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1. PRELIMINARIES AND DERIVATION OF LANDAU’S HAMILTONIAN

—

1.1. Classical dynamics. Newton’s equation is of the form & = F'(z, &). Classical electrons
in a magnetic/electric field satisfy the Maxwell’s equations

V-E=p,V-B=0,VxE=0,

where E = E(z) and B = B(z). Then by Poincaré’s lemma for forms, divergence of B is
zero implies B = V x A for some A and curl of E' is zero implies £ = —VV (z). By Lorentz
law, we know that the force is

F=-VV(z)+ixB. (1.1)

Now we review some basic knowledge about Hamiltonian formalism that is covered in [17].

Let (z,&) € R® x R" ~ T*R" denotes position-momentum, where we can think of ¢ as
belonging to TR™, the cotangent space of R” at x. The symplectic form o = > dé; Adx; =
d(>&dx;) is a bilinear antisymmetric closed form such that

o ((X,2),(X,Z)) = (=, X" — (', X).

For p € C=(R*"), the corresponding Hamiltonian vector field H, is defined by o(Z, H,,) =

dp(Z), where Z = (X,E) € R*". Suppose H, = V19, + V20, then by explicit computation,
(E,W1) — (X, Vo) = 0((X,E), (1, V2)) = dp(X, =) = (9}, X) + (pg, =),

which implies H, = ) g—g@xj - %8@..
J J

Definition 1.1 (Classical flow). Classical flow is defined as oy = exptH,, that is, ¢i(x,€) =
(x(t),£(t)), and z(t),&(t) solve the equations
o\ _ Op o Op

with initial conditions (z(0),£(0)) = (z,§). And here we assume that the solution of the
flow exists and is unique for all times t € R.

A crucial property is that the flow preserves the symplectic form, that is, in fancy words,
¢jo = 0. And in practical, this means that

U(@gpt(X, E)a 8(10t(X/7 E/)) = O((Xv E)v (Xla E/))

The proof of this result can be found in [17, Section 5]. Obviously, the volume form dV =

%O‘A” is also preserved by ¢f, where o denotes the wedge of n copies of o.

"For any classical observables a = a(z,€), we define a; = ¢fa = a(g,(z,€)). Then by

simple calculus,

d
Eat - Hpat - {p> at}7
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where H,b = {a, b}.
If we take our Hamiltonian to be

p(r.€) = 26+ V().
then
oip = plei(r,€)) = p(,§),

where the last equality comes from the fact H,(p) = 0, which implies that p does not change
along the flow. Then

o .
i = aZ —¢ E=-VV(@) = i=-VV(),
which is the Newton’s equation if only electric field exists and there is no magnetic field,
thanks to (1.1).
Now we want to find a Hamiltonian p(z,{) such that the Hamiltonian flow gives the
classical motion of electron in a magnetic field.

Theorem 1. 2 The Hamz'ltonmn flow for the classical motion of electron in a magnetic

field p(z, &) = 3 3°(§; — 4;(@))* + V().

Proof. By a direct computation,

Op
xj 65] = 5] ( )7
= Z O, Ar() (& — Ar(2)) — 0,V () = ) _ O, As(a)aj — 0V (x),

# =8 =Y 0n Aj(@)a =Y (On, Ar() — 0, Aj(2)) 2 — OV () = (& x B — VV(2));,

where B = V x A. O

1.2. Review for functional analysis. Let H be a (complex) Hilbert space and A: H — H
is a linear operator. If A is bounded, it is easy to find the adjoint A* by Riesz representation
theorem such that (Au,v) = (u, A*v).

Definition 1.3. We say A : H — H is an unbounded operator if there exists a dense
subset D(A) C H such that A : D(A) — H is a linear operator.

If u,v € Z(R"), then the magnetic Schrédinger operator P is formally self-adjoint in the
sense that
(Pu,v) r2@ny = (u, Pv)p2(mny,
where ( = [uvdz.

Definition 1.4. Here is a list of definitions.
o A is densely defined if D(A)H =H.
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o Ais closed if G(A) := {(u, Au) : w € D(A)} is closed in H x H in the norm ||(u,v)| =
[[ll + [l

e ACB ZfD(A) C D(B) and B|D(A) = A.

o A is closable if there exists a closed operator A such that A C A. (Since the closure
of a graph may not be a graph, so not every operator is closable, but if it is, A is
uniquely defined.)

e The domain of the adjoint A* of A is

D(A*) :={u:3C = C(u),Yv € D(A), |{u, Av)| < C|v|}.
Then by Riesz representation theorem, A* is well-defined on D(A*).

o A is symmetric if A C A*.

o A is self-adjoint if A = A*. B

o If A is symmetric, then A is essentially self-adjoint if A = A*.

Proposition 1.5. The following facts are easy to check by definitions.

o A* is closed. B
o If A* is densely defined, then A is closable and A = (A*)*.
o A is symmetric if and only if (Au,v) = (u, Av) for all u,v € D(A).

Theorem 1.6 (Spectral theorem). Suppose P is a self-adjoint operator densely defined
on a separable Hilbert space H, then there exists a o-finite measure space (X, M, pn), a
measurable real-valued function f: X — R and a unitary operator U : H — L*(X, p) such
that the domain of P satisfies

v € D(P) <= fUzx € L*(X,u)
and for x € D(P), U(Pzx) = fUx.

Definition 1.7. The spectrum of P is defined as the complement of the resolvent, that is,
Spec(P) :=C{z € C: (P—2)"': H— H bounded}.

From the Spectral theorem, we actually see that the spectrum of a self-adjoint operator is

Spec(P) = f(X) C R.
One standard and concrete example we will see later is that U = F, X =R", P = D,.

Example 1.8. Let H = C", P = P* be a unitary matriz. Then X =7, = Z/nZ and hence
L*(X) = C". Since for all y € L*(X) =C", (UPU')(n) = f(n)(n), where v(n) means
the n-th entry in C", this implies that for all € C*, UPU ' = diag(f(0),..., f(n—1)),
that 1s, UPU™! = diag(f(0),..., f(n —1)).
Example 1.9. Using the Spectral theorem, for P : H — H self-adjoint operator, we can
define U(t) :== e ™" : H — H as a unitary operator. This is simply because we can define by
using Spectral theorem that U(e™*Fz) = e~ Ux for x € D(P) and note that f is real-valued
function. Since D(P) is dense, we can extend it to H.

Quantum observables are given by A : H — H bounded self-adjoint operators, whose
evolution is given by A, :== U(t)*AU(t) and

d

EAt - Z[P, At],
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which you just use the Spectral theorem and P is a multiplication by function on that side.
This s called the Heisenberg picture of quantum mechanics. In the equation above, the
differentiation of the operator is defined in the sense of strong operator topology, that is, the
operator %At is the one such that

At—f—s _At
| () == 2] o

as s — 0 for all x € D(A;). Then by writing things explicitly and use the add and subtract

trick, it suffices to prove
—ztf _7

ast — 0 forx € D(M;) ={x € L*: fx € L*}. Suppose u € L?, fu € L?,

sintf(y)
t

~ f(y) and %

is uniformly bounded by constant (independent of t,y) multiples of f(y). Hence, by the
uniform convergence theorem,

H(fﬁ@limw—fwmwo

1t

—0

2
Ly

ast — 0.
For more discussion in depth, see the Hill-Yosida theorem.

1.3. Quantization process. We turn a classical function of position and momentum into
an operator. The process of turning p(z, &) into P is done by

1
§j ~» —0p; = Dy;,  x; ~» multiply by z;.
1

Let a(z, ) either be a polynomial in the variable £ or in .#(R" x R™). Then A := a*(x, D)
is defined as

1 .
(o D= gy [l H Ly dyas
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for u € Z(R™). Now, by computation,

1 R
)" =G /@“y dwﬂ‘ww/QW%@%ZDwa
+
(25)"u = @ﬂ/%Z%””5U@%
1 1 .

(e ™) u(y) dy d¢

=z ju / ( / ey (y)dy) d¢

:a’jj

And a"(x, D) is formally self-adjoint in the sense that for u,v € ., a € .7,

(a®(z, D)u, v) /// (EEY )it vEy(yyola) dy de da

= [ut) ([ "5 etnsute)ande) ay = [ u(u)am(o, Doy = tusa(o. Do)

If a is not real, we just need to change a to a in the derivation.

Let p = xj,q = &, then p* = x;,¢" = D,,, which implies H, = —0¢,, {p,q} = —0;x and
p*,q¢"] = [xj, Dy, | = i0,,. Hence, {p,q} = i[p",¢"]. As you can see, the classical version
in some sense corresponds to the quantum version here, that is, the Poisson bracket should
correspond to the commutator. But in more cases, there should be some correction terms.
Fortunately, in the sense of modulo lower terms, they should be in correspondence.

Here is a simple fact.

Theorem 1.10. Ifa € (R™ x R"), then a“(z, D) : L* — L.

Proof. For u € ., it is easy to check a*(x, D)u € .. Since . C L? is dense, one only need
to show [|a¥(z, D)u||p2 < C||ul|z2 for u € .7, then one can extend the operator to act on L?
by density. For u € ., we write

F(a®(x, D)u) e CYEy(y)e "M dy de du.

By writing the phase as follows

r+y
2

<x_y7§>_<‘ran>:_2< 777_£>_<y72£_n>7
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we get
27L

Fa" (. D)) =gz [ (200 =€), €a(2¢ — )

G | A= Q= (KT

where @(¢, &) = [ a(z,&)e "9 dz, which is also in .% since a € .. Then it suffices to show
|Kvl|[z2 < Cllv]|z2 for all v € L?, where

Ko(n) = / K, Qu(Q)de,  K(n,0) = a@(n— ¢,

Hence, the kernel K (n, () satisfies

/wmmmsa /WWM%SC

for some constant C. Thus, by Schur’s criterion for boundedness on L? or by Cauchy

inequality directly, we have
2
as [([immoa) ([1Kmomorc) a

SO/!KWQW@P%@§0/(/WWOMOWKW@SCWWh

which completes the proof. 0

n+¢

)

ol = [ | [ &n.cwic)dcac

And we present some worth-knowing non-simple facts, though they may not be used in
this course.

Theorem 1.11 (Calderon-Vaillancourt Theorem). Suppose a is a smooth function such
that |05 ca| < Co for all 2,§ € R, then a*(x, D) : L* — L?.
Theorem 1.12 (Beals’s theorem). Suppose A : L? — L? is bounded linear and

ady; adg; - ady; adg, A - L* = I?

bounded, where adpA = [B, A]. Then there ezists a smooth function a such that |05 ca| <
Co and A = a"(z, D).

And here is a fact which follows from general theory.
Proposition 1.13. Suppose a;(x,§) = }2|,<m, %a(2)*. Then ay(x,D) o ay(z, D) =
a¥(x, D) and

o0

a3 (x,D) = Z

k=0

S

r=y,§=n’

(57 (De D). (D 2,) ) sl )]

which is actually a finite sum since when k grows, it will eventually kills aq,as as they are
polynomials.
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In particular,
ilay(x, D), a3 (x, D)] = {a1, a2} + lower order differential operators,

where the left hand side is of order my + mqy — 1.

1.4. Quantum dynamics.

Definition 1.14. The magnetic Schrodinger operator is given by

1 3

P=23"(Ds — A45(@)° (1.2)

J=1

Remark 1.15. One thing to note that is the operator seems to strongly depend on the form
of Aj, but A; is not uniquely determined by the magnetic field B. We will come back to this
point later.

