NOTES FOR ORDINARY DIFFERENTIAL EQUATIONS

TRANSCRIBED BY NING TANG  INSTRUCTOR: PROFESSOR SUNG-JIN OH

CONTENTS

SFILADIIS « « ¢ ¢« o ¢ v ottt e e 1
Sturm-Liouville Problemis: « « « « o« et neet ettt 1
1.1. A primer on bounded symmetric operators -« -« -« v 2
1.2. Regular Sturm-Liouville problem: -« «««« e veemmeenieeninan .. 4
1.3. Nodal set and zeros of eigenfunctions : Variational approach -« «-«+-«--vvt 8
1.4. Nodal set and zeros of eigenfunctions : ODE approach -« «-«-+-vvvvevonn 10
1.5.  Floquet theory and Sturm Liouville problems with periodic coefficients - - - - - - 13
1.5.1. Floquet theory -« -« v e nneenne et 13
1.5.2.  Sturm-Liouville problem with periodic coefficients: -« cvvvvvveee 15
Singular Sturm-Liouville Problems - « « « ««« e v ve e vt ettt 29
2.1. Unbounded OPerators -« -« -« e et eneee et 29
2.2, Spectral theory for unbounded operators « - -« - vvvveii i 24
2.3.  Singular Sturm-Liouville problems: « - -« « v« v vverveenieeneen 30
2.4.  Limit circles and HImit POIIES « « + ¢« v e v vvevmeemne et 33
2.5.  Spectral Transformation « « « -« «««« v et e nmetennuee e, 37
2.5.1.  Spectral transformation « -« « -« «c e eee et 37
2.5.2.  Computing spectral measures with £ LC at one endpoint -« «-«+-c-vo-.. 40
2.5.3.  Computing spectral measures in general case -« « -« v 47
ODEs in complex domains and special functions -« -« vovvvinii o 49
3.1. Classification of SINGUIATTEIES: « « « -+« v v v mvvemme et 49
3.2, Hypergeometric equations: « - « « « -« « e v vt enetemutaneemueene e, 51
3.2.1. Associated Legendre equations and Hypergeometric functions-«--«--- ... 51
3.2.2.  Connection formula with a review for Gamma functions:«-««-««-«. oo 56
3.3. Confluent hypergeometric fUnCtions « -« «««««ovveeveemeemmeenueeneenu.. 59
3.3.1.  ODEs with irregular singularities -+ -« -« oo ovvven o 59
3.3.2.  Confluent hypergeometric equations: « -« v 65
NODINEAT PrODIEIIIS - « « + =« + ¢« v vt ettt ettt et 70
4.1. Stability and instability of equilibria and the stable manifold theorem - - ----- 70
4.2.  Application of stable manifold theorem : shooting method - ------+-cvovnv 73
4.3. Hamiltonian mechanics and completely integrable systems «--««--«cooevnne 7
4.3.1. HamiltOnian MEChAIICS: - « « « =+« e vttt ettt aeenens 77

Date: December 30, 2022.



NOTES FOR ORDINARY DIFFERENTIAL EQUATIONS 1

4.3.2.  Canonical coordinates and Darboux theorem « -« -« vvvvvennn 80

4.3.3.  Completely integrable Hamiltonian systems -« -+« - voveveen 81

ROfOI‘OIlCOS .................................................................. 83
SYLLABUS

The prerequisites for this course are:

e Real Analysis(Math 202A-B)
e Complex Analysis(Math 185)
e Fundamental theorem of ODE(Picard-Lindl6f, Cauchy-Lipschitz, Well-posedness of IVP)

There will be two major parts of this course. In each part, our plan is as follows:

e Part [. Linear ODE and spectral theory: We will study Sturm-Liouville type problem.
To be more specific, set Lf = % (—% (p% f ) + q), where p, g, r are real-valued functions
on I. Then we consider Lf = Af with certain boundary conditions. Here, £ is formally
symmetric with respect to (-,-), in the sense that for all f,g € C>(I), (f,Lg), =

<£f7 g>7"7 where <f7 g>7‘ = f[ fgr dz.

This part will be useful since many natural problems arises in physics and geometry
can be reduced to this form and be fruitful since some can be explicitly solvable.

— Regular Sturm-Liouville problems (Dirichlet, Neumann, Robin boundary condition)

— Singular Sturm-Liouville problems (Many problems in the whole space R¢ can be

reduced to this kind of problem)

— Special functions (This part may need some complex analysis)
For instance, you will study something like (l¢p = 0pd¢ := N(¢) when ¢ is small, so
you want to approximate solutions ¢ to the solution 1 to the wave equation [y = 0,
where O = —9? + A. Usually, solutions to the wave equation disperse. If I snap the
fingers, then the energy disperses. But the solitons are something stable, which is very
different from the linear phenomenon. Solitons ) shall satisfy (JQ = N(Q), 0,Q = 0,
@ # 0. To analyze this, one can linearize the equation by writing ¢ = () 4+ ¢ and you
hope 1 is small. Now we get ¢ — N(Q) = N(¢) from O(Q + ¢) = N(Q + ¢). One
may expect the asymptotic behavior of a solution is like the sum of a solution solution
and a radiation.

e Part II. Nonlinear ODE and dynamics: We will study ODEs in the form of %u = F(u),

which is related to evolutionary problem.

— Linearization and invariant manifolds

— Periodic solutions

— Bifurcation, center manifolds

For Part I, the main references are [12, Chapter 5] for regular Sturm-Liouville problem, [13,
Chapter 3, 9] for singular Sturm-Liouville problem, [8, Chapter 5, 7] for special functions.

For Part II, the references according to our tenative plan are [10, Chapter 7-10] and [4,
Chapter 2].
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1. STURM-LIOUVILLE PROBLEMS

We denote the operator introduced in the previous section by the following operator no-
tation

where p, q,r are real-valued functions.

Definition 1.1 (Regular Sturm-Liouville problem). Suppose I = (a,b) C R, —o0 < a <
b < oo, where L is said to be reqular if p,p’,q,r € C(I;R) and p > 0,r > 0.

Then following question is motivated by separation of variable in PDEs, especially in the
one-dimensional wave equations. We consider

{Eu:zu, ze€C,

" (1.1)
+ separated boundary conditions: BC,(u) = 0, BCy(u) =0,

where the BC operator of u at a and b are defined as

BC,(u) :=agu(a) — alp(a)%u(a), (v, 1) # 0,

BC(w) =Aou(h) — rp(b) - u(b), (5o, 1) # 0,

respectively. This boundary condition is called separated boundary conditions. Then our
question is trying to determine that for which z € C, there exists u # 0 solving (1.1).

The first approach to solve this problem is to note that we can simplify the boundary
condition as follows. Without loss of generality, one can assume |(ap, o1)| = 1 and (g, 1)
lies in the upper half circle except (—1,0). Then by a change of variable, we assume

(g, 1) = (cosay, sina),  (Bo, f1) = (cos B,sinf), «,p € [0, 7).

Let u, be the solution to

Lu, = 2uUq,,
uq(a) =sina, p(a)ul(a) = cosa,

where u,, exists and is unique due to the fundamental theorem of ODEs. Clearly, u, satisfies
BC,(u,) = 0. Moreover, any solution u to

Lu = zu,

BC\y(u) =0,
satisfies u = cu, for some constant ¢, that is, we get a one-parameter family of solutions
to this ODE. If we do the same thing by replacing a by b, then we get two one-parameter
family of solutions, which sometime may match with each other to be a solution of (1.1).
This kind of problem is called a shooting problem. Since (1.1) is a second order linear ODE,
all its solutions form a two dimensional vector space. Heuristically, the shooting problem is
kind of like matching two stuffs of one-dimensional in a two dimensional space. This is why
it is called a shooting problem.
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So the problem whether (1.1) has nonzero solutions can be transformed to thinking whether
U, X up. To prove the main theorem of regular Sturm-Liouville problems, that is, there exists
eigenvectors, we borrow tools from functional analysis.

1.1. A primer on bounded symmetric operators.
Definition 1.2. We say (u,v) is a sesquilinear form on a complex vector space H if it is
linear in v and linear conjugation in u, that is,
{(u, c1v1 + cav9) = ¢1{u, v1) + co{u, va), (crug + coug, v) = & {ug, v) + é{ug, v).
This is in line with the convention in physics.
Definition 1.3. (, ) is a (complex) inner product if (u,u) >0 and =0 iff u =0, (u,v) =
(v, u).

Suppose (H, (-,-)) is an inner product space.

Lemma 1.4. Let u € H, X C H such that X is spanned by (eq,...,e,) and (ej, ex) = dji.
Let u,, = Z?:1<u, e;)e; be the orthonormal projection of w to X, then for any u € X, the
error

lu =@l > Jlu™],
where the equality holds iff & = u,, where ut = u — u,.
Proof. The proof is elementary by writing
lu =) = Jlup +u = al* = [Ju, — ] + ur|* > [Jut]?,
where the second equality follows from the fact that (ut,e) =0 for all 1 <k < n. O

Example 1.5. Here are two examples of inner product spaces:

(C", (u,0) =Y ), (LP(1;C), (u,v) = / v dr).

I

Definition 1.6. We say the linear operator A : H — H is bounded if supy,—; [|Aul| <
+oo. A is symmetric if (u, Av) = (Au,v) for all u,v € H.

Lemma 1.7. If A is bounded and symmetric, then any Au; = zyuy, Aus = zous for uy #
0,ug # 0,21 # 29, then uy L us and any eigenvalue is real.

Remark 1.8 (Spectral theorem on C™). Suppose A is a Hermitian (conjugate symmetric)
matrix, then we know that A is diagonalizable, that is, n eigenvalues are real and there
exists eigenvectors that form an orthonormal basis.

The reason why this is interesting is that we can develop functional calculus for A. Suppose
D = diag (A1, ..., \,). For a measurable function f : C — C, it is presumably that f(A) is
related to diag (f(\1), ..., f(An)). This gives a formal way to view the operators as constants,
which would be extremely useful if one can make it rigorous as shown in the following
example. If £ were a positive number, then one can solve the wave equation §? = —Lu by

u=asint\/L + bcostv/ L.
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Definition 1.9. A : H — H is compact if for any bounded sequence {u,} C H (||u,] < C),
then {Au,} is compact in the sense that Au, admits a converging subsequence.

Example 1.10. A: H — H is a compact operator if dim range (A) < +oc.

Remark 1.11. Actually, we have a stronger theorem that tells us that in a separable Hilbert
space with countable basis, finite dimensional operators are dense in compact operators with
respect to the operator norms.

Theorem 1.12 (Spectral theorem for compact symmetric operators). Suppose A is a
compact symmetric linear operator, then the eigenvalues are discrete except possibly at 0.
More precisely,

Al = |ao| = [au]| = -+~ =0,
can only accumulate possibly at 0, where «o; are all the eigenvalues. (All eigenvalues are
real as discussed before.) And there exists eigenfunctions {e,} that are real-valued and
form an orthonormal basis of range (A)

Remark 1.13. In the definition of compactness, we don’t assume the completeness of H.
However, under completeness, there’s even a spectral theorem for compact operators without
inner product structure for A : X — X compact on Banach spaces, where the statement is
more like a generalization of Jordan canonical form.

The proof of the spectral theorem uses essentially the same idea as the proof that Hermitian
matrices are diagonalizable.
With the same condition for A as in Theorem 1.12, the following lemmas hold.

Lemma 1.14 (Existence of an eigenvalue for A). Suppose A : H — H is linear, compact

and symmetric. There ezists an eigenvalue A such that |\| = ||A||. And hence by symmetry,
AeR

Proof. We want to find the extremizer of {||Aul| : |Ju|| = 1}. By definition of supremum,
there exists u, such that ||u,| =1 and ||Au,|| /A :=||A]|. By compactness of A, Au,, — v
by passing to a subsequence. Up to a subsequence, A%u,, — 0.

Since || Au, || = (Au,, Au,) = (A%, u,) — A% we know

1420, | = sup (A2, w) > (A%, ) — A2

[Jw||=1

On the other hand, ||A%u,| < A% Hence, ||A%u,|| — A?, and in particular, ||o]| = A2

Suppose © = A%u, ||ul| = 1, then we want to show A%y = A%u. Since
(A% — A%)u,||? = || A%, ||* — 2Re( A% A%y, up) + A*Ju,||? — 0
as n — oo, N*u = lim,_o0 A%u,, = lim,_o A%u, and hence A?u = A?u, which implies
(A—A)(A+ A)u =0, so either A or —A is an eigenvalue. O

Proof of the Spectral theorem, Theorem 1.12. Using Lemma 1.14, we can find a real-valued
eigenvalue \g and a corresponding eigenfunction ey of A. Without loss of generality, we can
assume e is real-valued. Otherwise, we replace by normalizing ey + €9, which is also an
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eigenfunction corresponds to Ao thanks to the symmetry of £ or more precisely, it follows
from the property that p,p’, ¢, r are real-valued. And then consider the restriction A|(60)L,
and by the symmetry of A, we know that ran(A|e,.) C (eg)*. Then applying Lemma 1.14
to Al will help us find Aj,e;. By repeating this argument, we get possibly infinitely
many eigenvalues and eigenfunctions.

If the sequence is infinite, we want to show that A\, — 0. Suppose not, there exists 6 > 0
such that [\,,| > ¢ by passing to a subsequence and Au,, = Apu,,. Since v; = /\qun
is a bounded sequence, by compactness, Av; = u,, should have a convergent subseque]nce.
However, u,, is orthonormal to each other, so ||u,, — uy,||* = 2, therefore it does not have
any convergent subsequences, contradiction!

Finally, if v € ran(A), then there exists w such that v = Aw. Let v, = >, _, (e, v)ey and
wy, =Y {ex, w)ey. Since Aw, =Y 7_, (Aey, w)ey = v, we have

[v = vnll = [[A(w = wn) || < PAngalllw = wnll < 2JAn 1 [lw]] = 0.

J

If v € ran(A), then for all € > 0, there exists v. € ran(A) such that ||[v —v.|| < £/2. Using
the result in the preceding paragraph, there exists v. x = fo:l crey such that ||ve —ve n|| <
e/2. From Lemma 1.4 shown in our last lecture, ||[v — vn|| < ||v — ven]| < €, S0 vy — v,

N
where vy = >, (€x, V)ex. O

Unfortunately, we cannot apply the spectral theorem directly to £ in our Sturm-Liouville
problem. We will show that the resolvent (£ — 2)~! for z € C turns out to be compact and
symmetric and it will suffice to understanding (1.1).

1.2. Regular Sturm-Liouville problem. For the sake of convenience, we restate the prob-
lem here. We consider

Lu=zu, ze¢€C, (12)
+ separated boundary conditions: BC,(u) = 0, BCy(u) =0, '

where

dz” dz
with p,p',q,r € C(I;R) and p > 0,7 >0, I = (a,b) CR. B

Put H = (L*(I;rdx);(f,g) = [, fgrdz). Set D(L) = {f € C*I;C) : BC,(f) =
0, BCy(f) = 0}. We say z is an eigenvalue for (1.2) with an eigenfunction u, if there exists
u # 0, u € D(L) such that Lu = zu.

1/ d d
EZ—(——p—+q>,

Theorem 1.15. For a regular Sturm-Liouville problem, there are countably many eigen-
values, which are real and simple and accumulate only at co. And there exists real-valued
eigenfunctions which form an orthonormal basis {u;} of H, that is, every f € H can be
written as

£(a) = > (s, Fug(a).

In this subsection, our goal is to prove this theorem.
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Example 1.16. Suppose L = —%, BC,(u) = u(a), BCy(u) = u(b) with I = (0,7). Then
by solving explicitly, we get

{)\1 =1,u; =sinz, ...,

— 2 o
Ap = N7, u, = sinnze

Now we consider some ODEs and will heavily rely on integration by parts.

Lemma 1.17.

8 8
/fﬁgrdx—/ Lfgrdz+p(B)f'(B)g(B)—=f(B)p(B)g (B)—(p(a) f'(@)g(e) — f(a)p(a)g'(a)).

Proof. A direct integration by parts. O
Corollary 1.18 (Symmetry of £). Suppose u,v € D(L), then (u, Lv) = (Lu,v).
Proof. Use the lemma with f =4, g =v,a=a,5 =0b. O

Note that if f, g are solutions to £ = 0, then we know from the lemma that the bound-
ary terms shall vanish, which motivates the following definition of the modified Wron-
skian.

Definition 1.19 (Modified Wronskian). The modified Wronskian is defined as

W) i= we)p(a)v () — p ) (0le) = det (157 0D
Thus the lemma above can be restated as
B

Wg(u,v)—Wa(u,v):/ (,Cu)vrdx—/ u (L) rde. (1.3)

[e7 [e7

B

Corollary 1.20. If Lu = zu, Lv = zv, then W, (u,v) is independent of x. Moreover, u and
v are linearly dependent if and only if W, (u,v) =0 for some x.

Recall that respectively, u,(x; z) and u(z; 2) satisfies

Lug( ;2) = zug( ;2), Lup( 52) = zup( 5 2),
uq(a; z) = sinq, up(b; 2) = sin j3,
plaji,(a;2) = cosa, | p(bu(b: ) = cos .

Corollary 1.21. z is an eigenvalue of L in D(L) if and only if W, (ua( ;2),up( ;2)) =0 for
some x.

Definition 1.22. We define W(z) = Wo(ua( ; 2), us( ; 2)). ‘
Let us study

Lu = zu,
BC,(u) = BCy(u) =0,
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if W(z) # 0, L—=z has trivial kernel. Actually, one can show that A : D(A) — H has following

properties. For finite dimensional cases, Ran(A) = (ker A*)*, so when A is symmetric, then
it is surjective. In the infinite dimensional cases, we have Ran(A) = (ker A*)+. Moreover, A
is coercive, then Ran(A) = Ran(A). These properties can be found at [3, Proposition 9.12,
0.14].

We expect, on abstract grounds that

(£—2u=f,
{BC’a(u) = BCy(u) =0 (L4)

should be solvable for f € H.
To see this, let us work by hand and construct Green’s function:

Definition 1.23. The function G(x,y) is said to be a Green’s function if the solution to
18 given by

b
ue) = [ Gl @) dy.

Take f(y) = le)éo(y — 7o), then the corresponding solution if u(x) = G(x,yo). Since
r()(L—2)G(-,y0) = do(- — yo), where the right hand side vanishes away from yy. Then from
the discussion at the very beginning of the section, the solution for G(x,y) is proportional
to u, when = < 7o and proportional to u, when x > yo. Moreover, from the equation

(L — 2)G(-,y50) = do(- — o), we expect that G(z,yy) is continuous at x = y, since if we
integrate ¢ function two times, we will get a continuous function. Thus, we expect

Gla.y) = cuq(; 2)up(y; 2), = <y,
W= cuq(y; 2)up(z; 2), x>y,

for some c¢. Now we compute ¢ as follows. By (1.3),
b b
/ ug(z;2) (£ — 2)G) rdx = / (L = 2)ug) Grdz + Wy(ug, G) — We(ug, G).

Since u, and G are proportional at © = a, we know W, (u,, G) = 0. Since (£ — 2)u, = 0 and

r(L—2)G = d(- — y), we get
ua(y; 2) = Wilta, G) = Wilua( 5 2), us( 5 2))cua(y; 2) = W (2)ua(y; 2)
which implies that ¢ = 1/W(z2).
Definition 1.24. Suppose W (z) # 0, then the operator Ry(z) defined by
Re()f = [ G Sy
is a operator Rp(z) : H — D(L), where '

1 . )
G(Z‘7 y) = W(z)ua<x, Z)ub(y’ Z), T < v,
ﬁua(?/; 2up(x;2), T >y.

~—
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One should note that the R.(z) is well-defined as an operator
Re(2): H— HNH*(I) or Re(z): HNC(I) — D(L),

where C(I) N H means the space C(I) with (f,g) = [ fgrdz. This is because that for all
f € H, one can compute the distributional derivative of R.(z)f explicitly up to second order
by pairing with a test function and using the definition. We have

9, (R /any )r(y) dy,

where 0,G(x,y) is just the pointwise derivative in L> and

( / O2un(a s () du -+ [ zua<y;z>aiub<x;z>f<y>r<y>dy)

+ = W(z) (=0Optia(; 2)up(w; 2) f ()7 () + ua(x; 2)Opun(2; 2) f (2)r(2))

which implies that Rz(z)f € C?*(I) provided f € C°(I) while Re(z)f € H?*(I) provided
f € L*(I) and in both cases, we can find that (£ — 2)Rc(2)f = f.

And R.(2) : C(I)NH — D(L) is surjective since for all u € D(L), by a direct computation
using (1.3), one can see R, (2)(L£—2)u = u. Hence, it is natural to denote R, (2) by (£L—z)"1.

Proposition 1.25. (£ — 2)~! is well-defined on C(I) N H for z such that W(z) # 0 and it
is compact from C(I) N H to C(I)N H and symmetric when z = Z.

02 (Re(2) ) (

Proof. The well-definedness of (£ — z)~! is shown in the preceding paragraph.

Now we show the compactness. Fix z such that W(z) # 0 and note that G(z,y) is
continuous on [a,b] X [a,b] and hence uniformly continuous For f € C(I)N H, set g(z) =
(L — 2)7'f, then by 0,G(x,y) € L>®(I x I) and ¢'( f 0.G(z,y) f(y)r(y) dy, we know
that

|9(21) = g(z2)| < Clor — za||| || 22(10d) -
Hence, if {f,} C H is a bounded sequence, then {g,} is equicontinuous and hence has a
uniformly convergent subsequence by the Arzela-Ascoli theorem. Moreover,

x€[a,b] x€[a,b]

2
b
1fa = fonllTo(rrary < 0P |ful2) — fm($)|2/ r(z)de < C, ( sup | fu(x) — fm($)|)
implies the convergence of {f,,} in H, which shows that (£ — z)~! is compact.
1

Finally, we show that (£ — 2)7! is symmetric if z = z. If suffices to show (£ — z)~! =
(L —2)~1)". Then it suffices to show G(z,y;2) = G(y, z; z) since this would imply

=20 = @ < / Gy ) ) ) dy) r(z) do
Z/ab (/abG(:r,y;Z)@T(w) dw) F)r(y) dy

- [ ([ 6t 2w o) soprtoy o = (= 27, 1)
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Since G(z,y) = G(y,x), it suffices to show u,(z;2) = u.(z;2), up(z;2) = up(z;z) and
W (z) = W(z), which is obvious. Thus, this completes the proof. O

Proof of Theorem 1.15. o We claim that for zy € R sufficiently negative, W (zy) # 0. It
suffices to show there does not exist a solution u to the Sturm-Liouville problem with
separated boundary condition. Suppose not, noting that p,r > 0 on I, integration by
parts shows that there exists some M > 0 such that

(Lu,u) > /q(az)|u($)|2 dx > —M(u,u).

