

every M. in M., the object h£1M of M is p-adically separated and
complete.

2. If M. is a p-adic A-module and M := @ M., then for each n, the natural

map M ®4 An, = M, is an isomorphism.

3. The functor lim induces an equivalence from the category of p-adic A-
modules to the category of p-adically separated and complete A-modules.

Proof. The first part of statement (1) is obvious. For the second part, let
M = yLnM., and for each n, let F™"M be the kernel of the map M — M,.

It follows from the construction that M is separated and complete for the F-
adic topology. Since each p™M, = 0, this topology is weaker than the p-adic
topology, and the following lemma shows s that M is aso p-adically separated
and complete. This is proved in [2I), A1] for any finitely generated ideal in place
of (p); since the proof in this case is considerably simpler, we explain it again
here.
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Lemma 7.3. Let M be an A-module, separated and complete with respect to
an A-linear topology F' such that p"M C F"M for all n. Then M is also
p-adically separated and complete.

Proof. The separation is automatic, and for the completeness we check that
every p-adically Cauchy sequence (z.) in M has a p-adic limit. Since (z.) is
p-adically Cauchy, it suffices to find a subsequence which converges p-adically,
so we may assume that x,11 — z, € p"M for all n. Thus it suffices to prove
that every series of the form > p"y, converges p-adically. Since this series is
also F-adically Cauchy, it has an F"-adic limit y, and we claim that this is also
the p-adic limit. Fix N, and consider the series > {p" ™y, : n > N}. This
series is also F'-adically Cauchy and therefore has an F'-adic limit zy, and it

is clear that
PNz => Py =y— > p"y".
n>N n<N

Thus, the sequence of partial sums converges p-adically to y. O

To prove (1), we repeat the argument of [9] 2.3.8] for the convenience of the
reader. See also [2, 05GG] for a more general statement. Since the transition
maps M, — M, _; are all surjective, so is each projection map M — M,; let
F™ denote its kernel. By construction, the module M is complete with respect
to the F-adic topology. We know that p”M C F*M , and we must show that
the reverse inclusion also holds. We have

M/Fn = M, = My /p" Mpy1 = M/(FnJrl +pnM)7

and it follows that that F™ = p"M + Ftl An element z of F™ can then
be written as p™xj + x1 with x¢ € M and 1 € F™! and then we can write
r1 = p"T2) + 29 with x5 € F*2. Continuing in this way, we find sequences
(zf, xh, b, ...) and (z1,2,...), with 2} € M, z; € F*" and z; = p" o)+ 2,41
for all i. Let 2’ be the limit of the series > p’x}, which converges F'-adically.
Then x = p™a’, since M is F-adically separated.

If M is p-adically separated and complete, then the natural map M —
£i£1 S.(M) is an isomorphism, by definition. On the other hand, if M. is a p-adic
A-module, statement tells us that @M is p-adically complete and that the
natural map of inverse systems S. Qin M.) — M. is an isomorphism. Statement

(3) follows. O

7.2 p-adic exactness

Example 7.4. The category of p-adically separated and complete A-modules
is not abelian: a proper inclusion with dense image is a monomorphism and an
epimorphism but not an isomorphism. For an example, let A be Z,,, let M be
the Z,-module consisting of the set of sequences (ag, a1, . ..) in Z, which tend to
zero p-adically, and let NV be the set of all sequences in Z,,. These module are p-
adically separated and complete, as is easy to verify. Define a map a: M — M
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by a(ag,a1,as...) = (ag,pai,p?as...) and a map B: N — M by the same
formula. We have a commutative diagram with exact rows:

0 M —Y M 0

¥ id )

B

0 - N - M - N” > 0,

where v is the inclusion. The image of (3 is the set of sequences c. such that
each ¢; is divisible by p?, and is evidently closed in M. If b. € N and n > 0,
then

ﬂ(b) = (b07pblvp2b27 o )
= (bOvpblv' .. apnilbnfl,o' ‘ )"‘Pn(O,O» .. abnapanrl +-- )

which is of the form a(a.) + p™a’, with a. and o/ € M. Thus a(M) is dense in
B(M), and in fact S(M) is the closure of (M) in M.

Note that M" is the standard example of a module which is derived p-
complete but not p-adically separated [2 0G3F]. We also note that M” can
be written as an extension of two p-adically separated and complete modules,
showing that the class of such modules does not form an exact subcategory of
the category of all modules. To see this, we check first that the image of v is
closed in N. If b. € N is in the closure of (M), then for every n > 0, there
exist a. € M and b, € N such that b. = vy(a.) +p™b.. Then there exists m,, such
that a; € p"Z, for all i > m,,, which implies that the same holds for b;. Thus b.
also belongs to the image of 4. The snake lemma implies that Ker(d) 2 Cok(7).
Since the image of v is closed, these modules are p-adically separated, and since
B(N) is closed in N, the quotient N is also p-adically separated. Then

0 — Ker(d) - M" — N" =0

is the desired extension of separated and complete modules which is derived
complete but not separated. We note further that Ker(6) = N, p"M" and that
N"quotient is the p-adic completion of M and so by the exact sequence in [2]
0BKG], that Ker(§) = R!'lim M"[p"]. Note also that this module is p-torsion
free.

Since the category of p-adic A-modules is not abelian, it is not safe to speak
about exact sequences and the cohomology of complexes. We therefore introduce
the following terminology.

Definition 7.5. Let A be a p-adically separated and complete ring.

1. A morphism M! — M. of p-adic A-modules is a strict monomorphism if
each M} — M, is a monomorphism.

2. A sequence of p-adic A-modules M! — M. — M/ is strictly short exact if
each sequence M) — M, — M)/ is short exact.

120



3. A complex M. of p-adic A-modules is strictly acyclic if each M), is acyclic.

4. A morphism u. of complexes of p-adic A-modules is a strict quasi-isomorphism
if each u,, is a quasi-isomorphism.

Remark 7.6. The category M. is an abelian category, and a sequence in this
category is exact if and only the corresponding sequences for each n are all
exact. The category of p-adic A-modules is a full subcategory of M., and we
claim that it is closed under extension. Indeed, if 0 — M/ — M. — M!"” — 0
is exact in M. and M! and M! are p-adic systems, then for each n we have a
commutative diagram

Myll QA1 — M, @A, 1 — MylL/ ® An—1 0
0 M'r/z—l - n—1—" > M;L/—l 0

whose rows are exact. The vertical arrows on the left and right are isomorphisms,
and it follows that the central one is also. Thus our definition of “strict exact
sequences” is consistent with Quillen’s notion of an “exact category.” We have
two functors from the category of p-adic A-modules to an abelian category: the
inclusion into the category M. and the inverse limit functor into the category
My. (or into the category of derived p-complete modules). By definition, a
sequence 0 — M! — M. — M! — 0 of p-adic A-modules is (strictly) exact if
and only if it is so when viewed in M.. The inverse limit of such a sequence is
again exact, but converse does not hold.

Lemma 7.7. Let M be a p-adically separated and complete A-module and let
K be a submodule.