In order to develop the properties of the magnetic Schrodinger operator P, we assume
A;(z) is linear and hence B is constant. Then we study the following operator in a more
general form

1 1 1 1
P=p*“z,D)= §<ADx, D,) + §<BDx,x> + i(x, BD,) + §<C£C, ),

where A = AT, C' = C7T are n x n real matrices and its symbol is
1 1

The following theorem serves as an example for the general functional analysis stuffs.

Theorem 1.16. Suppose D(N,) = ., Nyu = Pu and D(M,) = {u € L* : Pu € L?},
Mpu = Pu. Then

(1) M, is closed;

(2) Np = My;

(3) N = M: = Mj.
In the definition of D(M,) above, Pu € L? can be understood as follows. Since P is a

well-defined differential operator, so Pu € .’ naturally. Furthermore, if Pu € L? at the
same time, then we say u € D(M,).

Proof. e It suffices to show the graph of M, is closed. Suppose D(N,) > u; E) u,

p*(x, D)u; L v € L?. Since U, B implies u; 75 w and hence p*(x, D)u; 7z p*(z, D)u.
Hence, v = p*(z, D)u as .’ and since v € L?, they are identical as L? functions. Thus,
u € D(M,).

e Note that N, = M, if and only if for all u € D(M,), there exists D(N,) = .# such that

L2 L2
u. = u and p*(x, D)u. = p*(z, D)u.
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Take x € C°(R™[0,1]), x =1 in B(0,1). Let ¥, := x(ex)x(eD,), then ¥, : L? —
<. Now we prove U u LS w as follows.
Ix(ex)x(eDa)u — ull2 < | (x(ex) — 1) x(eDa)ull 2 + [[(x(eDa) — 1) ul 1
<|[(x(ex) = 1) (x(eDa) = D ul| o + [[(x(ex) = D ull 2 + [[(x(eDz) — 1) w1

By the bounded convergence theorem, ||(x(eD;) — 1) u| ;= — 0 and |[(x(ex) — 1) ul| ;> —
0. Moreover, (x(ex) — 1) is bounded on L?. Hence, ||x(cz)x(eD,)u — ul/p2 — 0.

2
Put u, := ¥.u. Now it suffices to show p“u, L pPu. We write

pYu. = WopPu+ [pY, Wolu = (p¥u). + [pv, Y lu.

As we have seen before, (p“u). LN p*u, so we need to show [p*, V. Ju — 0 as ¢ — 0.
We cheat a little bit to replace V.(z, D) = (x(ex)x(c£))” and then we will have

[pw, \Ijs(*ra D)] = {p> \I[s}w(x> D)

Since
n

(U, p} =Y (00,p(2,6) 0, 0. — O, p(,€)0,,0.)"

j=1

(1.3)
=cx(ex)AzOex(eD) + terms of analogous form,

which shall be bounded on L? uniformly with respect to e since terms like ex(ex)Ax
is uniformly bounded. Take ¥ € C°(B(0,1);[0,1]) and X = 1 near 0, and ¥, :=

X(ex)x(eD,). By the support conditions of W., V., we know that x(ex)dx(ex) = 0 and
X(eD)0x(eD) = 0. Hence, by the explicit formula (1.3),

Illp®, \PE<$,D)]®;HL2*>L2 = |lex(ex) Az x (e D)X(ex)X(eD)|| 212 + terms of analogous form
<l|lex(ex)AzOex(eD) X (ex)x(eD)| L2 12 + terms of analogous form,

and using the support conditions and the commutator estimates ||[x(ex), X(eD)]|| 212 =
O(e?) like ||[z, X(ex)]||z2—12 = O(e) and so on on different terms appropriately, which
implies
Ip*, Ve (w, D) Wel| 12 12 = OCe).
We write
1", Ve (z, D)lull < [|[p*, Ve (z, D) Weul[+[[[p”, Ve (z, D)](1-Ve)ul| < O(e)|[ul|+Cl[(1=Te)ul,

where the last term tends to 0 as € — 0, which completes the proof.

e We claim M; C M. It suffices to show D(M;;) C D(My). For each v € D(M;), there

exists C'(v) such that for all u € D(M,) D .7, [(Myu,v)| < C(v)|lul|. Then for all
u€ S, veL? M,acts on u as a differential operator, the pairing (M,u, v) is just the

distributional pairing m and hence by the definition of the distributional
derivative, we have
(v, Mpu) o1 . = (Mpu,v) 91 5.
Thus,
[(u, Mpv)| < C(v)]|ul|z2
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holds for all u € ., which implies Myv € L. Hence, v € D(M;), that is, the claim is
true.

Then it follows from D(N;) = . that N; C N;. And then N is densely defined and
hence by Proposition 1.5,

N; C N =N, = M;. (1.4)

On the other hand,
where the first step follows from the second property we have proved and the last step
from (1.4) and Proposition 1.5. Hence, My = M = N;.

0

The theorem we proved can be applied to show —A — |z|? is essentially self-adjoint if the
domain is Schwartz functions. And now we go back to discuss the magnetic Schrodinger
operator.

2. MAGNETIC SCHRODINGER OPERATOR

Without loss of generality, we assume B = (0,0, B). As noted before, A is not uniquely
determined by B since modifying A by a gradient will not change B.

Now we choose the Landau gauge A = (0, Bxy,0) such that the magnetic Schrodinger
operator defined in (1.2) is of the form

Pp = D} + (Dy, + Bay)" + D2, = (68 + (& + Bey) +65)". (2.1)

Here are two central examples of operators.

2.1. Spectrum of Laplacian. Let P = —A, D(P) = {u € L* : Au € L?}. And we define
U:L?>— L? by

Uu(§) = ! T /u(x)ei”'f dx,

(em}

where the integral is meant as the distributional Fourier transform, which is unitary on L2
Therefore,

(UPU)(€) = [€[20(€).
If 2 ¢ [0,00), then (|¢]? —2)~! € L> and serves as a bounded inverse of UPU* — z. And one
can show Spec(P) = [0, +00).

Then we can look at the propagators. For the Schrédinger equation (id; — P)u = 0, it is
easy to solve by using Fourier transform that v(t, &) = e ¢ (0, €). We call A = |£]? to be
the dispersion relation for P and the Schrédinger equation.

If one want to find solution to the eigenvalue equation —Au = Au, then suppu(§) C
{I¢]* — XA = 0}, which implies that u ¢ L.

For P = |D| = vV—A, we have UPU*v(§) = [£|v(§). The evolution is governed by
(10; — P)u = 0 and hence (i0; — [£])v(§) = 0. In this case, the dispersion relation is A\ = [£|.

This equation is a half-wave equation and the Shrodinger equation is a dispersive equation.
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2.2. Spectrum of harmonic oscillator. Let

n

_ 2.2 2 2.2
Po=—A+) wiv; =) (D% +wjrd),
j=1

j=1

where w; > 0, which is called the quantum harmonic oscillator.

For P, = p*(z, D) and p(z,§) = [¢]* + > , wizi. We want to find a change of variable
x = ay and D, = 1D, such that D2 + w?2? = w(D2 4 y?). By comparing the coefficients,
we find that w = é works. Moreover, note that if j # k, then ng + w?x? commutes with
D2 + wizy. Then, it suffices to consider this operator on the real line.

Let P = D2+ 22 A= D, —ix and A* = D, + iz, where we don’t care about the domain
here. A direct computation implies

A"A=P—1, AA*=P+1, [AA]=2

Next we want to find ker A. For vy € ker A, (9, + x)vy = 0, which can be solved explicitly
that vo(z) = e **/2 € L2 Then (P—1)vy = A*Avg = 0 and hence Puy = vy, that is, vy € L? is
a very nice state and also an eigenfunction of P. We notice PA*vy = (A*A+1)A*vg = 3A* vy,
so let v; = A*vy and then we have Pv; = 3v;. By induction,

P((A")"0) = (2n + 1)(A") v,

that is, using A* we create excited states from the state vy. This is why we usually call A*
as the creation operator. And A is an annihilation operator because you can check A acting
on (A*)"vy will lower your eigenvalue by 2. And induction also implies v,, = (A*)"vy € L%
For m > n, we write

((A) ™00, (A*)™0g) = (A™(A*) 09, vg) = (A™ 1 (A*A + 2)(A*)" g, vp) = -+~ = 0,

where the last step is because one have m > n, so one can kill all the A* right before vy and

then using Avy = 0 to conclude. In other words, {un = o } is an orthonormal set.

— lvnll
By induction,

Up, = H(Dx +ix)"e” z = H,(z)e” 7, (2.2)
Un

where H,(x) is a polynomial of degree n with nonvanishing leading coefficients such that
H,(—x) = (=1)"H,(x), These are called the Hermite polynomials.

Now we claim that span {u,} = L*(R). Suppose not, then there exists g € L? such that

0= [ glayim(a) do - / g(@)Ha@)e % da,

which implies that for all n > 0,
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Put e~ivt = 3 =" ”g) . Thanks to the trivial bound independent of N that ‘z ”5)

ZN ) %L,V < el and the dominated convergence theorem, we have

]:
/g(gv)e_ge_mE dx =0

for all £&. Therefore, g = 0. Contradiction! (Another way to show this is by showing

= [ g(x)e‘ée_“Cg dx is holomorphic and using dominated convergence theorem to
show F'®)(0) = 0 for all k.) Thus, {u,} form an orthonormal basis of L?(R).
So what we found is a map U : L*(R) — ¢*(N) (N = {0,1,2,...}) that turns this differen-
tial operator into a multiplication operator defined by

Uu(n) = /u(z)un(x) dz,

where (UPU*u)(n) = (2n + 1)u(n). Moreover, U is unitary since u(x) = Y (u, u,)u,. And
the domain for UPU* is {u € ¢*: {(2n+1)u(n)}, € ¢*}. Thus, Spec(P) = {2n+1:n € N}.
Finally, we can conclude for our operator at the beginning that

d
Spec(Z(D +wial)) = {Z w;(2n; +1) :n; € N}
Jj=1 7j=1

and the eigenfunctions of P, will be the product of the eigenfunction for 1-dimensional case.
Now we continue to discuss the magnetic Schrédinger operator (2.1).

2.3. Spectrum of the magnetic Schrodinger operator. Recall Pg = D2 +(D,, + B:Cl)2—|-
Dgs. Note that the coefficients in x5, x3 variables are constant, it is more like a Laplacian
in x5, 73, so it is natural to take the unitary Fourier transform U : L? — L? in the last two

variable
1

Uru(z1, &, 83) = o

/u(x)e"“&im‘"’ dxs drs,
to get
UlPBUikU = (Dil + (Bxl + 52)2 + ég)v(x17£27£3>7

which looks like the form of harmonic oscillator with x; shifted by &. Let y; = 871 (B +&)
with 8 to be determined, then D, = Dgc1 and hence

DI + (Bx1 +&)* = FD2 *yf = B(D} +v7)
if we take 8 = Bz. So we set
U2U<y1,§2,€3) = Biiv<87%yl - 37152752753)7

where one can check directly by a change of variable that the coefficient B~1 makes U
unitary and then Us = UsU; satisfies

UsPUzv(y1,&,63) = B(DZ +y7) + &
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Let Uyv(n, &,&) = [v(y1, &, &) un(yr) dyr, where {u,} are the same as those constructed
in the example for harmonic oscillators in Section 2.2. Therefore, U = U,Uj3 satisfies

UPU*w(n,&,&) = (B(2n+ 1) + &) w(n, &, &),
where U : L*(R*) — (*(Z, L*(R?)). Hence,
Spec(Pg) = {B(2n+1)+& :n €N, & € R} = [B, +00).

