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SYLLABUS

In this course, we denote k = R or C (rarely but possibly Q,). We will cover

e Lie groups G over k;
e Linear Lie groups over k (those inside GL,(R));
e Lie algebra g over k.

The “Lie algebra Everest” for us to climb:

e Classification (over C) related to Dynkin diagram;
e Finite dimenstional representation of g, intuitively, a homomorphism p : g — M,,«,(C).

We will briefly introduce the basic knowledge of Lie groups and devote most of our energies
to develop the main tools of Lie algebras.

1. LIE GROUPS
1.1. Lie groups: Definitions.

Definition 1.1. We say M is a smooth manifold over k if transition maps between charts
are given by C* functions. Here the term C* denotes

infinitely differentiable, if k = R,
analytic(holomorphic), if k = C.

Example 1.2. Here are some examples for smooth manifolds.

(1) M =R, k=R.

(2) M = R/Z, k = R: We should note that R/Z = {z € C : |z| = 1} is not a smooth
manifold over C.

(3) M =R?*/L, L~7 x7Z=7v, @ Zvy, k =R.

(4) R",C™, M, (k) = {all n x n matrices over k}.

(5) Graphs of f(z) = 2%

Definition 1.3. A Lie group G over k = R or C is a smooth manifold with a group
structure (G, -, e) such that the two maps

GxG—=G, (g,h)—~g-h and G—G,g—g"

are smooth.

Definition 1.4. Suppose G, H are two Lie groups, we denote

Hom(G,H) ={¢: G — H : ¢ is a group homomorphism that is smooth}.

Example 1.5 (Key example). We define the general linear group

GL,(k) = {all r x r invertible matrices over k}.
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Now we check it is a Lie group. Obviously, G = GL,(k) is a smooth manifold, so it suffices
to check

GxG—G (g,h)—gh, G—Gg— g
are smooth.
Let g = (gij), h = (hi;), then since addition and multiplication are infinitely differentiable,
we know (g, h) — gh is smooth. On the other hand, (¢g7');; = Gid)—cofactor of g ypich, is also

det g
infinitely differentiable.
In fact, the first four examples in Fxample are all key examples of Lie groups.

Definition 1.6. A Lie subgroup of G over k is a closed subgroup which itself is a Lie
group.

Example 1.7. (1) SL,(R) = {g € GL.(R) : det(g) = 1} is a Lie subgroup of GL,(R).
SL,.(R) is obviously closed subgroup of GL, since det is a continuous map.

(2) R* <& GL,(R) — GL,(R)/R*, where GL,(R)/R* := GL,(R)/p(R*) and we denote it
by PGL,.(R).

1.2. Constructions: Stablizer subgroup and group actions. We consider the action
of GL,(R) on R", denoted by

GL.(R) C R".
We are interested in G, := {g € G : gv = v}, which is a subgroup of G for v € R". For
G = GL,(R), one can check G — R", g — gv — v is smooth, then G, is closed. So G, is a
Lie subgroup of G. We say G, is a stablizer subgroup of G.
It is also natural to have the action GL,(R) C (R*)", where V* = Homg(V, k) is the dual
of V. The action is defined as follows. For g € GL,(R), f € (R*)", gf € (R*)" is defined by

(g- f)(w) := f(g~v) for all v € R".
Though R* ~ R as two vector spaces, we still consider these two different actions since
there maybe more structures in one of them. Taking R* ~ M;(R) as an example. The

matrix multiplication on My(R) does not inherited in R*.

Example 1.8. (1) Forv = (8), G, = GLy(k).

(2) Forv=(y : o 1)'€R™, G=GL,1(R), we have

G, = {(Z‘ g’) :aEGLT(R),ceRT}.

Now we consider some extensions. Note that in the following examples, we will not focus
on checking the smoothness of the actions rigorously, but only introduce these examples in
an intuitive way.

1.2.1. First Extension.
Example 1.9. We consider the action GL.(R) G ®_ R, which is defined naturally by

9(?11®“'®Uk)=(93-1)1)®-“®(g-vk)-



Here the tensor product of two free product of free abelian group V,W is defined by

(Ul + U27w) - (Ulvw) - (U27w)7

V®W—R[V><W]/< (av, w) = afv, w), >

(v, aw) — a(v,w),
(v, w1 + we) — (v,w1) — (v, ws)

Note that dim(V x W) = dimV + dim W, dim(V @ W) = dimV - dimW. Here V x W

sometimes also writes as' V @ W.

Example 1.10. We consider the action GL,(R) G Sym*(R"), where Sym*(R") is defined
by

_Uml®...®vmj®vmi®...®fumk

The action on it is well-defined since gN C N with N = {v,,, ® -+ - @ Uy, ® VU, @+ @ Uy, —
Uy ®"'®Umj ® Upn, ®"'®Umk}-

Sym*(R") = ®er/< U 7 8 Vs © Uy €97 8 Ui >

Example 1.11. We consider the action GL,(R) G A*(R"), which is called the k— exterior
of R", where A¥(R") is defined by

kmry . okmpr ’Um1®"'®vmi®’0m.®---®vmk
A<R)'_®R/<+Um1®"'®Umj®vmji®"'®vmk .

The action is also well-defined.

Remark 1.12. When k& > r, A*¥(R") = {0}. When k = r, dimA"(R") = 1. Suppose
A"(R") = R (e; Aey--- Ae,) where we denote ¢! = e; Aeg--- Ae,. Then the action
GL,(R) G A"(R") is uniquely given by gef = (det g)ef.

We examine this property by showing the following example.

Example 1.13. Let r = 2, then G = {g € GLa(R) : ge? = €'}, where ¥ = e; A ey with

e; = (é), ey = ((1)) Let g = (CCL Z), then

gef = gey A ges = (aey + cea) A (bey + dey) = (ad — be)ey A ey = (det g)e?.
Hence, Gyt = SLa(R).

Example 1.14. It is easy to see Sym?(R?) = span{e;®ey, e1@e1, e2Q ey}, whose dimension
18 3. Take v =e1 ® e1 + €3 ® ey, then we can check

Gy ={g9 € GLy(R) : gv = v}
={g € GLy(R) : (ae; + cey) ® (ae; + ces) + (bey + des) @ (bey + des) = v}
={9 € GLy(R) : a* + b* = 1,¢* + d* = 1,ac + bd = 0}

~reon®is(g V) = (5 1) -om.

which is the orthogonal group.



Example 1.15. In familiar language, let B : k™ x k™ — k be a non-degenerate bilinear

form, where k = R, C. Note that the non-degeneracy is equivalent to det Mg # 0, where Mp

is the representation matriz of B, that is, B(v,w) = vI Mpw. If B is symmetric, that is,

B(z,y) = B(y,x), then

Op(k) = {g € GLy(k) : B(gv, gw) = B(v,w),Yv,w € R*} = {g € GLy(k) : " Mg = Mg}.

If Mp = I, then we get the orthogonal group O, (k). If k = R with signature (p,1),p+1=mn,

that is, Mp = (Iéj OI), we write Op(R) = O,,;(R). Note that all the symmetric bilinear
—1

forms on R are classified by all pairs (p,l) with p+ 1 = n, but the classification of bilinear

forms on Q, is difficult, see [14].

Example 1.16. If B is anti-symmetric, that is, B(x,y) = —B(y,x), then n € 2Z and we

In
can choose a suitable basis such that Mg = (_(_)f 02> The symplectic group Sp,(R) =

{9 € GL,(R) : ¢" Mpg = Mg}. When n =2, we have Sps(R) = SLy(R).

Remark 1.17. The bilinear forms in the two examples above are related to the notions
introduced before. In fact, Sym?((R")*) = span{f; ® f; : i < j} are the symmetric bilinear
forms and A%((R™)*) = span{fi A f; : i < j} are the anti-symmetric bilinear forms.

From these examples, we find many classical lienar groups are some kind of stabilizer
group G, which is a Lie subgroup of GL, (k).
Now we try to make an extension to quotients(cosets).

1.2.2. Second Extension. We consider the action GL,.(R) ¢ GL,(R)/H, where H is a sub-

group.
If H = {1}, then it is a trivial case. There are many ways to define the action, such as
the conjugation, that is, GL,(R) G GL,(R), g -z = gxg™".
Here comes a non-trivial example.

Example 1.18. Let

aq * *
B®={|" ®
0 0 K
0 --- 0 a,
be the Borel subgroup. We want to construct some space V' such that B.(R) = G, for some
veV(R).
We define

CFlag(Rr) = {(%7‘/17 av;’) : V; C RT,‘/; C ‘/;+1,dim‘/;‘ :’L}

consisting of chains of subspaces, which is a set. The action GL.(R) ¢ CFlag(R") is
defined naturally by (Vo, -+, Vi) = (gVo, -+ ,gV,). Let Cy = (0,R,R? --- |R"), then one
can observe that the action is transitive since YC € CFlag(R"), there exists g € GL,(R)
such that gCy = C by a direct computation. Moreover, we have

Geo, ={9:9Co = Co} = B,(R)
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since gey = ey implies the first column of g is in the form of (a1,0,--- ,0)", then by induction
we can check that G¢o, = B.(R).
And we have

N={ |0 1! —{g€ B,(R) : g: R*/R! — R¥LR is identity }.
0 0 Toox
0 - 0 1

Hence, we have
CFlag(R") = GL,(R)/B.(R)
as cosets where C = gCy — [g] = 9B, (R) = gG¢, is an isomorphism between these two
vector spaces.
For more discussion, see [I1, Example 21.22].

Definition 1.19. Let G be a Lie group. A G-homogeneous space is a topological space X
together with a continuous map (aka. action)

p:Gx X = X,9g-x:=¢(g,x)
such that

(1) g1+ (92 2) = (q192) - @,
(2) for allz € X, ¢, : G — X, g — g-x is surjective, that is, the action only has one
orbit, that is, the action is transitive.

The Homogeneous Space Characterization Theorem [11l, Theorem 21.18] tells us
F:G/G, = X, F(9gG,)=g-x

is a diffeomorphism if we assume ¢ is smooth in the definition of G-homogeneous space.
Here, we can only conclude that G/G, — X is a homeomorphism.

Example 1.20. Note that CFlag(R") is endowed with a transitive continuous action by
GL,(R) thanks to the discussion before. So CFlag(R") is a GL,(R)-homogeneous space.

Example 1.21. Let H ={z=x+iy € C:y > 0} be the Poincare half space. Then we can
define the action SLy(R) G H by
a b az+0b
sz = .
c d cz+d

One can check that

(1) This action is transitive.
(2) The stablizer group

Stabgsr,m) (1) = {g € SLy(R) : gi = i} = {(_ab 2) € SLy(R)} = SOy(R).

1.3. Notations and Definitions: Tangent space and Lie bracket. We introduce some

notations before discussing exponential maps. Let ¢ = (1, ,©m) : k™ — k™, then for
a=(ay, - ,a,) € k", we denote D(¢)(a) = (%ﬂ%) (@)1<i<m,1<j<n, Which is a m x n matrix.
y <i<m,1<5<

For any v = (vy, -+ ,v,)T € k", Dy(p)(a) = (Dy(a)) - v, which is the directional derivative.
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Definition 1.22 (Tangent space). We define
T.G = {(c,v) : v € R" and (U, c) is a chart around p,
where ¢ : U — ¢(U) C k"™ is an homeomorphism}/ ~,

where (c1,v1) ~ (ca,v2) is the composition map coocy : c1(UyNUs) — co(Uy NUy) satisfies
_ T
vy = (D(cz0¢7)(er(p)))” (va).

Remark 1.23. The definition is equivalent to the usual definition. Take (Uy, ¢;) with (2!, --- | z™)
and (Uy, ¢o) with (3, -+ ,9"), then suppose vy = (at,--- ,a™)T, vy = (b, - ,b™)T, that is
to say, for all f € C°(M), vi(f) = @;0,,f and va(f) = b;0,, f Hence, (c1,v1) ~ (co,v2) is
equivalent to a;0,, f = b;0,, f. By Lebniz rule,

O, f

Oy f
D | =D(eoa)am) | .

Ou, | Oy, [
by multiplying (ai,- -, a,) to the left of both sides and note a;0,,f = b;0,, f, this is equiv-
alent to vy = (D(cz 0 cl_l)(cl(p)))T (v1).

In the following discussion, we fix a chart (U, ¢) with ¢: x € U — k" for simplicity. Given

¢, we get a bijection
s TG v [(c,0)].
If f: G — H is a Lie group homomorphism, then you get
T(f)e: T:G — Ty H
with
0., (v) = 0, (DU (02 ofo cfl) (Cl(SC))) ,

where v € k™.

For simplicity, it is OK to assume 6. = id, that is, we identify T,G = k".

Let v : R — G be a Lie group homomorphism such that v(0) = e, then

T(7): TH(R) =R = T.(G), v+ Dy(cov)(0) = (f1(0),--, f,(0)) - v,
where coy = (f1, -+, fn).

Example 1.24. Here are some key examples.

(1) Consider the Lie group homomorphism Ady : G — G, x — gxg~
abuse of notation, Ady = T(Ady). : T.(G) — T.(G).

(2) Moreover, as the construction above, you get Ad : G — Hom(T.(G)) = GL(T.(G)) ~
GL,(k), g — Ad,, which is a Lie group homomorphism. Note that we are allowed to
switch notations between GL(V') and GL,(k), between End(V') and M, (k).

(3) Now we take one step further. You get ad = T(Ad). : T.(G) — T.(GL(T.(G))) =
End(T.(G)). Here we view the identity map as GL.(k) — M,.(k) = T.(GL.(k)), and
we switch notations to get T,(GL(T.(G))) = End(T.(G)).

L you get, with a slight



Definition 1.25 (Lie bracket). For a Lie group G, we define
[]: T.(G) x T.(G) = T.(G)
with [X,Y] = ad(X)(Y), which is well-defined since ad(X) € End(T.(G)).

1.4. The exponential map for matrices. Formally, we define

exp : M, (k) - GL,.(k), A~ exp(A):= Z A

n=0

!

And we denote the operator norm of A € M, (k) by |A| = sup,_{|Av|} = sup,_ { |’|11|’| }

Lemma 1.26. (1) |AB| < |A||B]|.

(2) exp is absolutely convergent on any set {A: |A| < p}, p € Ry.

(3) The function log(1 — A) := >">° | 4= is absolutely convergent on {A : |A| < g} for all
0<e<l.

Proof. The first inequality is immediate if we write |AB(v)| = |B(v)| - ||ABB(1(;)’|)|. And the other

two follows from the first inequality immediately. U

Proposition 1.27. Here we present that exp and log are “locally invertible”.

(1) There exists an open set Uy, C GL.(k) such that expolog A = A for A€ Uy,.
(2) There exists an open set Vo C M, (k) such that logoexp A = A for A € Vj.

Proof. We only present the proof of the first property. It suffices to prove for £k = C and we
want to show expolog A = A for |A — I.| < 1.

21 z1—1
Take A € GL,.(C),if A=C O~ then A—I,=C c-L.
Zy Zr — 1
Here A\ = z; — 1 are eigenvalues, so there exists v such that A\ = %, which implies
log(z1)
|z — 1| < |A—1,| <1, then logA = —>"*, (I_TLA)n =C cL

log(z;)
So we have expolog A = A.

For general A, we use density argument. Since exp, log are continuous, it suffices to show
that diagonalizable matrices are dense. Let

S = {A: A has distinct eigenvalues} C {all diagonalizable matrices} C M, (C),

so it suffices to prove S is dense in M, (C). The discriminant is Disc(A) := ;;(r; — r;)?,
where r; is the root of det(xI — A). Note that Disc(A) is a polynomial in {c, }, which in fact
a polynomial in a;;’s. Since S = Disc™'(C\ {0}) and Disc is a polynomial, so the inverse
image S is dense. For the discriminant part, see [13, Section 2.7] or [4] for more details. [

Example 1.28. Let G = GL, (k) with T,(G) = M,(k). For X,Y € T.(G), set ~(t) =
exp(tX), then v(0) = e = L., v'(0) = X. For any Z € T,(G), we have Ad(Z)(Y) =
8



T(Adz).(Y) = Dy(Adz)(e) = (Adz(w () [s=0 = (Zv(5)Z7")szg, s0 by definition of
ad = T(Ad)., we have

ad(X)(Y) = ((x(B)y (s)7x () ) [s=0) [1=0 = XY = VX,

Or we can compute directly that
[X, Y] = ad(X)(Y) = (T(Ad)e(X))(Y) = (Ad o 7(t)) [0 (Y) = ((Ad 0 7())(Y))" le=0
= (Ad(v())(Y))'li=0 = (T(Ad,))e(Y)) li=o = (Dy (Ady))(¢)) [i=0
= ((Ady () li=o) lzo = (YY) ) o = XY =YX,

where vy (s) = exp(sY).