1. If K is closed in the p-adic topology of N, then it is p-adically separated
and complete.

2. Let K~ be the closure of K in M. Then M /K~ is the p-adic completion
of M/K.

Proof. The topology of K induced by the p-adic topology of M could be weaker
than the p-adic topology of K but it follows nonetheless that K is p-adically
separated and complete, by Lemma [7.3] We have an inverse system of short
exact sequences:

0— K/p"MNK — M/p"M — M/(p"M + K) — 0.

Since the transition maps on the left are surjective, we find an exact sequence

OH@K/]) MﬂK%&nM/p M%@M/(p M+ K) — 0.

Since K~ = £iLnK/p”M N K, the lemma is proved. O
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Proposition 7.8. Let A be a p-adically separated, complete, and p-torsion free
ring.

1. The category of p-adically separated and complete A-modules admits ker-
nels, whose formation is compatible with the inclusion in the category
My.

2. Suppose that the kernel K of a homomorphism uw: M — N of p-adically
separated and complete A-modules agrees with the kernel of the corre-
sponding homomorphism of u.: M. — N. in M.. Then

(a) The inclusion K — M is a strict monomorphism.

(b) The image M" of M in N is p-adically separated and complete and
is closed in N, and the inclusion M" — N is a strict monomorphism.

A homomorphism of p-adically separated and complete A-modules is said
to be strict if it satisfies these properties.

Proof. If u: M — N is a homomorphism of p-adically separated and complete
A-modules, let K := {& € M : u(x) = 0}. This module is evidently closed
in the p-adic topology of M, and so it is p-adically separated and complete by
Lemma E As an example, if v is multiplication by p on A := Z,,, we see that
K = {0}, although wu,, is not injective for n > 0.

Now suppose that K,, = Ker(u,,) for all n. Then necessarily each K,, — M,
is injective, so K — M is a strict monomorphism. For each n, we have a
commutative diagram

K@AA,,L%M(@AA”%MH@AA” 0

0 - K, - M, > Im(up,) —— 0

with exact rows. Since the first two vertical arrows are isomorphisms, so is the
third, and the left horizontal top arrow is injective. Since the transition maps for
the system K. are surjective, we can deduce that the map M = l&n M. — h£1 M
is surjective, and since M} = Im(u,,) C N, that the map @M.” — @N. =N

is injective. Thus M"” = M" is p-adically separated and complete. Moreover,
since M/! C N, for all n, the p-adic topology of M" agrees with the induced
topology from that of NV, and the map M"” — N is a strict monomorphism. It
follows also that M" is closed in the p-adic topology of N. O

Remark 7.9. We should remark that the category of p-adic A-modules also
admits cokernels, whose formation is compatible with the inclusion into the
category M.. but not into the category M. Namely, if u.: M. — N. is a
homomorphism of p-adic A-modules, then the inverse system Cok(u.) is again
a p-adic A-module, but its inverse limit need not be the cokernel of the map
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U= %inu Indeed, if M := Im(u,,), then the inverse system M!” has surjective
transition maps, although it might not form a p-adic A-module. We thus get
a surjective map lim N. — yLnCok(u.), although the map gnM — @Im(u.)
might not be surjective. In fact it is easy to verify that kin Im(u.) is the closure
of Im(@) in lim N.. Thus lim Cok(u.) is the quotient of lim N. by the closure of
— — —
Tm(@).
Proposition 7.10. Let A be a p-adically separated and complete ring.

1. The inverse limit of a a strictly exact sequence 0 — M!' — M. — M!
(resp. 0 = M! - M. — M! — 0) of p-adic A-modules is an exact
sequence of A-modules.

2. The inverse limit of a strictly acyclic complex of p-adic A-modules is an
acyclic complex of A-modules.

3. The inverse limit of a strict quasi-isomorphism of p-adic A-modules is a
quasi-isomorphism of complexes of A-modules.

Proof. If each sequence 0 — M/ — M, — M) is exact, then so so is the
limit sequence, since the inverse limit functor is left exact. Surjectivity is also
preserved on the right, since the transition maps in the kernel sequence are all
surjective. This proves statement (1).

For (2), suppose that K is a complex of p-adic A-modules and that each
complex K is acyclic For each q € Z, let Ki be the image of d2~!, so that we
have exact sequences:

— —q+1

0—>Kfl—>K,qL—>KZ+ —0
for each n. Since we have a surjection K =1 5 K7 and the transition maps of
K91 are surjective, the same is true of the transition maps of K?, and hence
the sequence

. T . . 7=q+1

0 lmK! - limK? > lm K -0

— — —
is also exact. This holds for all ¢, and so the map @K =t gn?q is also
surjective. Thus gn?q is the image of the map ylld?_l. Since we also know

that it is the kernel of the map lim d?, we can conclude that lim K is exact.

Since the cone of a map of complexes of p-adic A-modules is again a complex
of p-adic A-modules, statement (3) follows. O

‘We should also mention the following simple version of the derived Nakayama
Lemmal2, 15.90.19].

Proposition 7.11. Let K. be a complex of p-adic A-modules. Suppose that
each K{ is flat over Z/p"Z. If H™(K;) vanishes for some m, then H™(K,)
vanishes for every n.
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Proof. Since K{ =2 K4/pK? and K is flat, we have an exact sequence of com-
plexes:
0—-K, - K,—-K —0

Then the result follows by induction on n. O

7.3 p-complete flatness

Since the Artin-Rees lemma is not available in our context, the map from a
module to its formal completion might not be flat, and as far as we know, even
the map from a ring A to the p-adic completion of a localization of A might not
be flat. The notion of “complete flatness” helps to overcome this difficulty. We
add some details to the discussion in [7, Corollary 3.14].

Definition 7.12. If I is an ideal in a ring A, then an A-module M is said to be
I-completely flat if Torf‘ (M, N) vanishes whenever i > 0 and N is an A-module
with IN = 0. A module is I-completely faithfully flat if it is I-completely flat
and in addition M /IM is faithfully flat as an A/I-module.

In our case, the ideal I will be principally generated by p, and the notion
simplifies. In particular, it shows that, if A is p-torsion free and p-adically
separated and complete, then a p-adically separated and complete A-module M
is p-completely flat if and only if the corresponding p-adic A-module M. is flat
as an inverse system of A.-modules.

Proposition 7.13. Let A be a p-torsion free ring and M an A-module; write
M, for M/p™ if n € N. Then conditions (1)-(3) below are equivalent and
imply condition (4). If M is p-adically separated, then all four conditions are
equivalent.

1. M is p-completely flat (resp. faithfully flat).

2. M is p"™-completely flat (resp. faithfully flat) for all n > 0.

3. M is p-torsion free and M /pM is flat (resp. faithfully flat) over A/pA.
4. M, is flat (resp. faithfully flat) over A,, for all n > 0.

Proof. Since a flat A,-module is faithfully flat if and only if its reduction modulo
p is faithfully flat as an Aj;-module, it suffices to prove the equivalence for
flatness.

We prove that (1) implies (2) by induction on n. Suppose that M is p™-
completely flat and that p"*'N = 0. Let N’ := {z € N : pr = 0} and let
N":= N/N'. Then p"N" = p"N’ = 0, and the exact sequence

Tor (M, N') — Tor{*(M,N) — Tor{ (M, N")

shows that Tor? (M, N) = 0 if i > 0, so M is p"'-completely flat.