It is also natural to discuss the 2-dimensional version Pg = D2 + (D,, + Bx1)*. In this
case, what we have is much simpler:

1 -1 - i
(Uu)(n, &) = NGTITE /u(B 2y — B, mo)uy (y1)e 22 day dy, (2.3)
and UPgU*v(n,&) = (2n + 1)Bv(n,&). Here B,3B,5B,... in the spectrum are called
Landau levels.
In 2-dimensional case,

H, = {u € L*(R?*) : Pgu= (2n + 1)Bu} = {U*(u,(y) f(&)) : f € L*}

¢12_7T / un(B~3y + B&) f(62)e™ dgy : f € LAR)} C L2,

2.4. Instruction to calculate in a different gauge. The symmetric gauge is A(z) =
(=B%,B%,0) = (0, Bx1,0) — £V(2125). We do in dimension 2 and put B = 1. We using
the holomorphic differentiation

8w:%(8$—i8y), aw:%(aﬁiay),

O(C) = {u:C — C: d,u = 0 in the sense of distributions},

_ {Bi (2.4)

then P has a nice characterization

pP—(2a —ﬁ2+ Ly +ﬁ2— —A+@ +i(a— Oz,)
39T DY B A 9 10w T 20m

2 1 1
= — 40,05 + |w7 + w0y — Wy = (—20,, + 5@)(26@ + 5w) +1,
where the first one is like a harmonic oscillator and the second one is like the angular
momentum. This allows us to find the ground state Pug = ug for the magnetic Hamiltonian
in this gauge since it suffices to find the kernel of (-2, + $w)(205 + w). Moreover,

—20, + %ﬂ) is just the conjugate of 205 + %w, so it suffices to consider

1
(28@ + iw)uo =0.

w\z

We observe that it has a solution uy(w,w) = e~ 4 . And using this function, one can find
that all the solutions is of the form

w(w, @) = fw)e ",
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where f is a function such that df = 0. ( Note that in two dimension, O is elliptic, so
distributional solution df = 0 would be at least C*?. And by the theory of complex analysis,
we know f is holomorphic. ) Moreover, we want u € L?, so we need

felgeo(C /|g|2 (w) < +o}.

This space is infinite dimensional, but all the polynomials in w lie in this space. Thus

2
{(z1 + ixg)me’% : m € N} is a set of ground states, which form a basis of the eigenspace
of 1 in our two dimensional case.
Though the ground states computed in the symmetric gauge look very different from those
we derived in the Landau gauge, you have the freedom to take arbitrary f € L? in (2.4),
which may give you a similar form.

3. DENSITY OF STATES

For P = —A + Z ' wiz?, we have Spec(P) = {Z?lej(an +1) : n; € N}. From the
matrix case P = U*AU and f(P) = U*f(A)U we expect

trf(P) = /f )dp(A

)\GSpec

where f € S(R), p = Z)\jESpec(P) Og;-
In this section, we introduce the trace class operator to make sense of the trace of operators
on Hilbert space. And finally we will show the existence of the limit

Gf(P) = Ii tf(l[—L,LPf(P))

L—)oo (2L>3

and explain why we see oscillations for specific functions in the behavior in the density states
of the functions.

1. Quick introduction to trace class operator.

Theorem 3.1 (Riesz theorem). For compact operator A : H — H, the spectrum of A
satisfies

Spec(A) = C{(A—N)"": H — H bounded} = {\;(A)}/.
where \;(A) = 0 if J = oo.

If A= A* is self-adjoint, then by the Spectral theorem
Au = Z )\j(A)ej ® 6]',
J

=0’

where (f ® g)(u) = f(u, g), {e;} is an orthonormal basis for H consisting of eigenvectors for

A.

Remark 3.2. The convention (f ® g)(u) = f(u,g) here may look weird, physicists prefer to
use the bra-ket notation:

(ulv):=(v,u), | f)lgl=r@g, [/Nglu):=(f@g)(w).
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Theorem 3.3 (Singular value decomposition). Let A be a compact operator, then there
exists s)p > s1 > -+ s; — 0 as j — oo (or just finitely many) and {e;},{ f;} are orthonormal
sets such that A =3, s;(A)f; ® ej. Moreover, the numbers of s; depending only on this
decomposition are called singular values of A. In fact,

{553\ {0} = Spec((A*A)7) \ {0} = Spec((AA*)?) \ {0}.

Proof. We only show the main idea. Note that A*A : H — H be the compact self-adjoint
operator and non-negative since (A*Au,u) = [[Aul|*> > 0. Then we take {e;} to be an
orthonormal set of eigenfunctions of A\;(A*A), which is defined to be s;(A) := \;(A*A). Let

/= s;1(A)Aej, s;#0,

! 0, s; = 0.
One can check by a direct computation using self-adjointness that (fi, fi) = dx. O
Here are a list of properties that can be proved by using the singular value decomposition.

Proposition 3.4. For compact operators A, B, we have
Sp(A) = min{||A — K||g—pg : rank K < n};
si1e(A+ B) < 5,(A) + 5,(B);

sj+k(AB) < s;(A)si(B);

s;(AB) < ||Al|s;(B).

One can find the precise statement of these properties in [2, Lecture 23|, where the condi-
tion of A, B both compact may be loosen a bit.

Example 3.5. Suppose A : L*(T") — H*(T") is a bounded operator with s > 0, T" =
R™/(27Z)", where

H*(T") = {u € L2 : (1+m?)*2(m) € (Z"), 0(m) = / ula)e dx} .

And we assume the spectrum of A*A is purely discrete such that the singular values are
well-defined. (Or we just assume A is compact for simplicity.)
We claim that s;(A) < Cj=*/™. We write

5i(A) = 55 (FA+ DA+ 1)PA) < s (FA+ D7) [[(=A+ 1)24]

— L2

where (—A + I1)7/% is a self-adjoint operator given as a multiplier. It suffices to check by
counting

Hiosy <ry=t{meZ" (ImP+1)2 <r} <",
for allr € R, which implies

Hence,
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which proves the claim. Then, since the singular values tends to 0, and using the singular
value decomposition, (it’s true when we know the spectrum of A*A is discrete) we know
A=3775i(A)f; ®ej. Since s;(A) — 0, the finite rank operator

A=) si(A)f; e
J<J
converges to A in operator norm sense, which implies A : L*(T") — H*(T") is compact.
Note that the proof still works if we consider the operator as A : L*(R") — H*(T").

3.2. Trace class operators and Hilbert Schmidt operators.

Definition 3.6 (Trace class). We define
Li(H)={A:H — H compact : Zsj(A) < o0},
J
to be the trace class operators with the norm [|All1 :=3_; s;(A).
Definition 3.7. The trace of A € L1(H) is defined as

trA = Z (AE;, E;)

where {E;} is any orthonormal basis of H.

The trace is well-defined since one can just write the change of basis explicitly. And there’s
also another quick way to prove the definition is independent of the choice of the basis. We
only need to check by computation that by using the singular value decomposition that

Z<AEj7Ej> = ZSJ(A)U]" €j),

where {e;},{f;} are the ones chosen in the singular value decomposition theorem, Theo-
rem 3.3.
Here we present two nontrivial facts.

Theorem 3.8 (Lidskii’s theorem). Suppose A € L1(H) and Spec(A) = {\;(A)}3,, then
tr(4) = 3, Ay (4).

Theorem 3.9 (Special case of Weyl inequality). For A € L1(A) and we assume |\g| >
|>\1|2...and302512. , then

N
Z|)\|<Zs], H1+|)\| [T+ sy,
7j=1 g=il

for all N.

Now let’s see an example.
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Example 3.10. Let A : L*(R") — L*(R") such that A € Li(L?), which is given by an
integral kernel

Au(z) = | Ka(z,y)u(y) dy.

Rn
Then by Theorem 5.3, we write

and hence

which implies that

Ka(z,y) =Y 5i(A) f;(2)e;(y)- (3.2)

Then by expanding {e;} such that {e;} is an orthonormal basis with s;(A) possibly zero, we
finally find that

trA = Z(Aej, e;) = Zsj(A)<fj,ej) = Ka(x,z)dx.

. n
j R

Remark 3.11. Note that the integrability of K4(z,x) will not show the compactness of A.
Take Au(z) = u(azx) with a # 1. Then Schwartz kernel will be K(x,y) = 0(y — ax), then
Ky(z,z) =0((1 — a)x) = |1 — a]*§(z). Though [ K4(z,z) = ﬁ is finite, but obviously,
A is not compact.

Now let’s start with the Laplacian.
Example 3.12. Let U be the unitary Fourier transform, then

2 *_1 2:ch
fPAW@%ZUﬂW)UU—@Eg/ ) f([€12)uly) dy de.

Suppose f € /(R), then
; Z =Y, 5 00
e [ @R de e

Using the Schur’s lemma, we know A : L* — L* bounded. For x € C>®(R"), we claim
A=xf(=A) € L;. Now we need to extract the decay property of the kernel

Ka(z,y) = x(z

By choosing the support of x szttzng in some torus, that is, suppxy C T", the image is
supported in the torus and actually it takes L*(R™) to any Sobolev spaces on torus, namely
H*(T™) for all s > 0. Using (1+ |z —y|?)e’®~ y5 = (1= Ag)e'™¥8) | the integration by parts
trick will tell us that K4(x,y) decays like 7=~ for all N. Hence A L*(R™) — H*(T™).

Thus, for s sufficiently large, H* C L? is a compact inclusion and ) s; is summable thanks
0 (3.1), so A e Li(L*(R")).

K_a(z,y) =

zx y,€) d£ECOO< XR”)
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Note that 1/_r pjn is bounded and hence 1|_r, jn A is also a trace class operator. Then, by
taking x =1 on [=L, L]", 1_p 1nf(—=A) = 1_p o x f(=A) is a trace class operator.
Moreover, we have

rf(~A) = / s on( / FUEP) dé = (21)" (3.3)

Definition 3.13. A compact operator A is called a Hilbert Schmidt operator if 3, si(A)? <
0.

Proposition 3.14. A bounded operator A is a trace class operator if and only if it can be
expressed as the composition of two Hilbert Schmidt operators.

Proof. Suppose A is a trace class operator, then A has the following singular value decom-
postion

Let

NM—A

er Deg, A —Zsk fk®€k

A= si(A)
k

We compute

1 1 1

AQAlu = Z Sk 5 % fk & €k) 61 X 6[ Z Sk 5 5 U el>(fk ® ek)(el)

1 1

—Zsk )251(A)2 (u, )0k fro = ZSz uezfz Au.

To prove the converse, note that
sok(A1Az) < sp(Ar)se(Az),  sarp1(A1Az) < sp(Ar)seyi(As),
and it follows from the Cauchy-Schwartz inequality. U

Proposition 3.15. Let A : L*(R") — L*(R™) be a compact operator, which is given by an
integral kernel

Au(z) = [ Ka(z,y)u(y)dy.

