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INTRODUCTION

My research involves relationships between algebra (particularly representation the-
ory) and low-dimensional topology (particularly knot theory). This connection comes up
in two ways. On the one hand, one can interpret pictures as maps of representations. On
the other hand, one can study algebras whose elements are formal sums of pictures.

A typical example of the first type is theR-matrix for the quantum group Uq(sl2) which
gives the following translation between a crossing in a framed link and a map of repre-
sentations:
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A typical example of the second type is the Temperley-Lieb algebra TLd. The following
computation illustrates the definition of TLd and its multiplication rule,

(
+ 2

)
◦ = + 2 = (d+ 2) .

My research fits into three main programs. First, I plan to investigate invariants of
hyperbolic knots and hyperbolic 3-manifolds coming from the De Concini-Kac special-
ization of quantum Uq(sl2) at roots of unity [4, 6] in the spirit of the work of Kashaev and
Reshetikhin [19, 20, 39]. Second, I plan to study and classify fusion categories via Jones’s
theory of planar algebras [17]. Finally, I plan to investigate commutors coming from half-
twists [13,18,40] and possible applications to the theory of finite type knot invariants and
invariants of knots on non-orientable surfaces modulo stabilization.

RESEARCH OBJECTIVES AND METHODS

Project 1: Invariants of hyperbolic knots and quantum groups at roots of unity

Background. Two major themes in modern low-dimensional topology are the geometriza-
tion program of W. Thurston, and quantum topology in the style of Jones, Witten, Reshetikhin,
Turaev, etc. An important current goal in quantum topology is to find a connection be-
tween these two programs. In particular, since a typical prime knot has a unique finite
volume hyperbolic structure, one would like to find a connection between certain quan-
tum invariants and this hyperbolic structure. A big breakthrough in this direction is the
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hyperbolic volume conjecture of Kashaev [21] and Murakami-Murakami [29]. This says
that the behavior as m goes to infinity of the mth colored Jones polynomial (correspond-
ing to the m-dimensional representation of Uq(sl2)) at an mth root of unity is determined
by the hyperbolic volume of the knot.

A different direction where a connection has been found between hyperbolic structures
and quantum invariants is through quantum-style invariants which use the hyperbolic
structure as a direct input. A hyperbolic structure on a 3-manifold M is given by a map
Hom(π1(M), SL2(C)) modulo the conjugation action of SL2(C). Such a map is closely
related to a choice of coloring of a knot with representations in the De Concini-Kac form
of the quantum group at a root of unity [4,6]. In analogy with the Reshetikhin-Turaev [37]
construction of knot invariants from ordinary quantum groups, Kashaev and Reshetikhin
[19, 20, 39] constructed invariants of knots together with a choice of hyperbolic structure
on the complement. There is a related construction due to Baseilhac and Benedetti [1, 2]
which is analogous to the the Ocneanu-Turaev-Viro invariants [31, 42].

Research in progress. In current work with Scott Morrison [28], we clarify several details
from the papers of Kashaev and Reshetikhin to give a fully rigorous construction of their
new knot invariants. This invariant is a function on the space Hom(Gm(K),SL2(C))/SL2(C)
where Gm(K) is the mth generalized knot group (a slight modification of π1(S3 −K) de-
fined in [22, 43]), and the action of SL2 is by conjugation. We prove several basic results,
for example, that the value of the function on the trivial point is |Jm(e

2πi
m )|2 (the same

expression that occurs in the hyperbolic volume conjecture). Furthermore, we give the
first computations of this invariant for nontrivial knots. For several small twist knots we
compute explicitly the entire Kashaev-Reshetikhin knot invariant at a third root of unity
and at a fifth root of unity. For a larger collection of twist knots we compute the value of
the knot invariant at the finite volume hyperbolic point.

In related work in progress with Nicolai Reshetikhin [38], we extend some of the re-
sults of Kashaev and Reshetikhin from sl2 to a general simple quantum group. In [39]
they show that the R-matrix induces an outer automorphism in a formal neighborhood
of the trivial central character. For sl2 they showed that this outer automorphism is given
by rational functions and thus extends to a Zariski open set. For more general quantum
groups we show that this outer automorphism is not given by rational functions, but in-
stead by compositions of rational functions and square roots. In particular, we show that
the outer automorphism extends to an explicit analytic (rather than just formal) neighbor-
hood of the trivial central character. Thus we get invariants of knots together with certain
maps in Hom(π1(S3 −K), G)/G for arbitrary Lie group G.