If (2) holds, let F. — M be a flat resolution of M. Condition (2) implies that
Torf‘(M, A,) =0 fori >0, so F,, » M, is a flat resolution of the A,-module
M,. If N is an A,-module, the isomorphism

Tor " (M,,, N) = H;(F, ®4, N) = Hi(F. ®4 N) = Tor(M, N) (7.2)
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shows that Tor:*" (M, N') = Tor:*(M, N). Condition (2) implies that this van-
ishes if ¢ > 0, and since N is an arbitrary A,-module, it follows that M,, is
Ap-flat. Thus (2) implies (4).

If (2) holds, then Tor:' (M, A/pA) vanishes, so M is p-torsion free, and since
(4) also holds, we see that (2) implies (3).

To see that (3) implies (2), we again choose a flat resolution F. of M. Con-
dition (3) implies that M is p-torsion free and hence that Tor:'(M, A/pA) = 0
for all i > 0, so F. ®4 A/pA is a flat resolution of M/pM. In particular, equa-
tion holds with n = 1, i.e., Tor (M, N) = Tor,/P*(M/pM, N) for every
A/pA-module N. Since M/pM is assumed to be flat over A/pA, this module
vanishes for every ¢ > 0, so M is p-completely flat. Thus conditions (1)—(3) are
equivalent.

It remains only to show that (4) implies (3) if M is p-adically separated.
The flatness of M,, implies that the sequence

n—1
0 — M/pM *— M, 2+ M,

is exact and hence that @Mn is p-torsion free. (See the proof of Lemma|7.15

below.) Thus any p-torsion element of M maps to zero in this limit and neces-
sarily vanishes if M is p-adically separated. O

Proposition 7.14. Suppose that A is p-torsion free and p-adically separated
and complete and that M is a p-completely flat A-module.

1. If N is a p-torsion free A-module, then N @ 4 M and N®4M are also
p-torsion free.

2. If N is a p-completely flat A-module, then N® oM is also p-completely
flat.

3. If A — A’ is a homomorphism of p-torsion free p-adically separated and
complete rings, then A'® oM is p-completely flat over A’, and is faithfully
so if M is p-completely faithfully flat over A.

4. The composition of p-completely flat (resp. faithfully flat) homomor-
phisms is again p-completely flat (resp. faithfully so). If A — A’ is
p-completely faithfully flat, then a p-adically separated and complete A-
module N is p-completely flat (resp. faithfully so) over A if and only if
A'@ 4N is so over A’.

Proof. The short exact sequence 0 — N L N—N /pN —— 0 gives
rise to a long one:

Tor'y (N, /pN,M) — N@a M 2> N@s M — N/pN @4 M — 0.

Since M is p-completely flat, the term on the left vanishes. This implies that
N ® M is p-torsion free, and the result for N®M follows from Lemma
below.
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If N is p-completely flat, then it is p-torsion free, and N&®M is p-torsion free
by (1). Since N7 and M; are flat over A;, so is their tensor product. By (1) of
Proposition this is the same as (N®M)1, so N&M is p-completely flat by
criterion (3) of Proposition

To prove (3), first observe that statement (1) implies that M’ := A'©a M
is p-torsion free. Furthermore, M| = A} ® 4, M7, which is flat (resp. faithfully
flat) over A} because M; is flat (resp. faithfully flat) over A;. Then criterion
(3) of Propositionimplies that M’ is p-completely flat (resp. faithfully flat)
over A’.

Statement (4) follows immediately from criterion (4) of Proposition and
the analogous results for usual flatness. O

Lemma 7.15. The p-adic completion of a p-torsion free abelian group is again
p-torsion free.

Proof. If M is p-torsion free, then for every n we have a commutative diagram
with exact rows:

0 — M/pM L pptivg B pyprtivg

n—1

00— M/pM 2 Mpprrr L MjprM

Since gn is left exact, we find that the sequence

0 — lm(M/pM,p) — Nm(M/p"M,7) — lm(M/p" M, )
is exact. The inverse limit on the left is zero, and the result follows. O

We now investigate the relationship beween p-complete flatness and strict
exactness. Note that if V. is a p-adic A-module with inverse limit N and M is
any A-module, then {N, ® M = (N ® M),} forms a p-adic A-module whose
inverse limit is N®M. Furthermore (N ® M), = N, ® M, for every n, by
statement (1) of Proposition

Proposition 7.16. Let K be a complex of p-adically separated and complete
A-modules and let M be a p-completely flat A-module.

1. If K is strictly acyclic, then so is K" QM.

2. If M is p-completely faithfully flat and K @M is strictly acyclic, then so
is K.

3. If M is p-completely faithfully flat, then a homomorphism of complexes u
of p-adically separated and complete modules is a strict quasi-isomorphism
if and only if u®idM is.
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In particular, if ¥ is a strictly short exact sequence of p-adically separated and
complete A-modules, then Y@M is again strictly short exact.

Proof. If each K, is acyclic, then, since each M, is flat over A,, so is each
K, ®a, M,. It follows from Propositionthat the inverse limit is again exact.
If now M is p-completely faithfully flat, then each M, is a faithfully flat A,,-
module, and if each K, ®4 M is acyclic, then so is each K,,. The conclusion again
follows from Proposition Statement (3) follows by taking the mapping cone
of u, which is again a complex of p-adically separated modules. O

Corollary 7.17. Suppose that M is a p-completely flat A-module.

1. Let N — N be a homomorphism of complexes of p-adically separated
and complete A-modules. Each N}, @4 M — N, ®4 M is a quasi isomor-
phism if and only if each each N], — N, is. If this is true for all n, then
N" - N and N"® s M — N ®aM are quasi-isomorphisms.

2. If N' — N is a homomorphism of p-adically separated and complete A-
modules, then N' — N is an isomorphism if and only if N'&M — NQM
is an isomorphism.

Proof. Statement (1) follows from Proposition applied to the cone of N —
N'. Statement (2) follows from (1), or directly from Proposition because
N’ — N is an isomorphism if and only if each N/, — N,, is an isomorphism O]

Corollary 7.18. Let Ey,, be the p-torsion submodule of a p-adically separated
and complete A-module E and let E,,. be its closure in E. The quotient E/E
is p-torsion free and the inclusion E,,. — F is a strict monomorphism. Further-
more, if M is p-completely flat, the natural maps E,,. &M — (EQM),,, and
(E/E,,)®M — (EQM)/(E®QM;,.)~ are isomorphisms.

tor

Proof. Since E/FE,,, is the completion of E/FE},, (see Lemma|7.7)) and the latter

tor

is p-torsion free, Lemma implies that E/F,  is also p-torsion free. This
implies that p"E'N E,,,. = p"E,,, for all n and hence the strictness of the map
E,,. — E. Thus the sequence 0 — E,,,, -+ E — E/E,,. — 0 is strictly short
exact, and remains so after forming the completed tensor product with M, by
Proposition [7.16] This gives us the exactness of the top row of the following

diagram:

0 E,, &M —— E&M (E/E., )M 0
\l
0 (E&M);,, — E&M — (EQM)/(E&M);,, — 0

It is clear that E;,,©&M maps to (EQM ), and hence the same is true for
the corresponding closures. This gives the existence of the dashed arrow (the
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“natural map”) in the diagram. The module E/E,, @M is p-adically sepa-
rated and complete, and it is p-torsion free, by Proposition Thus the map
E&M — E/E;, @M factors through (E&M)/(E®M),,,., and so the right ver-
tical arrow is an isomorphism. It follows that the left vertical arrow is also an

isomorphism. O

Proposition 7.19. If A — B be a p-completely faithfully flat homomorphism of
p-adically separated and complete p-torsion free rings, let C'y be the completed
augmented Cech-Alexander complex

Cp:=A— B — BB — BABRAB--- .