R’I’L
Then A is a Hilbert Schmidt operator if and only if Ka(x,x) € L2

Proof. Suppose A =3, s;(A)f; ® e; is the singular value decomposition, then by (3.2),
[ 1Kt o) do = 3 s (s @@ ) = 3 54,
Jik J

which completes the proof. U
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3.3. Density of states. In physics, density of states is the number of states per energy
interval per unit volume. For f € . (R), the following limit

tr (e f(P))

lim

L—+o00 (2[1)”
turns out to exist for magnetic operators P = Pg and P = —A and determines the density
of states. Thanks to (3 3), we know that
tr (1 —L,L nf
¢ T / F(IEP) dg = (s — |E[*) ds d = / 1(s) dy(s)

where the measure

:=+/ —”Oééi'; JE

somehow measures the number of states per energy per unit volume.

Now let’s do the same calculation to Landau Hamiltonian in dimension 2. As discussed
in Section 2.3, Pg = D2 + (D,, + Bx1)?* and Pg = U*(B(2n + 1))U, where U : L*(R?) —
(%(N; L*(R?)) is defined by

1 1 1 -
Uu(n,&) = 5—% [z, zo)un(B2ay + B™2&)e 282 day day,
1 1 1 -
Uy, m0) = LS [un(Bray + B36)u(n, &)eé dg,

which is exactly the same formula as in (2.3) if we perform the change of variable y; =
Biz, + B726,.
Now, we write

f(Pe)u=U"f((2n+1)B)Uu = /K(:z:, 2 u(x") da’,

where the integral kernel satisfies

B> T
Koa) =523 / wn(Biy + B 36 un(Bia) + B ) f(B(2n + 1)) 9% dg,.

Using the same type of argument as in Example 3.12, localizing in space and noting that
u, defined in (2.2), one can show that f(Pg) € Li(L*(R?)). Therefore, it follows from

Example 3.10 that

() = ) (2;2 [ @)K 0 da
‘ﬁ/ lrap(@) 3 f(BEn+ 1) do = 523" B2+ 1)) = [ f(s)onls) ds,

where the density of states is

pp(s) = % > 6(s—(2n+1)B).
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The same type of argument can be applied to 3 dimensional case and the result should be

trf(Pg) = Z/f ((2n +1)B + £2) d&s

= dy
2(27r)2 /0 ; f(B(2n+1) +y) NG
B & —_— -
e / F6) (s = 20+ 1B)Hds = [ F(5)on(s)ds = pi(),

neN

We only do a sanity check that

'ENl“f(PB) — tNTf(—A)
as B — 0. We write

trf(Pg) = /Zf (2n 4 1) + €2) dés

1 1
Gp [ H6+ @) isdss = s [0+ &) dpdes = o [ e ae

as B — 0, Where the limit follows from the definition of Riemann sum and the last step
follows from the cylindral change of variable.

3.4. Free energy per unit volume.

Definition 3.16. The free energy per unit volume is defined as
(20, B, N,T) := Nzo — trf., v(Pg),

where

Jer(z) :=Tlog (1 + exp(ZO; x))

for T > 0.

This definition is motivated by the Fermi-Dirac distribution in physics. Here, N 1s the
number of particles. Strictly speaking, z, is determined by B, T via the equation 2 70 = 0.
But, we will just fix 2, as a number such that

2o~ N, n=2
3
2z ~N, n=3,
which is the case that determined by g—fo = 0 when B =T = 0 and we omit the calculus
here. Note that f,, 7(x) = 0if x > z; and decay exponentially like zy—xz for x € (0, zp). This
shows that f,, r is Schwartz on the positive half real line, which is all we need to justify the

definition f(Pg) using the characterization f((2n + 1)B). Hence, everything is well-defined
and one can check by using the result in preceding subsection.

‘ Definition 3.17. Here’s a concept called magnetization, defined by m(B,T) = 0B, T). ‘
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By classical analysis, we want to see that there are oscillations as 7' — 0. In the sense of
distributions, we have

fT,zo — (ZO - x)}i-a
f’}z() _> _(ZO - m)g—’
szO - 520(2)7

7, x>0,
0, z<0.
For the two dimensional case,

as T — 0, where z] =

QO(B,T) = Nz — % D fre(B2n+1)),

and hence

0B, T) ___ZfTZO (2n+1)) — ZB<2n+1)fTZO( B(2n +1))

n

_% <_ > (20— B@2n+1)} +> B@2n+1)(z — B2n+ 1))3)

n

_ L <_Z(ZO — B(2n+1))(z — B(2n + 1))} + ZB (2n +1)(20 — B(2n + 1))3)

2 ~
1 M+1
= > (~2+2B@2n+1)) = (2(M +1)B — z),
2n+1<%9

where M = [ZO B ] Thus, note that 2BM ~ z; when B — 0, it is easy to check by a direct
computation that

M+1(2(M+1)B_ZO)NQ<[ZO/BQ—1} _ZO/Jz—u%) Lo(B).

m(B,0) =

T 27

where o(y) = [+] — &* + L is a periodic function.

In three dimensional case,
4 3
m(B,0) = dp (NZD - 5(27@—23 > (20— (2n+ 1)B)i>

= ﬁ Z (‘%Wo — 20+ 1)B): +2(2n+ 1)B (2 — (2n + 1)3)_%)

3 1
n)? < (2n+1)B): + 22 (20 — (2n + l)B)i)

= # ((—?zgrg(B/zo) + 22037”;(3/20))) ’
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where in the third step, we write (2n + 1) B in the second term as (2n + 1)B — zp + zp. And
we care about small B here and r,(h) is defined as

ry(h) =Y (1= (2n+1)h)] .

Then we only need to care about the asymptotic expansion of 7., which is a classical analysis
problem. In the end, we will see that the leading part has a purely oscillatory profile. Now
we don’t need to care about the physics and only need to do some classical analysis.

3.5. Some classical analysis. In this subsection, we build up the asymptotics of

ry(h) =Y (1= (2n+ 1))}

neN

as h — 0 when v > 0.

Theorem 3.18 (Hankel’s formula). The inverse of I'(z+1) = [ e™'t* dt can be expressed
as

L L /C+m ~levdu, Rez>0,c>0
—_— = — u e U ez C
I'(z+1) 2w J, ’ ’ ’

which 1s called Hankel’s formula.

—100

Proof. Let f(o) := 07e™7¢, which is integrable since ¢ > 0. Then taking Fourier transform
implies

for= [
0

We choose z € C\ (—o0, 0], we pick a branch of (¢(c + is))? and make a formal change of
variable

f(s) :/OOO< Ot i) (et is)) = ﬁ/gwﬁetdt: —<F(z+1)

¢+ is)rtleoletis) (c+1is c+is)

whhich can be made rigorous by contour deformation. Then taking the inverse Fourier
transform implies

z —oc — 1 > 6iUs 1 eieo —2z—1 _uo _—oc
O'+€ F(Z‘Fl)l:%\/ioomdsz%/c_loou 16 e du. (34)

Put 0 = 1, we get the Hankel’s formula. O

Remark 3.19. By deforming to the Hankel’s contour, one can make sense of the Hankel’s

formula to all z € C
1 1 1
- —z— ud
T(z+1) 2m /c“ ©

where the Hankel’s contour is as follows:
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Now set f,(s) := >, cn(s — (2n+ 1)1, ro(h) = h7 f,(5). Then what we care about is the
asymptotics of f, as s — co. By (3.4), we have

1 ct100
1= —T(y+1 tre=11 qt.
R =gty [ e

Put 0 = s — (2n 4 1) and note that
1
—(2n+1)) _ _ts (2n+1) ts
Ze — Ze 2sinh(t)’
which implies

1 c+100 1
f(s) = —’Y(’Y+1)/ e ———tT T dt

4 ico sinh ¢

r 1) 1
= Z L(y+ D(=1)"(7n) " cos(nms — E('y +1))+ W—H— / e (sinht) "'t dt,
2 2 2 21 J,

where the sum in the last equation is the sum of all residues of e —- tt 7=t at kmi for all
k € Z,. In fact, for n = 1, it is pretty good to describe the asymptotics, but as a math
class, we need to justify the integral in the last equation is comparably small. We choose
the Hankel’s contour C = C; U Cy U C3 as shown in the graph, where the distances of C; and
Cs to the real line are less than e.

We will see that the dominate contribution for this integral comes from Cy. The estimate
for the integral along C; U C3 is rather easy,

/ est(sinht) "7 dt = O(e77 %),
C1UCs

For the integral along Cs, due to the expansion —— =1+ Z] 1Yt 4+ O(t*M+2), we write

r 1 1 .
/ et (sinht) "7 dt = (9(521‘4“_7653)—(,y +1) Z Vi / St =172 4t
Cale) 2 =0 270 Jey(e)

Since each integrand e*®t%=7=2 has exponentially decay on the countour when ¢t — —oo, we

can open Cy(e) up again to C up to an error O(s772¢7%%) of the same type as before.
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Now, by the Hankel’s formula, we have

L/6‘%252]'_“’_2 dt = L/test<8t>2j_7_2 d(st) = 3—2j+v+1;
21 Jo 2mi Jo §2i—7—1 Ty +2—2j)

Combining the formulas above, we get

£1(s) =3 T(y + 1)(=1)" () " cos(nms — g(’y 1)

n>0
M
L(y+1) : V5 —2j4y+1 —y—2 — 2M+1—
1) o €s +1—y es )
+— ;F(7+2—2j)5 +0(ET e+ )

Choosing € such that e 772~ = e2M+177¢% that is ¢ = 23 ]ogl then O 2%~ +
g2M+1=7¢e8) = O(s79M) | which shows that

2M

f(s) ~ Z% D(y 4+ 1)(=1)"(7n) " cos(nms — g(v +1)) + wsvﬂ jz; mg_%.

Here’s a final conclusion, stated as a theorem.

Theorem 3.20. As B — 0,

B~2m(B,0) = 2(2m) 2 (Z r(g)(—w(m)% cos (nw<@> - 3—”) + 0<Bé)> :

B
n>0

where the non-oscillatory terms become the lower order terms.

4. BLOCH-FLOQUET THEORY

4.1. Motivation and physics background. So far, we study the free electron in elec-
tric/magnetic fields. In this section, we will now consider a bunch of electrons in a periodic
structure such as a crystal or a metal. In this case, electrons are interacting with each other
and are subjected to forces from the atoms forming the periodic structure (like a lattice),
which we assume do not move or interact with each other.

An extremely successful model for that is given by a periodic Schrodinger operator

—A+V(z), Vel V@+y) =V(x), vEMNLD L

with {71,72} linearly independent. This is a Hamiltonian in which there is no interaction
between electrons and it corresponds to a pseudo-particle rather than the actual electrons
in the metal. This approximation is acceptable due to the following reasons.

The transition from physical modeling to non-interacting pseudo-particles modeling of the
actual quantum mechanical system is now most frequently done using the density functional
theory. It is an approach to study the Schrodinger equation by writing quantities of interest,
such as energies, in terms of the particle density, instead of in terms of the wave function.
This can simplify computations considerably, especially when the number of particles is
large. One can consult [5] and [6] for a more detailed discussion and references on density
functional theory.
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In an N-body system we are primarily interested in the ground state, that is an N-body
wave function ¢, which is a function of N (2D or 3D) variables, such that

(Hy, v) = ”m”m1<Hso ,P)s
In the non-interacting system (especially when considering electrons which are fermions -
we will neglect such issues here), a composite ) can be built of non-interacting particles at
different energy levels (not the ground state of the full Hamiltonian). The game here is to
replace the actual ground state by a ground state of a non-interactive system with the same
density.
The precise explanation of these things will be explained in the following subsection.