Recall that T'(f). ([X,Y]) = [T(f)e(X),T(f)e(Y)], then we have the following lemma.
Lemma 1.29. For ad = T(Ad). : T.(G) — End(T.(G)), we have ad[A, B] = [adA, adB].

Proposition 1.30. For a Lie group G, A, X,Y,Z € T.(G), we have
(1) [A, Al = 0;
(2) the Jacobi identity [[X,Y], Z) + [[Y, Z], X] + [[Z, X], Y] = 0.

Proof. We calculate

;o o(Ado) )
[A, A] = ad(A)(A) = (Ad(v(t))(A)) |i=0 = p |s=0,t=0
_ 0? (ya(t)ya(s)yalt)™) | _ 2y 4(s) | 0
Otos SIS0 Gt T T

For the Jacobi identity, we verify
([X,Y], 2] = ad([X, Y])(Z) = [ad(X), ad(Y)}(Z) = ad(X)(ad(Y)(Z)) — ad(Y )(ad(X)Z)
= [X7 D/a Z“ - [Yv [X7 Z]] = _HK Z]7X] - [[Z’X]’Y}

1.5. One parameter subgroup and The exponential map for a Lie group.

Theorem 1.31. Let Hom(R,G) denote all the Lie group homomorphism between R and
G. Suppose the map Hom(R,G) — T.(G) given by v +— ~'(0) is a bijection. And for
A e T.(G) = k™, we denote the inverse by v4.

Proof. For A € T.(G) = k", one has the vector field F, satisfing Fa(g) := T(R,).(A) with
R, : G — G denote the right multiplication z — x - g.

The ODE theories tells us there exists a unique differentiable map v : (—¢,¢) — G such
that

7(0) = e, (co)'(t) = Fa(x(t)).

And one can show that (s +t) = v(s)y(t) for s,t,s +t € (—¢,&) by the uniqueness of this
differentiable map. Indeed, fix s, the two map ¢ +— c(v(t + s)) and t — c(y(t)y(s)) are both
solutions for F around ~(s), so by uniqueness, the result follows.

Now, since (—¢, €) generates R by the obvious decomposition for all 7" € R that T = nt+s

with n € Z,t,s € (—¢,¢). So there exists an extension v4 : R — G of 7. O
9



Corollary 1.32. Suppose A € T.(G), a,b # 0, then v,4(b) = vya(ab).

Definition 1.33. The ezponential map exp : T.G — G is defined by exp(A) = va(1). ‘

1.6. Properties of the exponential map. We followed [0, Section 8.3] in this part.

Lemma 1.34. Suppose ¢ is a Lie group homomorphism, then the diagram

n.¢ 29 g
expl lexp
G ———H
commutes.

Proof. We claim

V@) (t) = ¢ o yx(t). (1.1)
This is because both are local solutions to

g€ Hom(R, H),

B(0) = en,

(c0 B)(0) = T(p)e(X).
However, this ODE admits a unique local solution, so we have verified locally(in a
neighbourhood (lying in a local chart) of e). Then since ¢ o vx([0,1]) and y(r(s).)x)([0,1])
are both compact, we can choose a finite local charts covering, then apply the local uniqueness
result to each chart. Hence, holds for ¢t € [0,1]. In particular, this lemma follows by
taking ¢t = 1 in (1.1)). OJ

Theorem 1.35. If G is connected, then the homomorphism ¢ : G — H is determined by
T(p)e-

Proof. Step 1: Note that T.(G) is a Lie group as well. For the map
exp : T.(G) — G,

we claim T'(exp)o = id. (Smoothness of exp is nontrivial, c.f. [I1].) Indeed,

T.(G) 3 AT Dy (c o exp)(0),
with
Da(coexp)(0) = (coexp(tA))l—o = (c©7ea(1)) =0 = (c07a(t))'[t=0 = A.
Now, since det(7(exp)o)(0) = 1 # 0, by the inverse function theorem, exp is a local diffeo-
morphism near 0. Thus, the image of exp contains an open set U C G such that e € U, and
exp : N — U is a diffeomorphism where 0 € N.

Step 2: Now we claim (U) = G, where (U) denotes the group generated by the elements
in U. Firstly, for all g € (U), we have ¢g-U is an open set containing g. Moreover, g-U C (U),
so (U) is open in G.

Secondly, there exists {g}rer such that {gx - (U)}rer is a family of disjoint cosets with

go = e. Then (U) = G \ Ugerkzo (gx - (U)), which is closed in G.
10



Step 3: By the connectedness of G, we proved (U) = G. Then ¢ is uniquely determined
by ¢|v. Hence, by Lemma [1.34] ¢ o expy = expy oT'(¢)., we know for g € U, we know
©(g) = expy oT(¢)c(expg'(g)), which is well-defined since expy : N — U is a diffeomorphism
thanks to Step 1. Hence, ¢ is uniquely determined by T'(p).. O

2. BASIC CONCEPTS OF LIE ALGEBRAS

We will introduce some classical examples in a somewhat intuitively way in this section.

2.1. Definitions and Constructions.

Definition 2.1. A Lie algebra over k is a k-vector space g endowed with a map [—, —] :
g X g — g such that for X,Y, 7 € g,

(1) [—, —] is k-bilinear;

(2) [—, —] is anti-symmetric, that is, [X,Y] = —[Y, X];

(3) [X> [Y, ZH + [Y> [Z’ X]] + [Z7 [X7 Y]] = 0.

Then, for each Lie group G, we know that g = T,(G) with [X,Y] = ad(X)(Y) is a Lie
algebra.

Example 2.2. Note that we have checked (T.(GL,(k)),[X,Y] = XY =Y X) is a Lie algebra.
pu— )'

We denote this Lie algebra by gl,.(k) = T.(GL,(k)) = M,
Example 2.3. Let ‘sly(k) "= {(ﬁ Z ca+d =0} C gly(k), which is of dimension 3.
0 1 0 0 1 0 .
One can check X = 0 0) Y = (1 O>’ H = (0 _1) form a basis and [H, X| =
2X,[H,Y] = (-2)Y,[X,Y] = H. Once we knew [A, B] between each basis, the Lie algebra is
classified.
0 z =2
We can check it is not isomorphic to the Lie algebra ng = 0 y
0

Definition 2.4. Let g1, g2 be Lie algebra over k =R or C. A Lie algebra homomorphism
is a k-linear map f: g1 — @2 such that f([X,Y]) = [f(X), f(Y)].

Moreover, if go = End (V) is a Lie algebra with [Th, T3] := T, o Ty — Ty o Ty, then such
an f is called a representation of g1 in V.

And we define

Rep(g) :={(f,V) | f:9— End(V) is a Lie algebra homomorphism}.

We consider the action G ¢ V;, i = 1,2 with G C GL,(k) and see from a viewpoint of
group: Suppose we have Lie group homomorphisms p; : G — GL(V;), i = 1,2. Then we
get p = p1 @ pe : G — GL(V; ® V). Respectively, we get (pi)« = T(pi)e : g — gl(Vi),
(P1 ® p2)s = T(pi)e : g — gl(V1 @ V3).

For X € g, we have

(pi)«(X)(vi) = D(pi o ’YX)(OEI(W) = ((pi o vx () (3)) =0,




then this implies
(P11 ® p2)«(X) (1 @ v2) = (11 ® p2) 0 ¥x (1)) (1 ® v2))" |1=0
= ((proyx () (1)) li=0 ® v2 + v1 @ ((p2 0 Yx (1)) (v2)) li=0 (2.1)
= ((p1)+(X)(v1)) ® v2 + v1 @ ((p2)«(X)(v2)) ,
where we use the product rule in the second equality.
Now, put v ® v, € V; ® V;, we consider the stabilizer group Gy, g, C G with the obvious
action G G V; ® V, defined by v — (p1 ® pa)(g)(v1 ® vo) for all g € G. Let X € gy, 00, =

To(Gu,0v,), then vx(t) C Gy g0y, Which implies that ((p1 ® p2) 0 vx(t)) (11 @ v2) = v1 @ vy is
a constant, so (2.1)) is zero, that is,

((p1)«(X)(v1)) ® vo 4+ v1 @ ((p2)«(X)(v2)) = 0.

Conversely, if the right hand side of is zero, then X € g,,&v, by reversing the
argument above.

For vx(t) = exp(tX), with X € g =T.(G,), G, C GL.(k), we have v (t) = exp(tX)X.
Recall that exp(tX) is invertible near 0, so if v (¢)(v) = 0, then Xv = 0, thus exp(tX)v = v
for ¢ small by the definition of the exponential of matrices. (Note that the convergence is in

operator norm, so exp(tX)v =Y >, (t)fl)!n” = v.) Hence,
T.(G,) ={X egl,: Xv=0}. (2.2)

Now let us see some examples as the application of the procedure above.

Example 2.5. Consider G = GL, C V* @ V* = B(V), which consists the bilinear forms
on V. Here Vi = Vo = V*. Put B =b" = ) aje; @ e}, which corresponds to the matriz
MB = [Oéz'j].

Now we consider T,(Gy-). For all X € T,(Gy), we have vx(t) C Gy, then vx(t)b* = b*,
that is, for all v,w € V', we have

> auei (i (B)())es (x (D) (w) = D aijef (v)e; (w) = Blyx (Hv, 1x (H)w) = B(v,w),
then one can apply (2.1)) to take the derivatives and let t = 0, we get
B(X(v),w)+ B(v, X(w)) =0 <= X"Mp+ MpX = 0.

Then using (2.2)) with v replaced by b* or use the same type of argument when deriving
(2.2), we get B(exp(tX)(v),exp(tX)w) = B(v,w) thanks to the bilinearity of B and the
expansion of exp(tX). Finally, we have

T.(Gg) = {X € gl : B(X(v),w) + B(v, X (w)) = 0}.
Example 2.6. From Ezample and Ezample we know that
0,.(k) = T.(0,(k)) = {X € gl.(k) : X7 + X = 0} = {skew symmetric matrices in M,}.
Example 2.7. We have

apy (k) = {X _ (é _it) e M(k): B=B',C = Ct} ,

which is related to Mg = (_OI '8")
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Example 2.8. Consider GL, G A"(V) = k- (e1 A--- Ae,) and denote ey A\ --- A e, by €.
Since SL,(k) = {g € GL.(k) : ge* = e*}, we get

sl.(k) = T.(SL.(k)) = {X € gl (k) : Xe! =0}.
We calculate

Xeﬁ:Zel/\eg/\~~/\X(ei)/\-~er:TT(X)eﬁ,
i=1

so sl (k) ={X e gl (k) : Tr(X) =0}.
2.2. Ideals, Quotients, Solvablity and Nilpotency.

Definition 2.9. An ideal h C g is a Lie subalgebra such that [X,Y] € b for all X € b,
Y eg.
Definition 2.10. The center of g is defined as

Z(g) ={X eg:[X,Y]=0,VY € g},

which is also an ideal of g.
We say g is abelian if Z(g) = g.

One can easily verify that if h C g is an ideal, then (g/b, [—, —]) with [—,—] : g/b x g/bh —
g/b is a well-defined Lie algebra, which is called the quotient Lie algebra. Here, the Lie
bracket g/b x g/b — g/b is defined by [X,Y] := [X,Y].

Definition 2.11. A Lie algebra g is called simple if dimg > 2 and all the ideals of g are
Just 0 and g.

From the definition, we see that g = k' is not considered as simple. One can check sly(k)

is simple.
Definition 2.12. We define the upper central series as

g=¢' 2" g"l(=9)D " 0'l(=9")D
and the lower central series as

g=0021[8,00/(=91) D[, 0](=92) D---.

Definition 2.13. We say g is solvable if g' = 0 for some i and g is nilpotent if g; = 0 for
some j.

a d e 0
Example 2.14. One can check by = b f is solvable and nz =
c

O Q.
O~ O

18 nilpotent.
Now we state some properties as a lemma with a sketch of proof.

Lemma 2.15. Here are some properties for solvable and nilpotent Lie algebras.

(1) If g is solvable (or nilpotent), then any sub-Lie algebra and quotient Lie-algebra (quotient
by an ideal) is also solvable (or niplotent).
(2) Suppose § is an ideal. If 0 — b — g — g/b — 0 is a exact sequence, and h,g/h are

solvable, then g is also solvable.
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(3) If 0 — Z(g) — g — 9/Z(g) — 0 is a exact sequence, and g/Z(g) is nilpotent, then g is
also nilpotent.

(4) If g is nilpotent, g # 0, then Z(g) # 0.
(5) Suppose b1, by C g are solvable ideals, then by + hs is also a solvable ideal.

Proof. The first property is direct by using definitions. Note that the first part implies that
for any quotient Lie algebra g/, b is solvable since it is an ideal. To prove the fifth property,
one should notice that b1 /h; N hs is isomorphic to (h; + ba) /ha, and by /h; N by is solvable
by the first property, then h; 4 b5 is solvable thanks to the second property. The other three
properties follow from the Exercise 5 in HW 3([6, Exercise 9.8]). U

3. ENGEL’S THEOREM AND LIE’S THEOREM

We will rigorously develop the classical theories for Lie algebras in the remaining sections.

Intuitively speaking, Engel’s theorem states that every nilpotent algebra g is embedded in
n,.(k), where embedding means an injective Lie algebra homomorphism. The Lie’s theorem
states that every solvable algebra g is embedded in b,.(k) provided that k is algebraic closed.
That is, Lie’s theorem doesn’t hold for £ = R but for &k = C.

We follow [6, Chapter 9] in this section. In the following context, we only consider finite
dimensional Lie algebras unless otherwise specified.

Theorem 3.1 (Engel’s theorem). Suppose V' is a finite dimensional vector space. Let
g C gl(V) = End(V) be a Lie subalgebra such that every X € g is a nilpotent element,
that is, X™ = 0 for some n =nx € N. Then

(1) There exists 0 # v € V such that X (v) =0 for all X € g.
(2) There exists a basis {e1,--- ,e,} of V such that g C n, with respect to {e;}.

Proof. We prove the second part at first. Choose v € V using the first part of theorem,
then we consider V' = V/{k - v}. Since g kills v, the action g ¢ V’ is well-defined which
is still nilpotent. So we can apply the same argument to g C gl(V’), to get vy, € V/k-v.
Inductively, we get vq,---v, by lifting v to v; € V. Setting v; = v, then we get a basis
{v1,-++ ,v.} of V and guy is a linear combination of vy, - -+ , vx_1, that is, g C n, with respect
to {Uz}

Now we turn to the proof of the first part.

Step 1: We claim that ad(X) € End(gl(V')) is nilpotent. Since X € g is nilpotent,
then by definition, there exists a sequence of subspaces 0 C V; C Vo C --- C V,, = V such
that X (V;) C V;_;1. It is easy to check that ad(X)™(Y) is a linear combination of terms like
X'Y X* with [ +k =m, so ad(X)™ = 0 for large m, say, m > 2r + 2.

Step 2: We know proceed by induction on dimension of g. When dim g = 1, the theorem
is obviously true.

Then we suppose the argument is true when dimension is strictly less than g.

Let h C g be a maximal proper subalgebra. (The existence of the maximal proper
subalgebra is trivial by Zorn’s lemma since g is finite dimensional.) Then we claim that
dimg/h =1 and h C g is an ideal. Note that ad(h) preserves b, so the action ad(h) C g/b
is well-defined. Moreover, it follows from Step 1 that ad(X) acts nipotently on g/b for all
X € b, that is, ad(h) C gl(g/h) is such that every element in ad(h) is nilpotent. Note

that dimad(h) < dimg/h < g, hence by induction, we know 30 # Y; € g/b such that
14



ad(X)(Yy) = 0 in g/ for all X € h. That is to say that [X,Yy] € b for all X € b, where
Y, € g — b is the lift of Y. Hence, h ® k- Y} is a Lie subalgebra. By the maximality of b, we
know h @ k - Yy = g. Then the claim follows immediately.
Step 3: From induction hypothesis, we know that there exists 0 # v; € V such that
Xv; =0 forall X €b. Set
W = mxeb ker(X),

then dim W > 1 since v; € W. Since h @ k - Yy = g, it suffices to show that there exists
ve W, Yy(v)=0. Forall we W, all X € b, we write [X, Yp](w) = (XY;)(w) — (YoX)(w).
Since X, [X,Yp] € b, we know (XYp)(w) = 0, which implies Yy(w) € W for all w € W, that
is, Yo(W) Cc W.