1. If N is a p-adically separated and complete A-module, then the complex
is strictly acyclic, Cy@N, and Cz ® N,, is acyclic for every n.

2. If N is a p-adically separated and complete B-module endowed with formal
descent data e: BR4BON — NQB& 4B, let

N¢ = {z€ N:e(l®x) =31}
(N, = {2 € N,:e,(1®x) = a1},

Then:

(a) (N€),, = (Np)¢ for all n, and we will denote both by Nf. Thus
N€¢ — N is a strict monomorphism.

(b) The natural maps B&aN¢ — N and B ® 4 N — N,, are isomor-
phisms for all n.

Proof. Statement (1) of Proposition implies that
(Cp®aN), = Cp, ®a, Ny

for every n. Since each A,, — B, is faithfully flat, the acyclicty of each of
these complexes is standard. Thus Cp&4N). forms a strictly acyclic complex
of p-adic B-modules, and so Proposition implies that the limit sequence is
also acyclic. This proves (1).

For (2), we start with the fact that each B® 4 (N,,)¢ — N, is an isomorphism,
by usual faithfully flat descent for the homomorphism A, — B,. Since the
maps N, ®p, Bn_1 — Np_1 are isomorphisms, the same is true for the maps
B®a (N,) ®p, Bn-1 — B®4 (N,—1)¢. Again invoking faithfully flat descent,
we conclude that the map (N,) ®4, Ap—1 — (Np—_1)¢ are isomorphisms. Thus
(N.)¢ forms a p-adic A-module. Then (1) of Proposition implies that each
map @(Nn)f ®a A, — N is an isomorphism. The left exactness of lim implies
that the natural map N¢ — &iLn(Nn)6 is an isomorphism, and (2a) follows. We
have already seen that each map B®4 N;, — Ny, is an isomorphism, and hence

so is the map

lim(B @4 Nj) = lim N,, = N.

Since @(B ®a N£) =2 BoaN¢, statement (2) follows. O
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A morphism of formal schemes S’ — S is said to be p-completely flat if for
every open affine U’ C S’ mapping to an open affine U C S, the corresponding
map Og(U) — Og (U’) is p-completely flat. It follows from Proposition
that a p-completely flat map A — A’ gives rise to a p-completely flat map
Spf A’ — Spf A and that the family of p-completely faithfully flat maps S” —
S’ — S forms a covering family for a site we denote by Spcf. We note that
the set of p-completely flat maps U — S with U affine forms a base for this
topology.

7.4 p-complete quasi-coherence

We now briefly discuss how to sheafify these notions. The equivalence of the
two conditions in the following definition is a consequence of Proposition [7.2]
Definition 7.20. Let S be a p-torsion free p-adic formal scheme. A sheaf of
Og-modules E on Sy.¢ is p-completely quasi-coherent if its value on each affine
is p-adically separated and complete and the following equivalent conditions are
satisfied.

1. For every p-completely flat S-morphism U’ — U of affine p-adic formal
schemes which are p-completely flat over S, the map

05(U1)®@S(U)E(U) — E(U’)
is an isomorphism.

2. For every p-completely flat S-morphism U’ — U of affine p-adic formal
schemes which are p-completely flat over S, the map

Os, (UN&o,, ) En(U) = E,(U")
is an isomorphism for every n.

In particular, the structure sheaf Qg is itself p-completely quasi-coherent, and
if E is p-completely quasi-coherent, then each FE,, is quasi-coherent as sheaf of
Og, -modules on the scheme S,,.

The following results follow from the discussions above by standard argu-
ments, which we leave to the reader.

Proposition 7.21. Let S be a p-torsion free p-adic formal scheme.

1. If E is a sheaf of Og-modules and there is a cover {U; — S} of Speyr
such that each E),, Is p-completely quasi-coherent, then FE is p-completely
quasi-coherent.

2. Suppose that S = Spf A and M is a p-adically separated and complete
A-module. Define a presheaf M on the family of affine p-completely flat
maps Spf A’ — Spf A by M(SpfA') := A'@ M. Then in fact M is
a sheaf, and the map M — M (S) is an isomorphism. Moreover, the
functor M — M defines an equivalence from the category of p-adically
separated and complete A-modules to the category of p-complete quasi-
coherent sheaves of Og-modules.
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3. If S is affine and E is a p-completely quasi-coherent sheaf of Og-modules
on Spes, then H'(Spcf, E) vanishes for i > 0. O

Remark 7.22. It will sometimes be convenient for us to view p-completely
quasi-coherent sheaves geometrically. We do this by adapting Grothendieck’s
V construction. Namely, if Y is a p-adic formal scheme and F is a p-completely
quasi-coherent sheaf of Oy-modules, then for each n € N, the sheaf F,, is quasi-
coherent on Y,, and we can form the scheme VE,, := Spec(S"E,,), affine over
Y,. Since formation of S° is compatible with base change, the system S"F.
forms a p-adic module, and hHmS "E. is p-adically separated and complete, by

Proposition Thus we can view the collection of Y-schemes {VE,, : n € N}
as the family of reductions of a p-adic formal scheme V E| affine over Y.

7.5 Very regular sequences

Various notions of “regular sequences” are used in the literature and in particular
in [7]. We have found the following slightly stronger notion useful. (All the
notions are equivalent in the noetherian case. )

Definition 7.23. Let B be a ring and M a B-module. Recall that a se-
quence (by,...,b,) is said to be M-regular if for all i, multiplication by b; on
M/(by,...,bi—1)M is injective, and in addition the quotient M/(by,...,b.) is
not zero. We say that (by,...,b,) is very M-regular if each of its permutations,
or equivalently, each of its subsequences, is M-regular.

For the equivalence of the conditions in the definition, we refer to |2}, 10.68.10].

Proposition 7.24. Let Y be a p-torsion free p-adic formal scheme and let
X — Y7 be a very regular closed immersion. Then X — Y is aso a very regular
closed immersion.

Proof. To check this, we work locally, where Y = Spf B and (b1,...,b,) is se-
quence in B lifting a sequence generating the ideal of X in Y; every permutation
of which is Bj-regular. Our claim is that every permutation of (p,by,...,b,) is
B-regular. When r = 1, this follows from the following lemma.

Lemma 7.25. Let B be a p-torsion free separated and complete ring, let b be
an element of B such that (p,b) is B-regular. Then (b,p) is also B-regular, and
furthermore B/bB is also p-torsion free, separated, and complete.