Then it is obvious that for zyo < —M, u cannot be a solution to Lu = zgu, which implies
W (z0) # 0. B

e Then one can apply the spectral theorem to (£ — 29)~' : C(I) N H — D(L) for 2, € R.
Therefore, we know that there exists a countable number of eigenvalues a,, — 0 plus

corresponding orthonormal eigenfunctions wu,, that form a basis of C'(I) N H = D(L).

e Since (£L—2zy) tu, = apu,, we have Lu,, = (zo + a—1n> Uy, which shows that E,, = Z[H—i
are eigenvalues of £ with corresponding eigenfunctions u,,.

e Now we only need to show all eigenvalues are simple. Suppose not, then there exists
eigenvalues A with two eigenfunctions u,v. In particular, BC,(u) = BCy(v) = 0 and

hence W, (u,v) = 0, which implies that v and v are linearly dependent, contradiction!
O

Remark 1.26. In the statement of Theorem 1.15 and the proof above, we use the inner
product space H N C°(I) to be our space. (We don’t need completeness throughout this
subsection.) And as noted in the calculation of resolvent R.(z), we konw that we can
replace all H N C°(I) by H and all D(L) by {H*(I) : BC, = BCj = 0} at the same time to
derive another version of the theorem.

1.3. Nodal set and zeros of eigenfunctions : Variational approach. This approach
is more general and can be applied to PDEs.

Theorem 1.27 (Variational characterization of eigenvalues, known as the Rayleigh-Ritz
principle). Let £ be an operator in the setting of a reqular Sturm-Liouville problem with
BC,, BCy. Suppose A\g < A1 < ... are eigenvalues to the following Sturm-Liouuville problem

Lu = \u,
BC,(u) = BCy(u) =0,
then P
Ao = min {, Lu) u)7
Do) (u,u)
where D(L) = C*(I;R) N {BC,(u) = BCy(u) = 0}. The minimum is realized if and only
if u < eq. Moreover,
A\ = min {, Lu)
u€D(L),u€(eg,....ep—1)+ <U,'U,>
and the minimum is realized if and only if u o ey.

?
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Proof. By Theorem 1.15, we know that each f € D(L) can be expressed as

o0

F(2) =3, e,

=0
Since Ran((L — 2)™') = D(L), we take g € H such that f = (£ — z)"'g. Then it follows
from f = (£ — 2)"'g and the boundedness of (L — z)™' : H — H that (u,, f) = an{u,, g).

Hence, (L —2)f =g =72 (un, f}tun, which implies

Lf=) (z+ aixun, .
3=0 "

Put \, =z + t, en = Upn/||unll, ¢n = (un, f). Then one can find that the Rayleigh quotient
(Lf ) _ XA

<f7 f> B Z;i() C?L 7
which can reaches its minimum when taking the minimum over f € D(L) at f o ey, which
completes the proof. O

Definition 1.28. For f : I — R, the nodal set of f is {z € I : f(x) = 0}. And a nodal
domain of f is a component of I \ {x € I : f(x) = 0}.

Corollary 1.29 (Courant nodal domain theorem). Suppose ey is the eigenfunction to (k+1)-
th smallest eigenvalue N, has at most (k + 1) nodal domains (k zeros in (a,b))

Proof. Suppose e € D(L) with n zeros such that Le = Ae, then it has n + 1 nodal domains
Iy, I, ..., I, whose left endpoints are denoted by =z, ..., x,, respectively. It suffices to show
A> A\,
Set u; = e[y, for 0 < j < n. Clearly, u; is orthogonal to each other since their supports
(u

are distinct and ﬁ = A. Note that u; ¢ D(L), but we proceed the proof to see what’s
taetV)

the main idea first without manipulating the domain. Then pointwisely,

,Cu]- _ )\Uj, x € Ij,
0=MAu;, z¢lIj.

Set f = Z?:o c;uj. Then by linear algebra, one can choose c; such that
<ej7f>:0> OSJSTL—].,

that is, f € (eg,...,en_1)t. And (Lf, f)/{f, f) = A. Hence, A\ > \,, which completes the
proof.

Now, we resolve the problem of u; ¢ D(L). Since z,...,z, are zeros of e, so we know
that the pointwise derivative of f almost everywhere is equal to its distributional derivative.
Hence, by the fact that f’ is well-defined and bounded almost everywhere, we have f € H(I).
Moreover, by integration by parts on each subinterval(each nodal domain) respectively,

<£ﬁf%z/p@ﬂf@b”+ﬂ@f@ﬁw
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makes perfect sense. And one can find f¢ € C°(I) C D(L) such that f¢ — f in H', which
implies that (Lf¢, f5) — (Lf, f) and (f¢, f¢) — (f, f). Moreover, by modifying f a little
bit to

n—1

g =F = (fe)e; €DL)N(eq,- . en),

j=1
we know that the Rayleigh quotient
(Lo, g°)
(95, 97)
and hence A > \,, that is, there exist at least n + 1 eigenvalues that are less than or equal
to A, which completes the proof. O]

— A

Remark 1.30. This argument is very general and can be applied if the eigenvalues can be
realized as Rayleigh quotients. The result concerning the upper bound of the number of nodal
domains can be generalized to multi-dimensional settings, where you also need some technical
estimates about the on the regularity of the nodal domains in order to use the divergence
theorem. This is just a basic result in the study of nodal domains for eigenfunctions of
Laplace-Beltrami operator on manifolds, which is a story that is still very active. There’s
a famous conjecture, Yau’s conjecture, on the asymptotic number of nodal domains versus
the location of eigenvalues.

1.4. Nodal set and zeros of eigenfunctions : ODE approach. For specific problems
like Sturm-Liouville problem, we can say more about the nodal domains.

Theorem 1.31 (Sturm oscillation theorem). Consider the reqular Sturm-Liouville problem
and order the eigenvalues as \g < A1 < ..., which corresponds to e, eq,... with |le;|| =1,
respectively. Then ey has exactly k zeros in (a,b).

Throughout this subsection, Our basic tool for the proof is to introduce polar coordinates in
phase space, which is known as Priifer variables:

(i) = ()

where u: I — R, p: I — R, p > 0. Without loss of generality, we assume (ngz)) £ 0,
that is, p,(x) # 0. Otherwise, if u is a solution to the regular Sturm-Liouville problem, then
u = 0. Though 6,(x) is defined only up to multiples of 27, it can be uniquely determined as
a continuous function once an initial value at some point c is given. This angle 6, measures
the angle between (u,pu’) and the axis pu'.

Note that zeros xy of u corresponds to values of xy such that 6,(xz¢) = 0 mod 7. Thus,
counting the zeros of a solution u to the regular Sturm-Liouville problem can be transformed
into the counting problem of how many times the 6, passes the vertical axis. Moreover,
BC,(u) = cosau(a)—sinap(a)u’(a) = 0 if and only if 0,(a) = o mod 7. Similarly, BCy(u) =
0 holds if and only if 6,(b) = § mod 7.
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Take u,(z;\) to be solution to the eigenvalue equation Lu(-;A) = Au(-; A) with initial
value uq(a; A) = sin o, p(a)u),(a; A) = cos . Put 0,(x; A) := 0y, (0 (). Fix 0,(a; \) = a with
a € [0,7), then uy(-; \) is an eigenfunction if and only if 6,(b; \) = 8 mod .

Here is a way to visualize the idea of our method, though very heuristic.

é«-ﬂ Puf

[

mw‘gf'wl}
However, 6, is not linear, so we need to make our idea rigorously make sense. Now we
derive the ODE for ,. Combining the following three formulas

0=—(pu) + qu — Aru,
pu' + iu = p,es,
/10y

(pu') + i’ = pl e +ip,0 e

we have

Y S 1 ' /
(Ar+ qutiu e = (=A\r 4 ¢) sin(0,,) + i— cos(f,)e ¥ = Py
Pu p Pu

By taking the imaginary part, we have

+ 136’ .

u

1
0! = (A\r — q)sin? 6, + — cos® ., (1.5)
p
which is the ODE satisfied by 6, corresponding to a solution u of the eigenvalue problem.

Theorem 1.32 (Comparison for (1.5)). Consider 0y,0; solving (1.5) with coefficients
Pos Go, "o, Ao and p1,q1, 71, A\ respectively under the regular Sturm-Liouville assumptions.

Suppose
1

1
— < — (<= p1 <po) and Agro — qo < Mir1 — q1,
Po  P1
then
(1) if 6p(x0) < 01(z0), then for all x € [z, b], we have §y(x) < 01(z);
(2) if Op(x1) > 01(2z1), then for all x € [a,x1], we have Oy(x) > 01(z);
(3) if Op(zo) = 01(x0) and Oy(x1) = 01(x1) for a < xy < x1 < b, then there is rigidity, that
is, po = p1 and Agro — go = MiT1 — q1 on [Zo, T1].

The key tool to prove Theorem 1.32 is to set up some ODE comparisons. This is basically

the idea behind weak maximum principle, but here you are just concerned with first order
ODEs.

Lemma 1.33 (Comparison lemma). Let F'(t,y) : [a,b] x R — R satisfies

o g > F(t,g(t)) on[a,b], a strict supersolution of the ODE;
o f'=1F(t, f(t)) on [a,b], a solution to the ODE.
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If g(to) = f(to) for some to € [a,b], then g(t) = f(t) for allt € [to,b] and if g(t1) < f(t1) for
some ty € [a,b], then g(t) < f(t) for all t € [a,t]
Proof. Suppose not, then there exists t* such that g(t*) = f(t*) and ¢(t) < f(¢) for all t > t*.
However, ¢'(t*) > F(t*, g(t*)) = F(t*, f(t*)) = f'(t*), which is a contradiction.

For the second statement, the result follows from reversing the time. U

Proof of the Theorem 1.52. Let
1

po(x)
e Step 1: First, we assume the inequalities in the assumption are strict,

1 1
— < — and /\07“0 —qo < )\1’/’1 —q1.
Po D1

cos? .

F(z,¢) = (Ao(2)ro(x) — qo()) sin® p +

Then
0, = (A\1r1 — q1) sin? 0 + pio cos? 0y > F(z,0:(x)),
0 = F(x,00(x)),

and the result follows.

e Step 2: Now we eliminate the assumption that inequalities are all strict, and then prove
by approximation. We take (A5, p5,q5,r5), such that it converges to (A1, p1,q1,71) on
[a, b] with p% > p% +¢e and Aj7§ — ¢} > A1y — g1 + . Then by applying the result proved
in the preceding step, we know 0y(z) < 65(x) on [z, b] for all € > 0. By passing to the
limit, the result follows.

e Step 3: The second assertion follows from reversing the time.

e Step 4: By the first two assertions, we know 0y(z) = 01(z) := 0(x) for all x € [z, x1].
This implies that

(o(@)ro(z)—ao(z)) sin® 6() + !

po(x) pi(x)
holds for all = € [z, x1]. The result follows by plugging in any two distinct z’s.

cos? 0(z) = (A (z)ry(x)—q (7)) sin® O(x)+ cos® O(z)

L]
Corollary 1.34. 0,(x; \) must be strictly increasing in X for all x € (a, b].

Proof. Suppose \g < A1, Since 6,(a, \g) = 0,(a, A1), then by Theorem 1.32(1), 0,(x, \g) <
0,(z, A1) and the inequality is strict thanks to Theorem 1.32(3). O

The following lemma tells us 6, can only cross a multiple of 7 from below and hence will
always increase by m between two consecutive zeros.

Lemma 1.35. If 0,(x9) = 0, then 8, (z0) = 57 > 0.

Proof. This follows directly from (1.5). O
Lemma 1.36. The function 0,(x; \) satisfies
lim 6,(x;\) =0,

A——00

for all x € (a,b.
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Proof. By Lemma 1.34, the limit exists. Moreover, 6, is always positive since it cannot cross
zero from above thanks to Corollary 1.35 and we have 6,(a) € [0, 7).
Fix z € (a,b], € > 0, put O(z) = a — (@ — £)7=%. We want to show

1
O > (A\r —q)sin’© + ~ cos* ©
p

on [a,xp]. Assuming this claim, by comparison lemma, © is a supersolution such that
O©(a) = 0,(a), which implies 6,(z; \) < ©(x) on [a, zo]. In particular, 0,(z; ) < €. Hence,
limsupy_,_ . 0a(x0; A) = 0 and therefore limy_, o 0,(x9; A) = 0.

Proof of claim: Since © > ¢, sin?© > Ce?. Let A be sufficiently negative such that

(A\r —q)sin?© < A — 117 for some A € R to be determined. Since ©' = —(a — ¢), the claim
holds if A — i + 110(:082 © < A is less than —(«a — €), and then choosing A = —a would
work. O

Now we are armed with all the tools needed to prove the Sturm oscillation theorem.

Proof of Theorem 1.31. By Lemma 1.36, as A — —o0, 0,(b; \) — 0. Thanks to Lemma 1.34,
and the existence of eigenvalues, by increasing A, the minimal A such that 6,(b, \g) = So
shall be the first eigenvalue A = Ay, , where 5y =  mod 7 and fy € (0, 7]. Since fy € (0, 7],
0.(-, \o) stays in between (0, 7) on (a,b], which has no zeros.

Increasing A again until 0,(b; \) = Sy + m, for some A = A, which shall be the second
eigenvalue.

By performing this argument repeatedly, the theorem follows. O

1.5. Floquet theory and Sturm Liouville problems with periodic coefficients. We
study the same operator £ with p,q,r,p’ € CY(I;R) with p,7 > 0 on I, where I = (0,1).
Moreover, we require that p, ¢, r are [-periodic. There are two naturally associated problems.
One is the periodic boundary value problem:

{Eu = \u, (1.6)

u is periodic with period [,

and the other is the problem on (—o0,00) with periodic coefficients. We can see later that
the first one can be used to study the second.

The typical example of a periodic boundary value problem is £ = —% with [ = 27, The
solution will be A =n and e,, = sinnz, cosnz.

1.5.1. Floquet theory. This is the structure of solutions to linear ODEs on (—o0, 00) with
periodic coefficients. In this part, we consider

y = Alx)y, (1.7)

where € R", A: R — R™" has period [, that is, A(z) = A(x + ).

Note that in view of the case A = const # 0, we need to allow exponential growth or
decay of solutions. We will see in a moment that Floquet’s theorem tells us once we factor
out such exponential behaviors out, the solution is periodic.
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Definition 1.37. We say II(z,z0) is a principal matriz solution to the problem (1.7) (at
xo) if it satisfies
d

—T(x,20) = A(@)TI(z, 20), (o, 30) =1, (1.8)

which is uniquely defined thanks to the fundamental theorem of ODFEs.
For each 35 € R™, § = II(x, x0)yo is the solution to (1.7) with the initial value ¢(xq) = .

Lemma 1.38. The principal matriz solution satisfies
H(l’,lj)H(ZEl,%()) = H<x7x0)' (19>
In particular, TI(xy, 20) "' = (g, 21).

Proof. Note that both side of (1.9) solves the ODE in (1.8) and coincide at z = ;. O

By periodicity of A, we have II(x + l,xy + 1) = Il(x,z(), which suggests the key to
understand dynamics is the principal solution starting at xy and evaluated after [, that is
H(.%'O + l, l’o) = Mmo-

Definition 1.39. The matriz M,, := I(xq + [, z¢) is called the monodromy matriz for
(1.7).

Note that if M,, = II(xq + [, z9) = I, then
(z +1,20) = (z + 1, 20 + (20 + [, 20) = II(z, 20)

and hence the solutions to (1.7) will be periodic. But as we mentioned above, this fails to
hold in one-dimension with constant matrix A. Fortunately, we have

(zo+kl, wo) = W(zo+kl, zo+(k—1) ) (zo+(k—1), 20) = My Il(zo+(k—1)l,20) = - -+ = ML,

for any integer k. Thus II(x,zy) exhibits an exponential behavior if we move on by one
period in each step.

So we want to find P(z, ) such that P(zo,x0) = I and P(xg + [, x0) = M 'TI(z, xo).
Heuristically, P(z,xq) is the matrix we expect after factoring out the exponential behavior
of Il(x, zp).

We want to find @, such that M,, = exp (IQ,,) and define P(z, zo) = I(z, q)e~#=20)%
If so, then P will be [-periodic, which is because

P(x+1,x0) =I(z + I, z)e” “H750I%0 = T(x + [, 20 + DI (g + [, wg)e” “H )%
:H(ZL‘ =+ l, Zo =+ Z)Mmoe_lQ”CO @_(x_ﬂco)Qmo = H(:L‘ + l, ) + l)e_(x_JCO)on = P(I’, ZE()).

It remains to find @,,, which heuristically the log of M,,. Thanks to (1.9), M,, has no
zero eigenvalues.

Using the Jordan canonical form, log M, is well-defined. A fancy way to do this is
holomorphic functional calculus. A more hands-on way to do this is using the series
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Without loss of generality, we assume M,, only has one Jordan block, M,, ~ (I + N).
Then log(al + N) = log o + log (I + iN ) can be defined using series expansion, where the
sequence is finite since IV is nilpotent.

Now we can conclude by the following theorem.

Theorem 1.40 (Floquet’s theorem). Suppose A(-) is l-periodic, then the principal matriz
solution has the form Il(z,x2¢) = P(x,10)e!®=20)%0  where P(-, ) is also l-periodic and
P(l’o, IL‘()) =1.

From the characterization above, one only need to focus on )., to see whether it is
bounded. Using this, we can formulate the question of stability of solutions to (1.7), using
Q.. Or equivalently M, .

Lemma 1.41. M,, and M,, are similar for all x1,z,.
Proof. We write
My, =(zo + 1, 20) = (o + 1, 21 + DI(xy + 1, 21) (21, 20)
= T(xg, 21) My, (1, 20) = T(wy, 0) ™ My, (21, 0).
O

Thus, the eigenvalues of M, are independent of the choice of zy and the same holds for
the eigenvalues of @), .

Definition 1.42. The Floquet multipliers p; are defined as eigenvalues of My, and the
Floquet exponents r; are defined as eigenvalues of Qu, with p; = €'.

Definition 1.43. A linear system is called stable to the future if all solutions remain
bounded as t — +o00.

Theorem 1.44. The system (1.7) is stable to the future if and only if |p;| <1 (Re(r;) <0)
and the Jordan blocks of My, corresponding to |pj| =1 (Re(r;) < 0) has no nilpotent part.
Likeuwnse, to get the characterization for backward stable, you just need to replace < by >.

Proof. By Floquet’s theorem, (1.7) is stable to the future if and only if e!(*=70)Q=0 4y is stable
to the future for all yy. Since for any generalized eigenvectors of ), it is bounded for all
x > x respectively, then we know the requirements for the eigenvalues of (), are as in the
statement of the theorem. O

1.5.2. Sturm-Liouuville problem with periodic coefficients. Now we specialize to Sturm-Liouville
problem with periodic coefficients (1.10). Our goal is to determine the set
{AN € R: Lu = \u is stable}.

And we will see in the following weeks that this set is somehow equal to Spec(L) on
L*(—00, ).

Our set-up is as follows. The eigenvalue equation Lu = zu is equivalent to

DREN [0 ERI0 R
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and we take o = 0. The corresponding principal matrix solution is given by
[ clwsz) s(mz)
Hiw,0:2) = (pC’(x; z) ps'(; Z)> ’
where ¢, s are the solution to
Le=zc, ¢0)=1, pd(0)=0,
Ls=zs, s(0)=0, ps0)=1.

Here we use the notation ¢, s to denote since they are initials of cos, sin.
With a slight abuse of notation, we denote the monodromy matrix by

- [ cllsz) o s(lz)
M(z) =11, 0:2) = <p6’(l; z) ps'(2))”
We are interested in the two eigenvalues of M (z). Here’s an observation that det M(z) = 1,
which follows from the property of modified Wronskian, Corollary 1.20, that

det M(2) = det ( c(liz)  s(l;2)

pc (15 2) pS'(l;z)) = Wile,s) = Wo(e, s) = 1. (1.11)

Definition 1.45. The Floquet discriminant is defined by A(z) = %(z) Then the Floquet
multipliers are given as px(z) = A(z) £ /A(z)? — 1.
Definition 1.46. The stability set is given by

Y={AeR:|AN)| <1}

Lemma 1.47. The stability set ¥ indeed characterizes the stability of (1.10). More precisely,
Y ={XeR:(1.10) is forward and backward stable}.
Proof. For X real, A()) is real, and then
AN) £i/1T—=AN)? AN < 1,
pr =< AN, AN =1, (1.12)
AN £ /AN2=1, |[AN)| > 1.

Now we apply the characterization for stability in Theorem 1.44 and hence if |[A(MN)] < 1,
then |[pi| = 1 implies (1.10) is forward and backward stable while if |A(\)| > 1, then
lp+| > 1,|p—| < 1, implies (1.10) is forward and backward unstable. O

Our goal is to study the stability set ¥. The basic approach is to start from A\ = —oo
and study A(A) as A — oo. We claim that if A € 0¥, that is, |[A(N)| = 1, then \ is an
eigenvalue for Sturm-Liouville problem associated with £ for periodic (A(A) = 1) functions
or anti-periodic (A(X) = —1) functions, that is, f(z + 1) = —f(z).

Recall that A(A\) = £1 implies that M (\) has eigenvalues +1. If A(X\) = 1, then there
exists a solution such that

(o) =100 () @ = ()
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which is exactly the periodic condition. Likewise, if A(A) = —1, then there exists a solution

such that
(o) =210 (o) 0 == () O

More precisely, we define the periodic (antiperiodic) H? functions as
H?, = {fe H*0,0):3f € H (R),f : R = R, f(z +1) = £f(x),

p
pl+ 1) f(x+1) =+p(a) f(2) st. floy =/}
We construct L. : D(L+) — L*(0,1) with D(L.) = H} . (0,1), such that L.f = Lf.

Lemma 1.48. A(\) = £1 if and only if A is an eigenvalue for Ly and there exists a sequence
of real eigenvalues with no finite accumulation point.

Proof. Obviously, L. is symmetric on D(L4). Note that by constructing the Green’s func-
tions as in Section 1.2, (see [12, Chapter 5, Problem 5.33]) one can show that Ly has compact
resolvent for z real and sufficiently negative, then L. has countably many eigenvalues for
Ly: X< XM< X <...andfor L_: g < p; < pe < ...that accumulates at oo. O

Theorem 1.49. We have \g < g < 1 < A1 < Ao < g < pg < ... and X = [Ag, po] U
[[1,1,)\1] U [)\Q,IMQ] U....