By the assumption in the theorem, Yj is nilpotent and {k-Yy} C gl(WW) is a Lie subalgebra,
so by induction hypothesis, we know there exists v € W such that Yy(v) = 0, which completes
the proof. O

Theorem 3.2 (Lie’s theorem). Let g C gl(V') with V = C" be a solvable Lie algebra over
C. Then there exists 0 # v € V' such that for all X € g, X(v) = Ax - v for some \x € C.

Before proving this theorem, we show a corollary.

Corollary 3.3. Let g be as above, then there exists a basis {e1, - ,e.} of V such that
g C b,.(C) with respect to {e;}.

Proof. Take e; = v from Lie’s theorem. Then we get V' = V/{C - e;}. Note that the action
g G V' is well-defined since g(e;) C C- ey, so we have an injective map ¢ : g — gl(V”). Since
©(g) C gl(V’) is also solvable, inductively, we have {e}, ..., e.} C V' such that p(g) C b,(V’),
that is, p(g)e), € Ce} + - - - Ce). Hence, we know g C b,.(C) with respect to {e;}}_;. O

To prove Lie’s theorem, we need the following proposition, which is an important one.
Proposition 3.4 (Key proposition). Let h C g be an ideal. Let o : g — gl(V) = gl(C") be
a Lie algebra homomorphism and X\ : h — C be a C-linear map. Set

W={veV:oX)(v)=ANX) v,vX € b},
then o(Y)Y(W) C W for allY € g, that is, W is o(g)-stable.
Proof. Step 1: Pick any 0 # w € W. For all X € h,Y € g, we consider
o(X)o(Y)(w) = o(Y)o(X)(w) + o([X, Y])(w) = A(X)o(Y)(w) + A(X, Y])(w).  (3.1)

Then it suffices to show A([X,Y]) =0forall X € h,Y € g.
Step 2: Fixsome Y € g, w € W. We consider U = spanc{c*(Y)(w) : k > 0} C V, then
we claim that for all X € b, for any fixed 1,
o(X) (o'(Y) (w) = Y ¢;(X)o! (V) (w)

J=0

with ¢;(X) = A(X), that is, 0(X) is represented by a matrix where the diagonal elements

are all A(X).
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We prove this claim by induction. By definition, the claim holds for ¢ = 0. Suppose the
claim is true for ¢ — 1, then we use (3.1)) to write

o(X)o'(Y)(w) = o(Y)o(X)o(YV)(w) + o([X, Y])o" (V) (w)

= MX)o" (V) (w) + Y e;(X)o? (V) (w) + Y (X, Y])o! (V) (w),

j=0 j=0

where we use the induction hypothesis in the last equality. Hence, the claim is true for 7.
Thus, the claim holds.

Step 3:  Since {o/(Y)(w) : i = 0,--- ,dimU — 1} form a basis of U, which follows
easily from the minimal polynomial theory for matrix o(Y) in linear algebra. Then we get
Tr(o(X)|y) = dimU - \(X). We replace X by [X,Y], then we get A([X,Y]) = 0 since
Tr(o([X,Y]|l)) =Tr(c(X)o(Y) — o(Y)o(X)|y) = 0. Now the proof is complete. O

Now we can prove Lie’s theorem.

Proof of Lie’s theorem. Step 1: We claim that there exists an ideal h of codimension 1,
that is, dimg/h = 1. Since g is solvable, we know g' = [g,g] # g. and then g/g' is an
abelian Lie algebra. Take any subspace A C g/g' of codimension 1, since it is abelian, so A
is an ideal. We denote § : g — g/g'. Let h = §1(A), then it is obviously an ideal in g since
any Lie bracket is a preimage of 0 in g/g'.

And in general, the dimension of the preimage of a codimension 1 vector subspace by a
surjective linear map f : V' — W has codimension 1, so § is an ideal of codimension 1. We
prove this general result as follows. Let L be a subspace of W of codimension 1, there exists
y ¢ L such that k-y+ L =W, write f(z) =y. Forevery z € V|, f(z2) = u+ay with u € L.
We write u = f(u), then f(z — ' — ax) = 0, which implies z — v’ — ax € ker(f) C f~*(L).
Now we deduce that V = f~1(L) + k- z.

Step 2: Now we proceed by induction on the dimension of g. By induction, there exists
0 # vy € V such that X (vg) = MX) - vy, for all X € b, where A : h — C is a C-linear
functional. Set

W={veV:Xw) =X\X) v,vX € b},

then we know dim W > 1.

Step 3: Pick Y € g — b, then the Key proposition, Proposition [3.4 implies that
Y(W) C W. Then over C, there exists an eigenvector w € W of Y, hence Y (w) = Ay - w.
Then it is easy to see that for all X € b, for all ¢ € C, (X + ¢Y)(w) = (MX) + cAy) - w, so
A extends to a C-linear map A : g — C satisfying that Z(w) = A\(Z) - w for all Z € g, which
completes the proof. 0

Definition 3.5. A representation o : g — gl(V') over k is called irreducible if {0}, V are
the only o(g)-stable subspace of V.

Now we introduce the radical of a Lie algebra, which is a well-defined notion thanks to

Lemma (5).

Definition 3.6. For any Lie algebra g over k, its mazximal solvable ideal is called the
radical of g, denoted by Rad(g).
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Definition 3.7. g s called semisimple if the radical is zero.

Proposition 3.8. We consider the exact sequence
0 — Rad(g) — g — g/Rad(g) — 0
then this exact sequence splits and g/Rad(g) is semisimple.

Proof. The first part is actually due to Levi(1905), which is called the Radical splitting
theorem or Levi’s decomposition. See [9] or [12] for a proof. For the second part, suppose
by contradiction that there is a non-trivial proper ideal I of g/Rad(g) and consider its
preimage in g, which is a solvable ideal containing Rad(g) as a proper subset, which leads
to a contradiction. O

Though the rigorous definition of g-module is deferred to Section [5.1] we need a notion
related to g-module here.

Definition 3.9. (1) Let (0,V;), 1 < i <n be a g-module, that is, o; : g — gl(V;). Then
@, Vi is a g-module with action o := Q' _,0; given by

o(X) (1 v;) = Z 1 ® - ® (0:(X)) () ® @ vy (3.2)
(2) If (0,V) is a g-module, then (c*,V* = Hom(V, k)) is a g-module with o*(X)(f)(v) =
—f(o(X)(v)) forall X € g, f € V*.

The motivation for the second definition is as follows. Note that the action G C V* is
defined as g(f)(v) := f(g 'v), so if we replace g € G by yx(t) € G in the equation above
and take derivative with respect to t, we will get a negative sign.

Theorem 3.10. Suppose g is a Lie algebra over C. Every finite dimensional irreducible
C-representation of g is of the form

where X : g — C = gl(C) is a one-dimensional representation, o is an irreducible repre-
sentation of g/Rad(g) and f : g — g/Rad(g) is the quotient map.

Proof. Let (m,V) € Irr(g) := {all finite dimensional C-representations of g}. By Lie’s the-
orem, there exists a C-linear map A : Rad(g) — C such that

W={veV :n(X)v=AX) v,VX € Rad(g)}

is nonzero. Since Rad(g) is solveble, we apply the Key Proposition, Proposition , to get
m(g)(W) C W. Since (m, V) is irreducible, so W = V. Hence, Tr(m(X)) = dim V - A\(X) for
all X € Rad(g). Thus, A|gad(g)n[g.e] = 0-

Extend it to get a C-linear map A : g — C such that A|jgq = 0. Now we claim 0 := A*®7
is trivial on Rad(g). For all X € Rad(g), all c € C,v € V, we write by using that

oc(X)(c@v)=X(X)c)@v+cn(X)(v)=-ANX)c®v+c® (AMX)-v)=0, (3.3)

where we use the definition of W and W = V in the second equation. So ¢ is a well-defined

representation of g/Rad(g).
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Now we check 1 = A® (0o f). Forall X € g, allv € V,
)\@(O‘Of) (X) (61®CQ®U) = )\(X)(C1)®CQ®U—C1®>\(X)CQ®U+C1®Cz®)\(X)'U = 7T(X)(61®02®'U),
by using (3.3)), which completes the proof. O

4. INTRINSIC WAY TO DESCRIBE SOLVABILITY AND SEMISIMPLICITY

In this section, we will introduce the Cartan’s criterion named after Elie Cartan. Unless
specified otherwise, k = R or C. We follow [6, Appendix C] and [8, Section 4.2] in this part.

4.1. Killing form and Cartan criterions.

Definition 4.1. Let V1, V5 be two g-module over k, that is, p; : g — gl(V').
A k-bilinear form B : Vi x Vo — k is called g-invariant if

B(Xwvy,v9) + B(v1, Xve) =0,VX € g.

Since {all the bilinear forms on V; x V,} are isomorphic to Hom(V; ® Vs, k), linear maps
on Vi @ Vo, and Hom(V, W) ~ V* @ W, so we can identify B € (V1 @ V3)* @ k ~ (V] ® V,)*
with g C (V1 ® Va)™.

Consider a representation o : g — ¢l(V) and we define B, : g x g — k by (X,Y) —
Tr(o(X)-o(Y)). Then B, is symmetric and ad(g)-invariant, or say, g-invariant with respect
to the adjoint action of g on g.

We check B, is indeed ad(g)-invariant by computing

B, (ad(Z)X,Y )+ Bo(X,ad(2)Y) =Tr(o([Z,X]) - o(Y) +0([Z,Y]) - 0(X))

= Tr(o(2)o(X)a(Y) — a(X)a(Z)o(Y) + o(Z)o(V)o(X) — a(¥V)o(Z)a(X)) =0, I

where the last equality just follows from the property that Tr(AB) = Tr(BA) for matrices.
An important example is to take 0 = ad and V = g.

Definition 4.2. We call B, :== B,q defined by
B.(X,Y)=Tr(ad(X) ocad(Y))

the Cartan Killing form of g. See [2, Page 5] for the reason why it is called “Cartan Killing
form”.

Proposition 4.3 (Cartan). Suppose g C gl(V') over k and we denote the canonical inclusion
by g — gl(V), which is surely also a Lie algebra representation. Suppose Tr(XY) =0
for all XY € g, that is, B-(X,Y) = 0. Then g is solvable.

Proof. Step 0: We may assume k = C since solvablity of g over R is equivalent to the
solvability of its complexification g ®@g C. This fact is easy to check by definition.

By induction, one can check g"*! C ([g, g]); for all 4, so it suffices to show [g, g] is nilpotent.
Moreover, by Engel’s theorem, it suffices to show that for all X € [g,g], X is a nilpotent
matrix.

Fix X € [g,g] with det(t/ — X) = [[;_,(t — A\;). Then it suffices to show \; = 0 for all i,

that is,
i=1
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Step 1: We consider the Jordan canonical form of X, denoted still by X, with the
decomposition X = X, + X,,, where X is a diagonal matrix, then we know X is semisimple
and X, is nilpotent. This is the so-called Jordan-Chevalley decomposition. See [8, Section
4.2] for details. Obviously, it suffices to show Tr(X,X,) = 0.

Step 2: Since X € [g, g, there exists Y, Z € g such that X = [Y, Z]. Then

Tr(X,, X) = Tr(X., Y, 2)) = ~Tr([Y, X,), 2) = Tr((X,, Y], 2),

where the second equality can be checked analogously to though X, may not be in g
since it is just a property for matrices.

By the assumption of proposition, it suffices to show [X,,Y] = 0, then Tr(X,X,) =
Tr(X,,X) = 0, which completes the proof.

Step 3: We claim that ad(X,)(g) C g. To show this, it suffices to show ad(X;) can be
expressed as a polynomial of ad(X;) and ad(X;) can be expressed as a polynomial of ad(X),
then since ad(X)(g) C g, the result follows.

Before we prove this, we claim that ad(X) = ad(X;) + ad(X,,) is the Jordan-Chevalley
decomposition. By the uniqueness of decomposition(c.f. [8, Proposition in Section 4.2])
and the commutativity [ad(X5),ad(X,)] = ad[Xs, X,] = 0, it suffices to show ad(Xj) is
semisimple and ad(X,,) is nilpotent. Note that ad(X,) is nilpotent thanks to Step 1 in
the proof of Engel’s theorem, Theorem [3.1] To prove ad(X,) is semisimple in End(g) (c.f.
[8, Proposition in Section 4.2] for the definition), let E;; be the standard basis of matrices
M, (C), then X = \MEy + - N\ Ey, € gl(V) = M,(C). Since E;;Ep = 0,E;, we know
a diagonal matrix with respect to the basis {E;;}1<;j<n. S0 ad(X,) is semisimple.

Step 4: Now we know ad(X) = ad(X)+ad(X,) is the Jordan-Chevalley decomposition
of ad(X). Hence, ad(X,) can be expressed as a polynomial of ad(X) by [8, Property b,
Proposition, Section 4.2] thanks to the Chinese remainder theorem. We give a proof as
follows. Set X = ad(X), X, = ad(X,), X, = ad(X,,). Suppose det(t] — X) = []._,(t — ;)™
where all 7;’s are distinct. Then {(¢t — ;)™ } are congruent with each other, so the Chinese
remainder theorem tells us there exists a polynomial f such that f(¢) = n; mod (t —n;)™

for j =1,---,l. By the property that X is in the Jordan canonical form, we know

2 F(X1) ML, _
S=rl = - _X.
X £(x0) i,

Step 5:  The last step is to show ad(X;) is a polynomial of ad(X;). The Lagrange
interpolation theorem (c.f. [I, Example 1.2.22]) asserts that for {ax}y_, C k, {bx}}_, C k
there exists a polynomial g such that g(ax) = br. So we know there exists a polynomial such
that g(n) = T, which implies

9(771]m1)
g(Xs) = = X..

9(lm,)
This completes the proof. 0
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Theorem 4.4 (Cartan). For any Lie algebra g over k, the followings are equivalent:
(1) g is solvable;
(2) B(g,[g.9]) = 0.

Proof. Again, we can assume k = C.
Step 1: Suppose g is solvable, then we apply Lie’s theorem to ad : g — gl(g) and we
know ad(g) C b(g), which implies

ad([g, g]) C [ad(g), ad(g)] C n(g).
Hence, for X € g, Y € [g,9], B:(X,Y) =Tr(ad(X) ocad(Y)) = 0.

Step 2: Suppose (2) holds, then B,(g!,g') = 0, then we consider the adjoint repre-
sentation ad : g — g¢l(g), we know by Proposition that the image ad(g') in gl(g) is
solvable.

We denote the upper central series of g by g'. Since ad(g™) = 0 for some m, we have
g™ C Z(g). Hence, g™ = 0, which completes the proof. O

Remark 4.5. In the Step 2 of the proof above, we cannot obtain g' is solvable directly by
B.(g',g') =0 and Proposition since we do not assume the canonical inclusion g C gi(V')
exists for some V' but we could use the natural representation ad : g — gl(g) to get the
canonical inclusion ad(g) C g¢l(g). We should notice that Theorem holds for any Lie
algebra g.

Example 4.6. Recall that so3(R) = _Oa g :a € Rp. Though one can check that it

cannot be embedded in by(R), we have [g,g] = 0, so Theorem[{.4 implies s02(R) is solvable.

Theorem 4.7 (Cartan). Any Lie algebra g over k is semisimple if and only if the Killing
form B, : g x g — k is non-degenerate.

Proof. Set

S:=Ker(B,) ={X €g: B.(X,Y)=0,VY € g}.
For all X € S|Y € g, we have B,(ad(Z)(X),Y) = —Bx(X,ad(Z)(Y)) =0,s0 S C g is an
ideal.

Step 1: Suppose g is semisimple. Now we want to show that S = 0. By Proposition 4.3},
we know that ad(S) C ad(g) is solvable since B,(X,Y) = Tr(ad(X),ad(Y)) = 0 for all
X,Y es.

We shall follow the argument used in the Step 2 of the proof of Theorem [£.4] Since ad(S)
is solvable, there exists some m such that (ad(S))™ = ad(S™) = 0, which implies S™ C Z(g),
then S™*! = 0. Hence, S is solvable. However, g is semisimple, so S = 0.

Step 2: Conversely, let S = 0. It suffices to show that any abelian ideal a C g is
zero. Indeed, if r := Rad(g) # 0, then * D> ! D --- D ™ D ™t = ( with ™ # 0.
rmtl = [p™ r™] = 0 implies ™ is a nontrivial abelian ideal in g.

Let a C g be an abelian ideal. Then for all X € a, Y € g, we have

ad(X)oad(Y)(g) Ca, ad(X)oad(Y)(a)=0,
which implies ad(X) o ad(Y") is nilpotent. Hence, B,(X,Y) = Tr(ad(X) o ad(Y)) = 0. So

a C S =0, which completes the proof. O
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Example 4.8. Let us consider g := sly(R) with dim(g) = 3. Set X, H,Y as in Ezample (2.5,
then [X,Y] = H,[H,X]| =2X,[H,Y] = —2Y implies

0 -2 0 20 0 0 00
ad(X)=10 0 1|, adH)=[0 0 0|, ad¥Y)=[—-1 0 0
0 0 0 0 0 —2 0 20
with respect to the basis {X, H,Y'}. By a direct computation, we know the representation
0 0 4
of B, with respect to {ad(X),ad(H),ad(Y)} is [0 8 0, so it is semisimple thanks to
4 0 0

Theorem [4.7.