Proof. We first show that b is a nonzero divisor in B. Namely, if bz vanishes
in B, then it also vanishes in B/pB, and since multiplication by b on B/pB is
injective, it follows that * = px; for some x; € B. Then pbx, = bpzr; = bx = 0,
and since B is p-torsion free, this implies that bz; = 0. Repeating this process,
we see that 1 = pxa, that 9 = pzs, and so on. Since B is p-adically separated,
we conclude that x = 0. Next we check that B’ := B/bB is p-torsion free.
Namely, if pz = by, then since b is a nonzero divisor in B/pB, we can write
y = py’ for some y'. Then px = bpy’, hence x = by’, so = also maps to zero in
B’. Tt remains to check that B’ is also p-adically separated and complete. (This
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is evident in the noetherian case, but requires an argument in general.) Note
that for each n, the sequence

0—> B, +B, B, —0

is exact, because B’ is p-torsion free. Then we find a commutative diagram with
exact rows:

0 0.

lim B,, — lim B,, —— lim B;L
— — —

The bottom row is exact because all the transition maps are surjective. Since
the first two vertical arrows are isomorphisms, so is the third. O

We proceed with the proof of proposition by induction, showing that every
subsequence of (p,by,...,b.) is B-regular. If such a subsequence contain p,
then the statement is evident, because (b, ..., b,) is assumed to be very B/pB-
regular. If the subsequence (b},...,b..,) is a proper subsequence of (b, ...,b.),
then (p,b},...,b.,) is B-regular, because (b1,...,b,) was assumed to be very
B/pB-regular. Then the induction hypothesis will apply since ' < r. So we
need only check that (by,...,b,) is B-regular. Let b := by and B’ := B/bB. ince
(b1,...,b,) was assumed to be very B/pB-regular, it follows that (ba,...,b,) is
very B’/pB’-regular. Then the induction hypothesis implies that (bs,...,b.) is

B’-regular, and hence (b1, ...,b.) is B-regular. O

The following result is due to C. Huneke [13, 3.1]. We present an alternative
proof.

Proposition 7.26. Suppose an ideal I of B is generated by a very regular
B-sequence. Then for all n, the map S™I — I" is an isomorphism.

Proof. Suppose that (b1,...,b,) is a very regular B-sequence generating I. If
r = 1, then I is free of rank one, generated by b1, and the result is clear. We
proceed by induction on 7.

Our claim is that the canonical surjection S™I — I™ is in fact an isomor-
phism. This is trivial if n = 1 and we proceed by induction on n. In the ensuing
calculations, we use ® to indicate multiplication in the symmetric algebra S'I
and - for multiplication in the Rees algebra By. Let b :=b,, let B’ := B/bB,
and let I’ be the image of I in B’. We have exact sequences

b !
00— B — [—I1I—0

0—»B " /B —=1 —+0, (7.3)
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the second of which is split. Namely, if J is the ideal of B generated by
(b1,...,br—1), we claim that the composed map J/bJ — I/bI — I’ is an iso-
morphism. It is evidently surjective. The regularity of (b1, ...,b,) implies that
multiplication by b is injective on B/J. Say x € J maps to zero in I’ C B’
Then x = ba for some a € B, and since b is a nonzero divisor in B/J, it follows
that a € J as well, so z € bJ.

Since the sequence b. is regular, it is also quasi-regular [2, 10.69.2], mean-
ing that the homomorphism from the polynomial algebra B/I[x1,...,z,] to
@p 1™ /1"t sending z; to the image of b; in I/I? is an isomorphism. This im-
plies in particular that multiplication by b := b,. induces an injection I"~1 /1™ —
I"/T"*1 for all n. Hence if x € B and bz € I", it follows by induction on n
that x € I"~!. That is, bBNI"™ = bI"~t. Thus, if [b] denotes the element b € I
of By viewed in degree one, we have an exact sequence

0—w ot o g, (7.4)

We claim that there is also an exact sequence:
sr-tp OLgnp gy Lo, (7.5)
Note first that, as a consequence of the split exact sequence , we have an

exact sequence:

05" B 2% s T@ B — §' — 0

Observe also that, if z1,...,z, is a sequence in I, then
b([21] © -+ © [n]) = [b21] © -+ [wn] = 21 (0] © - - [2n)]

Thus bS™I is contained in the image of ®[b]: S"~1I — S™I. Now suppose that
x € S™I maps to zero in S™I’. Then its image in S™I ® B’ is in the image of
©[b'] and hence can be further lifted to an element y of S"~1I. Then ®[b]y and
x have the same image in S™I ® B’, and hence differ by an element z of bS™I.
As we have just seen, such an element also lies in the image of ®[b], and the
exactness of follows.

We find a commutative diagram with exact rows:

[br]

Sl O], SnI - Snr >0

Infl .br - " o I/n >0
The induction hypothesis on r implies that the right vertical map is injective,
and the induction hypothesis on n that the left vertical map is injective. it
follows that central vertical map is also injective, completing the proof. Let
us note furthermore that, ince (by,...,b,) is very regular, the map b, left is
injective, and hence so is ®©[b]. O
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8 Appendix: Groupoids, stratifications, and crys-
tals

Here we review the formalism of groupoid actions, stratifications, and crystals,
in the context of fibered categories. If Y is an object in a category, by a “point
of Y” we mean, of course, a morphism 7" — Y for some (often unnamed) object
T, and we write Y(T') for the class of such morphisms.

8.1 Groupoid objects

Definition 8.1. Let C be a fixed category which admits fibered products. Then
a category object C in C consists of the following data:

e An object Y (whose points are the “objects” of C).
e An object A (whose points are the ”arrows” of C').

e Morphisms: s,t: A =Y (“source” and “target”). We view A as a left
object via t and a right object via s.

e A morphism ¢: A xy A — A (composition). Here the fiber product is
taken with the morphism s on the left factor and the morphism t on the
right factor. Thus if ai,as € A, their composition aias := c(ay,az) is
defined if s(a1) = t(az).

e A morphism ¢: Y — A (“identity section”) such that tot=sot=1idy,

We require that c satisfy the associative law and that ¢ be the identity for c; we
do not write the relevant diagrams explicitly.

If T is an object of C, then Y (T') and A(T) respectively form the set of
objects and arrows of a category C(T'), and a morphism 7" — T induces a functor
C(T) — C(T"). Thus the category object C defines a presheaf of categories on
the category C.

A category object C in C is a groupoid object if, for every object T of C,
every element of A(T) is an isomorphism. This is the case if and only if there
exists an automorphism 7 of A such that 72 = idy, t(7) = s, s(7) = t, and the
diagrams

AMAXYA AﬂAxYA
C C
idA idA
A A

commute. If G is a groupoid, we may sometimes follow the usual convention for
groups and abusively write G instead of A for the object of arrows.
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Example 8.2 (Indiscrete groupoids). Suppose that Y is an object of C such
that Y(1) :=Y x Y is representable. We have maps

s:Y(1) =Y (y1,42) = y2
t: Y(l) Y (yl,yg) — Y1
Y =Y oy (y,y)
c:Y(1) xy Y(1) =»Y(1) = ((y1,92): (y2,93)) = (y1,93)
Y1) = Y1) (y1,92) = (y2,91)

This defines the indiscrete groupoid Gy on the object Y: given any pair of points
(y1, y2) there is a unique morphism from ys to y;. For a variation of this theme,
suppose that f: Y — S is a morphism in C, and use the same formulas as above
to define a composition law on Y x5 Y. This groupoid, which denote by Gy /g,
corresponds to the equivalence relation defined by the morphism f: given a pair
of points (y1,y2) such that f(y1) = f(y2), there is a unique morphism from yo
to Y-

8.2 Groupoid actions and stratifications

Before discussing groupoid actions on fibered categories, it may be wise to dis-
cuss such actions in the context of sets. In fact we may as well consider the
action of a category C. If C is a monoid, there is only one object, and an action
of C on a set V is given by associating an endomorphism of V' to each morphism
of C. If C has more than one object, then we replace V by a family of sets
indexed by the class of objects of C, and if a is a morphism from s to ¢, then a
left (resp. right) action of C on V' will map Vs — V; (resp., V; to V).