To prove this theorem, we make the following claims :

(1) If A is sufficiently negative, then A(\) > 1.

(2) If X € ™ that is [A(N)| < 1, then LA(X) # 0.

(3) If A € 9%, that is, [A(M)| = 1, then either £A(X) # 0 or A(N)-LA(N) < 0, LA(N) = 0.
Given these claims, this theorem follows.

Proof of Theorem 1.49. 1t’s a direct but somewhat tedious proof. It’s easy to see the idea
and how to make it rigorous from the picture below.

7 B'ﬂ d;”;:”’fm: NAWN) A\c{m,,_ 3)ch MPW e w(ﬂg
5

i 2

AN =—|
.
bock. ZD{KE"X‘(}QE‘? Ll:;/. The vt Wil coma back + (-1a) s
D Fwrming e Hae : onvodues
Assner 1) ns WAL {rgiv eAfom
bepween (1) e, »J.LO‘?.OPL N&\ “‘d’é -

For the rest of this subsection, we prove these three claims.
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Theorem 1.50 (Claim 1). If X is sufficiently negative, then A(X) > 1.

Proof.
A = M = 2 (e(l,A) + p()s'(1, )
Take \ sufficiently negative so that Ar — ¢ < 0 on [¢, ], since (pu') = —(Ar — q)u.
We claim that if «(0) > 0, pu/(0) > 0, then
w(z) > 0,pu'(z) >0, (pu') (x) > 0,Vz > 0,

which can be proved using continuous induction or proved by contradiction. If at least
one in the condition is strict inequality, then all the conclusions are strict. In particular,

c(x;N) > c(0;0) =1, p(x)s'(x; A) > p(0)s(0; A) = 1, which implies that A(X) > 1. O

We write @ = (plqi’)’ then M(X\) = (é(l;A) §(1;)A)). Note AN = S(e(l; N) +ps(l; N)

and

(L—=N)é=c, (L—=)N)s$=s,
(0 \) = 0, 5(0: ) = 0,
p (0; A) =0, ps'(0;\) = 0.

A key intermediate goal is to compute A(X) and hence we need to compute ¢(I; \) and
$(I;A). The idea is to use the fact below. For any @, ¥, such that {«, ¢} is linearly
independent at z = [, then
Wi(w,v) . Wi, @)
Wi, 5 " " W@, @)
where the coefficients in the equation above are obtained by pairing «w with @ and v respec-
tively and using the property that W;(i, @) = W;(v,¥) = 0. Note that the Wronskian of two
solutions u,v to £ — A = 0 are easily computed as follows

/Ol(c — Nuvdr — /Olu(ﬁ ~ Nodz = Wilu,v) — Wolu, v).

The obvious choice of {u, v} is {¢, s}, which will work but it is tedious to compute. We need
to complete the square in some middle step. However, there is a better choice to let {u,v}

to be the eigenvectors of M (). Let
1
()

be eigenvectors of M () corresponding to pi, then

(el = pi(N) s(l; A)
M —pil = ( p(DC (L N)  p)s'(I;\) — Pj:()‘))

and hence the Weyl-Titchmarsh functions are

LN —pe ) _ pOCBA) (1.14)

s(;A) (DA = pe(N)

7, (1.13)

W=

mi()\) =
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Then we say
ug(z;A) = c(x, \) + me(N)s(z; \) (1.15)

are the Floquet solutions. Let {u,v} = {uy,u_} and note that

(p(%ik?ﬂ) = M) (pé)iéi;(im = M()) (mil( A)) = ps (mil( A)) (1.16)

and (£ — Nuy = 0.

Lemma 1.51. W(uy(A),u_(; X)) = _2 il(i)z_l
Proof. We write
Wotup,u)=det [ 1 2 ) =m —m. = p-A) —p+(N) _ 2V/AN? -1
o\ W4, W— My M_ - + S(l,/\) —S(l,)\) .

Lemma 1.52. If A € R satisfies s(I;\) = 0, then |A(N\)| > 1.

Proof. If s(l;\) = 0, then M () is upper triangular and hence has real eigenvalues since
c(l; N), ps'(l; \) are real. Hence, by (1.12), |[A(N)| > 1. O

Theorem 1.53 (Claim 2). If A € S, that is [A(N)] < 1, then EA(X) # 0.
Proof. Now we compute

!
Wi(é,us) — Wo(éuy) = / (L — N)cugrde — /c' (L =N ugrdx.
0

Thanks to (£L — X) ux =0, ¢(0) =0 and (£ — A\)é = ¢, we have

! !
Wi(¢,ug) = / cugrdz,  Wi($,us) = / suyrdr,
0 0

and finally
e(l\) = (p(?)(i’(?’))\)) = 2_il2; i)l (/Oll cu_r (pf;u) — /Ollcu+r (p_/%_)) :
563 = (i) = svares UL o (otm) = o (2 )
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Hence,
A =g 5 g () + p0)5(1)

1 —s(l;\) (/l N )
Py cu_r — CULTP_ SU_TPLML — SULTP_T_
22m 0 P+ +Trp P+ +Trp

L S [ (1.17)
252\/A—2’7 (/ pr(c+mys)u_r —p_(c+m_s)uyr dx)
- 0
1 sy )\) : 1 /l
Jugu_rdr = —=s(l; A uyu_rdx.
Note that if A € 2™ then (1.12) implies p; () = p—(A) and uy (A) = u_(A). Thus,
!
/u+u_r dx = / luy|*r dz > 0.
0
Moreover, s(l; \) # 0 if |A(A)] < 1, which completes the proof. O

Theorem 1.54 (Claim 3). If A\ € 0%, that is, |A(N)| = 1, then either
(1) GxAK) #0;
(2) AN gz AN <0, ZAN) =

Proof. Recall that

AN /0 ) +mys(x)) (c(z) +m_s(x)) rde

=— —s (I; ) (my +m_)s(z) + mym_s(x)?) rdx

e=]

By (1.12) and (1.14), we have
(p+(A) +p-(N) = 2¢(L;A) _ 2A(N) —2c(l;A) _ p(D)s'(I;A) — c(l; A)
l

my +m_ =

s(l; M) sy s(l; M)
and
o (0N = G- (V) = el A) _ 1= (e(bA) +p(D)s'(EN)e(ls A) + e(lA)?
= s(l; \)? s(l; A)?
_L=p)s' (Nl A) _ p(D) (L3 A)
B s(l; \)2 B s(l;\)
where we use (1.11) in the last step. Now
AN = —%/0 (s N e(@; 2)? + (p(Ds' (1 A) = el; A)) e N)s(a; A) — p(D)e (I N)s(5 A)?) 7 () da.

(1.18)



NOTES FOR ORDINARY DIFFERENTIAL EQUATIONS 21

Note that in the preceding derivation of (1.18), we didn’t use the fact A € 9% and hence
we can differentiate this formula with respect to A. On the other hand, we claim that for
A=F €y, if A(E) =0, then M(E) = A(E)I = 1.

From (1.12), p4(E) = p_(E) = £1. Then the claim is true by writing

. 1 l 1 :
A(F) = —§s(l;E)/0 usu_rdr = —§S(Z;E)/O |Ui|27‘(9€) dx

thanks to (1.16) and (1.17), which implies s({; £) = 0. Hence, M(E) = A(E)I = £I and in
particular,

s(bE)=0, p)d(;E)=0, pl)s(l;E)=c(l;F)==+1. (1.19)
Now we differentiate (1.18) and evaluating at A = F € 03, using (1.19), we get
l
A(N) = —%/O (3(D)e(zs A)* + (p(1)3'(1) = &(D) e(as N)s(x: ) = p(D)e'(1)s(2)?) r(x) d.
(1.20)

! I !
Wi(s,s) = / (3+E$)srdx—/ $Esdx :/ s(z)?r(x) dx
0 0 0
On the other hand, by (1.19),
Wi(s,s) = p(l) (5(1; E)s'(I; E) — s( E)$'(L E)) = £5(1; E),
that is,

I
s(LE) = :l:/0 s(z)?r(x) d.

Similarly, we have

I I
p(D)§' (1) = —¢(l) = :F/O c(x)s(x)r(x)dz, —p(l)d(l)= :|:/O c(x)?r(r) dx.

By plugging this into (1.20), we get

AR = ( /O @) s(x)r(a) da:)2 _ < /0 ' a)r(a) dx) ( /0 (o)) dx) |

which is strictly negative by the Cauchy-Schwarz inequality.



22 TRANSCRIBED BY NING TANG  INSTRUCTOR: PROFESSOR SUNG-JIN OH

2. SINGULAR STURM-LIOUVILLE PROBLEMS

Let £ = % (—%p% + q) on I, where either [ is finite but p, q,r,p’ are singular or I is
infinite.

2.1. Unbounded operators. In this subsection, we assume H is a complex Hilbert space
H. An unbounded operator with the domain is (A, D(A)) such that D(A) C H, which is
assumed to be dense with A : D(A) — H.

We say B is an extension of A if A C B, that is, D(B) D D(A) and B|p) = A. Given
an unbounded operator A, its graph is defined as

I'(A) :={(u,Au) € H x H :u € D(A)}.

Then we say A is closed if T'(A) is a closed set and A is closable if there exists a closed

extension of A. If A is closable, there exists a smallest closed extension A, called the closure
of A.

Lemma 2.1. A is closable if and only if I'(A) is a graph of an operator. In particular,
I'(A) =T(A).

Definition 2.2 (Adjoint of A). Given A,D(A), define A*, D(A*) as

D(A*) :={u:3C > 0 such that |{u, Av)| < C||v|| for all v € D(A)},
Then for u € D(A*), A*u is the unique element obtained by Riesz representation theorem.
In particular, (u, Av) = (A*u,v) for all u € D(A*),v € D(A).

We say A is symmetric if for all u,v € D(A), (u, Av) = (Au,v). And we say A is self-
adjoint if A = A* or equivalently, A is symmetric and D(A) = D(A*). An equivalent
definition for symmetric operator is that A C A*.

Lemma 2.3. A* is closed. In fact, T'(A*) = (JT(A))*.

Proof. On H x H, the inner product is just ((u,v), (w,z2)) = (u,w) + (v,z). Note that
(u,v) € T'(A*) holds if and only if (u, Aw) = (v, w) for all w € D(A), which is equivalent to
((u,v), (—Aw,w)) = 0 for all w € D(A). Define J: Hx H— H x H as (w,z) — (—z,w),
then we know that I'(A*) = (JT'(A))*, which is closed. O

In the proof of the following lemma, the following basic fact for arbirary subspace W C H
that

W =w (2.1)
will be applied several times.
Lemma 2.4. A is closable if and only if D(A*) is dense. In fact, in this case
P(A) = (JT(A7) 2.2)
and A = A™,
Proof. If D(A*) is dense, then A** is well-defined. And A** D A.

Thanks to Lemma 2.3, (2.1) and J? = 1, (JT(A*))* =T'(A). If D(A*) is not dense, then

there exists 0 # u € D(A*)L. However, this implies (0,u) € (JT(A*))* = I'(A), which is
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impossible for I'(A) to be a graph of any linear operator. Hence, D(A*) is dense provided A
is closable.
Using Lemma 2.3 again, we get

D(A™) = (JD(AY) = (JITANH) = (2 (D(A))) = DAY = T(A),
and hence A = A™*. O

Example 2.5 (A non-trivial example of non-closed operators). Let v € LP([0,1]),1 <p < 2
and v ¢ L2([O 1]). Then for 0 # vy € L*([0,1]), we define Au := (u,v)vy with domain
D(A) = L7 ([0,1]) € L*([0,1]).

For u € D(A*), u need to satisfy

[{u, Aw)| = [(u, vo)(w, v)| < Cul|w]]

for all w € D(A), which is true only if u L vy. That is to say, D(A*) = {ve}*, which is not
dense obuviously. Hence, A is not closable thanks to Lemma 2./.

Theorem 2.6 (Basic criterion for self-adjointness). If A is a symmetric unbounded oper-
ator, then for any fized z € C\ R, the following are equivalent:

o A is self-adjoint;

e ker(A* — z) = ker(A* — z) = {0},

e Ran(A—z) = Ran(A—2) = H.

Proof. e If A is self-adjoint, then for z =z + iy, y # 0,

1(A" = 2)ull® = (A" = 2)ull* + y*|lull* = y*|Jul?, (2.3)
where we use the self-adjointness of A* — x in the first step. Then the second one holds.
e For (2) = (3), we use the fact Ran(A — z) = ker(A*—z)*+. We claim that if [|[(A—2)u| >
el|ul| for some € > 0 and A — z is closed, then Ran(A — z) is closed. This fact follows
from the coercivity condition that if {(A — z)u,} C Ran(A — z) is Cauchy, then {u,} is

Cauchy and hence Ran(A — z) is closed.

In fact, the assumption in the claim holds since we can show

I(A = 2)ull® > (Imz)?||ull?, (2.4)
by an analogous argument as (2.3) due to symmetry of A.

e For (3) = (1), we want to show u € D(A) for any u € D(A*). For w € D(A) C D(A*),
there exists u € D(A) such that (A*—2)w = (A—2)u = (A*—z)u due to the assumption
on the range, which implies w — u € ker(A* — z) = Ran(A — z)* = {0}. Therefore,
u=w € D(A).

O

Definition 2.7. For a closed operator, the resolvent set of A is defined as
p(A) ={z€ C: A— z is bijective D(A) — H},
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Then the resolvent of A at z € p(A), Ra(z) :== (A — 2)7', is a linear operator H — H,
which is bounded by the closed graph theorem. If A — z fail to be injective, then we say z
18 an eigenvalue, then we say z is in the point spectrum

op(A) :={z € C: z is an eigenvalue}.
The spectrum of A is defined as o(A) := C\ p(A).

Corollary 2. 8 If A is symmetric, then A is self-adjoint if and only if 0(A) C R. Moreover,
[Ra(2)] <

\Imz|

Proof. The first part follows from Theorem 2.6 directly. The second part follows from (2.4).

U
Example 2.9. Suppose H = L*([0,27]) and A = 1L D(A) = C((0,27)), then A*u =
14y with D(A*) = H'([0,27]). Moreover, o(A*) = C since u = e** € D(A*) solves

(A—1z)u=0.

2.2. Spectral theory for unbounded operators. Now we would follow [13, Chapter 3]
to develop the Spectral theory and throughout this subsection, we shall develop the Spectral
theory of unbounded (linear) operators on a complex separable Hilbert space H.

For the finite dimensional case, for any symmetric matrix A, there exists a unitary matrix
U such that A = U~'DU with D diagonal with real entries. The diagonal matrix in finite
dimensional case can be viewed as

w:{l,...,n} - C,

which can be generalized to the infinite dimensional case by a function u : X — C given by
the multiplication by a(z).
The following example is taken from [13, Chapter 2.2, 2.4].

Proposition 2.10. For H = L*(X,du), a : X — R is measurable and a is finite y-a.e. on
X. Then set Myu = a(z)u(z) with D(M,) = {u € L*(X,dp) : au € L*(X,dp)}. Then M,

is self-adjoint and o(M,) equals the essential range of a, denoted by essran(a).

Proof. By definition, it is obvious that M, is symmetric. In particular, D(M,) C D(M}).
Now we want to show the reverse inclusion. If h € D(M}), then there is some g € L*(X, dp)
such that

/ @)a(e)f () du(z) = / 9(0) () du(x). ¥ f € D(M,),

and thus

/(h(w)a(x) —g(@))f(x) dp(x) = 0,Vf € D(M,).

If we take f(z) = f(z)xa, (z) in the equation above, where f € L2(X,du) and xq, () is the
characteristic function for €, = {z € X : |a(z)| < n}, then we get
Xa, () (h(z)a(z) — g(x)) = 0 € L*(X, dp)

since fv € L*(X,du) is arbitrary. Moreover, since n is also arbitrary, we know h(z)a(z) =
g(z) € L*(X, dp), which implies h € D(M,). This completes the proof of self-adjointness.
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It is obvious that

1 1
(My—2)"" f() = a(x)—_zf(x% D((My—2)"") = {f € L*(X,dp) : a(x)—_zf(f) € L*(X,dp)}
whenever (M, — z)~! is bounded. Note that ||(M, —z)7|| = _ implies that the
a(z) = 2| e

resolvent set is given by
p(M,) = {z € C:3Je > 0 such that u({z : |a(z) — 2| < e}) =0},
and hence
o(M,) ={2€C:Ve>0,u({x: |a(x) — z| <e}) >0} = essran(a).

Remark 2.11. Unless a is bounded, M, is unbounded.

Theorem 2.12 (Spectral theorem - multiplication version). Let A : H — H be a self-
adjoint operator, there exists some measure space (X, ) and an unitary operator U : H —
L*(X,du) such that there exists a function a : X — R measurable and finite p-a.e. as in
the preceding proposition such that A = U~'M,U.

This theorem gives ways to make sense of
f(A) =U""M;o,U.

1d
Example 2.13. For A = T H = L*(—00,00), then
i dx

F: Lz((—oo,oo),dx) — L*((—00, 00), d€/27)

s a unitary operator defined as
Fu(z) = /u(az:)em5 dr, ue (R).

Then A = F'M.F.

A drawback of this version of spectral theorem is that it is too abstract. The following
alternative version is called the functional calculus version, which can be used to make sense

it cos \/— sin t\/_
\/_

Theorem 2.14 (Spectral theorem - functional calculus version). Let A : H — H be a
self-adjoint operator. We denote all the Borel measurable, bounded functions by By,. Then
there exists a unique Fa given by

Fa:By,— L(H), [ f(A)=Falf)

et Tt is more useful in our setting.

such that
o F, is a homomorphism as C*-algebras, that is, Fa(fg) = Fa(f)Falg) and Fa(f) =
Falf);
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o [|[FalH)lla—n < Nfllcee;

o if f, = [ pointwisely and ||fullL~ < M, then for all w € H, Fa(fn)u — Fa(f)u,
which s called the strong convergence or convergence in strong operator topology;

o if f,, € By satisfies fn(x) — x pointwisely and |f,(x)| < |x| for all n,z, then for all
u € D(A), Fa(fu)u — Au.

Definition 2.15. Let B be the Borel o-algebra on R. A projection-valued measure is a
map P :B — L(H) such that

e P is an orthogonal projection, that is, P(Q)*> = P(Q), P(Q)* = P(Q);

e P(R) =id;
e (strong o-additivity) if Q = UQ and Q, NQy,, = & for all n # m, then for allu € H,
N
P(Q)u = lim P(Q,)u.
N—o0 =1

In fact, the operator F4 in the preceding theorem can be expressed explicitly by assigning
a projection-valued measure P, such that

Falf) = / FNAPAN),

where P, satisfies P4(€2) = 1g(A). Then we can use this projection-valued measure P, to
extend F4 to unbounded Borel measurable functions in the following discussion.
Foru € H, P:B — L(H) is a projection-valued measure,

pa(€2) = (u, P()u)
is well-defined as a positive measure thanks to the first property. Given p,, we can construct
u,v e H

f (§2) = (u, P(Q)v).
By polarization,

1 1 1
Nu,v(Q) = 1 o (€2) = pu—o(€2) + 2Mu+iv(Q) - 2Mu—iv(9) .

Given any f € B, we can make sense of

[ £ =t (/fdP> ),

and then using polarization to make sense of

(u, ( / fdP) 0= [ P,

which implies we can define [ fdP € L(H) and | [ f(X) dppuo(N)] < || fllze||ull]|v]]. Further-
more, we obtain the following isometric property.

Lemma 2.16. Suppose P is a projection-valued measure, then for allu € H, and f € By,

([ sar)u = [1s8
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And Theorem 2.1/ implies | Fa(f)ull®> = [ |f1* dpa.
Lemma 2.17. Given an unbounded Borel-measurable function f with
D(Fa(f)) ={u€ H: f € L*(R,du)}

and we can make sense of the functional calculus of unbounded functions as
Falyu= [ FOVdua(3) = lmn £,(3) d,
for f, = fin L*(R,dp) with f, € By.

Theorem 2.18 (Spectral theorem - projection-valued version). Let A: H — H is a self-
adjoint operator, then there exists a unique projection-valued measure Py : B — L(H) such
that

A / NdPA(\), D(A) = {uc H : //\2 i 1 € Aol

In particular, (u, Au) = [ Adj, a.

Now we can prove the multiplication version of spectral theorem from the projection-valued
measure version.

Given a projection-valued measure P. First, we construct (X, ) and a unitary operator
U:H — L*X,u) and a function a : X — R such that A = U 'M,U. Given u € H,
consider L*(R, du,) and

= {(/ fdP)u :Vf € By}.
Lemma 2.16 tells us the map

H, > (/fdP)u — f € L*(R,du,)

extends to a unirary map H, — L*(R,du,), where H, := {([ fdP)u: f € L*(R,du,)}.

If there exists u € H such that H, = H, then the proof is done and we say u is a cyclic
vector. In general, this does not need to be true and we need to introduce the spectral
bases.

Definition 2.19 (Spectral bases). Suppose H is separable and {u,} is a spectral basis if
o |u,l| =1, up L uy ifn#n';
o H=0,H,,.

Theorem 2.20. For any separable Hilbert space H and a projection-valued measure P,
there exist a spectral basis.

Proof. We start with a countable basis {u,} of H and do the Gram-Schmidt process, then
we can assume {4, } is an orthonormal basis without loss of generality.

The key observation is that if v 1 H, for some u, then the space generated by v, namely
H,, is orthogonal to H,. By polarization, Lemma 2.16 implies

([ aPyu.( [ 9dpye) = [ Fod..
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Then v L H, implies

([ gdpyo.([ 1aPy) = w.( [ gap)( [ £iPw) = o.( [ s aPy) =0,

and hence H, L H,.

Hence, we can construct a spectral basis by iteration. To be more specific, we choose
u; = @; and then move on to the first @;’s which is not in H,,,. Project this element to Hjl,
normalize it, and we choose the result to be us. Proceeding this procedure, we get a set of
spectral vectors {u;} such that span{u;} C @;H,,.

Note that H, is closed since L? is and v, = ([ f,dP)u converges in H if and only if f,

converges in L? by Lemma 2.16. Hence, H = span{u;} C &;H,,. O

Definition 2.21. The minimal cardinality of spectral basis is called the spectral multiplicity
of P.

By the theorem, there exists a unitary map U : H — @®,L*(R,du,, ) with a spectral
basis {u,}. If P = P, is given by the spectral theorem in the projection-valued form,
then (UAU _1)n = M, since f AdP, = A, where M) denotes the multiplication operator on
L3(R, d,, ) respectively. Finally, we can combine

& L2 (R, dpn) = L*(|_|(R, dpn)),
which means that the L? space is defined on the disjoint union of R’s and assign each R the
measure fi,.