4.2. Relation between semisimplicity and simplicity. Now we study the relation be-
tween “semisimple” and “simple”. See [8, Section 5.2] for a reference.

Definition 4.9. A Lie algebra g is said to be the direct sum of ideals {g;}*, provided

g=01D - D gy (direct sum of subspaces). This condition forces [g;,8;] C g;Ng; =0 if

i # 7. So the Lie bracket can be viewed as being defined componentwise for the external

direct sum of these as vector spaces, that is, [ X, Y] = [ X1, Y]+ - [ X, Y] with X;,Y; € g;.
We still write g=g1 D -+ D g

Theorem 4.10. A Lie algebra g over k is semisimple if and only if there exists ideals
{g:}™, which are simple such that g = g1 ® -+ D G-

Proof. “only if” part: Suppose g is not simple , then let 0 # § C g be an ideal. Set
b= {X €g: BJX.Y)=0,Y € b},

which is also an ideal of g. By Theorem we know h N bt is a solvable ideal of g. Hence,
hNht =0.

Now choose a basis for h, denoted by Y7, - - - , Y,. Denote the matrix representation of B, by
Mg, which is invertible since B, is non-degenerate by Theorem[d.7] Hence, MpY;,--- , MYy
are linearly independent.

Consider the map X — (XTMgYy, -+, XTMgY}), g — R¥, which is surjective with kernel
ht, so dimg = dimbh + dim b*. Since h N h* = 0, we know g = h ® h*, which is a direct
sum of two semisimple subalgebras. By induction and the fact that dim g < oo, the theorem
follows.

“if” part: This part is obvious since one can check Rad(g) = Rad(g,) + -+ + Rad(gn).

Indeed, for any ideal fh C g, there exists subalgebras h; C g; such that h =bhy + - + b,,.
Since b D [h,g] = [b1,01] + - + [Dn, 9], We know [b;,8;] C b;, which implies b; is an
ideal of g; for all . However, since g; is simple, we know h; = 0 or g;, which implies
h = gr, + -+ + g, for some index set {ky,---,k;}. Hence, [h,h] = b, which cannot be
solvable. Thus, Rad(g) = 0. O

Corollary 4.11. Suppose g is semisimple, then g = [g, g] and any ideal of g is semisimple.
Moreover, all homomorphism images of g are semisimple. In particular, any quotient of
g by some ideal is semisimple.

Proof. By Theorem [4.10, we write g = g1 & --- & g, with g; are simple ideals. Since

95, 9] = gi, we know [g,g] = g.
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For any ideal h C g, one can argue as in the “if part” of the proof of Theorem {4.10

to get h = gg, + -+ + gk, for some index set {ki,---, Kk}, which is semisimple thanks to
Theorem [4.10

The last part follows from the fact that the homomorphism image of a simple Lie algebra
is also simple. O

4.3. Examples: Simple Lie algebras. Now we give an example of simple Lie algebra
which can be shown by computation. We will introduce more powerful tools called reductive
Lie algebras in the following section to describe semisimplity.

Example 4.12. The Lie algebra g = sl.(k) is simple. By Example g 1s spanned by
Ei;,Eji, By — Ej;, 1 <j. Let 0 #b C g be an ideal, it suffices to show there exists I;; € b.
This is because [Eij; E]k] = Ezk f07” k 7é i, [Eija Eﬂ] = E“ — Ejj and [[Eij; Eji]7 Eﬂ] = _2Eji;
which implies g = b.

Now we prove E;; € b for some i < j. We write [X, Ej;], Eij| = (—2X,;)Eij. If there
exists X € b such that X;; # 0 for some i < j, then E;; € h. Otherwise, X = 22:1 o Ejj,
then there exists i # j such that oy # o since Tr(X) = 0. We get [X, E;;] = (o — o) Ejj,
which 1mplies F;; € b.

In [I7), Section 6.4 - 6.6], the author proved by computation that su(r) and sp(r) are simple
for all r. Also, so(r) is simple for r > 4.

5. COMPLETE REDUCIBILITY OF REPRESENTATIONS
In this section, we follow [8, Section 6].
5.1. Modules. We first digress to introduce the definitions of modules.

Definition 5.1. Suppose g is a Lie algebra and V' is a vector space. Then V' endowed with
the operation g x V. — V' satisfying

(1) (1 X + YY) (v) = a1 X (v) + Y (v);

(2) X(c1v + cow) = 1 X (v) + 2 X (w);

(3) [X,Y](v) = X(Y(v)) - Y (X(v))

15 called a g-module.

Obviously, if o : g — gl(V) is a representation of g, then one can view V' as a g-module via
the operation (X,v) — o(X)v, that is, X - v := o(X)v. Naturally, we say V is irreducible
if it has precisely two g-submodules V' and {0}. This matches the definition of irreducible
representation. In this view, a submodule is related to a o(g)-stable subspace.

A homomorphism of g-modules is a linear map f : V — W satisfying f(X (v)) = X(f(v)).

If VW are two g-modules, then we can view V ® W as a g-module thanks to Defini-
tion[3.9 Since V*@W ~ Hom(V,W), g acts naturally on the space Hom(V, W) by the rule
(Xo)(u) = X(o(u)) — d(X(u)) for u € V,¢p € Hom(V,W). Note that for f € V*,w e W,
the isomorphism V* @ W ~ Hom(V,W) maps f ® w to the element ¢ : v — f(v)w in
Hom(V,W). Then the action g C V*@ W X(f®@w)=Xf®w+ f® Xw, corresponds to
the action g G Hom(V, W)

u= (X (ww+fu)Xw = fu)Xw—f(Xu)w = X(f(u)w) - f(Xu)w = X(6(u)) = o(Xu).

Hence, the action g ¢ Hom/(V, W) arises from the isomorphism V* @ W ~ Hom(V,W)

naturally.
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Note that for ¢ € Hom(V, W), X¢ = 0 is equivalent to X (¢(v)) = ¢(X (v)) for all v € V,
it follows that

Homgy(V,W) :={¢ : V — W is a g — module homomorphism }
={¢ € Homp(V,W)(= Hom(V,W)) : X¢ =0,VX € g}.

5.2. Weyl’s theorem on complete reducibility of o : g — gl(V'). Now we discuss the
semisimplicity of representations.

Definition 5.2. A representation o : g — gl(V') over k is called semisimple if for all o(g)-
stable subspace W C V| there is a o(g)-stable complement W' C V' such that V. =W e W".
Or we say W, W' are g-stable via o.

Suppose g is semisimple, then we know from Theorem that g =g, & - - - & gk, where
g; are simple . By definition, h C g is an ad(g)-subspace if and only if b is an ideal. On
the other hand, the ideals of g is of the form g;, @ --- @ g, by Corollary [£.11] Hence, the
representation ad : g — gl(g) is semisimple provided that g is semisimple.

And it is trivial that if any representation of g is semisimple, then ad(g) is semisimple. So
now it is natural to discuss the relation between the semisimplicity of g and the condition
that “any representation of g is semisimple” and “ad(g) is semisimple”. This question is
answered by Weyl’s theorem.

In the previous subsection, we proved that a semisimple Lie algebra has nondegenerate
Killing form B, in Theorem [£.7] Here we generalize it to B,.

Let g be a semisimple Lie algebra and o : g — ¢l(V) is a faithful(injective) representation,
then we claim B, is non-degenerate. The argument is similar to the proof of Theorem [4.7]
Since g is semisimple, it suffices to show ker(B,) is a solvable ideal. By Proposition it
suffices to show ker(B,) is an ideal. One can check this by a direct computation.

This leads to the following definition of the Casimir element naturally.

Definition 5.3. Suppose g is a semisimple Lie algebra. For any representation o : g —
gl(V'), choose two bases {X;},{Y;} C g such that B,(X;,Y;) = 6;;. we say

r

Cq 1= ZU(XZ')U(YJ € gl(V),

i=1

1s the Casimir element of g with respect to the representation o, where r = dim g.

One can check it is independent of the choice of basis. Note that ¢y may not lie in g.
Lemma 5.4. We have [cg,0(g)] =0 and Tr(cy) = 7.
Proof. For X € g, let [X, X;] = > 7" a; X, [X,Yi] =3 77_, b;;Y;, then

= B, ([X, Xi],Y}) = =Bo(X, [X, Y]]) = —bji.

Hence, we compute

T T

0(X),¢o) =Y _[0(X),0(X)o(Yy)] =D _[0(X), 0(Xy)]o(Ys) + o(X)[o(X), o(Y7)]
- Z Z aijo(X;)o(Y;) 4 byjo(X;)o(Y;) = 0.
s

=1 i=



The second assertion is direct since Tr(cy) = > . Tr(o(X;)o(Y:)) =r. O

Example 5.5. Recall the classical example sly(k) with the basis {X, H,Y'} satisfying that
Tr(XY)=1, Tr(HH) =2, Tr(XX) =Tr(YY) = 0. Hence, ¢, = Tr(XY)+Tr(YX) +

3
Tr(HH) = <(2) g), which is not in sly(k). However, it is in Z(sly(k)).
2

Lemma 5.6 (Schur’s Lemma). If o : g — gl(V) is an irreducible representation over k and
M € gl(V) is such that Mo(X) = o(X)M for all X € g. Then M =0 or M € GL(V).
Moreover, if k = C, then M = \I,,, where n = dim V.

Proof. Note that ker M is o(g)-stable, then ker(M) = 0 or V since o is irreducible. Here,
the dimension of V is finite and ker(M) = 0 imply M € GL(V).
Now suppose k = C, then M has at least one nontrivial eigenspace unless M = 0. Since

any eigenspace of M is o(g)-stable, thus each eigenspace is exactly equal to V', which implies
M = \,. O

Now we introduce the Weyl’s theorem. The original proof used the “unitary trick”. But
we will present a different one here. The main idea is induction.

Lemma 5.7. Any representation 7 : g — gli(k) is trivial provided that g is semisimple.

Proof. From Corollary .11} we know g = [g,g]. However, 7([g,g]) = 0, which implies the
map is trivial. O

Theorem 5.8 (Weyl's theorem). Let g be a semisimple Lie algebra over k = R, C and
o:g— gl(V) is a representation. If W C V is o(g)-stable, then there exists o(g)-stable
subspace W' C'V such that V=W @ W'.

Proof. Step 1: We start with a special case. If W C V is an irreducible g-submodule and
dim V/W =1, then V =W @ ker(c,) as g-modules.

We claim that the Casimir element ¢, acts on W invertibly. Suppose not, then by
Lemma [.4] we know ¢; € gl(V) and it commutes with o(g). Moreover, we have W is
an irreducible submodule, so we can apply Schur’s lemma, Lemma . Hence, we know ¢,
acts on W either invertibly or trivially.

Now suppose ¢y acts on W trivially by contradiction. From Lemma we know g acts
on V/W trivially, that is o(g)(V)) € W. This action is well-defined since W is o(g)-stable.
Then ¢,(V') C W, that is, ¢g acts on V/W trivially. Hence, Try (¢s) = 0, which contradicts to
the second assertion in Lemma [5.4 Thus, the claim is true, that is, ¢; acts on W invertibly.
In particular, ker(c;) N W = {0}.

Pick v € V—W and set wy = ¢4(v). Since ¢ acts on W invertibly, there exists (¢g) " (wo) €
W, then v — (¢g) " (wo) € ker(cy), implies V = W + ker(c,) = W @ ker(c,). Since [¢g,g] = 0
by Lemma ker(cg) is also g-stable. This completes the proof.

Step 2: Now we consider another special case. If W C V is a g-submodule and
dim V/W = 1, then there exists a g-module W’ such that V. =W & W".

From Step 1, we assume with loss of generality that W is not irreducible, then one can
pick a o(g)-stable submodule 0 # Z C W. Then W/Z C V/Z is of codimension 1. By
induction, since dim W/Z < dim W, we know there exists a submodule A of V/Z such that
V/Z = Ae W/Z with dimA = dimW/Z — dimV/Z = codimW/V = 1. (The induction
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hypothesis is just the step 1 since it reduces to the irreducible case when dimension goes
down.) We denote the canonical map as f : V — V/Z and let Y = f~!(A). Now by
induction, since A = Y/Z has dimension 1, we know there exists g-submodule U such that
Y =Z&U. It follows that V =W @ U since dim W +dimU =dimW +dimY — dim Z =
dimW +1=dimV and W NU = {0}.

Step 3: Now for general submodule W C V| let

o : Hom(V.W) — Hom(W, W), f+— flw.

Consider k - idy C Hom(W, W), for all f € o '(k -idw), we have fly = c - idy for some
¢ € k. Then for w e W, (Xf)(w) = X(f(w)) — f(Xw) = X(cw) — ¢(Xw) = 0, that is, g
maps @ ' (k - idy) to ¢~ (0 - idy ), and both ¢~ (k - idy ) and »~1(0 - idy) are g-modules.
Moreover, ¢! (k - idw)/¢ (0 - idy) has dimension one since for all f € o7'(k - idy), it
is determined modulo ¢~1(0 - idy ) by the scalar f|y, hence there exists a one dimensional
subspace of (k- idy ), say W such that o= (k - idy) = ¢ (0 - idy) & W thanks to the
claim in Step 2. Let 0 # f € W, then W = span {f}. One may assume f|y = idy by
multiplying a constant. From Lemma 5.7, we know that g acts trivially on W, and hence
on f, that is, 0 = (X f)(v) = X(f(v)) — f(Xv) for all v € V; X € g. This is to say f is a
g-module homomorphism. Therefore, ker f is a g-submodule of V. Since f maps V into W
and acts as idy on W, dimker f = dimV — dim W, so we conclude that V' = W & ker f,
which completes the proof. 0

As an application of Weyl’s theorem, we can show the following theorem which is closely re-
lated to the Jordan-Chevalley decomposition used in the proof of Proposition [4.3]

Theorem 5.9. Let g C gl.(C) be a semisimple linear Lie algebra. Then the usual Jordan
decomposition (Jordan-Chevalley decomposition) of X € g C gl(V') in gl(V), say X =
X, + X, satisfies X, X, € g.

Proof. Step 1: From Lemma[f.11] [g, g] = g, we have g C sl,.(C) since Tr(AB — BA) = 0.
Since X, is nilpotent, then X,, € sl,(C), and so is X.
Step 2: For any g-submodule W C C" =V, we set

Sw ={Y € gl.(C): Y(W) C W, Tr(Y|w) = 0}.

Then g C Sy since W is a g-module and [g, g] = g. Since X and X,, are polynomials of X,
we know X (W) C W and X, (W) C W. Moreover, since X,, is nilpotent, Tr(X,|w) = 0,
thus Tr(X,|w) is also zero. Hence, X,,, X; € Sy .

Step 3: Set

g = Ny,c(g) N ( N 5w> :
W CV,submodule
where Ny, c)(g) :={Y € gl,(C) : [Y, g] C g}, then we have g C g'. Since ad(Y;) and ad(Y,)
are polynomials of ad(Y'), and ad(Y)g C g for all Y € Ny, (c)(g), so Ys, Y, € Ny, c)(g). It
follows from Step 2 and Step 3 that X,, X,, € g’ for all X € g.

Step 4: We view g’ as a g-module. Then by Weyl’s theorem, there exists a g-module
g” such that g = g’ @ ¢g”. Then it suffices to show g’ = 0. For X € g, Y” € g’ C g,
(X, YY" egng’ ={0}.
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Let W C V be an irreducible g-module. We claim that for all Y € g”, we have Y|y = 0.
Since [Y, g] = 0, we know by Schur’s lemma that Y acts on W as a scalar, that is, Y|y =
A - idy . On the other hand, Tr(Y|w) = 0 since Y € Sy, so Y|y = 0.

Since V' can be written as a direct sum of irreducible g-submodules thanks to Weyl’s
Theorem, so in fact Y = 0. Hence, g” = 0, which completes the proof. U

As a corollary of this theorem (Theorem [5.9)), we can define the abstract Jordan decom-
position for any semisimple Lie algebra.

Definition 5.10. Let g be a semisimple Lie algebra over C. We have the canonical em-
bedding ad : g — gl(g). Then for any X € g, we define

X = ad((adX),s), X2 :=ad '((adX),).
This definition is well-defined since (adX)s, (adX),, € ad(g) thanks to Theorem [5.9]

Remark 5.11. If g C gl,.(C) and X € g, then we have X, = X% X, = X% thanks to the
result in the Step 3 in the proof of Proposition [4.3

Hence, from now on, we denote X, := X% X, := X for all X € g, where g is a general
semisimple Lie algebra.