4.2. Honenberg-Kohn theorem and the passage to non-interacting electrons. A
very general Hamiltonian describing an N-electron system is given by

H=T+V, +V,

where the first term is the kinetic energy

N
™ 1 2 3
T=-3> Vi, #€Rj=1.. N
j=1
and throughout this subsection, we use x; to denote a vector in R? for j = 1,...,N. The

repulsive Coulomb potential energy between the electrons given by
—~ 1
Vee = —_—
. Z ) — @il
1<i<j<N

involves the interactions between different electrons and and the external potential V is the
potential energy due to external forces, which is given by

V= Z v(z;)

Example 4.1. For ezample, consider a system of N electrons in a molecule made up of M
atoms. Then v is the attractive Coulomb potential energy arising from the M atomic nuclei,
given by

Z|$—Xk

where Xy is the position of the kth nucleus and Zy is the number of protons it has.

Once we have the density operator, which is formally from C*°(R?) to C*(R3") having
the integral kernel n(z) = Zjvzl d(x — z;). In other words, we can write

~

Viz,....on) = / v(@)i(z) da.
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From this, starting with a function ® € L?(R3Y) with ||®||;2 = 1, we can define an density
function at least formally as

N
n(z) = ((z)®, )2 :Z/ / O(x1, .., EN) O, @(21, ... n) Py, ... dPay,

where (n(z)®, @), is well-defined for & € . and then can be extended as functions from
L? to L' by simply using Fubini’s theorem.
In particular, if ® can be expressed by ®(x1,...,xn) = @1(z1) ... on(zn) With [|¢;]|2 = 1,

then
N
z) =Y o))
j=1

and hence [, n(x)dx = N, which explains why n(z) is called the density function of parti-
cles.

For an N-body system, what we are interested in is the ground state, which should be a
minimzer of

min (H®, ).
@]l 2=1
If we start with the domain D(H ) C§°, then H is essentially self-adjoint, which can be
proved using analogous cut-off method as in Theorem 1.16. Like the finite dimensional case,
the minimum E is an eigenvalue, which is the Lagrange multiplier of the minimizing problem,
and the ground state ¥ will solve HU = EV.

In fact, even though W is very complicated as a function in 3N variable, you lose no
information to by considering n(z) which is only in a single variable x € R®. Here, “losing
no information” is explained by the Hohenberg-Kohn Theorem in a mathematical way. R

Given two Hamiltonians with fixed interparticle interaction (i.e. the interacting parts 7'
and ‘//e\e are the same for two Hamiltonians), if the ground states have the same density
function, then then the external potential are the same up to a constant. But in physics,
you never measure an eigenvalue, you measure differences between eigenvalues. So you lost
no information by considering the density functions.

Theorem 4.2 (Hohenberg-Kohn Theorem). Given a fized interparticle interaction of N -
electron, we suppose Hy, Hy are two N -electron Hamiltonians with external potentials vy, va,
respectively, and each of them has at least one L*> normalized ground state vn, o respec-
tively. If ny = ny := n, where nj(x) is defined to be

n;(z) == m(x)v; ¥y),
then vy — vy = const, where n(x) = Zj\;l d(x — ;). In other words, the density function
completely determines the system of the ground state.

Proof. Let 1; be the ground state of }AI ., determined by

( wa%> = ‘m‘ln1< Hjp, ),
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and in particular, (ﬁ1¢1,¢1> < (ﬁ1¢2,¢2>. Now we calculate
Vidhi, ;) = A(x);, ;) do = n(x);, ;) de = d
Wiy} = [ty vy do = [ ola) ey, i) do = [ on(onte) de

which follows from V(zy,...,x,) = [v(z)A(z)dz. Hence,

(Frin i) = (FVon)n, i)+ / w(@n(e)de, (Hbn i) = (F+Von, o) + / v (@)n(z) da

and therefore,
(T + Vee)ibr, 1) < (T 4 Ve )2, 92).
Moreover, exchange the subscripts 1 and 2 in all the derivation above, w we get

(T + Vee)ou, 1) = (T + Ve )iba, o).

Thus, 11, 9y are ground states of both Hamiltonians and the theorem follows from the lemma
below. (Since ¥ = v satisfies the assumption of the lemma below.) O

Lemma 4.3. If f[ﬂ/} = Ejp for j = 1,2, then this implies 1//\1 — ‘72 = const and hence
U1 — Vg = const.

Proof. By subtracting, we get (‘71 —Vo— Ey + E5)p = 0. Then we claim that
W(ZEh cee ,I'N)’Qb(l’l, ce ,[EN) =0

implies W = 0. Then we only need to rule out the possibility that for some (z1,...,zx),
(xy,...,xy) =0and W(xy,...,zn) #0.

One of the properties of the second order equation H 1 = E1 is the unique continuation
property, which states as follows. If you have a L? normalized solution v to a second order
PDE vanishies, then for any open set U C R*V, [ [¢* > 0. This is a mathematical
explanation of tunneling and the proof uses Caleman estimates, where we don’t go into
details during the lecture. Some related materials can be found at [18, Chapter 7].

Now we go back to the Euler-Lagrange equation for the minimizing system, this means
that H;i = Ej1 for both j = 1,2. If W = 0, then W||? = 0 and hence

0:/W\w\2 < ml?XW/]w\Q, OZ/WWI2 > mUinW/\W,

which implies ming W < 0 < maxy W. Take some neighborhood U of an arbitrary fixed
point (xq,...,xx) € RN, W(xy,...,2y5) < ming W < 0 < maxy W — W(xy,...,zy) as
U shrinking to the single point set {(z1,...,zn)}. Thus, W(zy,...,2y) = 0.

Recall that

N
Vi(zy,...,xN) = Zvl(xj),
j=1
then by taking x,,...,xxy = 0, we derive from \71 — ‘72 = const that vy — vy = const. U

And there is an algorithm called the Kohn-Sham method [11] using the idea of the same
philosophy.
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4.3. Periodic structure and the Bloch transform. Now we consider I' = Z + . Z,
where v, € R? and {7y1,72} is linearly independent. We identify R? ~ C, then v, = 4miwy
with w = e5" produces a triangular lattice and this lattice can also be generalized to higher
dimensions.

The general Hamiltonian should be a differential operator P(x, D,) of order 2 which has
the property P(xz + v, D,) = P(x, D,).

Example 4.4. (1) The first ezample of such Hamiltonians is related to the mathematical
model of crystals, which is given by —A 4+ V(z) with V- € C*(R™;R) and V(z + ) =
V(x).

(2) A second example is the periodic magnetic Schridinger operator with potential

P=> (Dy+4;(x)’+V(x), Aplz+7)=Ax2),V(z+y) =V(z), AV e€C®R%R).

j=1

Remark 4.5. For A = 232.:1 A,dx;, there exists some scalar function B(x) such that B =
dA = B(z)dzy A dza, where B is perpendicular to the (z1,x2)-plane. The condition to find
periodic A if and only if f<c2 T B(x) dzydzy = 0, where in fancy language, it is equivalent
to requiring the homology class of the form B is equal to zero. Here, C?/T" is called the
fundamental cell and we can think it as a torus.

It is easy to prove this equivalence by simply expressing the equality B(z) = 0,, As(x) —
Ox, A1(z) by Fourier series if you are not a topologist.

A further remark is that by adding the assumption that A; are periodic, it rules out the
possibility of making B a constant magnetic field. Later, we will have something different
to cover this case, which is more complicated.

In fact, there is a fundamental difference between the two examples in Example 4.4, which
is described as follows. In the first example, Pi = Pu. In other words, P commutes with
complex conjugate in the first example, which is the time reversal symmetry for Schrodinger
equation. However, in the second example,

2 2
Pu=)_ (%axj + Aj(2)2u + Vu = Z(%axj — Aj(x)*a+ Va = P_,a,

j=1 Jj=1
where we use the subscript —A to indicate the potential. This also relates to the topology
of eigenspace, which we will discuss later.

Recall that we diagonalize the harmonic oscillater and one particle magnetic Schrodinger
operator in the previous sections to study them. As before, we expect to diagonalize the
Hamiltonian with periodic structure here.

Put T u(z) = u(z —) with v € I, which commutes with P, that is, PT, = T, P. A direct
computation shows that 775 =T, = T ! Recall that if we have a unitary matrix U and
another matrix commutes with this one A, then one can diagonalize them simultaneously,
namely, we can look for joint spectrum of A and U.

Heuristically, we will look the joint spectrum of P and T’,. Let’s find the spectrum of 7,
first. To find eigenvectors, we want to solve u(z — ) = a(y)u(z), for all v € Z". If we
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consider tempered solutions, we can take the Fourier transform and that gives

(a(y) —e™")a(g) = 0,
so support of @ is on the set where a(y) — e ¢ = 0. That implies that |a| = 1 so if
a(y) = € and the support of u is on the set where sin((7¢ — a(v))/2) = 0 but this is
supposed to be true for all v and that forces 4 to be a combination of delta functions. Then
one can see a(y) = —(7, k) and u(x) = €** would work. This somehow motivates the way
we diagonalize the operator.
Before we move on, we introduce some notations for lattices.

Definition 4.6. The reciprocal lattice I'* of I' is defined by
I"={keR": (k,v) €2nZ, VyeT}.

Example 4.7. If T' =72, then T* = (2rZ)*.

Now here is another better motivation for the Bloch transform.

Theorem 4.8. For u € C*(R") such that for all v € 2nZ)" :=T, u(x +v) = u(z), we
define the Fourier coefficients by

1

~ k) = _ 7i(z,k)d ’
u(k) @)t /Rn/Fu(x)e T

Then
(k)| < Cn(1+ k)™

Moreover, the Fourier series

u() = — 5 Alk)ette

l\)\»—l

converges, where Z™ = ((2rZ)")". And |Jul|3. = ||l = O [a(k)]?)2.

Proof. Since u is smooth, |[t(k)| < Cn (1 + |k|)™ follows from integration by parts by using

—i(zk) _ (ZBatl) —i(z,k)
1+|k|2

The following proof of the Fourier inversion formula is due to Paul Chernoff, which is
fairly neat. For n = 1, it suffices to show the formula at x = 0 since we can use the Fourier
inversion formula for v(z) = u(zy — z) at = 0 with 9(k) = —e~*@0*)3(—k). Moreover, it
is enough to show if u(0) = 0, then ), . (k) = 0 since subtracting a constant from v will
only contribute to a change of %(0).

If u(0) = 0, then u(27k) = 0 by periodicity and hence there exists some f € C* such
that u(z) = (z — 2wk) f(z) near x = 27k. Since e — 1 is a periodic function with simple
zeros of 21k, we can write u(z) = (e — 1)g(x) with g € C*°. Now we compute the Fourier
coefficients as follows. From

m/ “”dx—\/_/ e~ =D gy — Gk — 1),

it is obvious that u(k) = g(k — 1) — g(k), which completes the proof.

e
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In higher dimensions, we complete the proof by applying the 1-dimensional case to it
successively in each variable. ([l

As a generalization, we have the following Fourier theories for arbitrary lattices. This
motivates the definition of dual lattice (reciprocal lattice).