Proposed research.
(1) In the above constructions, for technical reasons we are forced to use the simple

bimodule End(V ) everywhere that we would like to use the irreducible represen-
tation V . Removing this obstacle would clarify the general theory and dramati-
cally speed up computations. Such a speed-up might allow us to find numerical
evidence relating these invariants to the volume conjecture.
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(2) Clarify the square-root ambiguity in the construction for a general Lie group.
(3) Give a complete description of the tensor category of representations of Uq(sl2)

relating the description at generic points in [5] with the description at the special
points in [36]. Use this description to define a surgery invariant of hyperbolic 3-
manifolds.

(4) Implement computations of Beseilhac-Bennedetti invariants and compare them to
Kashaev-Reshetikhin invariants. Find a relationship between these invariants and
try to prove it, probably via Turaev’s shadow world.

(5) Look at the Habiro half divided powers integral form of Uq(sl2) [12] specialized to
roots of unity. This Hopf algebra is the Drinfel’d double of the upper Borel, so it
has a more natural R-matrix than the other specializations. Use this integral form
to clarify the above theory.

Project 2: Fusion categories and planar algebras

Background. A planar algebra is a combinatorial model for a pivotal fusion cateogry (or
relatedly, a subfactor) introduced by Jones [17] (closely related to Kuperberg’s spiders
[24]). A typical example of a pivotal fusion category is the semi-simplified category of
representations of a quantum group at a root of unity. Ordinary algebra takes place on a
line: you can multiply on the left or on the right, but you can’t multiply above or beneath.
In a planar algebra there are many more “multiplications.” For example, you can multiply
three elements by gluing them together in the following way:

.

The relationship between planar algebras and fusion categories is that a planar algebra
describes the Hom spaces between tensor powers of a chosen fundamental object in a
fusion category. However, the theory of planar algebras can be built up on its own and
gives an independent elementary perspective on quantum groups.

This program has two main goals: to describe known fusion categories or subfactors by
explicit generators and relations, and to find new fusion categories and subfactors by gen-
erator and relation constructions. The first of these goals has already been accomplished
in many instances, starting with rank 2 quantum groups [24], and continuing with work
of Westbury, Morrison, and Peters (on Uq(so(7)) [44], Uq(sln) [25], and Haagerup’s excep-
tional subfactor [35], respectively). The second of these goals is still in its infancy, but
recent work of Jones [15] suggests optimism.

Planar algebras are best for studying fusion categories with a tensor generator which
is not too complicated [3, 14, 15, 41]. In particular, they are good for studying fusion cat-
egories with a tensor generator of small dimension. Most previous work in classifying
fusion categories has focused on categories of small rank [33, 34] or categories of small
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integer global dimension [8–10], so one can expect planar algebra techniques to give new
results.

Research in Progress. In a preprint with Emily Peters and Scott Morrison [27], we give
a presentation of the subfactor planar algebra D2n (corresponding to a “quantum sub-
group” of Uq(sl2) in the sense of the quantum MacKay correspondence [23, 30]) by gen-
erators and relations. We use this presentation to give a direct construction of the D2n

planar algebra and to prove all of its basic properties. In work in progress [26], we also
use this planar algebra to prove several new identities between classical knot polynomi-
als. The simplest of these identities says that if K is a knot (not a link!), then the colored
Jones polynomial coming from a 3-dimensional representation at a 24th root of unity is
always 2. After deriving these knot polynomial identities, we prove that they all come
from coincidences of small tensor categories, and we prove these identities using three
types of unexpected symmetries among finite quantum groups (an exceptional case of
level-rank duality, coincidences of small Dynkin diagrams, and generalized Kirby-Melvin
symmetry). One can think of these coincidences as quantum analogues of coincidences
like A5

∼= PSL2(F5).

Proposed research.
(1) Modify fundamental results in the theory of planar algebras [14–17] to the case of

pivotal fusion categories by using oriented unshaded planar diagrams in place of
the unoriented shaded diagrams relevant to subfactor theory.