Corollary 5.12. If ¢ : g — gl(V) is a representation of the semisimple Lie algebra g, then
if X € g and X = X+ X, is its abstract Jordan decomposition, (X ) = ¢(Xs) + &(X,,) is
the Jordan decomposition of the operator ¢(X).

Proof. From Theorem , we know g = g' @ --- @ g™, where g; are simple. We can
write X = X'+ .- + X™ with X; € g°. Each X' has its own Jordan decomposition
X" = X!+ X!, where X!, X! € g’. By the mutual commutativity of the g’, we therefore
have that X = >" | X¥ 4+ 37" | XF is the Jordan decomposition of X.
The representation ¢ is faithful on the subalgebra g’ = E:’il g’ and has kernel g’ =
S 8 Put X = X'+ X" where X' = X'+ -+ + X™ and X" = X" 4+ ... + X"
Now ¢|y is a faithful representation, so by Theorem , we have

P(X) = o(X') = ¢(X]) + &(X},) = &(Xs) + ¢(Xan),
which completes the proof. O

Proposition 5.13. Let g, g* be semisimple Lie algebras over C and ¢ : g — g* be a Lie
algebra homomorphism. Then we have

Proof. From Theorem [4.10 we know g = g' @ --- @ g™ and g = ¢"' @ --- @ g, where g’
and g¥ are simple.

Let X € g and we have the decomposition X = X! + ... + X™ which implies that
ad(X) = ad(X') + -+ - 4+ ad(X™) Moreover, X, = &, X! and X,, = &;X".

From the second part of Corollary we know for any 1 < ¢ < m, there exists j so
that ¢ : g — g¥ is an isomorphism. Hence, it reduces to to prove that for an isomorphism
T:g— ¢, 7(Xs) =X, and 7(X,,) = X/ provided that 7(X) = X".
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Note that the diagram

g — ad(g)

i |-

g~ ad/(g)
commutes. By definition of X, in order to prove 7(X;) = X, it suffices to prove ad'ot (X;) =
(ad'(1(X))),. Since ad' o 7 is a representation of g, by the previous corollary, we have
ad' o 7(X;) = (ad' (7(X))),, which completes the proof.
0

To close this section, we recall that at the beginning of this subsection, we showed that
ad : g — gl(g) is semisimple provided that g is semisimple. Actually, it relates to a useful
definition.

‘ Definition 5.14. We say g is reductive if ad : g — gl(g) is semisimple.

For more equivalent characterizations, see [0, Exercise 9.25] and [3, Section 6.4, Proposition
5].

6. IRREDUCIBLE REPRESENTATION OF sl3(C)

In this section, we follow [8, Section 7]. As usual, we denote X = (8 (1)), Y = ((1) 8),

H= ((1) _01> and we have [H, X| =2X,[H,Y] = (-2)Y,[X,Y] = H.
Let ¢ : sly — gl(V) be an irreducible representation, then ¢(H) = p(Hs) = ¢(H)s is

diagonalizable thanks to [8, Corollary 6.4], that is, V = @,ecV,, where
Vo i={veV:p(H)v=av}

is the eigenspace corresponds to o and the sum is a finite sum over eigenvalues.
Now we compute the action of X and Y on V,. For v € V,,, we have

H(X(w))=X(HW))+ [H,X](v) =a(X(v))+2X(v) =(a+2)X(v).
Hence, X : V,, = V4. Analogously, Y : V, — V, 5.

Lemma 6.1. IfV € Irr(sly(C)), then there exists o € C such that V = ®F_ Vi1 0; for some
ke NZO with Va0+2k 7£ {0}

Proof. For all eigenvalues «; of H, we observe that 52

X oo Vay+2i 1s a g-stable subspace of V.
However, since V is irreducible, we know @®°_ _V,,4+9; = V for all I. Hence, for any [, m,
there exists j € Z such that o; + 27 = «,,, and since the number of eigenvalues is finite, so

there exists k € N5g such that V = @F_ V1. O

Remark 6.2. Until now, we cannot expect dim V,,,12; # 0 for all 1 < i < k. However, we will
see this is indeed true soon.

Set n = ag + 2k, then pick any v € V,,, we have X (v) = 0. Consider the set
={v,Y(v), - ,Y'(v),---} CV,

then we claim the following properties hold.
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Lemma 6.3. We have
HY'(v) = (n—2i)Y'(v), XY'(v)=1i(n—i+1)Y" (v).
In particular, S spans V.

Proof. We compute
HY'(v) = HYY" '(v) =Y (HY"'(v)) = 2YY""}(v),

then by induction on ¢ and Hv = nv we know the first assertion holds. On the other hand,
the relation

XY'(v) =YXY" ' (v) + HY ' (v) =Y (XY ' (v)) + (n — 20 + 2)Y" " (v),

also allow us to derive the second assertion by induction.
Hence, span S is g-stable, so span S = V. O

Corollary 6.4. For all € C, dimV, < 1.

Proof. Let n = ag + 2k. Since Yi(v) € V,,_o; for all 4, and span S = V, we know V,,_o; is
spanned by Y*(v). Hence, dim V,,_5; < 1 and it is non-zero if Y*(v) # 0. O

Corollary 6.5. Let n = ap + 2k € N>g. Then dimV =n + 1.

Proof. Consider m = min{: € N > 1 : Y'(v) = 0}, we have 0 = XY™ (v) = m(n — m —
1)Y™ 1 (v) and Y™ ! (v) # 0. Hence,n =m — 1 and dimV =m =n+ 1. O

Then we have the following main theorem, which can be found in [I0, Theorem 4.59].

Theorem 6.6. There exists a bijection Irr(sly(C))/ ~— Nsq that maps V' to n, where
V=V_,&V_ & -V, and n is the largest eigenvalue of H. More precisely, we have

these two claims:

0 n

1) For anyn > 0, let V" be the finite-dimensional vector space with basis v°, vt -+ o™,
y — 7 p ) ) )

Define the action of sly(C) by
Hv' = (n — 2%
Yol =0t i<n; Yor=0; (6.1)
Xv'=in—i+ 11 i>0; Xuv¥=0.
Then V™ is an irreducible representation of sly(C). We call it the irreducible repre-
sentation with highest weight n.
(2) For n # m, representation V™, V™ are non-isomorphic.
(3) Every finite dimensional irreducible representation of sla(C) is isomorphic to one of
representations V™ |

In particular, all eigenvalues of V' are all integers and each occurs along with its negative
(an equal number of times).

Proof. (1) Notice that if n = 0, then it is the trivial representation. For n > 0, in order to
check that V™ is indeed a representation of sly(C), it suffices to check that

Hv' = [X, Yo', 2Xv' =[H, X]v', —2Ye' =[H, Y]e.
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Now we prove irreduciblility. Suppose W C V) is a submodule, then pick 0 # w € W.
Suppose w = av! + aj v 4 - -+ a,0", where a; # 0,1 > 0. Then XY™ lw = capn®,
which implies v° € W. Hence, W = V" as required.
(2) For n # m, dim V™ # dim V(™. Therefore they are not isomorphic.
(3) The injectivity part follows from the discussion above.
O

As an easy corollary, we can see the dimension map Irr(sly(C))/ ~— Ns; is a bijection
such that V — dimV =n + 1.

Corollary 6.7. For any representation o : sly — gl(V'), we have
V = @nzom(U, V(n))‘/(n)7

where V™ is the unique irreducible representation of dimension n + 1 as in Theorem
on:={v €V :o(H)v=nv}. Then we have ) .,m(o, V) = dim oy + dimoy.

Proof. Using Weyl’s thoerem, we can decompose any representation ¢ into irreducible ones
in the form V = @,som(o, V™)V, Then notice that each irreducible g-module has a
unique occurence of either the weight 0 or else the weight 1 (but not both) by applying
Theorem m to each irreducible subrepresentation (submodule), thus > _,m(o, V) =
dim oy + dim o;. B O

Now we discuss the concrete realization of V™, which is the irreducible n + 1-dim rep-
resentation of sly(C). We have V(© : 5[,(C) — gl(C) is trivial by (6.1)). For V() we know
from (6.1)) that Ho' = —v!', Ho® =% Y0 = 0!, Yol = 0.

7. CARTAN SUBALGEBRAS
In this section, we follow [16, Chapter 3].

7.1. Cartan subalgebra, Regular element, Zariski topology. It is natural to ask
whether we can give a classification of Irr(g) for general semisimple Lie algebra g. Note that

when g = sl5(C), what plays an important role is H(a) = (8 _Oa). Let X(b) = ( b) and

Y(e) = <C ) Then we have ad(H (a))(X (b)) = 2a- X (b), ad(H(a))(Y(c)) = —2a-Y (c) and

ad(H(a))(H(a')) = 0-H(a’). It is more or less analogous to the simultaneous diagonalization
of matrices. Thus, we want to get an analogue of span {H(a)} for general semisimple Lie
algebras.

Definition 7.1. Let g be a Lie algebra over C. A subalgebra b C g is called a Cartan
subalgebra if

(1) b is nilpotent;

(2) b = Ny(bh), where Ny(h) :={X € g:[X,bh] C b} is the normalizer.

Example 7.2. (1) Suppose g is nilpotent, then b = g is a Cartan subalgebra.
a
(2) Suppose g = b3(C), then b3 := b ca,b,c € C» is a Cartan subalgebra.



(3) Suppose g = s1,,(C), then {diag(ay,...,a,) :a; € C,> a; =0} C g is a Cartan subalge-
bra.

For X € g # {0}, consider the non-degenerate representation ad : g — gl(g). Let Px(t) :=
det(tl, — ad(X)) = > ;ai(X)T" with n = dimg. Note ao(X) = 0 since ad(X)(X) = 0,
that is, 0 is an eigenvalue of ad(X).

Definition 7.3. We define the rank of g as
rank g = min{i : a;(X) # 0 for some X € g}.
Moreover, an element X € g is called reqular if a,gni 4(X) # 0.
Note that this definition is independent of the choice of basis of g since different repre-

sentations of ad(X) € gl(g) are similar to each other and similar matrices have the same
characteristic polynomial.

Remark 7.4. Obviously, a, = 1. If rank g = n, then for all X € g, ad(X) is nilpotent.
By Engel’s theorem, we know g is nilpotent if and only if every X € g, ad(X) is nilpotent
(HW04 Problem 1). (Sketch of proof: =: ad(X)™(Y') € g; <: Since ad(g) C n,, we have
ad(g,) = 0, which implies g,.; = 0, so g is nilpotent.) This tells us

rank g =n <= g is nilpotent.

Example 7.5. Ifg = sly, we can calculate that for X = (CCL _ba) , Px(T) = T3—4(a*+be)T,

so rank g = 1. And X is regular if and only if a®> + be = det(X) # 0.

Consider
gr ={X €g: Xisregular} = {X € g: aank (X) # 0} C g,
we introduce a new notion.
Definition 7.6 (Zariski topology). Let V ~ C™ be the n-dimensional vector space over C.
Denote by A the algebra of complex polynomials in n-variables, viewed as functions over

V. For any S C A, define
V(S)={veV:f(v)=0 for every f € S}.

Then
Ear = {V_ V(S) : S € A}

15 a well-defined topology on V', called the Zariski topology.

One can easily check that the Zariski topology is coarser than the usual Euclidean topology
on V.

Lemma 7.7. g, C g is open, dense and connnected with respect to the Zariski topology on
g.
Proof. Openness is true since it follows immediately by taking S = {@yank ¢} in the definition
of the Zariski topology.

For density, suppose not, then U := {X € g : Gyank (X ) = 0} contains an open set U with
respect to the Zariski topology on g. By definition, U is also open in the Euclidean topology.
Hence, ayank ¢ = 0 as a complex polynomial since it vanishes on a non-empty Euclidean open

set of g.
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For connectedness, suppose by contradiction that there exists X,Y € g, lying in different
components, then there exists two disjoint open sets A, B C g, such that AU B = g, and
X € A)Y € B. Then we consider the straight complex line joining X to Y in g, denoted
by L(X,Y). Since L(X,Y)Ng, = (L(X,Y)NA)U(L(X,Y)NB), we know L(X,Y)Ng, is
disconnected since L(X,Y) N A and L(X,Y) N B are both non-empty.

However, since L(X,Y’) can be parametrized by one variable ¢, we know each closed set in
the Zariski topology only meets L(X,Y) at finitely many points or contains the whole line
L(X,Y),

Hence, for closed sets A, B, we find L(X,Y) N A and L(X,Y) N B only contains finitely
many points.

On the other hand, for the open set g,, L(X,Y)Ng, is just the line L(X,Y") with at most
finitely many points removed from it, which contradicts to L(X,Y)Ng, = (L(X,Y)NA)U
(L(X,Y)N B).

This completes the proof. O

Definition 7.8. For any X € g, A € C, we say
gy ={Y €g:(ad(X)—N)"(Y) =0 for somen > 1}
is the nilspace of ad(X) with respect to \.
Note that dim g% is the multiplicity of 0 as an eigenvalue of ad(X), that is, dimgy =
min{i : a;(X) # 0}. So dim g} > rank g and the equality holds if and only if X is regular.
Lemma 7.9. Fix X € g, then

(]) g= @)\E(Cg_))\(;
(2) (0%, ok] C gx™" for all X, € C;
(3) 6% C g is a Lie subalgebra.

Proof. The first assertion follows immediately from the classical Jordan form theory in linear
algebra. The third assertion is an easy corollary of the second. For the second one, it suffices
to show

n

(@) = 2= 0¥, 2 = 3 () [(@d00) = V), () = (2] ()

=0
for Y € g%, Z € gh. We prove this by induction. For n = 1, by Jacobi identity, we have
(ad(X) = A=Y, 2] = [(ad(X) = N)Y, Z] + [, (ad(X) — p) Z].

Then it follows from induction by applying the fundamental formula (TZL) = (7;:11 ) +

(“ N 1) . 0
i

Theorem 7.10. If X € g is reqular, then g% C g is a Cartan subalgebra.
Proof. Step 1: We claim g% is nilpotent. By Engel’s theorem, it suffices to show for all

Y € g%, the restriction ad(Y)|o : g% — g% is nilpotent.
31
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Let ad(Y) : g/g% — g/g% be a vector space homomorphism induced by ad(Y), then we
put

# 0},

dim gg(
|g°X )

U={Y cg}: ad(Y)lq : g% — g% is not nilpotent} = {Y € g% : (ad(Y)

V={Y € g% ad(Y) is invertible} = {V € g% : det (E&(Y)) £ 0},
It follows from the second equalities in both equations above that U,V € g are both open
with respect to the Zariski topology by noting the relation between U,V and the zeros of

certain polynomials respectively.
Moreover, we claim that X € V. It follows from Lemma[7.9](1) and (2) that for any Y € g

such that ad(X)(Y) € g%, we have Y € g%, and hence ker ad(X) = 0. In particular, V # &.
By the same type of argument as in the proof of Lemma [7.7, we show V' is dense. Note
that V¢ is a set of solutions of a polynomial equation, which implies its interior is empty, so
V is dense.
Now, it suffices to show U NV = @ to conclude U = @. Suppose not, choose Y € U NV,
then ad(Y)|, has 0 as an eigenvalue with multiplicity strictly less than dim g% = rank g.

On the other hand, 0 is not an eigenvalue of ZLE(Y) :9/0% — 9/9%, thus it follows from
these two results that the multiplicity of 0 as an eigenvalue of ad(Y') : g — g is strictly less
than rank g. However, by the definition of rank, we know

the multiplicity of 0 as an eigenvalue of ad(Y) > rank g,

which is a contradiction.

Step 2: Now we show g% = Ny(g%). For all Z € N,(g%), we have [Z,¢%] C g%. In
particular, ad(X)(Z) € g%. By definition, there exists p such that ad?(X)ad(X)(Z) =0 €
g% Therfore, Z € g%, which completes the proof. O

7.2. Conjugacy of Cartan Subalgebras. Since we have g —2% gl(g) = End(g) —2» GL(g) ,
we define
G := (expoad(g)) C GL(g)

as the subgroup generated by exp oad(g).

In fact, G acts transitively on {all Cartan subalgebras of g}. This fact can be found at
16].
| I]n the following three propositions, we use the following notations. Let h C g be a Cartan
subalgebra. For X € b, we write ad(X)|, : h — b and EC/i(X) :g/b— g/b.

Proposition 7.11. Let h C g be a Cartan subalgebra. Then the set
Vi={X€bh: (fz\ch(X) is invertible} # .