Theorem 4.9. Now we assume I' = WZ @ - & v,Z s an arbitrary lattice in R™ with
{7}, linearly independent. The dual basis T'* = ViZ @ --- @ V' Z is defined to satisfy
(Vi) = 2m0i. For u(z +v) = u(z),y € ', we write

1 .
k) = : / w(@)e P dg ke,
[R?/L|2 Jre /T

then we have the inversion formula

u(z) =

1
[R"/T|2

ﬂ(/{;)ei<k’x>,
kel'*
and Hu”iQ(R"/F) = > ker- [U(k)[%.

Sometimes we will view R"/I™* = R"/ ~ as a smooth manifold, where t ~y <= z—y €
™. We will use two kinds of manifolds in this course, which are torus and spheres.

Now we start to develop tools to diagonalize the periodic magnetic Schrodinger operator
in Example 4.4, which satisfies P(z + v, D) = P(x, D).

For § € R"/I'* = R™/ ~, there exists a Hilbert space Hy defined as

01— Ho:={ue L (R"):u(zx—v) = ei<7’9>u(m)} : (4.1)

loc

In fancy language, this is the Hilbert bundle over a torus, namely for each § € R™/T™*, you
attach a Hilbert space.

Definition 4.10. The Hilbert space L*(R™/T*;Hy) is defined as follows. For any smooth
function g = g(0,x), g € L*(R™/T*;Hy) if the following facts hold:

(1) g(0 + k,x) = g(0,z), VkeT*;

(2) g8,z — ) = e"9g(0,x), VyeT;

(3) HQHQLZ(RTL/F*;HG) = fR"/F fR"/F* |g(9,:c)|2d(9 dr < 0.
The space L2(R™/T*;H,) is actually the direct integral fﬂgi I Hpo df just by definition. See
9, Chapter 7] for an introduction of direct integrals.

Definition 4.11. For u € ./ (R"), the Bloch transform of u is defined by

1 .
Bu(d,z) = —— e X0y (z — 7).
(0,2) R ; (=)

One can check directly that Bu(f,-) € Hy by writing

Bu(f,x — ) = Z e HOy(z —y—a) = Z e~ 0y (2 — o) = 09 Bu(, x).

a€cl v el
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Theorem 4.12. The Bloch transform B defined in Definiton 4.11 can be extended to a
unitary operator B : L*(R™) — L* (R"/T*;Hy). And B* = B! := C satisfies
1

Proof. We calculate, for u € 5”,

”BUHL? (R /T*H,) ZZ

ol ”/F*I Rn /T

—Z / (e — )P de = / ()2 i = [[u]2s g,
R"/T Rn

/ / e Oy (x — y)u(x — ) db da
n [T*

where we use the fact
1

[R"/T*| Jgn s

And now we check C is an inverse. We also do for v € . at first and then extend.

e g =5,

1 i
R Jo o (Ze e ”) .
~yel’

since fRn e~ 9 df = 0 for all v # 0. And it’s more or less the same to check BCv(6, z) =

v(0, ). Fmally, thanks to ||Bu|* = Hu||2 we have (B*B(u+v),u+v) = (u+wv,u+wv), which
implies (B*Bu,v) = (u,v). Thus B~! = B*. O

CBu(z) =

Here is a map from Hy to L?(R"/T") defined by f + ¢“®% f(z). In other words, €™ f(x)
is periodic. We check by writing e'@=79) f(z — ) = @100 f(z) = @9 f(1). This
motivates the definition of modified Bloch transform.

Definition 4.13. For u € L*(R"), we define the modified Bloch transform as
(Bu)(0,z) = "*? Bu(0, z).
Note that we gain periodicity of  but we lose the periodicity of #, that is,
(Bu)(0 + k,z — ) = '™ (Bu)(0, z),

while Bu(0 + k,x) = Bu(6, x).
We claim that for v = v(0,x) € L*(R"/T*, Hy),

BP(x,D)B*v = P(z,D,)v(0,x). (4.2)

The key thing is P(x, D)u(x — ) = P(z — v, D)u(z — ) because we assume the coefficients
of P(x, D) to be periodic. This follows from BP(z, D)u = P(x, D)Bu, which can be checked
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directly by
1

P(z,D)Bu=——Y ¢ P(z, D)u(x — v)
[Rn /T3
1 .
=——— > e "")P(x — 5, Dyu(x —7) = BP(x,D
T e T , D)u(x x, D)u.
YRR (x =, D)u(z — ) (z, D)

Note that the operator P(z, D,) given by this equation above, which is not the same operator
as P(z, D), but we will abuse notation henceforth. Rigorously speaking, the domain of
P(z, D) is H*(R™) and the domain of P(x, D,) is L*(R"/T*; H2 (R"™) N Hy).

Moreover,
BP(z,D)B*v(8,z) = ¢ P(z, D,) (e7®Pv(0,z)) = P(x, D, — O)v(6, ),

where we use
@D i@ = D —¢.

i(xz,0)

Note that B and B are unitarily equivalent since e is a unitary transformation. Now

let’s do a trivial example.

Example 4.14. Suppose n =1 and P = D, with I' = 2x7Z. On the Fourier side, ﬁL(f) =
&u. Here, Fourier transform is a unitary operator which diagonalize this operator, turning
the operator into a multiplication. Then Specrz2w)(P) is the whole real line.

On the other hand, we can look at this operator on the modified Bloch side. By the previous
discussion, for any fized @ € R/Z, BPB* = D, — 0 acts on periodic functions on the circle
HY(R/27Z), which can be diagonalized by the transform U : L*(R/2rZ) — L*(R/Z; (*(Z)),
where

Uu(@,m) = — Bu 0, z)e "™ du,

V2 /
that is, we project things into eigenspaces, since (D, — 0)e™™ = (m — 0)e™*™. So we can
diagonalize our operator by UBPB*U* (0,m) = (m — @)u(6,m) for 0 € R/Z. If we choose
the fundamental cell to be [—3 % 5) then the spectrum looks like

wrm

Thus, as shown in the figure, we recover our result that Spec(P) = R.

In general, we want to study the spectrum of Speci2gnry(P(x, D, — 0)) with the domain
D(P(z,D, —0)) = H*(R"/T'), where P(x, D) is of the form —A + {(a(x), D,) + b(x) with
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periodic coefficients which satisfies P = P*, then for each § € R?/T*, P(x, D, — ) is self-
adjoint on L*(R?*/T).

Definition 4.15. The Sobolev spaces on the torus is defined by
H(R"T) :={ue S :ulx—7) =u(x),VyerT, Z [a (k)2 (1 + [k[*)® < oo}

kel

An easy exercise is that for p € N,
HP(R"/T) = {u € L*(R"*/T) : D¢ € L*(R"/T"),V|a| < p},
which is proved by using Deu(k) = kS ... ke a(k).

Lemma 4.16. For P(z,D) = —A+ (a(z), D) + b(x) with periodic coefficients, there exists
some constant C' such that

||u||H2(Rn/F) S C <||Pu||L2(Rn/F) + ||u||L2(Rn/F)> .

Proof. For u € C*°(R"/I'), u periodic as a function on torus, then

(Pu,u) = — Aut + /(a(a:),DIMQI + /b(:z:)uﬂ

R”/T

1
2/\Du!2daz—5/|Du\2—g/]u\Q—C/MQ2§/|Du\2dx—§/|u]2—0/|u|2,
Hence,
/\Du|2 g/]Pu\2+/\u]2.

_...ZZ/uwixiﬂxjxj—/|D2u||Du|—...
12

C C
>3 [l e [ 12 = S [10up =S [lup
Y]

where 3, |ug,0;[* = [D?ul* and hence

/|D2u\2 < /|Pu|2+/|uy2.

The lemma follows by combining the two inequalities we get. 0

Furthermore, writing

[(Pu, Pu)| z/AuM— ‘/(a,D)uM

We also have self-adjointness, note that
P(z,D —0) = —A+ (ag(z), D) + bo(x)
is self-adjoint, which implies (P(z, D —0) +1i)~' : L*(R"/T") — L*(R"/T). And actually, we
can have something better. From the preceding lemma, if we solve
(P(z,D, —0)+i)u=f €L

then we have
[ullgz < Cllfllz2 + Cllul| 2.
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And we already know that P(z, D, — 0) + i is invertible on L?, thus ||u||zz < C| f||z2 and
hence the inverse map is bounded from L? to H?2.

Hence, by the compact embedding, we know (P(x, D — ) +14)~! is a compact operator on
L*(R"/T) and by Example 3.5, we know that the discrete spectrum of (P(x, D — ) + i)~
tends to 0. To be specific, we have

Spec ((P(z, Dy —0) +14) ") = {115(0)}5,,

with 1;(6) — 0 as j — oo. Suppose the eigenfunction corresponding to p; is u;, we define
U: L*(R") — L*(R"/T*; ¢*(N)) as

Uu(8, ) == (Bu(8,-),u;(0,-))

where
1

E;(0)+i
Note that E;(#) are real since they are the eigenvalues of the self-adjoint operator P(x, D, —

6). Moreover, E;(#) is continuous in 6.
Then we can diagonalize P as

P(x,D, — 0)u;(0,z) = E;(8)u;(0, ), = u;i(0).

UP(z,D,)U*v(0,7) = E;(0)v(8, j)
for v € L*(R™/T*; (*(N)). Therefore,

Spec(P)=JL;, L= |J E;0). (4.3)

jEN 9cR" )T+

As a final remark, for fixed § € R"/I'*, we know that P(x, D, — ) has discrete spectrum
with all eigenvalues { £} and hence the spectrum of P(z, D, )|y, is also purely discrete. On
the other hand, {F;(6)} are in the continuous spectrum of P(z, D,) on L*(R").

Example 4.17. Suppose n = 1 and P = D2, then Py = (D, — 0)* and hence Spec(Py) =
{(m —0)?:m € Z}. Like in Example J.1/, we choose [—
draw the picture as follows.
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4.4. Example: the bands opening up under perturbation. In this subsection, we
discuss the following example. Suppose n = 1, Py = D2 + Acosz with ' = 27Z. When

= 0, the bands are continuous as we show in the preceding example. When A > 0, the
bands can open up, separated with each other. In order to analyze this operator, we need
to introduce the Schur’s complement formula in linear algebra.

Lemma 4.18 (Schur’s complement formula). If a matriz of operators <Z d

and it’s inverse is given by (j ?), then a s invertible if and only if 6 is invertible and

al=a—pB51y.

b) 18 tnvertible

The Schur’s complement formula is very useful for the study of the Grushin problem

P—z R\ [E(k E.()
ro0) T\EB() EL)
where we use notation R, E for historical reasons.
We set up a Grushin problem as follows.

Lemma 4.19. Given some positive integer k. Suppose

P(z) = (PRT }E—) : H*(R"/T) x C* — L*(R"/T") x CF,

E(z) FE.(z

E (z) E_,(z

P+XQ —z
Ry

is invertible and P(z)~! = ( ) For any operator Q : H*(R"/T') — L*(R"/T),

av

the perturbation Py(z) := ( _) is invertible for |\ < 1 and

e}

(~NE_QEQ)"E,.