Now we give a sketch of proof for the projection-valued measure version. The key step is
to construct the projection-valued measure.

We observe that to every projection-valued measure P we can assign a self-adjoint operator
fRAdP. The question is whether we can invert this map. To do this, we consider the
resolvent Ra(z) := (A —z)7! for 2 € p(A). If A is self-adjoint, then thanks to Theorem 2.6,
RA(z) makes sense for any z ¢ R. We write F,(2) = (u, Ra(z)u) when Imz > 0. It

follows from Corollary 2.8 that |F,(z)| = [(u, Ra(2)u)| < @“HZ On the other hand, F,(z) is

holomorphic on H := {Im(z) > 0} thanks to the expansion of resolvent operator.
Lemma 2.22. F,(z) is holomorphic on H := {Im(z) > 0}.

Proof. First, by calculating in a formal way of writing R4(z) as A , it is easy to check

Ra(z) — Ra(2') = (2 = 2')Ra(2) Ra(¥' ), (2.5)
and the argument is in fact rigorous thanks to the commutativity of these operators.

Then one can use this iteratively to get

Ra(z) = (2—20)' Ra(z0)’ '+ (2—20)" " Ra(20)" " Ra( ZR (z—20)" ' Ra(20)" T  Ra(2).
=0

For zy € H fixed, |z — 20| < |[[Ra(20)||7", Rn(2) converges to a bounded operator R.,. One

can show that R., = Ra(z) and this implies that F,(z) is holomorphic by the convergent

power series expansion. One can consult [13, Chapter 2.4] for details. 0
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Moreover, thanks to R4(2)* = Ra(Z) and applying (2.5) in the third step, we have

_ 2%‘“’ (Ra(2) — Ra(2))u)

=(Imz){u, Ra(2)Ra(2)u) = (Imz)||Ra(2)ull* > 0,

ImF,(z) =Im(u, Ra(2)u)

which implies F, : H — H. Then F), is a Herglotz-Nevanlinna function. Now the claim is
that there exists a positive measure p on R such that

1
Fu) = (wBa(n) = [ 57 du()
RA— 2
Set h(z) = ImF,(z). Note Im(z)_] then for z = x + 7y, we have
z) = ImF,(2). Pe=che m——, then for z = & + iy, we hay
b b y b y
oo iwis = |1 [ i = [ ([ Gier)
Since
| b 4 T, A€ (a,b),
lim ( arctan( ) — arctan( )] =4 5. A€ {a,b},
y=0+ y v
0, € [a,b],
we know

lim [ ImFy(x +iy)de = = (1.((a, b)) + pu([a, b)) .

y—=0+ J, 2
then we define
1 A48

pu(A) = — lim lim ImF,(z + iy) dz

T 6—04 y—04 — 0

which is called the Stieltjes inversion formula. The function p, () we get from this formula
is right continuous, and hence the integration with respect to du, () is well-defined as a
Stieltjes integral. Moreover, polarization gives ji, () and we can define a projection-valued
measure P4 by

(62 Pa(Q)0) = / o\t (V).

which will regenerate A by the uniqueness.

In fact, one can prove an operator-valued version of the Stieltjes inversion formula. We
refer to [13, Chapter 4.1] for details of proof. Let 1, (Q2) = (u, Pa(Q)u), F, = (u, Ra(2)u).

Theorem 2.23 (Stone’s formula). Suppose z = x + iy, then

B 1/ %(RA(@ — Ra(3)) dz = %

y—04

(Pa([a, b]) + Pa((a, b)),

where the limit exists in the strong topology.
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2.3. Singular Sturm-Liouville problems. For I = (a,b),—c0 < a < b < 0o, we have

1 d d
ﬁﬁ(‘@%“)

with ]%,q,r € L},.(I) and p,r > 0 almost everywhere on I. Moreover, if a is finite and

i,q,r € L'((a,a + d)) for some § > 0, then £ is said to be regular at a. Similarly for
b.

Theorem 2.24. Consider

u(to) =mno, p(to)u'(to) =m
with rf € L, .(I) for some ty € (a,b), then there exists a unique solution u to (2.6) with

loc

reqularity u € AC).(I) and pu' € ACi,.(I), that is, v/, (pu') € L},.(I). If in addition,

L is reqular at a, then u € AC((a,a + 0)) and pu’ € AC((a,a + 0)), that is, v, (pu')" €
L*((a,a +6)). Moreover, ty may be a in this case.

)= (0 8) (o) - (%)

we get a Volterra integral equation. Then for any x € I, there exists = € (¢, d) such that we
can apply the contraction mapping theorem on the Banach space C'([c, d]) and hence we get a
unique solution on C([c, d]). By using the integral equation again, we get u, pu’ € AC([c, d]).
Finally, by uniqueness, u, pu’ € ACj,.(I). O

{ﬁu =/ (2.6)

Proof. Integrating

In view of the following lemma, we take H = L?(I, rdx).

Lemma 2.25 (Lagrange’s formula). Suppose [c,d] C I, we have
d d
/ ulordr — / Luvrdr = —Wlu, v] + W[u, v]

provided u,v,pu’,pv’ € ACjoe(I), where Wy lu,v] = puv'(z) — pu'v(x).

Proof. The proof follows directly from integration by parts, which is in the same spirit as
(1.3). O

But £ is not bounded on H, therefore we need to carefully consider the domain of definition
of L. In view of Theorem 2.24, we set

D(L) = {u € L2(I;rdx) : (pz,) € ACyo(I), Lu € L*(I; rdx)} .

The reason why we ask for the AC),. property is that any solution to (2.6) satisfies this
thanks to Theorem 2.24.

Corollary 2.26. If u,v € D(L), then
(u, L) — (Lu,v) = —Wplu,v] + W,[a,v].



NOTES FOR ORDINARY DIFFERENTIAL EQUATIONS 31

In particular, lim,_,,, W[@,v] andlim,_,  W,[u,v] exist and we denote these by W,[a, v], Wy[a, v]
respectively for simplicity.

But (£, D(L)) is not even symmetric since the boundary terms would be nonzero in general.
So define

D(L.) := D(L) N L(I;rdx),

where the subscript ¢ means compact support. Then by Lagrange’s formula, (L., D(L.)) is
symmetric.

Now we study the relation between the operators defined just now and show that the
domains we gave before make them densely defined on H.

Theorem 2.27. Let Ly = L., then we have
D(Ly) :={u e D(L):Yv € D(L), Wy[a,v] = W,[u,v] = 0}, (2.7)
and L = L; = L}. In particular, D(L.) and D(L) are dense in H.

Here, L; is called the minimal operator associated with the differential operator and L
is called the maximal operator associated with the differential operator. We abuse notation
for the differential operator and the maximal operator.

Remark 2.28. Any self-adjoint operator extension L of L., would satisfy £y C L C £ since
L = L* implies L* is closed. Then Ly = L. C L C L} = L. This explains why L is called
the minimal operator and L is called the maximal operator.

Proof. Step 1:

e First, we assume D(L,.) is dense and compute D(L}) by examining the definition for the
adjoint.
e Recall that v € D(L) if and only if there exists g € H such that

(v, Lu) = (g,u), Yu € D(L.). (2.8)

If v € D(L), then for all u € D(L.), one can use Corollary 2.26 to get (v, Lu) =
(Lv,u). Moreover, since u is compactly supported, we can take g = xLv such that
X = 1 on suppu and x € C°(I), then Lv € Lj,.(I) implies g € H, which shows that
v e D(LY).

e Now suppose v € D(L}), then there exists g € H such that (2.8) holds. Since

d d 3/ pd 3
/rgdx S(/ rda:) (/ g%d:v) Ve, d C 1,

that is, rg € L}, .(I), and by Theorem 2.24, we know that there exists some ¥ satisfying
all the regularity required in that theorem such that Lo = g. Let v, = v — v. Now it
suffices to prove v, is a solution to £ = 0.

Define a linear functional

l:L2(I;rde) = C, fw (v—7,f)
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and introduce a fundamental system of solutions u;,us for £ on I, that is, Lu; = 0,

(ul,(c) ) = (1) and (UQ,(C) ) = (O) for some ¢ € I. Moreover, we define
puy(c) 0 pus(c) 1
s L2(I;rdx) — C, s (uy, f),

then we want to show | = ¢1l; + cols, which is equivalent to kerl; Nkerly, C kerl.

e Now we show kerl; Nkerl, C kerl. Suppose f € kerl; Nkerly, C L*(I;rdz), that is,
f; uy frdr = fab uo f rdxr = 0. In fact, we do not need bars in the formula since uq, uy are
real solutions. Thanks to Duhamel’s principle, We take a solution u to Lu = f given by

u(e) = + / (@) — s (9) Fy)r(y) dy
. / " ua() F () () dy F us(o) / " u () fy)r(y) dy

b b
— T (2) / ws(y) £ () (y) dy + us (o) / wn () Fw)r(y) dy.

In view of the last two equivalent formulas respectively at a and b, we know u €
LA(I;rdz)ND(L) = D(L.). Hence, I(f) = (v—10, Lu) = 0 by (2.8) and the construction
LY =g.

e Since | = ¢l + caly on L2(I;rdz), we know v — @ = cjuy + caug, which implies that
v, = v — VU is a solution to £ = 0.

e Now it suffices to show kerl; Nkerly C kerl implies [ = c¢il; + ¢als. Assume [q,... .1,
are linear functionals V' — C such that Nkerl; C ker!, then we show that [ € span{l;}.
Without loss of generality, we can assume [y, . .., [, are linearly independent since we can
just discard some [;’s such that those left are linearly independent. The map L : V' — C"
given by f = (I1(f), ..., 1.(f)) is surjective since x € Ran(L)*" implies Y7 2;1;(f) =0
for all f.

Hence, there are vectors f; € V such that [;(fx) = 0 for j # k and [;(f;) = 1. Then
F= Y (A f € ey kerly and hence U(f) = () () + L f)la(f) ++ -+ L(Falu(£).
which implies [ = I(f1)ls + -+ - + 1(fn)ln.

Step 2: So far, under the assumption that D(L.) is dense, we showed D(L}) = D(L).

Now suppose D(L,) is not dense, then D(L.)* is nonempty. Hence, there exists g # g, € H
such that

<7}7£u> - <g7u> - <g*7u>
for all u € D(L,). Likewise, we can obtain 0,7, from Theorem 2.24 as in step 1 and using
exactly the same argument implies
UV =0+ ClUy + Collyg = Uy + C41U1 + Cyolo,

for some constant ¢y, ¢, €41, Co2. Then L(0 — 0,) = 0 and hence g = L = Lo, = g, which
contradicts the assumption. o
Step 3: Denote the right hand side of (2.7) by D. Finally, we will show D(L.) = D.

e Thanks to the Lagrange formula in Corollary 2.26, it is easy to see D C D(L*) = D(L,).
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e For every v € D(L.) C D(L"), (v, Lu) = (Lv,u) for all u € D(L), that is, Wy[v,u] =
W, [v,u] for all v € D(L,.),u € D(L) = D(L’). Note that for all u € D(L), there exists
@ € D(L) such that u = @ near @ and @ = 0 near b by introducing a cut-off function,
and hence W, [v,u] = W,[v, | = Wp[o, 4] = 0. Similarly for b. Hence, v € D.

O

2.4. Limit circles and limit points. Self-adjointness has something to do with making
the boundary terms vanish, which is related to terms W, and W,. Note that u(a) and pu'(a)
are not well-defined for u € D(L), therefore, we need to introduce something else to describe
the boundary behavior.

Given any (z) = (ngfx))) U, W and &. What we expect is
Lo Waluw] Wlu,v]

like what we did as in (1.13) for the regular Sturm-Liouville problem. However, for u,v €
D(L), limg_q, u(x) and lim,_,;, wu(x) are not well-defined, but the Wronskian can be made
sense of at the boundary thanks to Corollary 2.26. What we have is the relation between
Wronskians

Wolu, o)W lv, w] = Wlu, w|W,[v, o] — W[u, v]|W,[w, o], Vo el, (2.10)

which is called the Pliicker’s formula and this also holds for boundary points. The proof is
quite simple. Since (2.9) holds for interior points, we obtain (2.10) for interior points, and
it is still valid after we take the limit.

Definition 2.29 (Limit circle, limit point). We define the limit circle and limit point of
L respectively as follows.
o We say L is a limit circle (LC) at a (resp. b) if there exists a real-valued v € D(L) such
that there exists at least one w € D(L) such that W,[v,w] # 0 (resp. Wylv,w] #0).
o L is a limit point (LP) at a if it is not a limit circle at a (resp. b).

Example 2.30. If L is reqular at a, then L is a limit circle of a since we can talk about the
solution at a thanks to Theorem 2.2/. More specifically, we take v to be a solution to Lv =0
with v(a) = 1,pv'(a) = 0 and w to be a solution to Lw = 0 with w(a) = 0,pw’(a) = 1, then
Walv, w] # 0.

Example 2.31. Suppose L = _%7 I = (—00,0). In view of the Fourier side, we know

D(L) = H*(—00,00). One can easily check L is a limit point at +o0o by the reqularity given
by the domain D(L). In this case, (L, D(L)) is already self-adjoint and we do not need to
prescribe any boundary conditions. Heuristically speaking, this phenomenon just follows from
the regularity given by the domain.

In fact, the self-adjointness result of (L, D(L)) is a direct conclusion of Theorem 2.32.
And the phenomenon that we need to have some prescribed boundary condition if L is LC at
a giwes an intuitive explanation for Weyl alternative, Theorem 2.35.
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Theorem 2.32. If L is LC at a, then set v, to be the v in the definition. If L is LC at b,
then set v, to be the v in the definition.
Let Lu = Lu with

D(L)={ueD(L): if Lis LC at a,W,[vg,u] = 0; if L is LC at b, Wy[vp, u] = 0}

1s self-adjoint.

Proof. We proceed in several steps.

e First, we show (L,D(L)) is symmetric. For any uj,us € D(L), if £ is LP at a, then
Wi ui,us] = 0. On the other hand, if £ is LC at a, then for the real-valued v, €
D(L) there exists a function w € D(L) W,lv,, w] # 0 and by the definition of D(L),
Wolva, u1] = Wy lve, us] = 0. Since v, is real-valued, we have W, [v,, u1] = W, [v,, te] = 0.
Then thanks to (2.10), we have

Wa[ﬂhuQ]Wa[Umw] = Wa[abw]Wa[Um UZ] - Wa[alava]Wa[wa U/2} = 07

which implies W, [uy, us] = 0. Similarly, we get Wj[uay, us] = 0. Therefore, (L, D(L)) is
symmetric thanks to Corollary 2.26.
e Hence, L C L* C L} Now it suffices to show D(L*) C D(L).
For any g € D(L*), there exists v € H such that

{9, Lf) = (v, [), VfeD(L)
On the other hand, for g € D(L*) C D(L) = D(L), we have
(9, Lf) = (Lg, [), VfeD(L)CDL),

we know v = Lg. Hence, for any u € D(L*), (u, Lv) = (Lu,v) for all v € D(L).

e And it’s equivalent to W,[u,v] = Wylu,v] for all v € D(L). Take any u € D(L*), if L
is LP at a, then there is nothing to prove. If £ is LC at a, then there exists w € D(L)
such that W,[v,, w] # 0. And then we just truncate w to produce w € D(L) such that
w = W near a and @ = 0 near b. And we still use w to denote the function w € D(L),
we know W, [a, w] = 0.

e Then the basic idea is: W,[u,w| = 0 and W,[v,, w] = 0 will imply v, x w o @ and
hence W,[u, v,] = 0. However, this argument does not work for singular Sturm-Liouville
problem directly. Fortunately, we still can use the Pliicker’s formula (2.10) to derive
W, la, v,] = 0, which follows directly from

W, v )W v, w] = Wi la, w]W,[ve, va] — Welt, vo]We[w, v,] = 0.

e And repeat the process in the last two bullets for b, we get W, [@, vp] = 0, then u € D(L),
which completes the proof.

O

In the following discussion, we show a connection between LC, LP and square integrability
of solutions called the Weyl alternative theorem, stated as in Theorem 2.35.
The proof is based on the solvability of Lu = zqu for 2o € p(L) in D(L).
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Proposition 2.33. Suppose z € p(L), then there exists a nontrivial u, = uq(x; z) such that
ug is in L*((a,a + 0),rdz) for some 6 > 0, u, € D(L) and Lu, = zu,. Moreover, if L is
LC at a, then u, satisfies the boundary condition in the sense that Wylug,v,] = 0 where v,
1s the v in Definition 2.29.

Similar result is true for b, there exists a nontrivial w, = up(x;z) such that uy, is in
L3((b — 6,b),rdz) for some § > 0, uy, € D(L) and Lu, = zu,. Moreover, if L is LC at b,
then wy, satisfies the boundary condition.

Proof. We only prove for the existence of such u,. Similar argument works for wuy.
e For g € CX(I), set &« = Rp(z)g. Then by the definition of resolvent set p(L) as in
Definition 2.7, L = za + g and @ € D(L) C H. Hence, W,[u,v,] = 0, where v, is the
v in the definition of LC, provided £ is LC. Then if one set

( u(x), x near a such that g =0 on this region,
Uq(x) =
¢ extended by using the differential equation,

we know W, [, v,] = 0 still holds.

e Now it suffices to check that 4 # 0 near a for a suitable choice of g € C2°(I) in order
to make wu, not identically zero on I. Moreover, we need to show the local L?(rdx)
property near a for u,.

e To do this, we use Duhamel’s principle. Fixed any ¢ € (a,b), (£ — 2)u; = 0 with

uy(c) = ((1]), us(c) = ((1]) Thanks to Corollary 2.26, W, [uy, us] = Weluy,us] = 1 for
all x € I. Set

i =au + fus + | " (wn(@)usly) — i (y)us(a)) g(y) rdy

—uy (2) (a + / ' u2(y)9(y) Tdy> + uz(z) (5 - / ' u1(y)g(y) Tdy> :

which is a solution to (£ — z)u = g. Without loss of generality, we assume suppg C
(¢,d) € I, then

- (a . /m wol)g(o) rdy> + ug(z) (5 - /”” ur(y)9(y) rdy> -
2.11

“uio) (a+ [ uatoioto)riy) +uato) (5+ [ gt rar).

e Put o/ =a+ fab uy(y)g(y) rdy and B’ = § + fab u1(y)g(y) rdy. If a(z) = 0 near a ( for
a <z <c),then auy(z)+ fuy(x) =0 for all a < x < ¢. Then 0 = W, [uy, auy + f'ug] =
LW, [uy,us] = " and hence & = 0.

On the other hand, using the same argument, if & = 0 near b ( for d < z < b ), then
B=0and o/ =0.

e If 4 =0 near a and b, then & = 3 = 0, fab uigrdy = fab usgrdy = 0. However, this can

be easily avoided by choosing g appropriately. For such a g, @ # 0 near a or @ # 0 near
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b. Without loss of generality, we assume @ # 0 near a, that is, we choose g appropriately
such that g’ # 0.

e Now we define u, using the argument in the first bullet, which completes the proof for
the existence of wu,.

e Similar argument in the last step by choosing a different g will let us find w,; as desired.

O
Now we can write down the Green’s function for z € p(L).

Corollary 2.34. For z € p(L), the Green’s function defined as

Ty z) = — 1 ua(x)ub(y)v <Yy,
Cle.4:2) W lttg, up) {ua(y)ub(:c), y < 1,

satisfies (L — z)"tg(x) = fab G(z,y;2)g9(y)r(y) dy.

Proof. We can prove this corollary following the similar manner as in the proof of the pre-
ceding theorem, see [13, Lemma 9.7].

A more direct way is to use distributional theory to check by a direct computation. We
omit the details here. U

Now we can prove the Weyl’s alternative.

Theorem 2.35 (Weyl alternative). £ is LC at a (resp. b) if and only if there exists zg € C
such that all solutions u to Lu = zou are in L*((a,a + d);rdx) (resp. L*((b— 4,0);rdz)).
(Here, “any solution” can be any solution to the differential equation and do not require
this solution to be in D(L).)

Proof. e The “if” part is quite easy. We take two arbitrary solutions v, w to Lu = zyu
such that Wv,w] # 0 and in particular, W,[v,w] # 0. One should note that we have
implicitly used our assumption that v,w € L?*((a,a + §);rdz) since this assumption,
combined with Theorem 2.24, allows us to make a cut-off near a for v, w such that they
are in D(L) and hence W, is independent of = near a thanks to Corollary 2.26. Such
v, w exist since we can take arbitrary linearly independent solutions to ensure W v, w]
does not vanish.

Then at least one of W,[Rewv,w] # 0, W,[Imv,w] # 0 holds, which implies £ is LC
at a.
e Without loss of generality, assume L is regular at b, otherwise, we can choose some
¢ € (a,b) such that L is regular at ¢ and replace b by c. In particular, £ is LC at
b by Example 2.30. Since £ is LC at a, there exist at least two different real-valued
Va, Vg € D(L) such that W,[v,, 0] # 0. Consider the extension of L. to two self-adjoint
operators L and L by using v, and @, by Theorem 2.32 (using the same w, for definition)
respectively. We assume W, [v,, 7,] # 0, then D(L) and D(L) are not the same thanks
to the Plucker’s formula( or see [13, Lemma 9.5] ).
By Proposition 2.33, we construct u,(; z) and i, (; z) from L and L, respectively. Since

Wo(va, ua) = 0, Wy (0q,Ua) = 0, we know Wo(ug,@,) # 0. Otherwise, D(L) = D(L)
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thanks to the Plucker’s formula( or see [13, Lemma 9.5] ). That is to say, these two
solutions are linearly independent. Since any other solution can be written as a linear

combination of those two near a, every solution is square integrable near a.
O

Example 2.36. As an application of the Weyl alternative, we consider L = —j—; with
I = (0,00). Then we know all solutions are of the form uw = ¢y + cox, which implies L is LC

of a and L is LP of b.

2.5. Spectral Transformation. In this subsection, we want to introduce a fundamental
tool called the Spectral transformation for investigating the spectra of Sturm-Liouville op-
erators and, at the same time, give some nice illustrations of the spectral theorem.
Example 2.37. Suppose L = —%, I = (—00,00), D(L) = {u € L? : u,u/ € ACpe,u" €
L?} = H*(—00,00) is self-adjoint. This is the case that L is LP at 4o0.

By taking the unitary Fourier transform F : L* — L?((—00, c0); \/%7 d¢), we have FLF ' =
Me2.