Now let C be a category and let F: V. — C be a functor. Recall that if
Y is an object of C, then Vy is the category whose objects are those objects
V of V such that F(V) =Y and whose morphisms are the morphisms v of V
such that such that F(v) = idy. If y: Y — Y is a morphism in C, then a
y-morphism of V is a morphism v in 'V such that F(v) = y. We shall call the
class of such morphisms the fiber of V over y, and denote it by V(y). If V is
an object of V and F(V) is the target of y, then the fiber of V' over y, denoted
V(y), is the subclass of V(y) whose target is V' A y-morphism 7: V,, — V
is said to be (strongly) Cartesian if, for every pair (v,z) with v: V" — V
and z: F(V") — F(V,) such that F(v) = y o z, there is a unique morphism
w: V" — V, such that F(w) = z and 7 o w = v. Equivalently, for every point z
of F(V,), the map

wmow: Vy(z) = V(yoz)

is a bijection. A Cartesian morphism is unique up to unique isomorphism. The
functor F forms a category fibered over C if for every object V over Y and
every morphism y: Y’ — Y, there is a Cartesian morphism m,: V,, — V with
F(V,) =Y. If v: V! - V and z: F(V") = Y’ with F(v) = y o z, we denote
the corresponding morphism V" — V,, by (v, z). The composition of Cartesian
morphisms is Cartesian. Thus, if Y = F(V) and z: Y - Y and y: Y = Y
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are morphisms, in the diagram:

(my oms, 2)
(Vy)z Y Vyoz
Tz Tlyoz
Vy Vv
Ty

the morphism (m, o 7, z) is an isomorphism.

Example 8.3. If C is any category, the identity functor C — C makes C
fibered over itself: every morphism is Cartesian in this case. For a less trivial
but equally familiar example, suppose that C is a category with fibered products.
Then let AC denote the category of morphisms of C and let F: AC — C be
the functor which takes a morphism to its target. If y: Y’ — Y is a morphism
in C and V an object of ACy, then V is a morphism X — Y, the projection
map V': X xy Y’ — Y’ is an object of ACy, and the projection morphism
X Xy Y’ — X defines a Cartesian y-morphism V' — V.

Definition 8.4. Let C := (Y, A, s,t,¢,t) be a category object in a category C,
and let p1,pa: A Xy A — A be the two projection mappings. Let F: V — C
be a category fibered over C, and let V' be an object of Vy.

1. A right action of C on V is a pair (r,m), where m;: V; — V is a Cartesian
t-morphism and r: V; — V is an s-morphism such that the following
diagrams commute:

s op1>s .da
o, EOT) | (Fepe) a0
(T7p2) r id r
r
i -V \%

A morphism of right actions of C is a Y-morphism f:V — V' such that
for=f'of.

2. A C-stratification of V' is a triple (e, 7y, 7s), wheremy: V; = V and s : Vi —
V' are Cartesian morphisms and e€: V; — Vj is an A-isomorphism such that
the following diagrams commute (the “cocycle conditions”):

(‘/t)Pl M (‘/5);01
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A morphism of C-stratifications is a Y-morphism f: V — V' such that
fooe=€ofi.

To unpack this definition a bit, let us note that if r is a right C-action on V,
then for every point a of A, we have a commutative diagram

Vi(a)
r(a)

o~

V(t(a))

v = va Vis(a))

Furthermore, the commutative of the diagrams in the definition of r say that if
(a1,az) is a point of A xy A (so that s(ay) = t(az2), and if v € V(¢t(a1)), then
(vay)as = v(aiasz), and if v € V(y) then vi(y) = v.

Remark 8.5.If 75: V; — V and m;: V; — V are Cartesian morphisms over
s and t respectively and e: V; — V; is an A-morphism satisfying the cocycle
conditions, then 75 0 e: V; — V is a right C-action. Conversely, if (r,7;) is
a right C-action on V, there is a unique A-morphism €,: V; — V; such that
s 0 € = r. This morphism satisfies the cocycle conditions, and it is necessarily
an isomorphism if C is a groupoid. Indeed, in that case we have a T-isomorphism

Tv: Vs = V= (75, 7) (8.1)
and a commutative diagram

€r

Vi v,
id v
L

Thus 7y o €. o Ty is a left inverse to €., and, it follows that it is also a right
inverse, since 7y is an isomorphism. Thus we find that, if C is a groupoid, there
is an equivalence between right actions of C and C-stratifications.

Let us also remark that if (r, 7¢) is a right action of C then the corresponding
morphism e: V; — Vj is an isomorphism if and only if r: V; — V is a Cartesian
s-morphism; in particular, this is always the case if C is a groupoid. Indeed, if
€ is an isomorphism, it is Cartesian, and since 7 is Cartesian it follows that
r = ms o € is also Cartesian. Conversely, if r is Cartesian, there is a unique
A-morphism € : V;, — V; such that roe’ = 7, and ¢’ is an isomorphism because
7, is also Cartesian. Then m;o0eo0¢e’ = ro€e = g, hence eo ¢’ = id, and since €
is an isomorphism, so is e.

Remark 8.6. A left action of C on an object V over Y is a pair (¢, m), where
ms: Vs — V is a Cartesian morphism and ¢: V; — V is a t-morphism, satisfying
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the analogs of the conditions in Definition If C is a groupoid and (r,m;) is
a right action of C on V, then ro 7y : V; = V; = V is a left action.

Remark 8.7. If V and W are Y objects each of which is endowed with a right
action of G, then the fiber product V xy W of V and Y in Vy, if it exists, has
a natural right action as well, defined by r((v,w),a) := (r(v,a),r(w,a)). (Here
we are using the pointilist notation: v and w are morphism X — V. X — W
and a is a morphism F(X) — A, with toa = F(v) = F(w).)

Example 8.8. Suppose that F is the functor “target” from the arrow category
AC of C to C described in Example [B:3] and let V' be the identity morphism
of Y. The projections

YxyA2A —*+ Y
Axy A=A o vy (8.2)

define right and left actions of C on Y, respectively. These are the “tautological”
actions of C on the points of Y.

Next, take V. — Y to be s: A =Y (resp. t: A = Y). We write these as A®
and A*, respectively. The composition law defines a right (resp. left) action of
C on A* (resp AY):

(A%); = A° xy A —»  A°
(A, = Axy A S5 A (8.3)
These are the right (resp. left) “regular” representations of C on itself. If C =G
is a groupoid , then, as we saw in Remark we also have a right action of G
on At y
= A xy A I AT xy A S A (8.4)

We note that these actions are compatible with the tautological actions of

G on itself. In particular, the diagram;

t

Alxy A+ A
txid ¢ (8.5)
YXyA Y

commutes.