Proof. Step 1: In particular, b is nilpotent, then ad(h) is nilpotent by definition. Thus

ad(h) C gl(g/h) is nilpotent and hence solvable. Now it follows from Lie’s theorem that
there exists a complete flag

of @(h)—modules such that dim D;,/D; = 1 and the action Zz?i(b) G D;/D;_4 is given by

X - Z; = ad(X)(Z;) = a;(X)Z; mod D;_,
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forall Z; € D;, X € h, where ; : h — C. Hence, the eigenvalues of ad(X ) are a1 (X), - -+, i, (X).
Then, it suffices to show «; is not identically 0 for any s.

Step 2: In the following steps, we suppose by contradiction that there exists some k
such that «y is identically zero and «q, ..., aj_1 are not. Then fori=1,... k — 1, ker(a;)
are of codimension 1 in b, which are hyperplanes in b, then Uf:ll ker(cy;) is a proper subset
of h. Hence, there exists Xy € b such that o;(Xy) #0 foralli=1,--- k— 1.

Then ad(Xy) : Dy_1 — Dy is invertible and ad(Xy) : Dy — Dy has 0 as an eigenvalue
of multiplicity 1.

Let . "

D'={Y € Dy : (ad(X0)|Dk) (Y) =0 for some n > 0}

be the nilspace of EC/Z(XO)|D,€, which is of dimension 1 and disjoint with Dy_;. Hence, D =
Dj._1 & D'. Moreover, we know D' is the nilspace of ad(Xy)|p,-

—~

Step 3: We claim that for all Z € D', we have ad(X)(Z) = 0 for all X € b. This is
obvious valid for X = X, by the definition of D’. Now one can check by induction and the
fact ad(Xo)(Z) = 0 that
ad(X)" (ad(X)(2)) = ad (ad(Xo)" (X)) (2).

On the other hand, since b is nilpotent, we know ad(X()"(X) = 0 for n sufficiently large.
Hence, ad(Xo)" (ZLE(X)(Z)) = 0, which implies ad(X)(Z) € D'

But ELE(X)(Dk) C Dj_1, so ZIE(X)(Z) = 0. Thus this claim is true.

Step 4: It follows from the claim that [h, Z] C b, that is, Z € N4(h) = b since h is a
Cartan subalgebra. However, Z ¢ b, so this leads to a contradiction. O

As an easy corollary, it follows from the definiton of V4 that V4 is a Zariski open set in b
since the invertibility is related to the fact that the determinant polynomial has no zeros.
Proposition 7.12. The set Wy := G° - V; C g is open in g.

Proof. We follow the idea of the proof of [0, Theorem D.22].

Step 1: We do some preparation work at first. For a € Hom(h, C), we define

gy = {Y € g:for every X € b, (ad(X) — a(X))" (V') = 0 for some n = nx}.
Then we have the following facts

(1) g= @aeHom(h,(C)g(C;;

(2) [og, 9] € g7

(3) g =",

where the first fact can be found in [5, Chapter VII, Section 1.3, Proposition 9], and we can
deduce the second one by (7.1)), the third one by Ny(h) = b.

Step 2: In fact, we can prove a more stronger argument. Consider the map
Frogitxeoxge'xh =g, F(Xa, ,Xq,Y) = (expoad(Xa,))o---o(expoad(Xy,)) (V).
Note that

[ (expoad(X.)): X. € g;

aceHom(h,C)
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is a subset of G°. Then it suffices to prove F(gy" x --- x gp' x V;) contains a Zariski open
set in g.

Step 3: From the property (2) in Step 1, we know ad(X,,) is nilpotent for all X, €
g(;j since ad(X, )k(gf ) lies in glgaJrﬁ , which is a trivial set for sufficiently large k. Hence,

;
exp oad(X,) is a polynomial in ad(X,).

Since F'is a polynomial mapping from one complex vector space to another of the same
dimension thanks to the property (1) in Step 1 and V4 is a nonempty Zariski open set in
h thanks to Proposition , so it suffices to show the derivative F|, is invertible at some
point p by the following fact in Algebraic Geometry: if F': C¥ — C¥ is a polynomial whose
for derivative F.|, is invertible at some point p, then for any nonempty Zariski open set
U c CV, F(U) contains a nonempty Zariski open set. For more details, refer to [5, Chapter
VII, Appendix I, Section 2, Corollary] or [7, Chapter III, Proposition 10.4, Corollary 10.7].

Step 4: Now it suffices to show the differential map is surjective.

Consider the differential map at any p € gi* X --- gg” x b, with the identification of the
tangent spaces and the vector spaces themselves:

a

Filp gyt X x gy
Since the differential of the curve F(p+(0,---,Y, -+ ,0,H))att =0is [Y, H] = —ad(H)(Y)
and the differential of the curve F(p+ (0,...,0,H)) at t = 0 is H, we know ]m(ZL\c/l(V}])) C
Im(F.|,) and h C Im(F,|,). By Proposition , we know that dim Im(ZLE(VE,)) +dimb =
dim g so [m(gc?(‘/},)) + b = g, which implies Im(F,|,) D g. This completes the proof. O

xh—g.

The following proposition is more or less a converse of Theorem [7.10]

Proposition 7.13. Let h C g be a Cartan subalgebra, then there exists a reqular X € g such
that b = g%

Proof. Since Wy C g is open and g, is open and dense, there exists a € G, X € Vj C b such
that a - X € Wy, Ng,. We choose a basis of g, namely {v;} and recall that the definition of
regular elements, Definition is independent of the choice of basis. Then for all Y € g,
ad(Y) has a representation matrix M;(Y") with respect to {v;}. Since a € GL(g), we know
{a - v;} is also a basis of g, and then ad(Y’) has another representation matrix Ms(Y') such
that M;, M, are similar. Note that My(a - X) = M;(X), so X is also regular.

But X € V; implies ad(X) : h — b is nilpotent and ad(X) : g/h — g/b is invertible, so
b = g%, which completes the proof. O

7.3. The semisimple case. In this subsection, we suppose g is semisimple and h C g is a
Cartan subalgebra over C.

Theorem 7.14. Suppose g is semisimple. Let h C g be a Cartan subalgebra over C, then
(1) Bylyxy is non-degenerate;

(2) b is abelian;

(3) h=Cy(h) :={Y €g: [V, X]=0,VX € b};

(4) VX € b, X is semisimple.

Proof. (1) By Proposition [7.13] we pick a regular element X such that h = g%. Then

g = 0% ® (Drgogy). We claim that if A+ p # 0, then B,(gk,g%) = 0. For Y € g,
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Z € g, we use adjoint to get B(ad(X)Y,Z) + B.(Y,ad(X)Z) = 0, which implies
AN+ p)B.(Y,Z) =0.

Hence, we have a decomposition of g into mutually orthogonal subspaces with re-
spect to B, that g = g% @ (@,\7&0 (gﬁ} @g)}k)). Since B, is non-degenerate on g by
Theorem [£.7] then it is also non-degenerate on each of these subspaces by the orthogo-
nality. In particular, By |pxy is non-degenerate.

(2) Since b is nilpotent, Theorem {.4 implies Tr(ad(X) o ad(Y)) =0 for X € b, Y € [, b],
that is, [h, h] L b with respect to Bylpxp. Since Bylpxp is non-degenerate, [h, h] = 0.

(3) Since b is a Cartan subalgebra, we have h C Cy(h) C Ny(h) = b.

(4) Let X = X+ X,, € b is the Jordan decomposition, then it suffices to show X,, = 0. For
all Y € b, we have [Y, X]| =0, then [Y, X,]| =[Y, X,,)] = 0. So X;, X,, € Cy(h) = b.

Since [V, X,] = 0, we know ad(Y) o ad(X,,) = ad(X,) o ad(Y), so ad(Y) o ad(X,)
is nilpotent by the fact that X, is nilpotent. Hence, B.(Y,X,) = 0, which implies
X,, € bt, that is, X,, = 0.

0

Corollary 7.15. Let b, g be as above, then we have

(1) b C g is a mazimal abelian subalgebra;
(2) Every reqular element of g is semisimple.

Proof. (1) It follows from Theorem (3) immediately.
(2) It follows from Theorem and Theorem [7.14)4) immediately.

8. ROOT SYSTEMS
In this section, we follow [16, Chapter V].

8.1. Root systems over k = R,C. In this part, we follow [16, Chapter V, Section 1-4,
17]

Definition 8.1. Suppose V is a vector space over k and o € V' \ {0}. A symmetry with o
is an element s, € GL(V') such that

(1) sa(@) = —a;

(2) Hy :={v €V :5,(v) = v} is a hyperplane of V', that is, a subspace of codimension 1.

Obviously, o ¢ H,, so H, is a complement for the line Ra spanned by a. The symmetry
Sq is completely determined by the choice of o and H,.
Moreover, for a € V'\ {0}, we have the following bijection

{symmetries with a in V'} <> {a* € V* : (o, ) = 2} .

The bijection is described as follows.

For any symmetry with «, denoted by s,, suppose a* is the unique element in V* such
that (a*,a) = 2 and ker o* = H,. Then s, is given by

So(r) = — (", x)a,
that is, s, = id — a* ® a. On the other hand, for a* € V*\ {0} such that (a*,a) = 2,
Sq = 1d — " ® o is a symmetry with o with H, = kera* is as desired since dim ker a* =
dimV —dim Im(a*) = dimV — 1.
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Definition 8.2. A finite set R C V is said to be a root system in V if the following
conditions are satisfied:

(1) span R=V,0 ¢ R;

(2) for any a € R, there exists a symmetry with o, namely s, such that so(R) C R;

(3) for any o, € R, s4(B) — B € Z - v, that is, (a*, B) € Z, where a* is as above.

The rank of R is defined as the dimension of V.

Note that the second condition s,(R) C R implies that s,(R) = R since s? = id. More-
over, such symmetry with « in the second condition is actually unique by the following
lemma.

Lemma 8.3. Let o € V' \ {0}, and let R be a finite subset of V which spans V. There is at
most one symmetry with o which leaves R invariant.

Proof. Let s,,s., be two symmetries with o having the properties in Defintion Then
u = S, 0 s, satisfies

u(R) =R, u(la)=a, u:V/k-a— V/k-ais the identity map,

where the third assertion follows from the third property in Definition [8.2] Hence, all the
eigenvalues of u are 1. Since u"(R) is a permutation of R for all n € N, then there exists
some n > 0, u" = id in GLi(V). So u is diagonalizable and hence u = 1. Since s2 = id, we
know s, = s,. O

Definition 8.4. We say a root system R is reduced if RN ka = +a.

If a root system R is not reduced, then it contains «,ta with 0 < [¢t| < 1, then by the
third condition in Definition , 2t € 7Z, which implies t = % Then the roots proportional
to av are simply —a, —%a, %Oé, a.

Remark 8.5. The reduced roots systems are those which arise in the theory of semisimple
Lie algebras (or algebraic groups) over an algebraically closed field; they are the only ones
we shall need. Nonreduced systems occur when one no longer assumes that the base field is
algebraically closed.

Definition 8.6. We say W := (s, : a« € R) C GLi(V) is the Weyl group of R, which is
the group generated by all symmetries with o associated with R.

Since R spans V and all s, € W leaves R invariant, the Weyl group W can be identified

with a subgroup of the group of all permutations of R, which is hence a finite group.

Example 8.7. Here are some examples for root systems.

(1) For V=R, R = {£a} is a root system. In this example, s, is the usual reflection. The
Weyl group is Ss.

— «

(2) For V.=R? R = {£a,£8} is a root system. In this example, s, sz are all the usual
reflections. The Weyl group is Sy x .Ss.
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(3) For V.= R? R = {xa,+8,+(a + B)} is a root system. In this example, s, is the
reflection along the line perpendicular to v. The Weyl group is Dg, which is the dihedral

group of order 6.

(4) For V.= R? R = {+a, :i:ﬁ +(a+ f), £(2a + B } is a root system. In this example,
5, can be deﬁned using (8.2), where (71,72) n 18 the Euclidean inner product for
Y1,%v € R. One can check s7 z's the reflection along the line v+. The Weyl group is Ds,
which is the dihedral group of order 8.

B a+f 200+

(5) For V =12, there is another root system.

G2

%

8.2. Root systems over R. From now on, the ground field £ = R. We follow [16, Chapter
V, Section 5-7] in this part.

B
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In the previous definition of root systems, one need to verify some conditions related to
V*. Now we seek for a way to define the root systems in a more intrisic way.

Proposition 8.8. Let R be a root system in V. There is a positive definite symmetric
bilinear form (—,—) on V which is invariant under the Weyl group W of R.

Proof. We choose an arbitrary positive definite symmetric bilinear form on V', namely
B(X,Y). Then we define

(X.Y):= D Bls,(X),s,(Y)) (8.1)

syeW
which is a well-defined positive definite W -invariant symmetric bilinear form on V' since W
is a finite group. 0J
Note that o’ = 2% is an element in V* defined by (o', z) = 2((23, then (o, a) = 2.

Moreover, for all h € H, by the W-invariance of (—, —), we have (h,a) = (sq4(h), sqo(@)) =
(h,—a) = —(h,«). which implies H | Ra with respect to (—, —), that is, H = kero/. On
the other hand, we know from the previous discussion that there exists a unique a* € V*
such that s, = id — o* ® a and H = ker o*. Hence, o* = o/ in V*. So we deduce from this
that we have

(o, )

(@,a)"

Now, the third condition in Definition [8.2] can be interpreted as

(o, B)

(@, q)

So(x) =2 —2

Ve eV (8.2)

2 €Z, Va,B€R.

Now we discuss the relation of any two roots «, § in R. Put

n(ﬁ,a)—(a,ﬁ>— (CY,O()
which is equivalent to n(f, ) = 2% cos @ € Z. Tt follows that n(3, ) -n(a, 3) = 4cos? 6 € Z,

which implies cos? § € {0, }l, %, %, 1}. More precisely, if a and 3 are not proportional to each
other, the only possibilities are as follows:

ez

Y

cos® 0  n(B,a) n(a,B) |6/l
0 I¥Z 0

1 T 1 1 1

1 27
~1 = -1 —1 1
£ o ) 1 V2
_Z & —9 —1 V2
BT 3 1 V3
—¥vs o 3 -1 V3

Proposition 8.9. Let o, € R be two non-proportional roots. If n(B,«) > 0, that is,
(e, B) > 0, they form an acute angle, then « — 3 € R.

Proof. The above table shows that n(a, ) = 1 or n(3, a) = 1. Without loss of generality, we

assume n(«, 3) = 1, then a — f = a—n(a, 5)5 = sp(a) € R, which completes the proof. [
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8.3. Bases of a root system and Dynkin diagrams.

Definition 8.10. A subset S C R is a base for R if

(1) S is a basis for the vector space V' ;
(2) Each B € R can be written as a linear combination

ﬁ = Zmaaa

a€eS
where either my € Z>q for all a« or my € Z<q for all .

Now we shall prove that there indeed exists a base. The proof is a direct construction
with steps below:

(1) Choose t € V* such that (t,«) # 0 for all @ € R. (From the discussion above, it is also
equivalent to pick v € V' such that (v, ) # 0 for all a € R.)

(2) Let Bf = RNt (Rsp), By = RNt (Rp). Since t71({0}) = &, we get R = R} UR;,
and V =t~} (Rs) Ut (R.y). Moreover, one can observe that R, = —R; .

(3) We say an element o € R, is decomposable if there exists 3,y € R} such that a = B+~;
otherwise, « is said to be indecomposable. Let

S; = {a € R} : a is indecomposable}.

In the following theorem, we prove that S; is a base for R.
Theorem 8.11. Let S; be defined as above, then S; is a base for R.

Proof. Step 1: Let
I ={a € R/ : a is not a linear combination of elements of S; with non-negative coefficients}

and we want to show I = &. Suppose not, then there exists an element o € I with (¢, @)
minimal since [ is a finite set. If o is indecomposable, then « itself is in S;, which contradicts
a € I. Hence, o is decomposable. Then there exists 3,y € R/ such that o = 3 + . Since
(t,a) = (t, )+ (t,7) and all these three terms are strictly bigger then 0, so by the minimality
of a, we know 5 ¢ I and v ¢ I. Hence, o ¢ I, which leads to a contradiction.

Step 2: We claim that (a,3) < 0 for all o, 5 € S; such that o« # 5. Since «, 5 are
indecomposable, they are nonproportional; otherwise, we have a = % £ by the third condition
in Definition [8.2] and then § = a + «, which contradicts that 3 is indecomposable.

Now we suppose by contradiction that (a, ) > 0 and shall apply Proposition to get
y=a—-p € R Ify € R/, then a is decomposable since « = S +~. If v € R, , then
—v € R} and hence 3 is decomposable since 3 = o + (—v). Both lead to a contradiction.