On the other hand, the multiplication version of the spectral theorem, Theorem 2.12, states
that a function X and a measure p such that L*(R;du) and L is conjugate to My. What we
expect is that we can transform the multiplication by Mg we get to the multiplication by M.
A naive try is to take A = &£2.

Set U : L*((—00,00),dx) = @3 L*((—00, 00), dpu;) with

e~ V% () da
v (ffe“ﬁgcu((x))dx)

We choose a change of variable such that
1

47r\/X

Our goal is to generalize such a U. What we care are the spectral basis {e*iﬁm, e“ﬁx}

1
dur = dpiz = 5=X[0,00)(A) AV =

o X[O,oo)()\) d)\.

and the spectral measure dy,dus. Observe that etV golves the eigenvalue equation with

eigenvalue A, it will turn out that this is something that can be generalized to find a general
U.

2.5.1. Spectral transformation.

Proposition 2.38 (Spectral transformation). Let £ be as above and L is a self-adjoint
realization as discussed before. By the spectral theorem, there exists a unitary map

U: L*(I;rdr) — & L*(R, dy;)

such that
M, 0 0
ULU =0 . o0
0 0 M,

Then



38 TRANSCRIBED BY NING TANG  INSTRUCTOR: PROFESSOR SUNG-JIN OH

uy(z, A)
(1) there exists u(x, \) = : such that
uk(xa >‘)

Uf(\) = /Iﬁ(x,)\)f(x) rdx.

such that for p;-almost every A, Luj(x, ) = Auj(x, ). Moreover, the preceding integral
1s taken in the sense that
d
lim u(z,\) f(z) rdx

c—a,d—=b J .

n @?ZlLQ(R, du;). (This is similar to the Fourier transform on L* can only be expressed
by integral formula using such kind of limit.)
If £ is LC at one of the endpoint, then u;(z, \) would satisfy the boundary condition
(Walva, uj] = 0).
(2) U has the form

U F@) =Y [l W de)

with F(\) = (Fy(\), ..., F(A\)T and the integral is taken in the sense of

d
[am=_ [
in L*(I;rdx).

(3) Assume furthermore that p;’s are ordered, that is, p; < pj—y for all j > 1. Then for
p-almost every A, {u;(x,\)},_, are linearly independent.

Corollary 2.39. Suppose pu;’s are ordered, then k is at most 2. Moreover, if L is LC at one
endpoint, then k = 1.

Proof. By Proposition 2.38 (3), & < 2 since there are at most two linearly independent
solutions to (£ — A)u = 0.

Moreover, there is only one linearly independent solution if there is a prescribed boundary
condition. OJ

Corollary 2.40. Given a self-adjoint L, there exists U such that j1;’s are ordered.

Proof. Recall that U is constructed using a spectral basis {u;} constructed by Theorem 2.20.
with u; L H,, for j'<j,and H =@ H,.

We say v is a maximal spectral vector for H if pu, < p, for all w € H. It is easy to check
that there always exists a maximal spectral vector for a self-adjoint operator L by setting
v =) eju; with e; # 0 such that ) |;|* = 1. (See [13, Lemma 3.15].)

Using this observation, we can find a spectral basis {@;} such that 4 is maximal spectral
vector for L restricted to (@‘I;;%Hﬂj)J— during the Gram-Schmidt process as in Theorem 2.20.
Then p;’s are ordered by definition, which completes the proof. U
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Proof of Proposition 2.38. We claim that for any compact interval [c,d] C I, there exist
measurable u;(x, A)’s on I x R such that U(xqf) = fcd w(z, A) f(z) rdx Moreover, if L is
LC at a, then we can take ¢ to be a. Assuming this claim, the rest of the proposition is

proved as follows.

e Since U is chosen from the spectral theorem, ULf = AU f for all f € D(L.). Thanks to
the claim above, this is equivalent to

/ i, N\ Lf () rd — / Nii(z, \) f (2) rd,

which implies

d
/ (2, \) (L =N f(x)r(z)de =0, Vfe€D((Leaq)e), forall p; —a.e. A,

then u;(x, ) € D((L|c,q):) and hence Luj|ieq = (Llie.q))itjle,q) = Auj. In particular,
u; is a solution to £ — X = 0.

If £ is LC at a, then ¢ can be taken to be a and f can be taken to be all functions
in D(L) which satisfy boundary condition at a and vanish near b, then u; satisfies BC
near a.

e Part (2) is quite easy, which follows readily from U~! = U* by writing out

(F,Ug) = (U'F,g)
explicitly as
> [ B0 [ e Nata) rdedu(n) = [ T @lg(o) s

for F, g with compact support. Then part (2) is true since compactly supported functions
are dense in L?.
e Suppose {y;} are ordered and fix some [ < k. Suppose A € suppyy and Zé’:l c;i(Nuj(z, \) =
0, which implies 2321 ¢;(A)F;(X) = 0 since Fj(A) = [, u;(x, A) f(z)r(z) dz.
For any fixed jg, since A\ € supppy, i < -1 ... < pp and U is surjective, we can
arrange Fj;(\) = 6, ;, on suppyy. (Recall that p1;(R) = ||u;|| = 1 is finite.) Then ¢, = 0.
Thus {u;} is linearly independent.

Now we prove the claim. We want to prove that for all [c,d] C I, there exists @ such that

d
Ulteaf) = [ e N () rd.

1
Since URL(2)U ! = T e have U = (A — 2)URL(z). Then
-2
Ulpea) = (A = 2)URL(2) ),

where Rp(2)1j,q can be expressed by the Green’s function

Ru(2) 1 = / Gy, )i (4) () ry.
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Then one can easily check Ry (z 1[C 4 is a Hilbert-Schmidt operator since

/ / G?(x,y, 2)r(x) dzr(y) dy < +oo,

which follows from a direct computation using the expression for G(z,y, z) in Corollary 2.34
and the properties of ug, u, derived from Proposition 2.33.

Moreover, since U is unitary, (URL(2)1cq) URL(2)1jcq) = (Rp(2)1ca)*Re(2)1c,q, We
know Ulpq = (A — 2)URL(2)1q is a Hilbert-Schmidt operator. Thus, there exists a
corresponding kernel @ defined on [e, d| such that

<U;uqﬂfv<x>::t/“1w<x7A>f<x>rdx.

Moreover, one can easily check that for [¢/,d'] D [c,d], the new u;’s we construct using this
procedure coincide with the previous ones on [c,d]. Therefore, we get a measurable @ on [
satisfying the property of the claim. 0

We provide the definition of a Hilbert-Schmidt operator and some crucial properties here
for reader’s references.

Theorem 2.41. Suppose A : H — H is a bounded linear operator on a Hilbert space H,
then the following are equivalent:

(1) {e;} is an orthonormal basis for H, 37 || Ae;||* < +o00;
(2) A is compact and {s;(A)} are eigenvalues of A*A such that 3 s;(A)* < oo;
(3) if H= L*(X,du(z)), then

0 = [ Kle.n)f@)duts)

where [[|K(x,y)|* du(z) du(y) < +oo.

Then we say such an A is a Hilbert-Schmidt operator, and the three quantities above are
equal to each other and we denote it by || A||%s-

Proof. The proof of the implication (2) = (3) would use the singular value decomposition.
The other implications are easy to check. 0

Henceforth we stick to the case p;’s are ordered and hence k > 2.

2.5.2. Computing spectral measures with L LC at one endpoint. We will start with a simpler
case. Suppose L is LC at a and D(L) is defined with a boundary condition at a, then we
know k = 1 thanks to Corollary 2.39. By Proposition 2.33, u, satisfying the boundary
condition at a with u, € L*((a,a + §);rdz).

Using the same notation as before, v, is the one in the definition of LC, then W, [u,, v,] = 0
with v, € D(L). Moreover, take v, to be another solution such that {v,,7,} is linearly
independent and W, [u,, U,] = 1. (Such 0, exists since we can solve the differential equation
at ¢ € I such that W, [u,, 7,] = 1 and W, is independent of x. )

Since k = 1, for any wu(z,\) solving Lu — Au = 0 with desired boundary condition,
u(z, A) < ug, that is, u(z, A) = v,(AN)ug(z, A) for some ~,(A). This implies that for u = wu; in
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Proposition 2.38, there is some measure fi such that di(\) = |v.(\)[2duy(N). Furthermore,

this corresponds to a unitary operator U : L2(I;rdx) — L*(R, dji),

b
Uf :/ Ug(z, ) f(z) rdz,

which is a spectral transformation. This rescaling gets rid of the unknown factor v,. From
now on, we remove the tilde notation. One should keep in mind that p here may not be a
finite measure anymore.

In order to compute du, we take z € C \ R such that there exists a uy(z,2) € L*((b —
J,b); rdz) by Proposition 2.33 such that w, satisfies the boundary condition at b if £ is LC
at b. Note that {u,,up} is linearly independent. Suppose not, then v = u;, = cu, will imply
that u satisfies Lu = zu and wu satisfy the boundary condition at a and b if there is any.
Hence, u € D(L) and it is an eigenfunction, which contradicts z € C\ R C p(L).

Hence uy is a linear combination of 9, and u, with nonzero coefficient corresponding to
U4, that is,

up(x, 2) = W(2) (Vo (2, 2) + my(2)ug(z, 2))
for some 7,(z).
Let us u, be normalized such that v,(z) = 1, that is,

wp = Uo(2, 2) + my(2)uq(z, 2).

This is called a shooting problem or a connection formula since it connects functions with
good bahavior at a and functions with good bahavior at b. The function m(z) is called the
Weyl-Titchmarsh function.

Recall that

b b b_
lU=/%@NﬂW@M%t/UWﬁMMZ/fmﬂmvwﬂ

a

In order to compute du, we need to select some f such that the expression for U f is fairly
simple. To do that, we first compute in a formal way to give some heuristic idea. Since
UL = MU,

Uh(L) = My U,
and hence Uh(L)f = h(A\)U f. Then formally, we write

Tx))_/ a( ,)\)5( y)d a(yv)‘>

Let h(L) = = for z € p(L) and f,(z) = %, then
1

URE)fy = MUy = 5= a(y, )

U(

Since (L — 2)G = ———=, h(L)f, = G(-,y, 2) and hence

UG(7 Y, Z) =

1
a(Ys ).
()
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Now it would be a nice formula since G is in L? though the computation above is just

heuristics.

Note that we can normalized u;, such that W [u,,up] = 1. Then the Green function of L

can be expressed by

ua(y,Z)Ub(f,Z), y <z

>
G(l’, Y, Z) = {Ua(m, Z)ub(ya Z), Yy >,

Lemma 2.42. For z € p(L), the following identities hold:

Ua (Y, A
U620 = “C 00,60y )0 =
Proof. Since U : L*(I;rdz) — L*(R,dp) is unitary and
1

Ri(z)f = U=V

we have

| s = [0 400, vy e pie)

P(y)dyualy, A)

in the sense of L?. Note that D(L.) is dense in L? and we use the definition of adjoint, the

fact G(-,y, z) € L*(I;rdx) for all y € I and the fact U~! = U* to see

WGty ) = 22

By differentiating this formula,
Oya(y, A
U@,6(. ) = 2N,

We multiply both sides by p(y) just for our convenience.

By Plancherel’s formula,

Uq y?
WAL gy = [weran= [ 160 @

On the other hand, we would expect the following result.

Lemma 2.43. For z € p(L),

b
(Im=) / Gz, 9, 2) rdz = Im Gy, 3, 2).

(2.12)

Remark 2.44. Before we give a rigorous proof, we see why this is true in a heuristic way.
Note that G(-,y, z) satisfies the boundary conditions at both a and b if there is any and

Sl —
LG(y,2) = M at least formally, which is the unique one with such properties.

r(z)
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Moreover, G(z,y, z) = G(x,y, z) and we denote G = G(z,v, z), G = G(x,y, z) for simplicity.
We write
b 1 b
/ G(z,y,2)G(z,y,z) rde = — / (2G(z,y,2)G(x,y,2) — 2G(x,y,2)G(x,y, 2)) rdx

zZ—Z

=— ! /ab ((ﬁG(m,y, zZ) — M) G(z,y,2) — G(x,y, 2) (EG(x,y, z) — M)) rdz

zZ—z r(z) r(z)
1 L C ) do(z —y) ~ rd
= /a (EGG GLG () G+ (D) G) d

1

= _ (—2iIm(G(y,y,2))) = le(G@ay:Z)),

2i(Imz) Imz

where we use

z—Zz

/ (LG)G — G(LQ)) rde = 0

in the third step, which follows from integration by parts and the fact that G, G both satisfy
boundary conditions.

I
Note that ﬁ is the Poisson kernel, or more specifically, for z = A\g+ie, m

is an approximation of do(A — Ag). Hence, with the help of Lemma 2.43, we would expect to
recover dy from the equation (2.12).
Now we give a rigorous proof for Lemma 2.43.

Proof of Lemma 2.453. Recall that

G(Qf Z) o ua(xv z)ub(ya 2)7 Yy >,
¥ %)= uo(y, 2)up(x, 2), y<uw,

where we normalized u;, such that W [u,, u;] = 1. We write

b b
/ G(z,y,2)G(z,y, z) rde = / (2G(z,y,2)G(x,y,2) — 2G(x,y,2)G(x,y, 2)) rdx.

Then we know

zZ—z
Gy, 7) = Lug(z, 2)up(y, ), y >z,
Y2 = uo(y, 2) Lup(x, 2), y <z,

and similar equation holds for zG(z,y, z). Hence,

b
[ 16w s
1

—— /y (Lug(z, 2)up(y, 2)ua(z, 2)up(y, 2) — ug(z, 2)up(y, 2) Lug(z, 2)up(y, 2)) rdz+

1

zZ—z

/ (ua(y, 2) Lup(x, 2)ua(y, 2)up(z, 2) — ua(y, 2)up(x, 2)uq(y, 2) Lup(z, 2)) rd.
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For the first integral, we compute by using Lagrange’s identity,

Up Ub

Y, Z / (Lug(x, 2)ug(z, 2) — ug(z, 2) Lug(z, 2)) rdz

(v, 2)un(y, 2)
=uy(y, 2)up(y, 2) (=Wy [ua(7, 2), ta(, 2)])
—ub(yv )Ub(y, 2) (p(y)a ua(yv )ua<y7 ) ua(yv 2) ( )a ua( ))
=ta(y, 2)us(y, 2) (p(y)Oytia(y, 2)us(y, 2)) — ualy, Z)us(y, 2) (p(y)Oytia(y, 2)us(y, 2))
where in the second step, the boundary term W, [u,(z, 2), uq(x, z)] = 0 since
W [ua(, 2),v4(x)] = Wy [ua(z, 2),va(x)] =0

with the v, in Theorem 2.32. Likewise, the second integral is given by

[

Ua (Y, Z)uq(y, )/ (Lup(z, 2)up(x, 2) — up(x, 2) Lup(x, 2)) rdz

=uq (Y, 2)up(y, 2) (P(Y)ua(y, 2)Oyus(y, 2)) — ualy, 2)us(y, 2) (p(y)ualy, 2)Oyus(y, 2)) -

By combining these two and using W [u,, up] = 1, we get

/ |G(Iaya Z)|2de = Zle (—ua(y,z)ub(y, ) + ua(y7 )Ub(y, )) = 5 ! (G(y7y7 Z) - G(y7y7 Z)) )

which completes the proof. 0

Using the same type of argument as in Lemma 2.43, we can show

b
1
/a |G((L’,y, Z)|2de: mlm@(y,y,z),

b
[ ReGlo w2 )Gl 2) v = o (p@)0,Gl9,2) + ), ,5:2) |y

Im

In the second identity, though lim,_,,, p(2)0,G(z,y,2) # lim,—, p(x)0,G(z,y,z) (both
exists since u,,u, € D(L) but are not equal to each other), the right hand side is well-
defined since the sum of these two discontinous function p(z)0,G(z,y, z) + p(y)9,G(z,y, 2)
turns out to be continuous.

b
1
| bwo,Glay o rds =

mz

Now we can compute spectral measure when £ is LC at a. We restate what we discussed
at the very beginning of this subsection to refresh our memory. We stick to the notation v,
we used in Theorem 2.32 and we got u,(+, z) and 0,(+, z) in D(L) satisfying the boundary
condition such that v, € D(L), Lu, = 2ug, LT, = 20, with W, [ug, va] = W, [04,v,] = 0 and
W, (g, 0,] = 1 for any z. Moreover, A € R, u,(z,\) and 7,(x, A) will be real-valued. Fix
U = Ug In

b
Uf(z) = / u(z, \) f(x)r(z)dz, U:L*(I,rdx) — L*(R,du),

then our spectral measure p is fixed. Furthermore, uy(x, z) = 0,(x, 2) + my(2)uy(z, 2) for
z € p(A).
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Since
G(y7 Y, Z) = ua(y7 z>ub(y7 Z) = ua<y7 z)va(y, Z) + mb(z)utI(y? Z)Qv (213>
take z =t + ie, then

t1+0 c ) t1+96
li ——————u,(y, \)* du(N) dt = 1i ImG(y,y,t +ie)dt
5{% o /()\_t)2+52“ (y, A)" du(N) 61{% \ mG(y,y,t + ic)
t1+0
:h{% Im (ug(y, t +ig)va(y, t + ie) + my(t + ie)ua(y, t + ic)?) dt
€ t
0t1+5
=lim (Im my (t + i) |ua(y, t)|? dt.
e\0 to
On the other hand, by Fubini’s theorem,
t1+0 € )
li ————ua(y, N | du(N) dt
i | Oz g e e M drd)
, t4+6— A\ to — A )
=1 t ——F | —arct (U, A)|F dp(A
lim arcan( . ) arcan( . )\u(y )7 du(N)
1
:% (X[to,t1+5]()‘) + X(to,t1+5)()‘)) |ua(y> )‘)‘2 d:u(/\)
and hence
1 2 - e : 2
7 | (Xtotisa(N) + X400 (V) [taly, M) dpu(A) = lim (Im my (£ +i€)) [ua(y, £)|” di.

t
i (2.14)
which will help us recover du(\).

If £ is regular at a, it is easy to recover u as following. Then we can choose u,(a, \)
normalized to be |u,(a, \)| =1 for all A € R provided u,(a, A) # 0. If u,(a, A) = 0, then we
apply a similar argument to p(a)u,(a, A) = 0 by using the second identity in Lemma 2.42.
Moreover, by taking y = a in (2.13), we get lim. o Im G(a, a,t + ic) = Imm,(2z) and hence
Immy(t +ie) > 0 if ¢ > 0 thanks to Lemma 2.42.

Then (2.14) implies

1 to+90
wu(to) = - (131{‘1(1) ll{% - Im my(t + ie) dt, (2.15)
which will be a right continuous monotone non-decreasing function and the Stieltjes measure
is given by the extension of u((c,d]) = u(d) — u(c).
It is a bit tricky when £ is LC at a. Let dvy,(A) = |ua(y, A)|? du(A) be a new measure,
then v, < p. If we use the same type of argument to recover v, we get

to+0

1
vy(to) = ;(lsi\r%li\r‘% Im my (t + ie) |ua(y, t)|? dt,
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which still depends on u,. In fact, we can recover dyu directly by combining the two identities
in Lemma 2.42 as follows. We compute

P UG (3. 2) () — sy VU ()0, G . )(N) = o]

Furthermore, since Wy, [u,, ] is continuous in y and in fact W [u,, up] = 1, we can assign
y = a on both sides, which implies

(U 2)O) =

Then (2.15) follows from exactly the same argument as in the case for regular points.

Example 2.45. Let £ = —% with I = (0,400). L is LC at 0 and LP at oo since we can
find two linearly independent solutions both L? near 0. Let v, be the v in Definition 2.29,
v,(0) = sina, v, (0) = cosa, which is well-defined since L is actually reqular at 0. The
boundary condition W, [u,v,] = 0 for u turns out to become

BC,(u) = cos au(0) — sin au'(0) = 0,

which coincides with the case for regular Sturm-Liouville problems. Likewise, there is a
solution U, such that 0,(0) = — cos o, p(a)?,(0) = sina.
Now our goal is to find uy(-, ), up(-, 2) and m(z). Then for z € H, fundamental solutions

are eV=*" and e"V=**. Here, we choose the branch of \/—z such that Rer/—z > 0 for z € H
in the upper half plane.
In order to make w, decay at oo, we need to choose uy(x,z) to be

up(z, 2) = cexp(—v/—zx). (2.16)
In order to find ug(z, 2) = ceV=* 4+ de=V =% with boundary condition BCy(uy) = 0, we solve

sin «v 1 1 c — .
(cosa> - (u—i—iy —,u—z'u) (d)’ TEEpw

c\ 1 —p—iv —1) (sina
d)  —2u—2iv \—-pu—iv 1 COS (v

1 1 1 1
Ug(w,2) = (5 sin o + s Cosa) eV 4 (5 sin o — N cosa) e~V

Let X > 0, then for z =\, v/—2 = /=X = —iv/A due to the branch we take. Hence,

explicitly, we get

1
Ug(z, A) = sinacos VAz + ﬁcosasin V. (2.17)

Moreover, one can get v, by a similar computation, and in fact, we just need to replace sin a
by —cosa and cosa by sina in (2.17), that is,

1
o(x, \) = — cos o cos VAT + —= sin asin vV Az
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: COS (07
U\ [ s« cos VA
U, —cos Sinf“ sin vz

Ug sina %% cos \/Xx
up(, z) = (mb(z) 1) (f)a) - (mb(z) 1) (_ COS v Sin>(\1> (sin \/Xx) (2.18)
On the other hand, from (2.16), we know

up(w, 2) = ¢ (1 i) (‘;fs \\g’f) . (2.19)

Equating (2.18) and (2.19) gives

Therefore,

Q

3

S

(2) Acosa+sina  sSina — +4/—2Cos
mp\2) = — = - .
WV Asina —cosa cosa+ +/—zsina

A simple calculation reveals

Acosa+sina VA
ivVAsina —cosa  cos?a+ Asin?a
It turns out that du does not have atomic part and
1 VA

du(\) = — d.
H(A) 7 cos? o + Asin® «

lim Immy(t +ic) = —Im
e\ 0

The unitary map U constructed using the spectral measure is named as the distorted
Fourier transform, which is useful in recent research, like in [2], [6]. They use this machinery
to study of long time bahavior of the wave equation, and to construct blow-ups at finite
time.

2.5.3. Computing spectral measures in general case. We only give a brief introduction of the
idea and one can refer to [13, Section 9.6] for a discussion in detail. In general, our spectral
transformation map

U: L*(I,rdv) — L*(R,duy) @ L*(R, dyus)

Uf— /(Z;ii) F(a)r(z) da.