A group can aso act by conjugation on itself. The analog for groupoids
is a bit more complex. Assume that the category C has products, and let
Y(1):=Y xY and A(1) := A x A. Then G(1) := (A(1),t X t,8 X 8, X ¢, 0 X 1)
defines a groupoid over Y (1). Furthermore, the pair (¢,s) define a morphism
A — Y (1), allowing us to view A as an object over Y (1). Then we have a right
action of G(1) on A:

Axyay A(l) = A (a,(g1,92)) — 91 'aga- (8.6)
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This makes sense, because for (a,(g1,92)) € A Xy (1) A(1), we have t(a) =
t(g1),s(a) = t(g2), so s(a~') = t(g1), and hence the product g; 'ags is defined.

Example 8.9. Let Gy be the indiscrete groupoid with groupoid law Y'(1) as in
Example B:2] Then the tautological action [8.2]is given by the map

r:Y xy Y(1) — Y : (y1, (Y1, 42)) = v2. (8.7)

The corresponding stratification is the map

Y xyY(1) — Y(1) xy Y : (y1, (y1,y2)) = ((y1,y2), y2)-

Let Y(1)! denote Y (1) viewed as a Y-object via t, the left projection, and
let Y(1)® denote Y (1) viewed as a Y-object via s, the right projection. The
morphism (8.1]) for V =Y (1)! is given by

vay: (Y(D))s — (Y(1)")
Y(1) xy Y(1)! — Y1) xy Y(1)
((y1,92), (y2,53)) = ((y2,43), (y2,¥3))
The regular representations (8.3)) and (8.4) are given by:

Y(1)P xy Y(1) — Y(1)* : ((y1,92), (y2,93)) = (y1,93)
V(1) xy V(1)) — Y(1)" = ((y1,92), (y2,43)) = (¥1.¥3)
V(1)  xy Y(1) — Y ()" = ((y1,52): (y1,93)) = (y3,42)- (8.8)

We used the following trivial-looking comparison in the proof of Shiho’s theorem
explained at the end of

Proposition 8.10. Let Y be an object of a category C with products and
fibered products, let Gy (resp. Gy (1)) be the indiscrete groupoid on Y (resp.,
on Y (1)), and let Gy (1) be the groupoid over Y (1) formed from Gy as in the
discussion of conjugation. Then there is an isomorphism a: Gy (1) — Gy (1) of
groupoids over Y (1). Furthermore, « takes the tautological action of Gy (1)
on Y (1) to the conjugation action of Gy (1) on Y (1).

Proof. We write this out using points. Define « in the diagram below by the
formula:

a(yi,y2,Y3,Ya) = (Y13, Y2, Ya)-

Y1) xY(1) S v(1) x Y(1)

D1 D2 t Xt s$X S8

id

Y(1) Y (1),
For the sake of clarity, we check that the diagram commutes. Thus, if y :=
(ylvaa y37y4) S Y(l) X Y(l), we have

(t xt)oaly) = (t x t)(y1,Y3,y2,Y4) = (y1,92) = p1(y)
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(s x s)oa(y) = (s x 8)(y1,Y3,Y2,ya) = (y3, Y1) = p2(¥)-

Suppose y and z are elements of Y (1) x Y'(1), viewed as arrows of Gy (1). Then
the composition y o z is defined if ¢(z) = s(y), i.e., if (ys,ys) = (21, 22), in
which case the composition is (y1,¥2, 23, 24). On the other hand, if ¢ and 2’
are element of Y(1) x Y(1) viewed as arrows of Gy (1), then their composition
is defined if (y},y,) = (21, 2%), in which case the composition is (yi, ¥4, 25, 24)-
It follows that « is compatibile with composition.

Finally, let us check the compatibility with the actions. The tautological
action is given by

(y1,92) - (Y1, Y2, Y3, Y4) = (Y3, Ya)-

The conjugation action is given by h - (g1,92) = gy “hga. Thus if h = (y1,y2)
and (g1,92) = (Y1, Y2, Y3, Y4), we have

(y1,y2) - (W1, Yo, U3 ¥a) = (U, ¥1) (Y1, 2) (U5, ¥4) = (Y5, Y4)-
Thus, if ¥’ = a(y), these agree. O

Remark 8.11. Suppose again that C is a category datum in C and that V
is a Y-object of V endowed with a right action (7, 7) of C. Then we can
form a category datum V in V, which we call the transporter category of V, as
follows. We let V' be the object of objects and V; the object of arrows, with
e Vi — V the “target” morphism and 7: V; — V the “source” morphism.
The identity morphism t¢: Y — A induces a morphism ¢y : V' — V; such that
mty = 1y = idy, which will serve as the identity section. In order to define
the composition law in V, we need a convenient description of the fiber product
Vi xv Vi (computed using r on the left and 7 on the right). Let m.: Vie = V
be a Cartesian morphism covering the map top; =toc: Axy A — Y. Since 7y
is Cartesian, there is a unique p; morphism f;: Vi, — V; such that m f1 = my.
Then F(ro f1) = sop; = topsy, so there is a unique po-morphism fo: Vie — V4
such that 7 o fo = r o f1. Thus the pair (f1, f2) defines a V;.-valued point of
the V; xv V4.

Claim 8.12. The map (f1, f2): Vie = Vi Xy Vi defined above is an isomorphism

To check this, let g1,g2: W — V;, with m; 0 g2 = r 0 g;. Then t o F(g2) =
soF(g1), so we find a morphism h: F(W) — A xy A with p; o h = F(g;). In
particular, t op; o h =t oF(g1) = F(m 0 g1), so there is a unique h-morphism
g: W — V. such that m. 09 = 7 0 g;. We claim that each f; o g = g;.
By construction, F(f; o g) = p; o h = F(g;), so it is enough to check that
meo fiog =mo0g;. Fori=1, we have m; o fi 0o g = my. 0 g by definition of f;
and m; 0 g1 = ™. 0 g by definition of g, and it follows that f;og = g1. For ¢ = 2,
we have m,0go =r0g; =710 f1 0 g =m0 fy 0g, as required.

The map c¢: A Xy A — A then defines a map V; xy V; & V;. — V4, which
will serve as the composition law for V.
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8.3 Stratifications and crystals

Now we can describe the relations among the notions of actions, stratifications,
and crystals.

Definition 8.13. Let F: V — C be a fibered category. A crystal in F is a
Cartesian section of F. Explicitly, this means a rule which assigns to each
T € C an object Vp of V and to each morphism g: T’ — T of C a Cartesian
morphism €4: Vi — Vp satisfying the following cocycle conditions:

1. €id — id.
2. ifg: T — T and h: T" — T are morphisms in C, then €04 = €, © €.

Recall that an object Y of C is semifinal if every object of C admits at least
one morphism to Y. Suppose Y is such an object of C, that Y(1) :==Y x Y is
representable, and that V' is an object of Vy equipped with a right action of the
groupoid Y (1) described in Example or, equivalently, a Y (1)-stratification
€: Vi = V;. Then we can define a crystal in C as follows. For each object T'
of C, choose some morphism yr: T — Y and let wp: Vr — V be a Cartesian
yr-morphism in V. If f: 7" — T is a morphism in C, then yr» and f o yr
are two morphisms 7" — Y, and there is a morphism g: 7" — Y (1) such that
tog= foyr and sog = yr. Then the Y(1)-isomorphism € induces a T"-
isomorphism:

€9 Vioyr = (Vi)g = (Va)g =V

e(f): Vr)y = V.