Step 3: Since V = span R = span R = span S, it suffices to show the linearly
independence of S;.

Suppose ) g, Ca = 0 and let [ = {i : co, > 0} and J = {j : co; < 0}. It suffices to
show [ = J = @.

Put
A= aniai = Z(—Caj)%,
i€l jeJ
Since
0< (AN = ) cal—ca)(asa;) <0,
iel,jeJ
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where the last inequality follows from Step 2, we know A\ = 0. However,

0=(tA\) = ca{t,a),

iel
0=(t,A) =D (—ca))(t, ),
jel
with (t, ;) > 0 and (¢, ;) <0, so I = J = &, which completes the proof. O

Theorem 8.12. Conversely, if S is a base for R, and if t € V* is such that (t,a) > 0 for
all o € S, then S = S;.

See [16, Section 8] for a proof.
Definition 8.13. Let S C R is a base for R. We say the elements in
R :={B € R: there exists some c, > 0 such that 3 = ana},

a€sS

are the positive roots with respect to S. And we can define Ry with the obvious modification
and the elements in Ry are said to be the negative roots with respect to S.
The elements in S are also called the simple roots of R.

Definition 8.14. Let S is a base for R. The Cartan matriz with respect to S is the matrix
Car(R) = (n(O‘v B))a,ﬁes>

where n(a, B) = (B*, a).

Remark 8.15. By the second step in the proof of Theorem [8.11| and the statement of Theo-
rem [8.12] we know n(«, ) < 0 unless « = 5. Hence, n(a, 8) € {0,—1,—2, -3} if o # (.

Definition 8.16. The Coxeter graph for R (with respect to S is a graph with vertices
denoting the elements in S and two distinct elements o # 8 € S are connected by n(a, ) X
n(B,a) many edges.

Definition 8.17. The Dynkin diagram Dyn(R) is a partially directed graph whose under-
lying graph is the Cozeter graph and if (o, ) > (B, 5), then there is an arrow from a to

B.

Example 8.18. We take the root systems in Ezample as new examples.

(1) The Cartan matriz for (3) in Example|8.7 with respect to S = {«, 8} is ( 21 _21) and

the Dynkin diagram is e—s .

(2) The Cartan matriz for (4) in Example|8.7 with respect to S = {«a, B} is ( _2 ) and

the Dynkin diagram is e .

(3) The Cartan matriz for (5) in Example|8.7 with respect to S = {3, a} is ( 2 _23> and

the Dynkin diagram is e .
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(4) The Cartan matriz for (2) in Example with respect to S = {a, B} s (g g) and

the Dynkin diagram is e .
(5) All the Dynkin diagrams of the reduced simple root systems can be classified as follows:
A?‘ S e—e——eo—o

BT . e—e——eo—ee

O ¢ oo e ece
D, : H{
Eg @ ootdoe

Fr it eedees
Fy: ootdoeese

F4,'o—o:,to—o

GQ M ==

Definition 8.19. A root system R C V is called irreducible if there is no V. =V, ® V,
such that Vi #0,V5 #0 and R C V1 U Vj.

9. ROOT SYSTEMS AND SEMISIMPLE LIE ALGEBRAS

Note that we discuss the semisimple Lie algebras with the ground field C but discuss the
root systems with the ground field R above, so it is natural to ask what are the relations
between root systems over C and those over C. Throughout this section, g denotes a complex
semisimple Lie algebra.

9.1. Root systems over k = C. We shall follow [16, Chapter V, Section 17].

Proposition 9.1. Let R C Vi be a root system over R, then R C Vi ®gr C s a root system
with

sS(v®2) == 2z8,(v), Va € R,
being all the symmetries with o of Vo ® C, the C-linear extension of s,.

Proof. 1t is easy to check by definition. O

Proposition 9.2. Let R C V over C be a root system. One can view Vo = spang R C V as
a real subspace, then

(1) R is a root system in Vy over R;

(2) The natural map Vo g C — V' is an isomorphism;

(3) For all « € R, s, € GLc(V) is the linear extension of the symmetry s € GLg(Vy) of
Vo.

Proof. (1) We check the three conditions in Definition [8.2] as follows:
(i) Clearly, spang R = Vj.
(ii) For a € R, s4(R) = R, then s,(Vy) = Vj since spang R = V. Put s := s,|y,, then
s9(R) = R. For B € R, then s%(3) = 8 — (a*, B)a, where o* € V* = Hom¢(V,C)

is associated to « € R C V. On the other hand, of := a*|y, € Homg(Vp, C) is the

element associated to @ € R C V. So 82 = id — o ® a is a symmetry with « in V4.
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(iii) For o, B € R, (o, B) = (o, B) € Z.
(iv) In fact, from the third fact, we can see that of € V" = Homg(Vy, R) since V =
spang I.
(2) Denote the natural map by . Since spancR = V/, it is obvious that ¢ : Vo @g C — V
is surjective.

It then suffices to show ¢ : Vy®r C — V is injective. Moreover, it suffices to show the
induced map ¢* : V* — (Vy@rC)* = V; ®gC is surjective since for any 0 # = € Vi ®gC,
there exists at least one linear functional f € (V5 ®g C)* such that f(x) # 0.

Since R := {of = a*|y, : @ € R} is a root system in V7 by [16, Chapter V, Section
6, Proposition 2], we know spang R = V. On the other hand, of = a*|y, = ¢*(a),
which implies * is surjective, and this completes the proof.

(3) This follows from Proposition and the second part of this proposition above.
O

Remark 9.3. In the proof of the second assertion above, we use a basic linear algebra fact
for complexification that (Vy ®g C)* = V; ®@g C. We digress a bit to recall the general form
of the statement in linear algebra and present a proof for the sake of the convenience for the
readers.

Suppose V' is a finite dimensional R-vector space, then the complexification of V* =
Homg(V,R) is V* ®g C = Homg(V,C). Moreover, for any R-linear map ¢ € V' — C, one
can extend it to a C-linear map ¢®: V ® C — C by ¢%(v ® 2) = 2¢(v). Moreover,

dim¢c Homg(V,C) = dim V* ®g C = dimg V* = dimg V' = dim¢ Home(V @ C, C).
This gives an isomorphism Homg(V,C) ~ Homc(V ® C,C), that is, V* ®g C ~ (V ®@g C)*.

9.2. Semisimple Lie algebras revisited. Recall that for a Cartan subalgebra b of a
semisimple Lie algebra g over C, there exists a decomposition g = b ©aep+ g, where

g ={Xe€g:[H,X|=a(H)X, VHE€eh}
and h = g°. In fact, there are at most finitely many « € h* such that g is non-trivial. We
denote the set of such as except for 0 by R, then the decomposition is
9= b ®acrey- 9°-

Note that this decomposition is similar to the one for non-semisimple Lie algebras in the

Step 1 of the proof of Proposition [7.12] but the proof is rather simple. It follows directly

from ad([h, h]) = 0, Theorem (4) and the criterion for simultaneously diagonalizable.
The goal of this part is to show R is a root system in h*.

Proposition 9.4. (1) For X € g*, Y € g7, H € b, one has
B.(H,[X,Y]) = a(H) - BJ(X,Y).

(2) Since Bylpxy is non-degenerate by Theorem denote A, € b be the element cor-
responds to o € h* wvia the isomorphism b — b* induced by B, that is, (o, H) =
Bi(Ay, H) for all H € §. Then we have [X,Y]| = B.(X,Y)A, forall X € g*, Y € g~*.

Proof. (1) Since the killing form B, is ad-invariant, we have

Bu(H,ad(X)Y) = By(ad(H)(X),Y) = By(a(H)X,Y) = a(H)B.(X,Y).
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(2) By the definition, we have B, (H, A,) = a(H), then
Bo(H,[X,Y]) = Bu(H, Aa) B(X,Y) = Bx(H, Bo(X,Y)Aa),

for all H € b, which implies [X,Y] = B,(X,Y)A, since they all lie in h and B,|qxp is
non-degenerate.

O
From the proof of Theorem [7.14] we know the decomposition is of the form

g=0D (Bacr/x18" D g ).
Then these g“’s have the following properties:

Theorem 9.5. (a) For all « € R, put b, = [g*, 9] C b, then dimg® = dimb, = 1
Also, there exists a unique H, € b, such that a(H,) = 2.

(b) For all nonzero X, € g%, there exists a unique element Y, € g~ such that [X,,Y,] =
H,. Moreover, sly is isomorphic to h, ® g* B g~ defined by the linear extension of
the mapping of the sly-triple H — H,, X — X,,Y — Y,, where H, XY 1is defined as
in Example 2.3,

(c) R is a reduced root system in h*.

(d) If a, B € R with a + B # 0, then [g*, g°] = g**P.

Proof. The outline of the proof is (1)(2)(3)(4)(5) = (a)(b), (6)(7)(8) = (c) and (9) = (d).

(1) From Proposition [9.4] dimb, = 1.

(2) Now we prove there exists a unique H, € b, such that o(H,) = 2. Since dimb, = 1,
it suffices to show «(h,) # 0. Suppose by contradiction that a(h,) = 0, then pick
X, € g%Y, € 9740 # Z = [X,,Ys] € bo. We find [Z,X,] = a(Z2)X, = 0 and
[Z,Y,] = —a(Z)Y, = 0 since a(Z) = 0. Denote the subalgebra generated by X, Ya, Z
by a := (X,,Y,, Z) C g, which is a nilpotent subalgebra. Apply Lie’s theorem to the
faithful representation ad : a — ¢l(g), there exists a flag D of g such that 0 = Dy C
D, C --- C D, = g such that dim D;/D;_; = 1 and ad(a)(D;) C D;. Then since
Z € la,a], we know ad(Z)(D;) C D;_;. Hence, ad(Z) is nilpotent. On the other hand,
ad(Z) is semisimple by Theorem [7.14] Thus, Z = 0, which leads to a contradiction.

(3) For any X, € g%, there exists Y, € g~* such that [X,, Y,] # 0 since dim b, = 1. Then
B.(X,,Y,) # 0 by Proposition 0.4 Using dimb, = 1 again, we can get [X,,Y,] =
H, by multiplying Y, by a suitable scalar. Hence, [H,, X,] = a(H,)X, = 2X, and
[Hy,Ys] = —2Y,. Then sly ~ (H,, X,, Ya).

(4) Now we prove dim g® = 1. Suppose not, dim g* > 2, then for a fixed Y € g=, there
exists X, € g* such that B,(X,,Y) = 0. Then by Proposition 0.4 [X,,Y] = 0.
Moreover, [H,, Y] = —2Y by definition. Thanks to (3), we can view g as an sly-module,
then apply the theory of representations of sly, like Theorem [6.6] we know the highest
weight is a positive number. However, [H,,Y] = —2Y,[X,, Y] = 0 implies the highest
weight is —2, which is a contradiction.

(5) Then the element Y, in (3) is unique since dimg~® = 1. And we know the subalgebra
(Hy, Xo, Ya) in (3), which is isomorphic to sly, is actually equal to b, @ g* @ g~*. And
we denote this by

slyo = (Ho, Xo,Ya) =ba® 9" B g
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(6) Now we prove span R = h*. Otherwise, there exists H € b such that a(H) = 0 for
all @ € R. (It suffices to pick H € {A, : @ € R} thanks to Proposition ) Then
ad(H) = 0 on g, which implies H € Z(g). However, the center of g is trivial since g is
semisimple.

(7) For all o, € R, we prove B(H,) € Z and — (H,)o € R. Put p = B(H,), then for all
Ys € ¢°, [Ha, Y] = pYjs, which shows Y5 has weight p when we view g as an sly-module.
Hence, p € Z.

ad(Y)"(Ys), if p > 0

ad(X,)7P(Yp), if p< 0
h*. Also, [Hq, Z] = (8 — pa)(H,)Z by induction implies 5 — pa € R.

(8) Now we prove R is reduced. Otherwise, there exists « € R such that 2o € R. Pick
Y € g**, then [H,,Y] =4Y. But [X,,Y] = 0 since 3a ¢ R. On the other hand,

[Ha, Y] = [[Xa, Yol Y] = —[[Yo, Y], Xo] = ad(Xa) ([Ya, Y]) =0

since [Yy, Y] € g, which is a constant multiple of X,,. Hence, Y = 0, which contradicts.
(9) Let a, 3 be two non-proportional roots, then o + 3 # 0. Now we prove [g*, g°] = g**¥.

Consider E := 3", , g°™**, then as in (7), E is a sl ,-module and the weights of E
are the integers §(H, )+ 2k, for all k such that f+ka € R. Each weight has multiplicity
1 by (4).

Let p,q be the greatest integer such that g — pa, 8 + qa € R, respectively. Then
by Theorem , we know E is an irreducible sl; ,-module of dimension m + 1, where
m = B(H,) +2q = —B(H,) + 2p. And ad(X,) : g’Tk> — gft+Da ig an isomorphism
for all —p < k < ¢ — 1 by the structure of irreducible representation of sl,.

The result follows by taking k = 0.

Let Z = , then Z # 0 by Theorem . Obviously, f—pa €

O

From the discussion above, we know that any semisimple Lie algebra corresponds to a
root system R, and hence corresponds to a Dynkin diagram. Actually, the correspondence
is surjective. We will not go into details of the proof but we show some examples instead.

Here we introduce a lemma, which gives another sufficient condition for identifying Cartan
subalgebras. One can compare this with Theorem [7.14] and Corollary [7.15]

Lemma 9.6. Suppose g is a semisimple Lie algebra. If h C g is mazimally abelian and any
H € b is semisimple, then § is Cartan.

Proof. Note that b is abelian and ad(H) € gl(g) is semisimple(diagonalizable) for all H €
b, so by the criterion for simultaneously diagonalization in linear algebra, there exists a
decomposition

9 =0 ® (Bach—{0}.g° 200 ) »
where gp := {X € g: [H, X] = a(H)X,VH € b}.

Since b is maximally abelian, we have b = gj.

Clearly, b is nilpotent. It suffices to show h = Ny(h). Pick X € Ny(h), we write X =
coH + >, caXo. Since [X,b] = ¢o[H, b + >, calXa,b] C b, for any fixed o such that
g* # 0, there exists H' such that o(H’) # 0, then [X,, H'| = a(H')X, # 0, which does
not lie in b, which contradicts co[H, b] + > ca[Xa,b] C b unless all ¢,’s vanish, that is,

X:COHEh. O
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Example 9.7. (1) One can check
b ={H = diag(a1, az,a3) : a1 + az + a3 = 0}

is maximally abelian by direct computation, thus by is a Cartan subalgebra of sl3.
Set a; € b* such that o; (H) = a; — a1 fori=1,2. Then

R = {:]:Oél, :l:OéQ, :t(Oél + 062)}.
This is related to Ay type Dynkin diagram.

(2) For M = M7T, 50,(C) = {Apxn : ATM + MA=0}. Forn=7,M =

_ o oo o oo
SO = OO O oo
OO OO OO
DO O = OOO
SO OoO ook OO
S OO oo+ O
OO OO OO

we have

b = {H = diag(a1, as,a3,0, —az, —az, —a1) : a; € C}
is a Cartan subalgebra. Then let a1(H) = a1 — ag, as(H) = ay — az and az(H) = ag,
then {aq, ag, as} is a base of R, which corresponds to a Bz type Dynkin diagram

> ___,o’#b
* S 23
000 0 0 -1
000 0 -1 O
(3) For M = 8 8 ? _01 8 8 , 5p6(C) = {Agxs : ATM + MA =0}. we have
010 0 O O
100 0 0 O

b = {H = diag(ay, a, a3z, —asz, —az, —a;) : a; € C}
is a Cartan subalgebra. Then let ay(H) = a1 — ag, as(H) = as — ag and asz(H) = 2ag,
then {aq, an, as} is a base of R, which corresponds to a Cs type Dynkin diagram

o 6——=—0pD
N-\ *y ‘\J

Definition 9.8. Let R be the root system associated with (g,h), where b is a Cartan
subalgebra of semisimple Lie algebra g. Let S be a base of R and Rt be the set of positive

roots with respect to S. Put
e Y v Y

aeRt aER™

then we say b := b @ n is the Borel subalgebra corresponding to b and S.
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10. UNIVERSAL ENVELOPING ALGEBRAS

In this section, we follow [8, Section 17].
First, we may forget temporarily all the specialized theory of Lie algebras. We recall the
definition of algebras.

Definition 10.1. An algebra A over a field k is (A, (—,—)) such that
(1) A is a vector space over k;

(2) (—,—): Ax A— Ais a k-bilinear form.