If L has simple spectrum, we just choose jo = 0. The procedure is as follows :

is given by

e For ¢y € I, we define ¢(z, z), s(x, z) to solve Lu = zu with s(cg, z) = 0, p(co)s’(co, z) =1

and c¢(co, 2) = 1, p(co)c(co, z) = 0.
e Note that u;,j = 1,2 solve Lu = zu, then there exists C'(\) such that

() = cwwste-n
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where S(z, \) = (Eg ii)

o Set [t = 11+ po, then p; < [, and hence dpy = ridji, dpe = rodpi. 1f we express U*U = 1
in terms of integral kernels thanks to Proposition 2.38, then we get

do(x —y) :/mm(y, Mr(y) dpg(N) + /muz(y,/\)r(y) dpis(\)
= [ w5 o) (Z;EZ;?D )Y

- / (CNS(z,\)* (78 )CS(?/, / S, N RSy, Mr(y)dia(\),

r

where R(\) := C(\)* (0
e Now we define U : L*(I, rdx) — L*(R, R(\) df) by

/Sx)\ (x) dx,

where the inner product of L2(R, R()) dji) is given by (F,G) = [, F*RG dji()\). Note
that R is symmetric and positive definite. By renormalizing /i, we may assume trR = 1.
e Now we characterize Rdfi. Put G = G(-,y; 2), p0,G = p(y)0,G(-,y; z). We will have

(G,G) = [ e RuN)da(N),
(G,pﬁyG> _f\ 1)\|2R12( )dji(X),
(p0,G, p0,G) = [ A Raa(Ndii(N),

o If my(z), my(z) are defined so that z € C\ R,

ua(z) = c(x, 2) — me(2)s(z, 2), up(2) = c(x, z) + mp(2)s(x, 2),

S) C(N). dp is the integral kernel of I
2

then ( > ( 5,C)
G,G G, po,G
’ ’ = ImM (2),
(15arty vt rnty) =)
which M (z) is the Weyl-Titchmarsh M-matrix, given by
M(Z) — 1 ( —1 M) — G(CO;C(hz) %CKCO?CO,Z)
ma(2) + o) \Z5ml)  (ymy(2)) T \ G e, co,2) pupdyGleosco.2))

e We can recover the measure using M (z) as what we did before.
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3. ODEs IN COMPLEX DOMAINS AND SPECIAL FUNCTIONS

First, we do a quick review for ODEs in complex domains. Let
d? d?
Lu=—u+ P(z )d su+Q(2)u =u" + P(2)u' + Q(2)u =0 (3.1)
with P, : U — C and U C C is simply connected.

Theorem 3.1 (Picard-Lindelof theorem). Suppose P and Q are analytic on U, then
'+ P(2)u + Q(2)u=0,
u(z9) = uyg,
uw'(z0) = uy

has a unique solution u : U — C which is analytic on I.

Proof. We still use Picard iteration on curves from zy. Thanks to simply connectedness, we
can show that the value we choose is independent of the choice of paths. 0

Remark 3.2. We can also prove analytic dependence on parameters. Suppose A is an open
subset of C and if P,Q) : A x U — C are continuous. For a € A, we write P = P(a, z),

Q = Q(a, 2) and <Z°> - (ZOEZD If P(ag, ), P(-, 20), Qlao,-), Q(-, z) are analytic for all
1 1
ap € A, zp € U, then the solution u = u(a, z) is analytic in A for all fixed z.

3.1. Classification of singularities.

Definition 3.3. We say zy € U is a regular point of L if P and () are analytic at z.
If not, zy is a singular point of L. If zy is the removable singular point of (z — zy)P(2)
and (z — 20)*Q(z), then 2y is said to be a reqular singularity. If not, 2y is an irreqular
singularity.

Now we can find a local solution near a regular singular point by using the Frobenius

method. Without loss of generality, we assume zy = 0 is a regular point and the correspond-
ing Laurent series converge for |z| < p. We do the expansion

P(z):&+P1+sz+ Q(Z):%—F%‘FQQ—F'“.
Then we denote the highest order terms by
Lou =u" —I— QO )
Any equation of the form
u” —|— QO =0

is called the Euler’s equation, where 0 is a regular point provided that Py, ()g are holomorphic
near 0. In view of its homogeneity, we try the ansatzs u = z* and this motivates the following
indicial equation at 0,

ala—1)+ Pha+ Qo =0. (3.2)
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We denote solutions to this indicial equation by a1, as and suppose Rea; > Reay. The
basic idea is to construct solutiosn of this kind

solving Lu = 0. To illustrate in details, here are three cases to consider.

(1) If a; — ag ¢ Z, then we can plug in the ansatzs

o0
uj = 2% Z jn2"
n=0
and equate the coefficients.
(2) If a; = a3 = a, then we plug in
o0
u; = 2% Z ay 2"
n=0

In order to derive the form for us, by plugging us = hu; into Lus = 0, we get
0= h"uy + 2h'u} + Ph'uy,
which is a first order ODE. By setting H = h’, we have

, u’l P(] / « PO .
H + u_+?+p1+p22+... H=H +(2;+?+ higher order terms)H
1

1
=H'+ — (1 + higher order terms) H,
2

where in the last step, we use a = 1_2P 0 thanks to our assumption. Solving the ap-
proximate equation H' = —%H gives H = % and hence, h = logz. That is to say,

h(z) = log z+ regular terms. Thus,

oo

Uy = 2% Z as 2" +uylog 2.
n=0
(3) If oy — ay € Zy, then
oo oo
u; = 2t Z a1 2", up = 2" Z as 2" + cuqlog z,
n=0 n=0

where ¢ can also be determined via equating coefficients.

Theorem 3.4. These solutions uy,uy constructed above converge within {|z| < p}, where
p is the radius of convergence for the Laurent series of P, Q).

Now we study the singularities at co. Let Z = %, then dz = —zizdz and

az - _iaé — _~2827 82 - ~4a§ + 22385’

22 z
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which transform the original equation to

2 1 1
~/ —__P
B (2 =l

)) i + %Q(é)a ~0. (3.3)

z
Then it is natural to classify the singularities as follows.

Definition 3.5. We say oo is a reqular point for L if 2z — 22 P(z) and 2*Q(z) are bounded
for |z| > 1. Otherwise, we say oo is a singular point for L.
Moreover, if |22P(2)] = O(|z]) and |2*Q(2)| = O(|z]*), then we say oo is a reqular
singularity for L. Equivalently, oo is a reqular singularity if and only if
1 1
W@Nﬁgp QRIS

™z

when P, Q) are analytic.

Then for (3.1), if 0o is a regular singularity, then we can write

PZ}Z& :i @n

for |z| > Ry. Thanks to (3.3), the corresponding indicial equation is given by
ala—=1)+ (2 - P)a+Qy=0.

3.2. Hypergeometric equations.

3.2.1. Associated Legendre equations and Hypergeometric functions. As an motivating ex-
ample, we derive the Legendre and associated Legendre equations. Both equations are
originated from the spectral theory of S2. The laplacian operator in the spherical polar
coordinates gs» = df? + sin® 0dp? is given by

1 0, . 0 1 1
A = — — Z(gY N - . -
As dctg 9,V detgaj) [ sin 0] (89“8”19’89)+ |sine|a@)
g cosf 1
=% sin @ % sin’ @ O

Out starting point is the ansatz
u= Z Uy (0) ™™,

We compute

. 4 cos m?
— A me\ __ ime [ 92
s (um(G)e ) ¢ ( % sin 989 * sin? 9) tm
Then the eigenvalue problem (L,, — A)u,, = 0 is equivalent to

cos 6 m?

N (7] 9 4
sin 6 sin? 6

—05 — —A=0.
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To study this, we transform it into an ODE via a change of variable. Let z = cos 6, and in the
following computation, we stick to z € R for simplicity. Then 0y = —sin00, = —v/1 — 220,
and 93 = (1 — 2%)9? — 20,. If we put this in, we get an ODE

2

—(1 — 22)0% Uy, + 20U, + 20Uy, + %um — Au,, = 0.
—z

By replacing A = (I + 1), we get the associated Legendre equation

(1— 22" — 22/ + (z(z +1) - m” ) u=0. (3.4)

_ 2
If m = 0, it is said to be the Legendre equation
(1= 2" — 220" + (I + 1)u = 0. (3.5)

Note that all the three singularities £1 and oo are all regular singularities. It is important
to notice that three points uniquely determine a Mobius transformation in the complex plane.
With this vital property, one can reduce this to a canonical form to make the solutions look
nicer so that we can develop the connection form. This is why the hypergeometric functions
are of great importance.

Theorem 3.6. If (3.1) has at most three singularities in CU{oo}, all of which are regular
singularities, then it can be transformed, via a change of variable and a conjugation, to
any other equation of the same form.

Let

Flabe2) =Y %;—T (3.6)

n=0

where (a), = a(a+1)--- (a+(n—1)) is the Pochhammer’s notation with the convention (a)y =
1. Functions of the form (3.6) are called hypergeometric functions. Such hypergeometric
functions are supposed to be the Frobenius solution to a hypergeometric differential equation
at z = 0 with index v = 0. In view of this, we can give a derivation of the hypergeometric
equation.

To keep track of the construction of a desired series solution, we list the properties of a
series solution as follows.

d o o
ZE E anz" = g nap,z", ¢
n=0

n=0

[e.9]

oo o o
anz" = g capz”, zE anz" = E 12"

n=0 n=0 n=0 n=1
A naive guess for the form of the hypergeometric equation will be
d

Z—u = 2u
dz ’
whose power series solution near z = 0 is given by na, = a,_1, that is, a, = %ao, which
corresponds to an exponential. To produce the Pochhammer’s notation in our coefficients,
we find
d

ZE<ZE

+c—1u = zu,
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shall imply n(n+c¢—1)a, = a,_1, which generates a,, = mao. Finally, in order to get the

terms in the numerator correctly, we notice that

d, B d d d
za(za +c—1u= Z(ZE + a)(za + b)u, (3.7)

is equivalent to
nn+c—1a, =Mn+a—1)(n+b—1)a,,
(@)n(b)n

¢)pn!
Later, we will study the confluent hypergeometric function

which corresponds to a, = ag.

M(a,c,z) = Z <a)nz”, (3.8)

n=0 (C)n
which solves the confluent hypergeometric equation
d d d
za<z@+c—1>u:z(£+a)u. (3.9)

It appears to be simpler than the hypergeometric equation at the first glance. However, its
singularities may not be regular.
By an explicity computation, one can check (3.7) is equivalent to the following differential
equation
2(1—2)u" + (c— (a+b+1)z)u’ — abu =0, (3.10)
which is called the hypergeometric equation. It has exactly three singularities 0, 1, oo with
corresponding indices as shown in the table.

singularity 0 1 00
corresponding indices | 0,1 —c¢ O,c—a—0b a,b
TABLE 1. Correspondence between singularities and indices

The indicial equations at 0,1, 0o are

ala—1)+ca=ala—1+c)=0,
—ala—1)+(c—a—b—1)a=0,
ale—1)+(a+b+1)a+ab=(a+a)(a+0b) =0,
respectively. Though the indices found from the third equation for z = oo are —a, —b, we
need to take the positive sign due to the change of variable z — % when we define the
singularities at oo.
Now let’s see the proof of Theorem 3.6.

Proof of Theorem 5.0. We start from the study of an ODE with three regular singularities
20, 21,22 € C. As a remark, if (3.1) has less than three singularities, we need to view some
arbitrary ordinary points as regular singularities with indices 0 and 1, that is, Py = @y =0
in (3.2).
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Henceforth, we use the Riemann notation ot describe the correspondence of the singular-
ities and their indices.
20 k1 R2
ar B oz
az P2 72
Let ~ ~
P(z) 0lz) = Q(z)
(2 —20)(z — 21)(2 — 29)’ (z—20)%(z — 21)%(2 — 29)?
with P, Q holomorphic on C. Since (3.1) is an ordinary point at oo,

2 1 1

P_I< _— < _—
P-2ISpE 10015

P(z) =

thanks to Definition 3.5. Then by Liouville theorem,
Q=+ qz+ @z P=pi+pz+p2

where p; = 2. In view of this, there are only five numbers of possibilities, since they satisfy

po+p12+p2z?
ey ey et and we know

P(z) ~ 2 as z — co. We write P(z) in terms of partial fractions, that is,
+ P12 + po2? A A A
P(Z) _ Po T D1 P2 _ 0 1 4 2

+ ;
(z—z20)(z—21)(z—22) z—20 2—21 Z2—2

some compatibility for the indices as follows. Suppose P(z) =

which implies Ag + A; + As = 2. The indicial equation at zg is
oo = 1)+ (= = ) P(eegp + - =0,
which implies
a;+as = (1—(2—20)P(2)]s22) =1 — Ap.
Similarly, we have
Bit+Ba=(1—(2=2)P(2)|=zy) =1 = A1, Mm+r=0-(2—-2)P2)].=,) =1- Ay,
and hence the sum of the indices is
atayt+f+Batntr=3—-(A+A4+A4;3) =1
We make a transformation
(20, 21, 22) = (0,1, 00)

given by
Z— 20 R1 — k9

N

Z— Ry 21— X
Let @ = u(2(Z)), then @’ + P(2)@ + Q(2)i = 0 is a differential equation with exactly the
same indices as the original one.

Let v = Z#(Z — 1)”u(Z), then one can observe that this increases the indices at 0 by u
and the indices at 1 by v by keeping track of the change of the coefficient P(Z), Q(Z) due
to this subsequent change, (One can plug @ = Z7#(Z — 1) ¥v into the equation to see what
happens.) Hence, the indices are

O‘kz_‘_,u?Bk—{_Vaﬁ)/k_:u_y
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at 0,1, co respectively, k =1, 2.
O

Now we study the hypergeometric function (3.6). For simplicity, we suppose ¢ ¢ Z to
avoid the appearance of log in the solutions. First, we study linearly independent solutions
at 0. Let u = 2'7¢U(z), then U will satisfy an ODE with regular singularities and indices

0 1 00
U=<c—1 0 a+1l—c z
0 c—a—b b+1—c
where we use the Riemann notation, which follows easily from the definition of u and Table 1.
Hence,
G(a,b,c,2) = 2" Fla+1—c¢,b+1—¢2—c,2)
is the other solution to (3.10) at z = 0 corresponding to the other exponent « =1 —¢. In
fact, one can check this explicitly by writing u = > a,2""' "¢ and plugging it into (3.7) to
derive the recursive relation (n —c+ 1)na, = (n+a—c)(n +b— c)a,_1.
Lemma 3.7. Forc ¢ Z,
W.[F,G] = (1 —¢)z7¢(1 — z)*7 b1,
Proof. Since
c—(a+b+1)z ab c—(a+b+1)z ab

F'4 ———F, G'=- G+ ——=G

= 2(1—2) 2(1—2) "’ 2(1—2) z(1=2)

we compute
c—(a+b+1)z

W!F G] = W.|F,G
1r.6) = S W R
c a+b+1 ¢c c—a—b-1
=— — FGl=—|-"+——-— F,G].
(z(l—z) 1—2 >WZ[ G <z+ 1—2 )WZ[ G
Hence,
W,.[F,G] = Cz7¢(1 — z) "L,
Evaluating F, F',G,G" at z =0 gives C' =1 — c. O
Now we study the solution near 1. Take u = U(1 — 2), then
0 1 00
U= 0 0 a, z

c—a—b 1l—c b
So it follows from Table 1 that the Frobenius solution for indices 0 and ¢ —a — b at 1 are
F(a,b,1+a+b—c,1-2), G(a,b,1+a+b—c,1—2),

respectively, provided that a +b — ¢ ¢ Z.
Finally, we study the linearly independent solutions at co. Let u = 27U (%) and suppose
b—a¢Z.

1 1
7 Fla,14+a—c,14+a—b =), 2z Fbl+b—cl+b—a,-)
z 2z
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3.2.2. Connection formula with a review for Gamma functions. In order to derive the con-
nection formula, we recall some basic properties of Gamma functions. Let

o dt
['(z) = / e_ttz?, Rez > 0.
0

It follows from integration by parts that zI'(z) = I'(z + 1). Moreover, from this recursion
relation and I'(1) = [~ e~"dt = 1, we know I'(n) = (n — 1)! and

As it is written, I'(2) is defined on {Re z > 0} and we can extend it to the whole complex
plane by analytic continuation except integers less than or equal to zero.

Theorem 3.8. Gamma functions can be expressed by an infinite product form

z

nln
T'(z) = li .
W= e

Proof. Since

_ : t\"
(& t = hm (1 - E) X{0<t<n}(t),

n—o0

where the limit is monotone with respect to n and hence

F(Z) :/ e_ttz—l dt — hm (1 - i)ntz—l dt
0

n—o0 J n

1 t\" . _n [T AN
= lim — -0y (1——| t*dt = lim — 1—— t* dt
n—oo 2 Jg n n—o0 NZ Jo n

-1 " £\ ! "
— i 221 / 1—=)  #dt= lim ~ / el
n—oo n2z(z + 1) J, n nsoonz(z4+1)---(z4+n—1) J,
n' z+n
im n
n—oonmz(z+1)---(z+n—1)(z+n)

Y

where Re z > 0. [l

Theorem 3.9. Gamma functions satisfy the reflection identity

T(2)0(1—2) = —

sin(mz)

for z ¢ 7.
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Proof. Let us formally evaluate
1 — tim 2z+ 1) (z4+n)(1—=2)---(n+1-2)

L)1 —2) nooo nln? nlnl=2

=g (1 5) (15 s (1 ) (- 0) et

1 - 2
—fim (1o 1-=2).
n—o00 n 7L—|-1 1 ]2

J

Hence, it suffices to show

sin:zrz) :jljl (1 B j_z> '
sin(7z)

Since is an entire function of order 1, we know

sin(72) 0 20 s T 22
. —GP HEl(Z) = € H 1_ﬁ
j k=1
where p(z) = az + b is a polynomial of degree at most 1, z; = j for all j € Z \ {0}, and

()= (1-3)

is the Weierstrass canonical factor (3.11). The last step follows from

B (e (%) -5

Then evaluating at z = 0 gives b = 0. Moreover, thanks to the evenness, we know a = 0,
which completes the proof. 0

w4

We restate the Hadamard factorization theorem (see [11, Theorem 22]) as a reference.

Theorem 3.10. Let f be a nontrivial entire function of order p, that is,
p=inf{p : |f(2)| < e as |z| = co}.
Let k be the integer such that k < p < k+ 1. Then

10 =0 T8 (2).

where p(z) is a polynomial of order at most k, m is the order of vanishing of f at the
origin, {z,} enumerates the non-zero zeros of f (by multiplicity) and Ej, is the Weierstrass

canonical factor
k
1
Ep(z) = (1 —2)exp (Z 72l> . (3.11)
=
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Theorem 3.11. Gamma funtions satisfy the multiplication formula

TPT(Q) _ (" ooty vt g
m—/ot (1—=t)""dt = B(p,q),

which s the beta function.

Proof. We do a direct computation using Fubini’s theorem

F(p)F(q):/ e_ttp_ldt/ e S5t ds:/ / e ol dt ds.
0 0

’U

Now we make a change of variable t = , s = %2 and we get

[ L (s )’”:g“z”):fvdu
:/0 e[ () ()

=B(p, q) / e “u’ " du =T (p+ q)B(p, q).
0

Using these properties, we write

n!

F(a,b,c;z) = L(c) f: (@)nz" T'(b+n) _ I'(c) y f: (a)n2" /01 11— et gy,

I'(b) n! T(c+n) TB)(c—

n=0

and then by using the binomial formula (1 —2)™% =>_ (a)n"!zn, we get

I'(c) ' b —b-1 -
—_— t’(1 —t)° 1—zt) “dt.
e J, 100

By symmetry of a, b, we can also swap a and b to get another formula

L ' a _ 4\c—a—1 — 2 —b
F(a)I‘(c—a)/Ot(l £)° T (L — 2t) ™ dt.

F(a,b,c;2) =

F(a,b,c;2) =

Theorem 3.12. For ¢ ¢ Z, Re(c —a — b) > 0, we have

lim F(a,b,c;2) = L({c—a—b)

21— T T e—b)I(c—a)
Proof. We compute
zlgfl— F(a,b,c;z) = %/{) tb(l _ t)c—a—b—l gt
Tl T®L(c—a-b) T(l(c—a-1b)
C(c—b)T'(b) ['(c—a) F(c=0)T(c—a)

(3.12)
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Now we derive the connection formula for the hypergeometric equation. We want to show
that we can express any one of F(a,b,c;z), G(a,b,c;2), F(a,b,1 +a+b—c;1 — z) and
G(a,b,14+a+b—c;1— z) by the other three.

Proposition 3.13. Suppose c,a +b—c & Z and Re(c —b—a) > 0,Reb > 0, we have

F(a,b,c;z) = AF(a,b,14+a+b—c¢;1—2)+ BG(a,b,1+a+b—c;1—2), (3.13)
where
A_F(C)F(c—a—b) B _ T IF'e)l(c—a—b+1)
- TI'(c—a)(c—b) - sinm(c—a—b) ['(a)T(b)

Proof. The key step is to use Theorem 3.12, By the theory of second order ODE, we know
there exists some A, B such that (3.13) holds on z € (0,1). Take the limit z — 17, then we
know

[(e)(c—a—10)
[(c—a)l'(c—0)

To compute B, we want to take z — 07,
1=A lim F(a,b,1+a+b—c;z)+ B lim G(a,b,1+a+b—¢;2)

= A.

B lz:(>17—|— a+b—c)'(1—¢) F(czjai— b+ 1I'(1—¢)
'l+a—c)l'(1+b—c) I'l—a)'(1-0)

O

3.3. Confluent hypergeometric functions. Our motivation is to study the eigenfunctions
of Laplacian on R?. We express —Apge for radial functions, which is
1
—Apeu(r) = k*u <= —u" — ~u - kKu=0. (3.14)
r
The theory developed so far cannot be applied directly since this equation has an irregular
singularity at oo.
We look for a generalized hypergeometric function which obeys an equation with irregular
singularities as (3.14). One can find by construction that

M(a,c;z) = Z (@)n 2

nl
= (C)n 1!

solves (3.9). Here, M (a,c;z) is called a Kummer’s function or a confluent hypergeometric
function with a regular singlarity at 0 and an irregular singularity at co. Formally, (3.15) is a
limit case of some hypergeometric functions since M (a, c; z) can be seen as lim,_,o, F'(a, b, c; 7)
by taking the limit of each term though it is not rigorous at all.

n

(3.15)

3.3.1. ODFEs with irreqular singularities. First, we study in full generality for u”+ Pu'+Qu =
0. We introduce v and write u = e**v and compute

U+ Pu + Qu =X\2eMv + 200 + 20" + PAeMu 4+ Petu 4+ QeMu
=(P — Py)Ae™v + e (2N + P)v' + ™" + (Q — Qo)eMv,

where we choose A satisfying
N+ PN+ Qo =0, (3.16)
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which is called the characteristic equation. Hence,
0=0"4+ 02X+ P)' + ((P— P)A+ (Q — Qo)) v.