The cocycle condition guarantees.... This construction can be run backwards.
We summarize these points of view as follows.

s e

Proposition 8.14. Let F: V — C be a fibered category, where C is a category
with fibered products. Suppose that Y is a semi-final object of C, and let Gy
be the indiscrete groupoid on'Y described in Example[8.:2 Then the following
notions are equivalent:

1. An object of Vy equipped with a right action of Gy .

2. An object of Vy equipped with a Gy -stratification.

3. A crystal in F (8.13).

8.4 Differential G-operators

We can also formulate a notion of differential operators and their linearization in
the general context of groupoid actions. As motivation, we review the approach
to the classical definitions explained in [6]. Suppose that A is an R-algebra and
that E and F are two A-modules. An R-linear homomorphism 6: E — F' gives
rise to (and is equivalent to) an A-linear homomorphism A ® g E — F'; using
the A-module structure on F, we can write this as an A-linear homomorphism

(A@RA)®AE—>E.
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We say that 0 is a differential operator of order at most m if this homomorphism
factors through a map (A®r A)/J" 1 ® 4 E, where J is the ideal of the diagonal.
The composition law of the indiscrete groupoid corresponding to Spec(A/R)
allows one to show that the composition of a differential operator of order m and
a differential operator of order n is a differential operator of order m+n. In the
crystalline context, a hyper PD-differential operator from E to F' is by definition
an A-linear homomorphism D;(A®p A) ®4 E — F, where D;(A®p A) is the
divided power envelope of J. (In this case such an operator is not necessarily
determined by its R-linear restriction to E.) We hope this discussion helps
motivate the definition which follows.

We have discussed the notion of an action of a groupoid in category C on
an object in a category V which is fibered over C. It seems that to discuss
differential operators in this context, one would need V to be cofibered as well
as fibered. Rather that working in this general context, we will restrict to the
case in which V is the category of arrows in C, which will allow a simplification
of the notations. Before stating the definitions, let us recast the motivating
discussion above, but in a geometric and more general context.

Let C be a category with fibered products, let Y/S be a morphism in C,
and my: V. — Y and my: W — Y be objects of Cy. Composing with the
morphism Y — S, we may view W and Y as objects of Cg, and we suppose
that we are given an S-morphism f: V — W. To measure the failure of f to
be a Y-morphism, we consider the morphism

F=v Ty sow2y() xy W,

which on points takes v to (my (v), 7w (f(v)), f(v)). The morphism f is a Y-
morphism if and only if f factors through the map W — Y (1) xy W induced
by the diagonal. If A — Y'(1) is a groupoid law over Y, we can hope that the
difference between 7y and my o f is mediated by A. We can also crudely “force”
f to be a Y-morphism by forming

L) =Y(1) xy VY xgV 2y v ow>v) <y W,

and hope to replace Y (1) by A. This suggests the following definition.

Definition 8.15. Let C be a category with products and fibered products, let
G := (Y, A,t,s,1,¢) be a groupoid object in C. If 7y : V — Y be an object of
Cy, let

ﬁg(V) =A Xy V and Rg(V) =V Xy A,

where A Xy V is viewed as an object over Y via the morphism t and V xy A
is viewed as an object over Y via the morphism s. If my: W — Y is another
object of Cy, then a differential G-operator from V to W is a Y -morphism

D:V — Eg(W),

If D is such an operator, then Lg(D): Lg(V) — Lg(W) is defined by the
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following diagram:

idAXD

Lo(V) = AxyV A Xy (Axy W)
ﬁg(D) =
c X ldW
,Cg(W) = AXyW (A Xy A) XyW

E| (Note: If V and W are endowed with additional structure, e.g., as group
or module objects, then D should preserve such structure.)
Let us note that the following diagram commutes:

Lg(D)

Lg(V) Lg(W)

(8.9)

Y(l) Xy 14 ﬁ(D)

Y(l) xy W

Since L (V) is viewed as an object over Y using the morphism ¢, but the
fiber product is formed using s, the left action of G on G; induces a left
action g on Lg(V). We can and shall view this as a right action rg using the
twist 7. Furthermore, if D is a differential G-operator from V' to W, the map
Lg(D) is compatible with the actions g and rg of G on Lg(V) and Lg(W).

Suppose now that V itself is endowed with a right action ry of G, with
corresponding stratification ey :

ry: Rg(V)—=V; ev: Ra(V) = La(V).

Note that the projection mapping 7: Lg(V) — V is in general not compatible
with the right actions of G. However, diagram shows that it is compatible
if V =Y with its canonical action. Moreover, Rg(V) inherits a right action
re,g of G, deduced from ry and the right action of G on A!, and the
projection Rg(V) — V is compatible with this right action. Moreover, the
morphism ey takes rcg to rg. We will explain and prove a generalization of
this in Proposition

Thanks to the action ry, a differential G-operator D from W to W' induces
a differential G-operator €(D) from V Xy W to V xy W', given by

id D
Vixy W — v V xy (A xy WHX(V xy A) xy W’
e(D) ey X id
Eg(v Xy W/) = A Xy (V Xy W’)g(A Xy V) xy W'

Sdanger here because of category.
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Also, if W is any Y-object, we find an isomorphism:

Be: V Xy Eg(W)—)Eg(V Xy W) (8.10)

defined by the diagram:
V xy Lg(W)=V xy (A xy WX(V xy A) xy W

EXidW

Be
LoV xy W)=Axy (V xy W)Z(A Xy V) xy W

The following result is an analog (generalization) of [6, 6.15].
Proposition 8.16. Let t,s: G — Y be a groupoid over Y, as described above,
and let V — Y be a Y -object endowed with a right action of G, and let W — Y
be any Y-object.

e Themap Bc: V xy Lg(W) — Lg(V xy W) is an isomorphism, compatible
with the right actions of G.
e If D is a differential G-operator from W to W', the following diagram

commutes:
Vixy Lo(W) 2 £o(V sy W)
id | x Lg(D) Lg(e(D))
Be

V x [,g(W/) — [,g(v Xy W’)

Proof. The fact that S is an isomorphism is evident from its definition. To
check its compatibility with the actions of G, we calculate with points. Suppose
(v,a,w) is a point of V Xy Lg(W), so my (v) = t(a) and s(a) = 7w (w). Ifbe A
with ¢(b) = mw (v), then
Be((v, a, w)b) Be(vb, b a, w)
= (e(vb,b"ta),w)
(b"Ya,va, w)

(Be(v,a,w))b = (e(a,v),w),b)
= (a,va,w)b
(b~ ta, va,w)

O

This proves (1). Statement (2) is straightforward and we omit its proof
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We shall also need the following compatibility. The proof is immediate and
omitted.

Proposition 8.17. With the notations above, let vy: V. — Lg(V) = (¢,id)
and let my: Lg(V) — V be the projection.

1. my oy =idy.
2. If D is a differential operator from W to W', then

W O,Cg(D) olywy = Tty oD. O
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