WE

B (2) = B_.(2) +

B
Il
—

In particular,
E), =FE_, —AE_QE, +0()?). (4.4)

Proof. We write
Py =P + A <g 8) =P (I+ AP (cg 8)) =P (” A (5_((22)) JL;E—++((ZQ)> <g 8>)
> (12 (%% 1)

which implies

(2 e )=n= (o (2% 8)) (55 22)
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O

Now we apply these to analyze our operator P(x, D,) = —A + (a(z), D,) + b(x), and we
assume P to have discrete spectrum and compact resolvent as the discussions in previous
subsections.

Suppose zq is a simple eigenvalue of P with Puy = 2pup and ||ug|| = 1. Then our goal
now is to find R_ : C — L*(R?/T") and R, : H*(R"/T') — C so that for z near zg, P(z) is
invertible.

We consider

(P—2zu+R_u_ =,
Riu=vy,
and we choose
R_u_ :=wu_up, and Ryu = R u = (u, up).
Since u = Y, uj(u,u;), we have

Z(zj — 2)uj(u, uj) + u_ug = Zuj(v,uj>.
j=0 Jj=0

By direct observation, R, F, = I,F_R_ = 1. Then E. = R,,FE, = R_ by the choice of
R_, R.. Moreover, since v = (P — z)Ev+ R_E_v = (P — z) Ev 4 uo(v, up), which implies

Finally, 0 = (P—z)E,v_+R_E_v_ = (20— 2)v_ug+E_,v_ug, which implies F_, = z—z,.
Hence, for |A| < 1, we apply (4.4) to get

E* (2) = E_ —AE_QE, +O0(\?) = z — z — MQuo, up) + O(\?).

By Schur’s lemma, z()) is the eigenvalue of P(\) = P+ AQ if and only if E*, (z) = 0. Since
4 (2 = 29 — MQuo, ug) + O(A?)) = 1+ O,(X?) > 0, we use the implicit function theorem to
get
2(\) = 2 + MQuo, up) + O(\?),

which varies in a smooth way as A changes and the eigenvalue moves if \ is nonzero.

As a by-product, we derive the Hellmann-Feynman formula 2(0) = (Qug, ug) from above.
If we know that A — z()) is differentiable, then we can derive the Hellmann-Feynman
formula as follows. For P(\) = P + AQ, we have the following implication

i\ (PN u(A) = z(MN)u(XN)) [x=0 = Quo + Pt = Zug + zou,

=(Qug, ug) + (i, Pug) = (Zug + 20w, ug) = 2(0) + 201, ug), = (Quog, ug) = 2(0).

Now we can apply these to Py, = (D, —6)?+ A cos z and we restrict our fundamental cell
as —3 < 0 < 3. For A = 0, we derive in Example 4.17 that Spec(Pyp) = {(m —0)? : m € Z}.
From the picture in Example 4.17, there are two kinds of double points (intersections), which
are the two type of solutions to

(my — 0)? = (mg — 0)* <= my — 0 =%(my —0).
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The two cases are
9:%, mi=m, Mmo=—mq+ 1.
Now we are going to the same thing as before. We consider the second case and show that

the bands of Py = D2 + X cos x will open up at such points. Using the notations introduced

before, the perturbation matrix is ) = cosx. Note that zg = (m — %)2 is a double eigenvalue

of P1 with z near 5. Then our goal is to find R_ : C* — L*(R"/T) and R, : H*(R"/T) — C?
so that P(z) is invertible for z near zy. Let

U__ Vy—

Uu_ = s v fd

<“—+) " (U++>
Ru =u__ep,+u_ye i1,

(u, em)
Riu=v, =
T <<u, S
with e(x) = \/%e““.

As before, one can verify that £ = R,, F, = R_ and and
BQE, ((cos T i1, €omy1) (COSTE_pyq, em>)

{9:0, mp=m, Mg = —m,

and

(cos Tep,, € mi1) (COS T€p, €m)

which is nonzero only when m = 0. When m = 0,

0 1
E_QE, = <1 2)
3 0
and hence
O (m—1+9)2—2 —%)\ 2y (1—6)2—2 —%)\ 2
E_+_( 1) (m—0)2 — 2 +O(N\°) = 1y 22, ) O
When 0 = %, Efi has an eigenvalue of second order. However, when A > 0, the two

eigenvalues split. Thanks to Schur’s complement formula, it relates to the spectrum of
Py = D? + Xcosz. In other words, for A > 0 and A < 1, the following picture shows that
the first band of the spectrum is separated.
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At least in dimension 1 and 2, the bands are all separated, though we only show for £ =0
here. See the official notes [19] for more details on this phenomenon and [7, Appendix C] for
more details on the general Grushin problem.

4.5. Isolated bands for time reversible operators: trivial topology. Recall that we
have derived the following things in the previous discussion:
P(z, Dy — 0)u;(0,2) = E;(0)u;(0,2), u;(0,-) € L*([R"/T),
¢ P(x, Dy)e " = P(x, Dy — 0), ™% Hy — L*(R™/T),
where the Hilbert space Hy is given by (4.1). We denote ¢;(z,0) 1= e *@y;(0, x).
In this subsection, we fix & and assume that for any 6, Ej(f) is a simple eigenvalue for

P(z,D,)— Ey(0) defined on Hy such that Iy N, I; = &, where I is defined in (4.3). The
following figure is a sketch of what the spectrum looks like.

e
\v~r~—_‘ r’f—’ﬂ l—‘—

gFa Atrcvi~—

The first thing we want to analyze is the orthogonal projection II(6) : Hy — kery, (P —
Ei(0)) ~ C. We use

T(0) = ““OT1(9)e ™0 : LR /T*) — kerp(gnr-y (P(x, D, — 0) — Ex(6)).

to change the periodicity property such that they are periodic in x, but are no longer periodic
in 0. More precisely, for 1(z) = 372 (¥(-), p; (-, 0))p; (-, 0) € Hg, We have

(IL(0)) () = (), on(- 0))spn(-, 0).
Lemma 4.20. The projection I1(0) can be also expressed by

1) — —— j[(z — Ply,) " dz,

21

where v C C is a simple closed positively oriented contour such that v N Spec(P) = &, as

depicted in the figure.
ﬂ‘ lx’ .
j/\/

We present two proofs for this lemma.

Proof-Version 1. A quick proof follows from the things we have done. We proved that Py,
has discrete spectrum with respect to {y;(z, 6)}230 C Hg and then spectral theorem gives

© ® o;( | i) {@;
Py = 3 DGR - Ll
jf
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then we integrate this along v and it follows from Cauchy’s theorem and Residue theorem

that .
5 Ple— Ply,) "t dz = ¢i(-,0) @ o1, 0),
gl
which completes the proof. 0

Proof-Version 2. We only show that II : ﬁ fﬁ/(z — P)7!dz is a projection. To see this is

a projection, we need to check I1? = II. We take another simple closed positively oriented
contour 7 such that 4 N Spec(P) = & and ~ lie in the interior of 4. Note that

O e ]4 74 (=P)H(=P) e = s 74 75 (=) (= Py = (¢ = P)7Y) ded,

where we use a resolvent identity in the second step. Since 7 is outside v, for ( € 7,
$(C—2)"tdz=0and for z € v, §.(¢ — 2)~" d( = 2mi. Hence,

1
M= — ¢(z—P) tdz =11
2mi J,

O

Here, the integral makes sense since C\ Spec(P) 3 z — (z— P)~! is a holomorphic function
of operator.

Definition 4.21 (holomorphic functions of operator). Here are three equivalent definitions.
Suppose Hyi, Hy are two Hilbert spaces, then we say
C" >0+~ B(0) € B(Hy, Hs)
1s a holomorphic function of operator if one of the following holds:
(1) 99, B(0) = 0, where O is taken in the weak sense;
(2) 28 ewists in norm topology;
(3) 0 — (B(0)p, ) is holomorphic for all ¢ € Hy, ¢ € Hy.
The equivalence of these three formulations is nontrivial and one need to use the Banach

Steinhaus principle. We will not go into details of these in this course. The third one is
easier to verify when we want to check it is a holomorphic function of operator.

Lemma 4.22. R"/T* 3 0 — 11(0) is a real analytic family of operators, that is, there exists
some € > 0 such that
C" D R"+iB(0,e) 5 6 — 11(0)
1s holomorphic, where
R +iB(0,¢e) :={x + 1y : |y| < e}.

Proof. Likewise, we have

~ 1
O e 74 (2 = P, D = 0) 2 gan )" .
We write

Op,(z— P(x,D, — 0)) " = (2 — P)"'0p,P(x,D, — 0)(z — P)~".

J
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Since P is a polynomial in the second slot, so 59jP (x, D, — 0) = 0, which implies that ﬁ(&)
is holomorphic. O

Henthforth, we abuse notation as follows. We use ¢ to denote ¢, and E to denote Ej, for
the fixed k as we mentioned at the beginning of this subsection. On the other hand, we use
subscripts to denote something else.

Theorem 4.23. Suppose P satisfies the time reversible property P(z,D)u = P(x,D)u,
then we can choose ¢ € C*(R"/I™*; Hy) such that

R™/T* 360 — ¢(0) = ¢(0, ),

o(—=0) = p(0), v, )lln, =1, ©(0,-) € kery,, (P — E) and real analytic in the sense that
0 — ¢(0) extends to a holomorphic map from R™ +iB(0,¢) to Hy as a section.

Remark 4.24. We do not require the two properties to hold after extending € to the complex
numbers.

Proof. The proof consists of two parts:

e topological part: 6 — p(z,0), § € R"/T'™* is continuous from torus to smooth functions;

e regularization part: in fact, this is a special case of a general theorem, but we can do it
by hand.

Step 1: Without loss of generality, we assume I' = (27Z)" and I'* = Z". We do induction
on n. For n = 1, what we intend to prove here is the line bundle 6 +— ker(P|y, — F) ~ C
is trivial. (A vector bundle of rank 1 is called a line bundle.) In fact, any topological line
bundle of the circle is trivial, but we will prove this result using a rather elementary method.

For n =1, one can always find

0 pl6), 0<O<

that is continuous such that Pp(0) = E(0)@(0). As long as there is no closing loops, we
can find such continuous section by patching up local continuous sections. In fact, a more
general statement of this holds: any vector bundle over a compact contractible Hausdorff
space is trivial. See [19, Section 2.7] for a proof of the general statement or [4] for general
reference. Without loss of generality, we assume ¢(0) € R.
Then we define o
p(=0) == ¢(0)

for 6 € [0, 3]. This is motivated by the following:

e ©(f,-) € Hy implies p(0,-) € H_y by the definition of Hy;
e ©(0,-) € Hy Nker(Ply, — E()) implies p(0,-) € H_g Nker(P|y_, — E(0)) thanks to
Pt = Pu and FE is real;
e by the preceding point, £(—6) = E(6) thanks to I N (U;zx1;) = 2.
Now we want to modify ¢ so that they match at 3. By definition, |@¢(—3)| = |@(3)],
which implies ¢(—1) = e7*p(3) for some o € R. Put p(#) = e"#*¢(6), then
1o ~ 1 1

p(—3) = FG(—3) = eHG(5) = ¢ (3).