If we formally drop the first term and try to balance the last two after making another
approximation

P,
2\ + Py)v' + (—1)\ + @) v =0,
z z
one will easy to see an ansatz v = z#, which leads to

For A, pu defined as in (3.16), (3.17), one can find a formal expansion

Cn

w ~ —

Zn

such that u = e z*w solves u” + Pu' + @ = 0 by substituting this expression in, where ¢,

is given by the recurrence relation
(Po+2M\)nc, =(n—p)(n—1—p)cp1 + A2+ Q2 — (n—1—p)Py) ¢y

+ AP+ Qs —(n—2—p)P)cpa+t ...+ (APy1 + Quia + pP) co.
(3.18)
Actually, we need to assume P # 4@ in order to guarantee that two formal expansions
are linearly independent due to the following reasons. Thanks to (3.16), PZ = 4Q, shall
imply 2\ + Py = 0, which means that we cannot get a unique p from (3.17).

Remark 3.14. In general, for P} # 4Qo,

A P (3.19)

ZTZ
will not be converegent. One will find that ¢,41 = O(n)c, + ---. The best thing one can
hope for is that (3.19) is an asymptotic expansion for an actual soltution.

Definition 3.15 (Asymptotic expansion). Let A be a range for arquments of complex
numbers. For a sector given by I' = {argz € A, |z| > A} and a function u : T' — C, we

say
o)
Qp,
u ~ —
on
n=0

on I as z — oo if and only if for all N > 0,

N a
ZN+1 U — § )
o

on I
Though the constants for different N may grow with N extremely fast, if we fix N and the
divergent series will provide a good approximation if z is large enough. For more details
about asymptotic expansions, see [8, Chapter 1.7].
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For P? = 4Qy, we need to use Fabry’s idea. To find a formal ansatz for the solutions,
we consider t with z = t2. Then dz = 2tdt and 0, = %8,5 transform 0 = u” + Pu’ + Qu
equivalently to

OFu + (—% + 2P(t2)t) O + 4°Q(t*)u = 0.

In this equation, the problematic terms are 2Pyt and 4t2Qy. In order to eliminate the term
2Fqt, we set u = e_%P0t2U(t). This is motivated as follows. Suppose

N 1 -
w=WU, o =WUSWU, o' =WU2WUSW'U, P =—+2P(#)t, Q=4rQ(r"),

then we get

"+ Pu/ —w v+ (2 )y (4 B U).
u" + Pu' + Qu ( +< + ) +< + +Q) )

Hence, we choose W such that

w1 1
W —§2P0t <~ (logW) = —§Pot2;

which will make the leading order terms of both 2%’ + P and WWH + ]5%’ + (@ vanish. Then
we can construct formal series solution for W as we did before.

Theorem 3.16. Let P(z),Q(z) are analytic functions of z having the convergent series
expansion P =3 -, Eand Q = D 0 % for |z| > Ry. Suppose P} # 4Q, and

ZTL

A1 H1 Cin
A2 H2 Con

are constructed using (3.16), (3.17) and (3.18) as we discussed before.
For any 6 > 0, set

3
T = {z € R :arg((A2 — A1)2) < ™~ 9, |2| > RO}’

Iy := {z € R :arg((M — A2)2) < ;W =9,z > Ro} ;

where R is the Riemann surface of log z, the heliz shaped surface. Then there exists unique
holomorphic solutions u; (j =1,2) to

u" + P(z)u' + Q(2)u =0 (3.20)

with the constructed formal series being their asymptotic expansions on I';, respectively.

Proof. Step 1: First, we focus on j = 1 and we just work on a closure of a branch cut-off
of the complex plane

[y = {z: Jarg((\2 — \1)z)| < 7, |2[ > Ro}.
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Moreover, we drop all the subscripts 7 = 1 unless stated otherwise. By truncating the
asymptotic expansion of u, we construct an approximating solution
Y e
u<y(2) = ezt Z—Z
n=0

Suppose u = u<y + €y solves (3.20), then ey satisfies
en + P(2)ey + Q(2)ey = =Ry, Ry =uly + P(2)uly + Q(2)u<n,

> & formally solves (3.20), we know that in the

where Ry is the error term. Since e**z# ) > <a

resulting formal sequence of
Ry = uly + P(2)uly + Q(2)ucxn,

all the coefficients of terms in the form of e**2*~™ vanish for n = 0,1,..., N. In fact, the
coefficients of e**2#~N~1 in the formal sequence of Ry also vanishes. This is because one can
observe that the coefficient of e**z#~N~=! in the higher order summations e**z# "> . <
can be computed explicitly as

)\20N+1 + Po)\CN+1 + QOCN+1 = O,
which vanishes thanks to (3.16). Hence,

1
)

Ry = e 2"O( (3.21)

Heuristically speaking, though the remaining terms of u<y is O(ZN%) and the remaning
terms of Ry seems to be O(ZN%) by plugging it into a second order ODE, but by our
selection process of A, u, you only need to integrate once instead of twice, so we can obtain
O(<v+r) from integrating O(—y+z). This is like what we did for the Green’s functions - we
only integrate once to get a solution to the second order ODE.

Step 2: The equation used to solve ey is

ey + Poely + Qoeny = —Ry — (P(2) — Ry)ely — (Q(2) — Qo)en, (3.22)
and we want to rewrite this by using Duhamel’s principle so that we can apply the method

of Picard iteration.
If ex has sufficient decay,

en(z) = / G(z,2) (Bn(2) + (P(2) — Py) ey + (Q(2)) — Qo)en) d7/, (3.23)
where G(z,2') = eA(z_z/ijizg(z_z/) is the Green’s function of the second order constant coeffi-

cients ODE derived by variation of parameters and w satisfies arg((Ay — Ay)e™) = 0.

The choice of w is motivated as below. We write e*? = e*2%e(M1=22)% then the decay rate
of eM1722)% i5 fastest if arg((Ay — A\1)2) = 0.

Moreover, we need to choose a specific path 7 of integration for (3.23) as follows. We pick
the direction e as our w-axis. Then let v = v; U 7, U 73, where

{fyl ={z—itz:t€[0,R]}, 73:={re®:r>r(R),r € R},

72 := an arc of a circle centered at the origin joining z — iRz and a point 7(R)e™ with r(R) > 0,
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which is shown in the following figure.

53

On this path 7, Re((Ay — A1)2’) is nondecreasing as shown in the figure and hence

|6()\2—>\1)(2—z’)| _ eRe(()\z—/\1)Z)e—Re((>\2—)\1)Z')|Z . =1,

which implies

’)\1’ + |)\2| |€)\1(Z—Z/)|.
A1 = Ao

’6)\1(2—2’)| (1 _ 6()\2—>\1)(2—Z/)) 2’e>\1(z—z’)’
Gz, 7)< < . 10.G(2, )| <
Gl= 2)] < A1 — Ag A1 — Ag 9:G (=)

Moreover,

| — Re(ulogz) _ Replog|z|+Imparg 2 < m
‘Z ‘ e € _C‘Z‘ )

where m = Rep.
From (3.21), we know

Ry ()] < Cyle ||V 2.
Step 3: Now we want to run Picard iteration. We define
Te(z) = /G(z, ) (Ry(2") + (P(Z) — Po)e'(2) + (Q(2') — Qo)e(2))) d7'.
2l

First, we need to figure out what space we will work on. For £(z) = 0, we know that 70(2)
is holomorphic in I'; and

2’6)\1(z—z’)|

(A=A

o
Svm €] lim/ 2N d | Snm !e“\lz!le/ 11—t N2 qt.
R—o0 " 0

[T0(2) S~ M2 ' S (e / | de|
v

Similarly, by the estimates for 0,G, we get
(0G| S MY [ it 2
0

This motivates us to define

B, = {u : u is holomorphic on T'y, [u(z)| < A|eM?||2[™ V71 [/ (2)| < AleM?||z[™ N1},
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which is ball in the naturally induced Banach space with weighted C° topology. For any
€1,€9 € By, we estimate the difference by writing

T(e1 = e2)(2)] < / |Gz, 2 (P(2) = Fo)(er — €2)'(2') + (Q(2') — Qo) (&1 — &2)(2)] |d2]

1 o0 dt
<CleM?| / L Acll N 2 < Ot AN /
12 o I

— it[Neem’
where C' is independent of N, obtained from the estimate
|P() = Rl < C'1Z711Q(2) — Qo| < T,

Ac = sup {Je — eal(2)e M|V 4 [ — g (s)e o
zef‘
and in the last step, we estimate by letting R — oo and compute the integral along ~;. Since

e dt ee _N+2—-m

as N — oo, we know that for some sufficiently large V,

sup [e” M| [2[ T T () — £2)(2)] < 0] A,
zel

for some 0 < 1.

Hence, by contraction mapping theorem, we know that there exists a unique ey € By
satisfying (3.23) and hence (3.22).

Step 4: We check that uy = u<y + ey is independent of N. For the sake of distinction,
we stick to the notation with subscript and note that the preceding argument works for both
j = 1and j = 2. From the discussion above, we know that there exist solutions to (3.20)
with the behavior

on
n=0

Ay 1
ujv(z) = e ( Gny O<m>)

in fj as z — oo thanks to the result in preceding step. For the sake of distinction, we
stick to the notation with subscript. Since (3.20) is of second order, we know us y is a
linear combination of u; y and wu; nv provided that u; y and w; nv are linearly independent.
However, this is impossible by considering the asymptotics. Hence, u; xy = cu; v for some
constant ¢ and for N, N’ > 1. Moreover, by letting z — e oo along arg((\y — A1)z) = 0, we
know ¢ = 1.

So we set u; 1= u;n for N > 1.

Step 5: Finally, we need to extend u; from I'; to T';. Let @;(2) = uy(ze
defined on the sector

[y :={—7 < arg (A2 = A)ze ™) < w} = {m <arg (A2 — \1)2) < 37}

—2m)  which is

By considering the asymptotics along the ray arg((As — A1)z) = 7, we know that {ay,us} is
linearly independent and hence there exist constants A and B such that

u1(z) = Aty (2) + Bua(z). (3.24)
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PR

N
%U“l /m) i [awur Wrethive g,

whewwjm AAEIETE | YR
@K[)mmﬂ(& zf,u w% .

C
g (-2 ) = =R Y

As we can see from the derivation in the picture, since us is comparably smaller than u; and
u; along arg((Ay — A\1)z) = 7, the asymptotics of u; and @; shall be the same, that is,

Ally ~ AeMZ (e i)

which implies A = e?™1%, Note that @; and uy are both well-defined within the region = <

arg((A2—A1)z) < 27, which allows us to extend the expansion of u; to arg((Ao—A1)z) < %7?—5
in terms of (3.24) without affecting its asymptotic series since ; still dominates within this
region compared to us.

By extending in the same way to arg((As — A\1)z) > —%W -+ 9, u; can be continued to I';
and the proof is complete. 0

3.3.2. Confluent hypergeometric equations. Recall that (3.15) solves the confluent hyperge-
ometric equation (3.9)

zu" + (¢ — z)u’ — au = 0,

which plays an important role in mathematical physics. In terms of transformations ( frac-
tional linear transformations for z, z = Z% or conjugation of u, i.e. u(z) = w(z)U(z) ),
confluent hypergeometric equations can be transformed into radial Laplacian (d > 2) and
Airy’s equations.
By writing (3.9) in the form we discussed in the preceding subsubsection, we have
" c / a
u’ + (z u U= 0. (3.25)

By changing the variables u(z) = 2'7°U(z), a direct computation shows that
U'+(-14+2-¢)z YWU'+ (=(1+a—c)z "YU =0,
which is a confluent hypergeometric equation with indices 1 +a — ¢,2 — ¢. Then
Ul)=M(l4+a—c2—cz)
is a power series solution and we set
N(a,c,z) = 2"M(1+a—c2—c,2),

which is another solution to (3.25) corresponding to different indices at z = 0.
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Lemma 3.17. If ¢ ¢ Z, then
W.[M(a,c;z),N(a,c;z)] = (1 —c)e*z"".
In particular, M and N are linearly independent.

Proof. This can be proved by a similar argument as in Lemma 3.7. Since M, N both satisfy
(3.25), we get

W/[M,N] = — (g - 1) W,[M, N],

which implies W, [M, N] is a constant multiple of e*2~¢. By examining the behavior at z = 0,
the constant is 1 — c. 0

Proposition 3.18. For ¢ ¢ 7Z, Rea,Re(c —a) > 0, M(a,c, z) can be expressed by

_L ' a—1 - cfafletz
M(a,c,z)—r(c_a>r(a)/0t (1-1) dt.

Proof. We write

B ['(c) e 7tz)n a-1 c—a—1
—F(c—a)F(a)/D HZ:O n! - dt

Remark 3.19. Formally,

F(a,b,c;%)—)M(a,c,z), as b — oo

in the sense that each summand in the series converge, that is,
(a)n(b)n 2" (a)n 2"

(Q)pn! b* " (c)n nl”

In fact, this formal limit allows us to derive Proposition 3.18 from (3.12) since

2\ 70
lim (1 — —) = et?,
b—oo b

From the form (3.25) of the confluent hypergeometric equation, we know
PO:_17 Plzc, QOIO, le—a

and all other terms are zero. Thanks to the recurrence relation (3.18), we know that for
A =0 and py = —a,

(a—c+1)p(a),

] (=1)"c10

—nciy=(@—c+n)a+n—1)c1p1 = c1p =
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and for Ay =1 and puy = a — c,

—a+1)p(—a+c)y
néon = (-(I + ’I’L)(—CL +c+n— ].)CQ’n_l = Cop = ( )n(‘ ) C2.0-

By Theorem 3.16, for all § > 0, there exist solutions U and V such that
> L(@)n(a—c+1), 1

Ula,c,z) ~z"° Z(—l) oy —n a8z ooon Iy,

n=0 (1 ) ( ) ) (326)
—a c—a
~opZ O—C n n
[/(CL,C,Z) ez EO n' n asz—)ooonlg,

where
3 3
[y = {|argz| < 37~ 3, |z| > Ro}, To:={|arg(—2)| < 37~ J,|z| > Ro}.
Here, U(a,c, z) is called the Tricomi function and it turns out that U has an integral repre-
sentation.

Proposition 3.20. For |arg z| < %7?, Rea > 0,
1
I'(a)

Proof. First, we check that the right hand side of (3.27) is a solution to (3.25). We denote
the right hand side by u(z) and compute

UI(Z) — _/ ta(l + t)c—a—le—zt dt, UH(Z) — / ta+1(1 + t)c—a—le—zt dt
0 0

Ula,c, ) = / (=11 4 4ot gy, (3.27)
0

and hence

2u" +cu' =(a+1-c¢) / "1+t dt +(c—a—1) / t 1 F )2 dt
0 0

o
=—(c—a-—1) / t"(1 4 1) 2e# dt = zu’ + au.
0
Moreover, one can check that it has the same asymptotic series by applying the Watson’s
lemma. Then we only need to compute the constant coefficients. 0

Actually, what is more important than the proof itself is that this formula for U can be
guessed by taking the formal limit.
Now we present the connection formula.

Theorem 3.21. For ¢ ¢ Z, we have

r ) r (a—c)mi
M(a,c,z) = %GWU(G,C, z) + %V(G,C, z),
F(Q _ c)e(a—c)m' 1‘\(2 _ C>e(a—c)7ri
N(a,c,z) = — T —a) Ua,c,z) + Il+a—0 V(a,c, z2),

where we use {—m < argz < w} for U and N while we use {—m < arg(—z) < 7} for V.
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Proof. We focus on the first formula and suppose
M(a,c,z) = AU(a,c,z) + BV (a,c, z).

By applying the ratio test to (3.15), we know M is an entire function. Then we would like
to derive A and B by using a similar argument as what we did in the last step of the proof
for Theorem 3.16. Since U dominates V' along arg z = 7, we let z tend to infinity along this
ray to compute A and let z tend to infinity along arg z = 0 to compute B.

Recall from Proposition 3.18 that

F(C) ! a—1 o c—a—letz
—F(c—a)F(a)/o (1 —1t) dt.

To compute B, let us understand the asymptotics of M as z — oo along arg z = 0 by the
so-called Laplace’s method. We write

M(a,c,z) =

1 1 1
/ tafl(l_t)cfafletz dt = ez/ (1_<1_t)>a71(1_t)cfa71€7(17t)z dt = €Z/ (1_8)a71807a71€73z dt.
0 0 0
Then by expanding
(1—s) s =5 14 (a—1)s+...)

in terms of s, and noticing that
1 z
/ s@ le™%% ds = z_a/ e T dr — 27 T'(a) + O(e_(l_‘s)z),
0 0

we get

1 1
/ tafl(l . t)cfafletz dt =¢7 (/ scfaflefsz dt + O(’Z‘(ca+1)>>
0 0
—¢7 (Z_(C_Q)F(C . a) + O(|Z|—(c—a+1)))
I'(c)

I'(a)
arg z = 0.
On the other hand, thanks to (3.26), we know the asymptotics of V(a, ¢, z) along arg(—z) =
—m. By rewriting it to be the ray arg(z) = 0, we get

as z — oo along arg z = 0. Hence, we know that M(a,c, z) ~ e?27(¢7%) as z — oo along

V(a,c,z) ~ e*(|z]e"im)a—¢ = ¢zacemila=)m
as z — oo along arg(z) = 0. Then

Bezza—ce—i(a—c)ﬂ _ F(C) z.,—(c—a)

['(a) ’

r .
which implies B = ﬁe’(“_c)”.

['(a)
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To evaluate A, we need to consider along the ray arg z = m and we write

I'(c) ! a=1(] _ pye—a—1,-t(~z)
F(c—a)F(a)/ot (1) dt

:L 1 a—1,—t(~2) S|—o-1) — I'(c) _)a L1
F(c—a)F(a)/O ! dt+O™7) = gy (72 + O™,

From (3.26), we can derive the asymptotic of U(a,c, z) along arg z = 7 as

Ula,c,z) ~ (]z|e”)_“ = (—z)_“e_‘m.

M(a,c,z) =

By equating

[(c) N o
o a_ A(— a,—ami
Ry (=)™ = A=) e,
[(c) , ,
we have A = ————€%™, which completes the proof.

I'(c—a)

69
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4. NONLINEAR PROBLEMS

We would like to study nonlinear ODEs from a dynamical point of view. For an au-
tonomous system
y =F(y)
on R", it can also be viewed as the integral curves of the vector field F'(y) on R™.

4.1. Stability and instability of equilibria and the stable manifold theorem. Set
7= (a',...,2")T. Let

7 = f(2), (4.1)
where f : D — R" is a vector filed on D C R"™ and f is C!' on D. Then it follows from the
Picard-Lindelof theorem that the initial value problem (4.1) has local wellposedness.

Definition 4.1. We say Ty is a critical point or equilibrium if f(fo) = 0. In other words,

Z(t) = Zo is a constant solution to (4.1).

Definition 4.2. We denote Z(t, s;1) is the unique (possibly local) solution to (4.1) satis-
fying Z(s, s;1) = 1. Moreover, we write Z(t; 1) = Z(t,0; 7).

To study the global-in-time behavior of Z(t), we use the equilibria of (4.1) as building
blocks, which have largest possibilities to be candidates of lim;_, ., Z(%).

Without loss of generality, we assume that 0 is a critical point. By linearization, let us
write

7= A + §(@), Df(0), (4.2)
where A is a constant real-valued n x n matrix and ] §(Z)| = o(|Z]) as £ — 0.
For the linearized equation
= Ay, (4.3)
the stability of (4.3) is determined by the spectrum of A. Suppose A, ..., A\, are distinct
eigenvalues of A with associated generalized eigenspace Ej,..., Ej such that dim E; = n;,

where n; is the algebraic multiplicity of ;. Then R" = E; @ --- @ L}, and £} is invariant
under A and exp(tA). Moreover,

exp(tA)|Ej = et’\ij(A —\),

where P; is a finite degree polynomial. Therefore, the stability of the linear flow exp(tA) on
each F; is determined by |e"*]| = €% which motivates the following definition. See [10,
Section 2.5].

Definition 4.3. Set

E® = ®{E; : Re); < 0}
to be the complex stable linear subspace, which means that the solution to the linearized
system shall be stable forward in time. On the other hand, the complex unstable linear
subspace is given by

E® = ®{E; : Re); > 0}
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and the complex center linear subspace is given by
E® = ©o{E; : Re); = 0}

Definition 4.4. Note that C" = EC @& ES & EC naturally induce three linear projections
P,, P, and P..

One can check that P,z = P,z and then set E, := P,R".
Definition 4.5. Set

E,.=PR", FE,:=PR" E..=PFPR"

to be the stable linear subspace, unstable linear subspace and center linear subspace, respec-
tively.
Definition 4.6. We say A is hyperbolic at 0 if Re\; # 0 for all j.

From now on, we assume that 0 is indeed hyperbolic, so

R" = T;R" = E, & B,

For n = 2, the picture for the linearized system is roughly as follows.

By the stable manifold theorem, we can extend this picture for linearized case to the
nonlinear system. We need to introduce some notions at first.

Definition 4.7. The global stable manifold is given by
3,(0) == {ﬁ € D : Z(t;7) exists for all time t >0, and tlim Z(t,7) = 6} :
—00

which is the domain of attraction for 0.
Let U be a neighborhood of 0, then a local stable manifold of O relative to U is given by

2(0) == {7 € 2(0) : #(;7) € U for ali t >0}
On the other hand, the global unstable manifold is given by
%, (0) := {ﬁe D : Z(t;7) exists for all time t <0, and tlim Z(t;7) = 6}
——00

and a local unstable manifold of 0 relative to U is given by

2U(0) := {ﬁe 2,(0) : Z(t;7) € U for all t < o} .

Then the picutre for the linearized system above serves as an example for ¥, and X,.



72 TRANSCRIBED BY NING TANG  INSTRUCTOR: PROFESSOR SUNG-JIN OH

Now we view (4.2) as a perturbative system of the linearized one (4.3) and we have the
following local stable manifold theorem.