(2) Classify all oriented unitary planar algebras with d < 2. (In the unoriented case
this is the ADE classification of [11, 23, 30].)

(3) Discover and prove new coincidences between categories coming from quantum
groups that are not predicted by level-rank duality. For example, we discovered
coincidences between a modular category coming from g2 and a modular category
coming from so3 [11].

(4) Generalize our description of the D2n planar algebra to quantum subgroups of
other quantum groups (see [32]). Use the techniques of [14] combined with [24], to
classify and describe all quantum subgroups of rank 2 quantum groups (sl3, so5,
and g2).

(5) Characterize the Uq(g2) as a braided tensor category. In particular, classify all
braided tensor categories with a tensor generatorX such thatX⊗X ∼= 1⊕X⊕A⊕B
with X , A, and B irreducible.

(6) Automate the search for subfactors of small index and small rank and for uni-
tary fusion categories of small rank with a tensor generator of small dimension.
This project is joint work with Scott Morrison and Emily Peters, and preliminary
progress can be found at tqft.net/wiki/Atlas_of_subfactors. Eventually
we plan to make an online atlas summarizing this work much like the Knot Atlas
katlas.math.toronto.edu.

http://tqft.net/wiki/Atlas_of_subfactors
http://katlas.math.toronto.edu/
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Project 3: Commutors coming from half-twists and cactus theory

Background. Using an observation of Arkady Berenstein, Henriques and Kamnitzer [13]
show the following. LetH be a Hopf algebra and t ∈ H be an invertible element such that
conjugation by t is a coalgebra automorphism, then swap ◦ (t−1 ⊗ t−1)∆(t) gives a family
of natural isomorphisms V ⊗ W → W ⊗ V . Furthermore, they prove that if t satisfies
some additional conditions then these commutors give an action of the Cactus group, an
analogue the braid group. In [18], Kamnitzer and Tingley show that the R-matrix for a
quantum group is given by a similar formula.

Research in progress. In [40], Peter Tingley and I rigorously interpret the following rela-
tion between pictures in the category of representations of a quantum group:

U V

V U

'

U V

V U

We introduce the notion of a half-ribbon Hopf algebra, which is a Hopf algebraH along
with a distinguished element t in H such that (H, (t−1 ⊗ t−1)∆(t), t−2) is a ribbon Hopf
algebra. The element t is closely related to the topological ‘half-twist’, which twists a
ribbon by 180-degrees. We show that Uq(g) is a (topological) half-ribbon Hopf algebra,
but that t−2 is not the standard ribbon element.

Using techniques from [40] we can show that for any Henriques-Kamnitzer commutor
there is a consistent theory of quantum traces. This shows that quantum groups give
invariants of cactus knots (which are not a type of knot, but rather the cactus analogue of
a knot), which are described by generators and relations analogous to the Reidemeister
moves.

Proposed research.
(1) Using old work of Drinfel’d [7], I will show that any finite type invariant of knots

also extends to an invariant of cactus knots. This extension uses an explicit formula
for the n-strand cactus crossing as a power series in singular knots modulo the
Vassiliev relations.

(2) Cactus tangles are a planar subalgebra of the planar algebra of formal power series
in singular tangles modulo the Vassiliev relations. I plan to look for other planar
subalgebras, which would give other combinatorial analogues of knots which fi-
nite type invariants extend to.

(3) According to an observation of Andre Henriques elements of the cactus group can
be described by paths on non-orientable surfaces modulo cobordism. Similarly,
cactus knots can be interpreted as circles embedded in a nonorientable surface
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modulo cobordism. However, not all isotopies in the surface are allowed from this
perspective because they don’t respect the “direction of time” in the cactus group.
I plan to implement a computer search for finite type invariants of knots which
satisfy these additional isotopies.

(4) Generalize our results classifying which ribbon elements extend to half-ribbon el-
ements from Uq(sl2) [40] to an arbitrary quantum group.

(5) Investigate under what circumstances a quantum double has a half-ribbon struc-
ture.

(6) Use the fact that an orientable surface connect sum a mobius strip is non-orientable
to relate these invariants of knots drawn on non-oriented surfaces modulo stabi-
lization to virtual knots.

(7) Explore which properties of a finite type invariant of a knot are reflected in its
values on cactus knots. In particular, investigate when two invariants can agree
on all cactus knots.
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