Most Lie algebras are non-associative algebras. k[x] and Endy (V') are typical associative
algebras. For an associative algebra A, we usually use the notation

a-b:=(a,b), Va,be A
Then an associative algebra A can generate a Lie algebra by defining

[a,b] :=a-b—b-a, Va,be A. (10.1)

Definition 10.2. Let g be a Lie algebra over k = R, C, which is allowed to be infinite
dimensional, contratry to our usual convention.

A universal enveloping algebra of g is a pair (U(g), p) which satisfies the following three
properties:

(1) U(g) is an associative algebra with a unit 1 over k;

(2) ¢ : g — Ul(g) is a Lie algebra homomorphism, where we adopt the Lie algebra structure
of U(g) as in [L0.), that is, ¢([X,Y]) = ¢(X) - o(Y) — o(V) - p(X);

(8) For any associative algebra with a unit over k and for all Lie algebra homomorphism
a:g— A that is, o([X,Y]) = a(X) - a(Y) — a(Y) - a(X), there exists a unique
algebra homomorphism a : U(g) — A(sending 1 to 1) such that o = a o ¢, that is,
the following diagram commutes.

g—>U

l/

Proposition 10.3. If a universal enveloping algebra of g ezists, denoted by (U(g), ), then
such a pair is unique up to isomorphism of algebras.

Proof. Suppose there exists another pair (V') satisfying the same hypotheses, then by the
third property in the definition above, we get two algebra homomorphisms 5 : U(g) — V
and v : V — U(g) such that ¢’ = fop and ¢ = vyo¢'. Then o f is the unique dotted map
making the following diagram commutes,

—— Ul(g)

g

Ulg)
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where the uniqueness follows from the third property in Definition [10.2l However, idy () is
another dotted map making the diagram commutes, which implies v o 3 = idy(g). Similarly,
[ o~ =1dy. This proves the uniqueness. 0

Proposition 10.4. For any Lie algebra g over k = R, C, there exists a universal enveloping

algebra (U(g), ¢).

Proof. Let T(g) = ®,>0T™(g) be the tensor algebra of g, where T%(g) = k, T"(g) = g®- - -®g
(n copies). Let
I(g) = (X, Y] - X®Y+Y®X: XY cg)
be the two sided ideal generated by [X, Y] - X ®Y +Y ® X.
Then U(g) :=T(g)/I(g) is a well-defined associative algebra and we denote the canonical

map g = T'(g) — T(g) 5 U(g) by ¢ := moi. We claim that (U(g),¢) is a universal
enveloping algebra of g.

The first two conditions in Definition [10.2]are satisfied thanks to the definition of I(g). Let
a: g — A be as in the definition. The universal property of T(g) implies that there exists
a unique algebra homomorphism a; : T'(g) — A that extends « such that « = oy o i. Then
by the property a([X,Y]) = a(X) - a(Y) — a(Y) - «(X) and the commutativity o = a4 o 1,
we know that [X,Y] - X ®Y +Y ® X € keray for all X,Y € g. Thus oy induces a
homomorphism a : U(g) — A such that @ o7m = «;, and hence a o p = a.

The uniqueness of & is obvious since 1 and Im(p) generate U(g).

g = T(g) — Ul(g)

la
Q o

A

Example 10.5. Suppose g is abelian, that is, |[—,—] =0 on g. Then
Ulg) =T(g){(X®Y Y ®X) = Sym(g)

18 the symmetric algebra of vector space g.

In fact, one can check the symmetric algebra Sym(g) can be identified, through a canonical
isomorphism, to the polynomial ring K|[B], where B is a basis of g. See [8, Section 17.1] or
[15, Chapter III, Section 3| for more discussions.

Now we define a filtration as follows. Suppose (U(g), ) is a universal enveloping algebra
of g. Let Us(g) :={p(X1) - ¢(X;) 1 j <1, Xy € g V1 <k < j}, then

Us(g) CUi(g) C---Us(g) C---Ulg)

and U;(9)U;(g) C Uiy;(g). Set gr;U(g) := U;(g)/U;—1(g), which is a vector space. Then we
say grU(g) := @;>097;U(g) is the graded universal enveloping algebra.

Since Ui_l(g)Uj (g) C Ui-l—j—l(g) and Uz(g)U]_l(g) C Ui—i—j—l(g)a the multimplication in U(g)
induce a well-defined bilinear map ¢r;U(g) x gr;U(g) = gri+;U(g). Moreover, it extends to
grU(g) x grU(g) — grU(g), making grU(g) a graded associative algebra with identity.

The composite linear map ¢, : T™(g) = U, (g) — grmU(g) makes sense and is surjective.

It yields a linear map ¢ : T'(g) — grU(g) by combining these maps and ¢ is surjective.
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Lemma 10.6. ¢ : T(g) — grU(g) is an algebra homomorphism, which factors through
Sym(g), that is, ¢ induces a homomorphism ¢* such that the following diagram commutes.

T T

T(g) —— Ulg) —— 9rU(g)

Sym(g)
In particular, grU(g) is commutative.

Proof. By definition, ¢(X ®Y) = ¢(X)-¢(Y), it follows that ¢ is an algebra homomorphism.
Since Sym(g) = T(g)/(X ® Y — Y ® X), it suffices to show ¢(X @Y =Y ® X) = 0 for all
X,Y € g. We compute

X RY =Y ®X)=0(X) oY) = oY) - ¢(X)
=9 (0(X) - oY) = oY) - o(X)) = g (¢([X,Y])) € Uy/Ur = 0,
which completes the proof.

Since Sym(g) is commutative and ¢* is surjective, we know grU(g) is commutative. (Note
that U(g) may not be commutative.) O

Theorem 10.7 (Poincaré-Birkhoff-Witt Theorem). For any Lie algebra over k = R, C,
these following are equivalent:

(1) Sym(g) LN grU(g) is an isomorphism of algebras;
(2) fixing an ordered basis {e1,--- ,e,} of g, the set

{olen) - plew) - plei,_,)  @(ei,) :m > 0,ip <ig < - - <ipy )
is a k-basis of U(g).
Also, they both hold.

Proof. For the proof of any one of them, see [8, Section 17.4] or [15, Chapter III]. We only
prove the equivalency of these two statements.
We claim that

Ur(g) = span {p(e,) - p(ei,) - @(€i,y) - plei,) :m < ryip <idp <-ve <}

This is obvious by induction on r. We omit the proof but we can check intuitively as follows.
By defintion, for any ¢(X;) - ¢(X2)---p(X;) € U,(g) for j < r, we can write each X; as a
linear combination of e;’s. Then for terms like - -- (e, ) - p(e,) - -+ with I; > o, we replace
it by using the fact 90(611) ’ ()0(612) - 90(612) ) 90(611> = 90([6117612})-

Now for M = (iy, -+ ,i,) with iy < .-+ <'4,, we write [(M) = r and Xy, = ¢(e;,) -+ - ¢(e;,).
Note that the first statement is equivalent to the injectivity of ¢* since the surjectivity is
obvious. Moreover, ¢* is injective if and only if for any » > 0, the equation

Z ey Xy =0, mod U,_4(g)
(M)=r
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of ¢py € C has only the trivial solution. And this is equivalent to

I(M)=r U(M)<r
has only the trivial solution for c;;’s.

Obviously, the second statement of the theorem and the claim above implies has
only trivial solutions for ¢j,’s. In fact, if has only trivial solutions for c¢,,’s for all r,
then by induction on r, one can observe that the second statement is true.

This completes the proof of equivalency. O

11. LINEAR REPRESENTATIONS OF SEMISIMPLE LIE ALGEBRAS

In this section, g denotes a semisimple Lie algebra over C and h denotes a Cartan subalgera.
We follow [16, Chapter VII] in this part.

Definition 11.1. For any g-module (w, V') (not necessarily finite dimensional) and w € b*,
we set

Vei={veV:n(H)(v) =w(H)W),YH € b},
which is a vector subspace of V.. We call w a weight of V if V¥ # {0} and v € V¥ is said
to have weight w. And we call dim V¥ the multiplicity of w.

Example 11.2. For (m,V) = (ad,g), the weights are the roots of the pair (g,h) as in
Theorem [9.4.

Motivated from the example above, here is a generalization of Theorem (d).

Proposition 11.3. One has w(g*)(V¥) C V¥ ifw € b*, o € R. And then it is an easy
corollary that @, weights of vV C V' is a m(g)-stable.

Proof. For all X € g%, v e V¥ H €, we compute
m(H)m(X)(v) = m(X)m(H)(v) + x([H, X])(v) = (w(H) + a(H)) 7(X)(v),
which implies that 7(X)v € V«te, O

Definition 11.4. Let V' be a g-module. A vector v € V' is called a primitive element of
weight w if it satisfies

(1) v # 0 and has weight w;

(2) g*(v) =0 for all € R™.

Note that the second condition is equivalent to say that g“(v) = 0 holds for all & € S thanks
to the definition of bases.
For each a« € R™, we choose X, € g*, Y, € g7, H, := [X,,Y4] € b as in Theorem (9.5

Proposition 11.5. Let V be a g-module and v € V' be a primitive element of weight w. Set
E := g-submodule of V' generated by v,

that is, E ={X; - (Xo(---- (X,,-v))) : X; € g,n € Z>o}. Then

(1) If RT :={f,---, Bk}, then

E = spanc{Yy'" -+ Yy'*v i my; € Lo}
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(2) The weights of E are of the form w — Y"1 | pyc;, where p; € Zso, S = {ag, -, a,}.
And they have finite multiplicity.

(8) w is a weight of E of multiplicity 1.

(4) E is an indecomposable g-module, that is, if there exists two submodules Ey, Ey such
that E = E1 @ E», then either 1 =0 or Ey = 0.

Remark 11.6. It is obvious by definition that if g is irreducible, then g is indecomposable.
If it is a finite dimensional g-module, then by Weyl’s theorem (Theorem [5.8]), we know
that these two notions are equivalent. However, this may not hold for infinite dimensional
representations.

Proof. (1) Note that {Yg,,---, Y, } is an ordered basis of the vector space n™, we can obtain
an ordered basis {Y7,---, Y}, Y1, -+ .Y, } of the vector space g, where we write Y := Ys,
for simplicity and {Y7,---,Y,,} is an ordered basis of the vector space b.

Thanks to the PBW theorem (Theorem [10.7]), we know that

(V)™ - o(Yi) ™ (Y1) - - oY) = 1, Uy € Lo},

form a basis of U(g) and the bases of U(b) and U(n~) are of similar forms. Then U(g)
is a free U(n™)-module and U(g) = U(n~) - U(b). By the definition of v, we know that
for all B € b, either B-v =0 or B - v is proportional to v, so

E=U(g)-v=Un")-Ub)-v=Un")-w.

On the other hand, {¢o(Y1)™ -+ p(Yy)™ : m; € Z>o} form a basis of U(n~), hence (1).
(2) By Proposition [11.3) ¢(Y7)™ ---¢(Yy)™v has weight w — 2521 m;B;. Since p; =
> Cjioy with ¢j; € Zso, we know all the weights of £ are of the form w — ), p;ay;
with p; € Zzo.
The multiplicity of w — Y | p;a; is equal to

Jj{(mla T 7mk) S Zéo . (mb T 7mk)(cj7,) - (p17 e 7pn)7 (C]Z) S (ZZ(])anvk Z n, at least one P> 0} 3

which is finite since 25:1 mjc; = p; has only finite solutions for m; € Zs¢ if p; is a
positive integer.
(3) Since w = w—3_,m;f; if and only if m; = 0 for all j, we know from (2) that £* = C-v.
(4) Suppose E = E; @ E,, where Fi, Fy are two submodules, then one can check E¥ =
EY @ EY. Since dim E¥ = 1 by (3), we must have E¥ = EY or E“ = EY, which implies
that either £ = 0 or £ = 0 holds.
O

Up to now, we know nothing about the existence and uniqueness of the primitive element.
In fact, if dim V' < oo, then there exists a primitive element, but it is not always the case if
dimV = co. And we can show the primitive element is unique up to scalar multiplication
in the following case.

Corollary 11.7. Let V' be an irreducible g-module containing a primitive element v of weight
w. Then

(1) Every primitive element of V lies in C-v and we say its weight w is the highest weight
of V.
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(2) Let Vi, Vy be two irreducible g-modules with highest weight wy,ws, then Vi and V, are
1somorphic if and only if wy = ws.

Proof. Suppose v/ € V is primitive of weight w’ € h*. Since V is irreducible, we know the
g-submodule E of V' generated by v is equal to V. By applying Proposition [L1.5] we have

w=w-— 5 m;oy, m; > 0.
i

Similarly, exchanging the roles of v and v’, we see that

/ /! /
w=w — g m;c;,  my > 0.
i

Thus, w = w’. And by Proposition (3), we know dim V¢ = 1 and hence v = cv'.

It suffices to prove that if w; = wsy, then Vi and V5 are isomorphic. Let v;(i = 1,2) be
a primitive element of V; of weight w = w; = wy. Clearly, the g-module V := V; & V, has
v = v1 + vy as a primitive element of weight w. Let E be the g-submodule of V' generated
by v and the projection 7y : V' — V5 induces a g-module homomorphism f, : £ — V5 as in
the diagram below.

| TN, 74
E

One has fy(v) = wvy. Note that vy generates Vs, so fo is surjective. Moreover, ker fo =
ViNnE C Vi. However, v; ¢ ker fo. Suppose not, then v; € ker f, € E and vy + vy € E.
Since both are primitive element of weight w, v; is a constant multiple of v; + vy thanks to
Proposition which leads to a contradiction. Thus, v; ¢ ker fo. Since V] is irreducible,
the g-submodule ker fo = 0. Thus f5 : E — V5 is an isomorphism. Similarly, one can prove
that F is isomorphic to V;. Therefore, V; and V5 are isomorphic. [

Theorem 11.8. For each w € b*, there exists a unique irreducible g-module with highest
weight equal to w.

Proof. The uniqueness is up to isomorphism and it follows from Corollary [11.7]
Step 1: Now we consider the following diagram.

> b > b
Nk
C

This gives w is a Lie algebra homomorphism from b to C. Let L, be a one-dimensional
b-module whose basis is an element v such that Hv = w(H)v for all H € b and X,v = 0 for
X, € n. Then one can naturally view it as a U(b)-module. By taking the tensor product of
U(g) with the one dimensional space L,, we get a U(g)-module

Vi = U(g) ®U(b) L.
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It is obvious that 1 ® v € V,, and it follows from the defintion of v that 1 ® v is a primitive
element of weight w in V,,. Now we get a g-module V,, generated by a primitive element v of
weight w.

Step 2: Set

N,, := (proper g-submodule of V) C V,,

then the quotient module E, = V,,/N,, is irreducible if E, # 0. Hence, it suffices to show
N, #V,,.
Step 3: Put
Vw_ = @W;éwﬂr is a Weight(vw)ﬂ-7
then we claim that if V’ is a proper g-submodule of V,,, then V' C V.

Since V' is stable under b, one has V' = @ is a weight V'". By Proposition m (3), we have
dim(V,)¥ = 1. So if V" # 0, then it has dimension 1 and would contain 1 ® v. Hence,
one would have V' = V,, since V,, is generated by v, which leads to a contradiction. Thus
V' = @waﬂr is a Weight(Vw)”, that is ,V/ C Vwi.

Hence, N,, C V7, which is a proper submodule of V,, and this completes the proof. O

Proposition 11.9. Let V # 0 be a finite dimensional g-module. Then
(]) V=®risa weightvﬂ-

(2) V' contains a primitive element.

(3) If V is generated by a primitive element, then V is irreducible.
(4) For any weight w of V', m(H,) is an integer for all « € R.

Proof. (1) By Theorem (4), we know that the endomorphisms defined by elements
in h are diagonalizable and commute with each other, hence can be diagonalizable
simultaneously.

(2) We apply Lie’s theorem (Theorem to the solvable Lie algebra b and find that there
exists A € b*, v € V such that X - v = AM(X)v and H - v = AN(H)v for all X € g%,
a € RY, H € h. Moreover, from Theorem (d), we know that [X, H] € g* and
(X, H]-v = MH)ANX)v — A(X)\(H)v = 0, which implies A\([X, H]) = 0. Thanks to
Theorem (a), Alga = 0 for all @ € RT. Hence, v is a primitive element of weight A.

(3) This follows from Proposition [L1.5] (4) and Weyl’s theorem (Theorem [5.8)).

(4) Note that for a € R*, we know from Theorem that one can view V as a sly, :=
(Hy, Xo, Yo)-module. It follows from the representation theories of sly that the eigen-
values of H, on V belong to Z, which completes the proof.

O
Corollary 11.10. FEvery finite dimensional irreducible g-module has a highest weight.
Proof. This follows from Proposition (2) and Corollary [11.7] O
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