Theorem 4.8 (Local Stable Manifold Theorem). For (4.2), we assume that f is C*, O
is a critical point and DF(0) is hyperbolic. Then there exist A > 0,7 > 0, an open set
U C E, which contains 0 and a C* function v : U — E, with the following properties :
(1) 7(0) = 0 and D~(0) = 0;
(2) set the graph of v by
I'={feD:Pijel, P,j=~(Fn)}
If 7 €T, then Z(t,17) is defined for all t > 0 and
1Z(t, M| < O|| Peiflle™".
In particular, T is a local stable manifold of 0 relative to Br(ﬁ).
(8) The stable manifold is given by

I,(0) = [ Ja(t,1).

<0

Remark 4.9. From the statement, it follows that I" is a C' submanifold tangent to E, at 0.
Moreover, I'4(0) is an immersed C' manifold. See [10, Theorem 7.7].

Remark 4.10. By reversing time, one can also construct unstable manifold >, by reversing
the time, which is also called the unstable manifold theorem.

By
g ———
_/ 28 g Rv\
. 56

=
>

ZU

We only sketch the proof for this theorem. See [10, Section 7.3] for a proof in detail. We
use Perron’s method (Lyapunov-Perron’s method), which requires using Duhamel’s principle
to derive the key integral formula.

We begin by writing
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For #(t) = Z(t; 1), by Duhamel’s principle, we have

t
#(t) = e+ / e =4G(2(s)) ds.
0

A key observation is that if Z(¢) stays bounded for all ¢ > 0, then

t 00
Z(t) = etAﬁ+/ e =IAP.G(Z(s)) ds — / e=IAP, G(#(s)) ds. (4.4)
0 t

The proof of (4.4) is as follows. We write e = 4P, + ¢4 P,, then

t t
T(t) = P+ / e=IAP,G(7(s)) ds + ¢ P, + / e=9IAP,5(F(s)) ds
0 0

t 00 00
= P,ij + / e AP G(Z(s)) ds — / e=DAP,G(Z(s)) ds + e Pyij + / =P, G(%(s)) ds,
0 ¢ 0

where the first three terms are bounded if §(Z(s)) is bounded. However, the last two terms

etAPuﬁ—l—/ e =DAP,G(Z(s)) ds = ' P, (ﬁ—i—/ e *AP,G((s)) ds)
0 0

would go to infinity as ¢ — oo unless the terms in the parentheses cancel to be zero. Then
the idea is to start from (4.4) to show existence, uniqueness by Picard iteration.

4.2. Application of stable manifold theorem : shooting method. We will construct
a travelling wave solution to

Ow — 02w + f(w) =0, (4.5)
which is a reaction-diffusion equation. Here, a travelling wave solution means that w(t, x) =
u(z + ct), that is, a wave travelling to the left with speed c. Set f(w) = w(w — a)(w — 1)
and 0 < a < 3. If we plug w = u(z + ct) into (4.5), we get

cu' —u" + f(u) =0, (4.6)

which is our new ODE, which can also be expressed in the first order formulation

% (5) - (cu +uf(u)) ' (4.7)

By Definition 4.1, the critical points of (4.7) are (0,0), (a,0) and (1,0). The energy functional
given by

Eu, i) = %u? b @), F(u) = —fu)

satisfies
C%E(u, w) = uii + (—f(u))u = ct® +uf(u) — flu)i = ci®. (4.8)

Hence, we require ¢ > 0, which makes E nondecreasing along trajectories of (4.7).
We are looking for a solution (u,u)(x) to (4.7) such that

Jm (5) e i (5) @
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both converge to critical points. In particular, we want

Jim_(u,)(z) = (0.0).

Observe that if we normalize £(0,0) = 0, then

E(a,O):F(a):—/Oaf(v)dv<O

and

1 1
E(1,0) = —/ f(v)dv = —/ v(v—a)(v—1)dv >0,
0 0
thanks to the assumption a < 3. So lim,_, 4 (u, @)(2) cannot be (a, 0) by the energy identity
(4.8) and E(0,0) =0, E(1,0) > 0. We look for
lim (u,a)(xz)=(1,0).

r—r-+00

Theorem 4.11. Given 0 < a < 3, there ezists ¢ € [0,00) such that (4.7) admits a solution

(Z) defined for all x € (—o0, 00) and

dm () =) ()@= (o)

In the language of dynamical systems, it is equivalent to say that there exists a heteroclinic

orbit from (8) to ((1)) for some c.

Proof. Though the statment we need to prove is a global property, we start by computing
the linearization of (4.6) near each equilibrium:

ﬁ:(cmu(uga)(u—m)’ Dﬁ<0>0):(2 i)

It is easy to notice that (0,0) is hyperbolic and it is a saddle point, where the eigenvalues
are \, = ¢hvetia ”22““ > (0 and Ay = =¥ =4 VC;H“ < 0. The corresponding eigenvectors are

- 1 S 1
=) )

By the (un)stable manifold theorem and Remark 4.9 corresponded, there exists an unstable
manifold ¥, (0; ¢) tangent to ¥;. Moreover, by the Picard iteration method used for the proof
of the unstable manifold theorem, we can prove that

C) on ¥, (0; ¢) such that

Cc

e V¢ > 0, there exists a unique (Z

TG
z——oco eMT

Y
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e ¢ — (ug,u.) is continuous in the following sense: If (u.,.)(t) exists on (—oo, T}, then
for ¢ close ¢, (uq, ) (t) exists on (—oo, T] and

lim sup |(te, te)(x) — (ue, ) (x)| = 0.
c—c! (—o00,T]

We omit the proof for these two properties.

. c 1 .
To prove the existence of ¢ such that (5 ) — (O) as r — 400, we perform a shooting

argument. Define two bad sets
A:={c>0:3zy,0.(r1) < 0,uc.(zr) < 1,Vz € (—00,21)},
B :={c>0:3z,u.(x1) > 1,40.(x) > 0,Vo € (—o0,z1)}.

d 1&‘:”

wan

() /(J) >q

Our goal is to show that for A, B C (0, 00)
(1) AnB =g,
(2) A, B are open,
(3) A, B nonempty,
then by connectedness of (0,00), we know (0,00) \ (AU B) # @. Let c € (0,00) \ (AU B),
then
uc(x) <1 and u.(xz) >0 (4.9)

for all x’s. In particular, u, stay bounded and u.(co) exists. Moreover, combining this
result with (4.8), we know u, and 4. both stay bounded, which in turn shows that w,
exists for x € (—o00,00). On the other hand, from (4.8), E is monotonic. In particular,
lim, 1 oo E(ue, U.) exists, which implies the existence of .(00). Now, the existence of u.(c0)
and 1.(oc0) implies that the trajectory (ue, t.) has a limit as * — oo, which must be the
critical point (1,0). Otherwise, suppose it converges to (ag, 5o). If 5y > 0, then for sufficiently
large z, tc(z) > 5, which means that u.(z) cannot converge to a finite value ap < 1. This
implies Sy = 0 and then we should require E(ag,0) = F(ag) > 0. In particular, oy > a and
hence f(ap) < 0 unless o = 1, which implies i.(z) < —3 f(ap) for sufficiently large = and
hence 1, cannot have a finite limit ag. Therefore, ay = 1. (Actually, this can be explained
in an easier and general way. For X’ = F(X), if X (¢) converges to X, as t — 0o, then there
exists a sequence of ¢; such that X'(¢;) = 0, which implies F(X) = lim;_,o, F(X(¢;)) =0,
that is, the limit point X, is a critical point.)

Now we prove the three properties for A and B. The first two are obvious from the
definition. Now we show the third one by proving the folowing claim :

e if 0 < ¢ < 1 is small enough, then ¢ € A;
e if c> 1, then c € B.

The proof is as follows.
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e If ¢ =0, then (ug, ug) stays on the closed curve E = 0, which is the yellow curve in the
picture. Note that all the points on {E = 0} are ordinary (not critical) except (0,0).
So (ug, ) is a homoclinic orbit associated with (0,0) and there exists x; such that
Uo(z1) < 0 yet ug(z) < 1 for all z € (—oo,x1), that is, 0 € A. By continuity in ¢, c € A
for 0 <e <k 1.

e Now we want to show the second claim.
— Claim 1: any (u,, i) must cross the line {u = a}. Since LE > 0, (u,, i) must stay
outside of {E' = 0}. Thus, for any xy such that the solution exists in (—oo, xg), if

uc(r) < a, forall z € (—o0,xp), (4.10)

then t.(x) > 0 for all z € (—o0, ). Fix 0 < o < a, where (u,, u.) crosses {u = a}.
Let 5 > 0 be such that («, 5) € {E = 0}. Now we claim that

if (4.10) holds and zy < oo, then E(xq) := E(u.(xg), Ue(T0)) < 00. (4.11)

This implies that (., @.) stay bounded in (—o0, z). By monotonicity, (u., @.) can
be extended to any finite interval. Furthermore, since u.(x) is increasing, if (4.10)
holds, then .(z) > § for all x such that u.(x) > «, which implies u.(x) > a for
sufficiently large.

P N | 1D
' 7
g “
Hence, it suffices to prove the claim above. If E(z) < maxo<,<q |F(u)| for all
x € (—o0,x0), then we are done. Otherwise, there exists < z( such that E(z) =
maxo<y<q |F'(u)| and hence E(z') > maxo<y<q |[F(u)| for all 2" € [z, z(). Therefore,
1 1 1 1 1 1 1 d
AN / - />_-2 / - - >_-2 N> - /
for all 2’ € [z, ). By Gronwall’s inequality, we get sup,,/<,, £(2") < 4o00. Since
502 < E + |F(uc)], it follows that (u,u.)(z) < +oo for all 2 < 2y, so the solution
exists for all x € (—o00, 00) and by previous argument, we derived a contradiction.
Thus, given ¢, we set

zo = inf{z : uc(r) = a}, wa:=sup{z:u(zr)= g},

which are well-defined.
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— Claim 2 : lim 0 %(,) = 00. Since

die  cte+ f(ue)

>c

du, Ue
for r < x,, we have

i) = tuley) + |

as ¢ — oo. If we arrange by taking ¢ > 1 so that

“ du,

/2 duc

(u)duzgc%oo

E(ue, tc)(xq) > Max F(u)+1,
then for all x > z,,

%uc(xy () = Bt ) (2) 2 Bt ) () > gnax, Flu) +1.

In particular, %uc(x)Q > 1. By an argument similar to Claim 1, we know (u., 1)
must cross {u = 1}, which implies ¢ € B. This completes the proof.

[
This example above is taken from [4, Chapter 2].

4.3. Hamiltonian mechanics and completely integrable systems.

4.3.1. Hamiltonian mechanics. We start from classical mechanics. The Newton’s equation
is given by

r=F xeR" FeR" (4.12)
We assume F is of the special form (conservative force), that is, F' = —VU(z) with the
potential energy U : R" — R.

Definition 4.12. The total energy or the Hamiltonian of the system s defined to be
1
H(z,t) = §|x|2 + U(z).

It is easy to see that H is conserved along any trajectory of (4.12). For instance, multiply
(4.12) by & and use the product rule. But one may ask whether there is a way to write (4.12)
so that the conservation of H is clear.

We write .
@ = X(z,¢),

where X : R?" — R?" is a vector field on R?", ¢ = 2/. Indeed,

_ § _Llipe
X=(Lgb): H@O =3l + U

Then H is conserved if and only if X is tangential to the level surface of H, which is equivalent
to X -VH =0.

Geometrically, if we have a Hamiltonian H and we can plot the level surface of H for
n = 1 case as follows.
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0 ]an
_Inxn 0

VU (z)

£
the rotation matrix.
Even in the general case n > 1, X -VH = JVH -VH = 0 since J is anti-symmetric. This
suggests writing (4.12) as

Indeed, VH = ( ) and X = JVH, where J = < ) When n =1, J is

(Z’)/ = JVH(z,§) (4.13)

on R?", which is the Hamiltonian system associated with H. The advantage of this form is
that the ODE is directly related to the conservative quantity H.
Note that for any N x N anti-symmetric matrix A,

Y =AVH(z), zeRY (4.14)

would also conserve H. But then it turns out that if A is invertible, this system is equivalent
to the case A = J, which is stated in detail in the following proposition.

Proposition 4.13. Suppose A is an N x N anti-symmetric, real-valued, invertible matrix,
then necessarily N = 2n and there exists a matrizx P : R*™ — R* q linear invertible
transformation such that P7*AP = J.

Proof. We do Gram-Schmidt process for (Az) - w to prove. This is a simple linear algebra
exercise. ]

This implies J, or equivalently the associated bilinear map
wgzn (z,w) = (Jz) - w

is the canonical form for (2), where wg2» is called the symplectic product on R**. Write
z = (x,8), w = (y,n), then wgen(z,w) = £ -y — x-n. The discussion above gives the
motivation of introducing such J and the symplectic product.

Though x, £ here are tied with the physical meaning position and generalized momentum,
it turns out that what is important in the ODE (4.13) is the matrix J and the Hamiltonian
H. We can make use of this form to make a flexible change of variable as long as it preserves
the bilinear map associated with J. To facilitate the discussion of possibly nonlinear change
of coordinates and to allow for possible variation of w at different points, we introduce
a differential geometric generalization of the above. This leads to the notion of symplectic
manifolds. From now on, set M to be an even dimensional differential manifold with dim M =
2n.

Definition 4.14. Let w, be a bilinear form on T,M (covariant 2 tensor field) is a sym-
plectic form if
(1) wy is anti-symmetric, w(X,Y) = —w(Y, X) for all X, Y € T,M;
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(2) wy, is non-degenerate in the sense that if for allY € T,M, w(X,Y) =0, then X = 0;
(3) dw = 0, that is, w is closed.
Later we would see that the assumption that w is a closed form is crucial for the conservative
property.
Example 4.15. The example we start with, M = R" x R™ with the coordinate system

(.. 2™ &, ..., &) is a symplectic manifold with the 2-form w can be written as the dif-
ferential form

w=Y d&Ada.
j=1

If we identify z € R*™ with 2'0p +- 4 2"0pn + 2" 10, ++ -+ 220, , then w can be identified
with the standard one wg2n in the following sense

wien (2, W) = W(2' D4+ - +2"0pn+2"T1 0, ++ - 4220, , W' Dy ++ - -+ W Dy A" T D, ++ - W ,).
Note that w = df is exact, where 8 = Z;LZI §idxj, which is called the canonical 1-form.
Now we view this example from a geometric perspective.

Example 4.16. The previous example is geometrically, the cotangent bundle T*R™,. Let
(xl,...,2") be the rectangular coordinates on R™. For all ¢ € R™, dz',... dx™ form a basis
for T*R™ and Oy, ..., 0pn form a dual basis on TR™. Anyn € TyM can be wrilten as

n= Gt 4ot e,

which is equivalent to § = 1n(0.). Due to this formula for &;, we can easily check that
0= Z?Zl &;da? is invariant under the change of variables of x. Hence, this is a well-defined
geometric object and the canonical form 6 gives rise to the symplectic form w = df on T*R™.

Definition 4.17. For (M,wyy), (N,wy), a symplectomorphism is defined as a diffeomor-
phism ® : M — N such that ®*wy = wyr. If such map exists, then M and N are said to
be isomorphic.

Suppose (®,) is a 1-parameter family of symplectomorphism on M — M.

Definition 4.18. We define X to be the infinitesimal generator of each trajectory

d
%ét = (®t>*X

We say X is the symplectic vector field associated with (Py).

Since for each ¢, (®;)*w = w. By differentiating this, %(@O*w — 0. Thanks to the definition
for the Lie derivative in [14],

d
%(q)t)*w =0 < Lxw=0
since 4(®,)*w = ®;(Lxw). Moreover, by Cartan’s formula and the closedness of w, we have

Lxw = dixw+ txdw = d(txw),
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where ¢ty is the interior product. Hence, X is a symplectic vector field if and only if txw is
closed. So the invertibility of the relation

X —=ixw=n
is equivalent to the non-degeneracy of w as defined in Definition 4.14 (2).

Definition 4.19. Given a function F' on M, the Hamiltonian vector field X associated
with F' is defined by 1x,w = —dF.

Lemma 4.20. X is a symplectic vector field.

Proof. By the definition for Xp, d(tx,w) = 0. Moreover, thanks to Definition 4.14, w is
closed, we know Ly,w = 0 by Cartan’s formula. This implies X is a symplectic vector field
by reversing the previous discussion above. 0

Definition 4.21. Given two functions F,G on M, the Poisson bracket of F' and G is
defined to be
{F,G} = w(Xp, Xg)-

Equivalently,

{F, G} = —lxplx,W = LXFdG == XF(G) == —Xg(F)

Example 4.22. On T*R™ with coordinates (x,§), we have

{F.G} =0 F,,G — 0, FO,G.
j=1
Proposition 4.23. For all F,G, H € C*°(M), the following properties hold:

(1) anti-symmetry: {F,G} = —{G, F};
(2) Jacobi identity: {{F, G}, H} +{{G,H}, F} +{{H,F},G}=0.
In particular, {F, F'} = 0.

Corollary 4.24. {-,-} is conjugate to [-,-| via F+— Xp, that is, X¢pcy = [Xp, X

Proof. 1t suffices to prove that for all H € C*(M), X;pcyH = [Xp, X¢|H. By applying the
equivalent definition for Poisson bracket in Definition 4.21, one would find that it follows
from the Jacobi identity. 0

Example 4.25. For M = R*, Xy = JVH. So the Hamiltonian vector field is a geometric
generalization of what we discussed at the beginnning of this subsection.

4.3.2. Canonical coordinates and Darboux theorem.

Definition 4.26. A coordinate system (x',--- ,z", &, -+ &) onU C M is called a canon-
ical coordinate system if

{J:j7xk} =0, {€]7§k} =0, {fjv wk} = 5;€
This is motivated by the properties of the coordinates (z,&) on R*".
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Lemma 4.27. Alternatively, (z,£) is canonical if and only if in this coordinates, w =
Z?Zl d&; A da?.

Theorem 4.28. Suppose A, B C {1,--- ,n} are index sets. Given smooth functions ¢’,j €
A and pi, k € B defined in a neighborhood U of z € M satisfying

o (dg’)jea U{dpi}ren are linearly independent at z;
o {7, ¢} =0, {pe,pw} =0, {pr, ¢’} = & for 5,/ € A and k, k' € B,
which 1s a partial canonical coordinate system mear z. Then there exists a canonical coor-
dinate system (x,€) in a neighborhood of z such that 7 = ¢ for all j € A and &, = py for
allk € B.
Proof. See [5, Theorem 21.1.6]. O

Corollary 4.29 (Darboux’s theorem). For any z € M, there exists a local canonical coordi-
nate system. FEquivalently, for any z € M, there exists a neighborhood U which is isomorphic

to a meighborhood of (R?",w). The second version is a more geometric characterization in
the sense of Definition /.17.

Proof. By choosing A = B = &, we complete the proof. OJ

Corollary 4.30. Given any H € C>*(M), dH|, # 0, there exists a local canonical coordinate
(x,&) near z such that H = &

Proof. By choosing A = @, B = {1} and p; = H, we complete the proof. O

4.3.3. Completely integrable Hamiltonian systems. By a Hamiltonian system, we mean an
ODE system associated with a Hamiltonian vector field.

Definition 4.31. Given H € C*(M). We say F' € C*(M) is an integral of H if {H, F} =
0 and dF # 0.

Note that {H, F'} = Xy (F) = 0 implies F' is conserved under the flow of H. Having an
integral helps us to solve Hamiltonian systems.

Example 4.32. Let H = 3£2 + U(z) in dimension 1. The Hamiltonian flow is given by
s 8 o
t=Zan <

can be solved by using the property of the conservation of H. If (x,£) solves the equation,
then H = %(w)Q + U(x) is a constant, which means that we only need to solve

T =++2(H —-U(x))
by separation of variables.

Definition 4.33. We say H € C*(M) is completely integrable if there exists Fy,--- , F, €
C?*(M) integrals of H such that

(1) dFy,--- ,dF, are linearly independent everywhere;
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(2) {H, F;} = 0;
(3) {F;, Fr} =0 for all j, k,
where the third relation is called F;’s are in involution.
Note that the notion of complete integrability is global. Recall that for all H € C'*(M),
z € M, there exists a local canonical coordinate system (z, &) near z such that & = H. But
{&, &} = 0, so all the three conditions are satisfied by F; = & on U. So this is a trivial
notion locally, but it is useful globally.

Example 4.34 (A trivial example for complete integrability). Suppose H = H (&, , &)
only depends on the generalized momentum variables in the canonical coordinates in R?™.
Then F; = &; define n integrals of H.

Example 4.35 (Harmonic Oscillator - A physics related example). Suppose H(x,§) =
%Z?Zl (&2 +wi(a?)?). By considering F;(x,§) = 3(&)* + 3wi(27)?, we know that H is
completely integrable in

M ={(z,¢) eR™:. F,.-- , F, # 0},
where dF;’s are linearly independent.

Example 4.36 (Kepler’s problem). The general two-body problem can be reduced by consid-
ering the center of mass frame to the case H = %|£|2 + ﬁ with z,& € R3, which corresponds

to the model for a single particle associated to the potential 1/r.

This is a system with three degrees of freedom. One natural integral is H itself. Basically,
you need two more except for H, namely, |J|* and J5, which comes from symmetries. Here, J;
is the angular momentum with respect to x’-axis. Using these conserved quantities, Kepler’s
problem is explicitly solvable.

Theorem 4.37 (Existence of action-angle variable). Let H be completely integrals with
Fi, ..., F, as in Definition 4.53. Assume also that the zero set

N={z2eM: Fi(z)=---=F,(2) =0} = F7}(0)
is compact, where F(z) = (F1(2),..., Fu(2)). Then
e N is an embedded torus T";
e there exists an open neighborhood U(N) of N on which there exists a canonical coor-
dinate system (6,1), where @ € T, I = I(F') and H = H(I).
Such a canonical coordinate system (0, 1) is called the action-angle variables.

Proof. See [7, Section 3.1]. O

Remark 4.38. One can show that I = 0 and 6 = LH(I) = ZH(Iy) = QIp). Thus, I = I
and 6 = 0, + Q(1)0.

Unfortunately, an N-body system with N > 2 is not completely integrable. So it is not
explicitly solvable.
One direction to generalize this is to consider the perturbation

H = Ho(I) +Hy (1,0, ¢).
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A really remarkable theorem shows that most invariant tori survive under small enough
perturbations, which is called the KAM theorem. Refer to [9] for a proof in detail.

Another direction to generalize this is the notion of Lagrange submanifolds. In fact, the
zero set N in the preceding theorem is a Lagrangian manifold. And actually the preceding
theorem can be generalized to the case for Lagrangian manifolds, which is called Weinstein
Lagrangian tabular neighborhood theorem. See [1] for more details.
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