—_
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Step 2: Forn > 1, by induction hypothesis, we may assume that there exists a continuous

section ¢ € C(R"/Z"';Hy) such that (') € ker(Ply, — E(#)), ¢'(0') = ¢'(—¢') and
|¢'(0,-)[|2, = 1. Analogous to the argument in Step 1, let 6 = (¢',0,), we can find

1
0, = kery, (Plu, — E(0)),

w(o) - (R™/Z" )y x [0, 5]

such that U(¢,0) = ¢'(#). Then define ¥ on R""!/Z" x [—1, 1] by ¥(—0) = ¥(#). What
we need is U(¢', —1) = ¥(#', 1). We proceed in a similar way. There exists «(¢') such that
1 (0! 1
(e, 5) = g (g -3) (4.5)

and «(#") is continuous thanks to the continuity of W. Moreover, since W (¢, %) and W (6, —%)
are both periodic in ¢, there exists a(/ +v) = a(f') mod 27Z for v € Z"1. Take complex
conjugate in (4.5), we get

1 o 1
U(—f,—=) = e @Oy(—p, ).
( ? 2) € ( ? 2)
Furthermore, replacing 8’ by —6’ implies
1 - / 1
\Ij 0/ _ 2\ = 71&(79)\11 9/ ).
( Y 2) € ( 72)

Comparing this with (4.5), we find «(f') = a(—6¢') mod 27Z. By the continuity of a near
0 =0, a(f) = a(—¢). Then this implies that for any 1 < j <n —1,

1
a(=ge; +ej) = a(=5¢))

becomes an equality, and hence
a0 +v) =a(d)

for all v € Z" 1L
Like the construction for the one dimensional case, we set

p(B) = e Oty (g),

then we check

1 a0’ 1 1 1

¢(0/7 5) =€ (© )\P(elv 5) = \Ij(ela _5) = 90(9/7 _5)7
1 i 1y o(6' 1 1

p(0/ +7,5) = eIV 9, 0) = o(0, 2),

that is, ¢ determines a continuous global section over R"™/Z™.
Step 3: Let x(0) = (2m)/2e~%/? such that [ x =1 and put x. = e "x(0/¢). Now we
view (+) as a periodic function on R™ and define

@-(0,x) = / X=(60 — 9’)ei<z’9/_9>g0(0',x) de’,
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which stays periodic in 6. Moreover,
o0, —~) = / X (0 — 9’)6"(“7_“”0/_0)90(9', x—)df
_/ Xe(‘g o ‘9/)61'(32,9’—0)ez’('y,@—@/)ei<fy,0’>¢(9/7 l’) de/ _ 6i<%0>905(97 .I)

Thus, ¢-(0,-) € Ho. Now p.(0) is a real analytic section since the Gaussian is real analytic
and ¢.(0) — ¢(0) in L? as ¢ — 0.

Then for any § > 0, there exists ¢ small enough such that ||¢. — ¢||», < ¢ and by taking
9 small enough (and hence we need to take ¢ small enough), we know

o(0) == 11(0)p:(0) € ker(Ply, — E)

is nonzero since ¢ € ker(P|y, — E) which is a generalization of the basic fact that if two
vectors are close enough, then the projection from one to the other is nonzero.
Now thanks to Lemma 4.22, ¢,(f) is a real analytic section and one can easily check

©0(0) = po(—0). Finally, let

@o(0
o(0) = — 0
(f]R"/F wo(0, x) d:v)
then it is obvious that ||p(0)|lz, = 1 and p(—0) = ¢(0), which completes the proof. O

4.6. Wannier functions and spectral localization to an isolated band. Throughout
this subsection, we still assume I is an isolated band and all corresponding FEj(0)’s are
simple. Moreover, we still assume P satisfies the time reversibility as we did in Theorem 4.23.
We define IIj, be the projection from L?(R") to the subspace corresponding to Spec(P) N Iy,
which is given by II, = 1, (P), that is, we plug in P to the characteristic function 1;, in the
sense of functional calculus. Analogous to Lemma 4.20, I, is given by

II _ L (z — Plro@ny) " dz

kE— o . L2(R™) )

which is a projection by an analogy of the second proof of Lemma 4.20. To prove the
image of the projection corresponds to Spec(P) N I, it’s a bit subtle. From the integral
formula, it’s easy to see I P = PII;. Moreover, one can show that Spec(IlP) = I} and
Spec((I —11y)P) N I = &. Suppose ¢ is the one defined in Theorem 4.23.

Theorem 4.25. An orthonormal basis of I, L*(R"™) is given by {p,}er, where . (z) :=
wo(x — ) with

wo(T) : L o(z,0)do.

IR/ Jen -
In fact, ¢y = C modulo some constant by using the notation C : L*(R"/T*; Hy) — L*(R™)
introduced in Theorem 4.12. Here, @, ’s are called Wannier functions.
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Proof. From Theorem 4.23, we know ¢o(z) = @o(x). By (4.7), ¢ (x) = wolz —7) =
C(e’9 ). Therefore, we compute

<ei<7’9>g0(x, 0), etr"0 (x 0)) L2(Rn /T 34)

= / et 00 / (, 0)|? da df = / eI g = 5.
Rn /T* R"/T Rn /T

This implies
<90w 907’> = <C(€l<%6>900)7C(6_2<%9>800)>L2 = Oy,
where we omit all the constants like

from Theorem 4.12.
Finally, we need to show span{e,} = Il L*(R"). Note that

ﬁkv('x7 0) = (BHkCU) (IL‘, 9) = <U(0’ ')v 90(67 ')>'H9Q0(8’ ')7

1
R /T in the computation and the final step follows

then
T, L2(R" /T M) = {f(0)¢(0, ) : f € L*(R"/T")}.
Therefore,
I, L*(R") = CﬁkL2(R”/F*;’H9) = {/R f(@)p(0,-)do : f € LQ(R”/F*)} . (4.6)

Note that IT,L*(R") C L*(R"™) by definition. Hence, from (4.6), we can show that for any
f e L*R"/T),

n/l"*

/Rn/r* F(0)p(0, ) do € L2(R™).

This property can be also checked directly. Since p € L2(R"/T*;H,), we know f(0)p(0, z —
7) = f(0)p(0,2)e’?  which is related to the Fourier transform and convolution, and hence
this fact follows by writing these explicitly and apply Young’s convolution theorem.

By applying Theorem 4.9 modulo constants, any f € L?*(R"/T'*) can be expressed by
Fourier series

A 1 .
Fe, Foy= =t [ f@)eion ap
; |R"/T*| Jgn s

Recall that o(z — v,0) = ¢(z,0)e’ "9,

11, L*(R™) —{Zf feL2(]R"/P} {Zmpv Z\a7|2<oo}

vyerl’ verl’

which completes the proof. U

Theorem 4.26. The Wannier function pg constructed above has exponentially decay, that
18, there exists ¢, for all o such that there exists C,

105 o(2)] < Cae™ Ve,
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Proof. We write
1 1
= o —1,0)do =
B/ S PO E TR fo

where the second step is because ¢(-,0) € Hy. By using the analyticity in 6 derived in

o(z,0)e’ 9 ap, (4.7)

wo(z —7)

Theorem 4.23, we can deform the contour R™/T™* ~» R" /T™* — iﬁe and we get |po(z — )| <
Y

Ce==I!. For higher derivatives, the proof is in the same spirit. OJ

5. TOPOLOGY IN PHYSICS

5.1. Line bundles, connection, curvature, the line bundle of projective space CP!.

Let
(01 (0 (1 0
G1=\1 0) 27\ o) 937 \o -1

be the Pauli matrices and S* = {z € R? : |z| = 1}. Then there exists a family of operators

3 .
S’> x> H(z) = ijaj = ( 3 n Z':EQ) : (5.1)
j=1

ry — ’ifﬂg —T3

and H(z) : C* — C? is self-adjoint H(x)* = H(x). Tt follows from linear algebra that the
spectrum of the operator H(x) is Spec(H (z)) = {£1}.
The stereographic projection of z € S? C R? from the north pole to the complex plane is

given by z(z) = M and the stereographic projection of y € S?> C R? from the south
_ 1
pole to the complex plane is given by w(y) = N2 And it is easy to check z(z) =
1+ys w(x)
for z € S*\ {N P, SP}. Moreover,
S*\ {NP} :z — z(z) € C,
S\ {SP} :x — w(z) € C
1
are nice coordinate charts for the sphere. Since the transition map is given by z(w) = —
w

for w € C\ {0}, which is holomorphic, then S? is a complex manifold characterized by these
two charts.
The eigenspace of H(z) for 1 is given by

C.
Ve i =ker(H(z) —1) =
C.

, =#NP,

, x=NP.

S = =X

The line bundle L of S? is given by L := |J, s {2} X V; and has the following composition
of maps

L=J{z}xV, > xC ¢

€S2
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denoted by L = S2.
The complex projective line CP! is given by

CP' :={[2:21]:20#00r 2, #0,2, €C} [ ~

by quotienting out the equivalence class given by [zg : 21] =~ [2{ : 21] provided A € C such
that zg = 2{\, 21 = 2| A. In other words, we identify the points on the same line in C?, so we
can view CP! as lines in C? heuristically.

Moreover, CP! is homeomorphic to S?. We only stress the heuristic identication here as
follows. The maps

[20:21] & 2= ﬁ,Vzo%O, [20 1 21] > w = @,‘v’zl #0
20 21

can be identified with the stereographic projection of the sphere S2. And then in this

notation,
Ve = Vigs1 = 4 A “1 AeCycC?
[20:21] %

and hence a metaphysical interpretation of the line bundle L for CP! is that you associate
with each line in CP! which it is. In fancy words, this is called a tautological line bundle.

Definition 5.1 (Line bundles). Let X be a manifold with the charts covering X = U,U;.
Then a manifold L is called a line bundle of X if L = X satisfies that

o Vx € X, 7 1({z}) is a one-dimensional complex vector space;

U; LUJ»XC

7 (U;)
e the diagram lﬂ A commutes;
U

J

e the transition map g;; : U; N U; — GL(C) between overlapping coordinate patches
U;NUj is given by
hi o b Mz, v) = (2, gii(z)v) : (U;NU;) x C = (U;NU;) x C
for any x € U;NU;.
If w, hj are smooth(resp. holomorphic) and L, X are smooth(resp. holomorphic) manifolds,
then we say L is a smooth(resp. holomorphic) line bundle.

Moreover, the transition map satisfies
e for x € U;, g;;(x) = id.
o for x € U'Z N Uj, gZJ(ZE) 9} gﬂ(l') = Zd@,
o for x € U;NU; N Uy, gij(x) o gju(x) o gri(x) = idc.
One can check that 7, h; are smooth(resp. holomorphic) if and only if all g;;’s are smooth(resp.

holomorphic). And we can construct a line bundle provided a bunch of transition maps sat-
isfying these three conditions.
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Now let us see our example - the line bundle of projective space. Let U; = {[z : z1] : 2; #
0} for j =0,1. For [z : 1] € Uy, the local trivialization map is given by

tolVia) = ol { A (2) 1 = (F0: 2120

and for [z : z1] € Uy, the local trivialization map is given by

V) = (A (2) ) = (s 2] 20

Then the transition maps are
21

910([20 : Zl]) :C— (CJ )‘ZO = >\Z1, le. T—T— = TZ,
20

. 20 1

goi([20 : 21]) :C = C, Az = Az, le. T 7— =7—.

21 z

Definition 5.2 (Sections of line bundles). Suppose m : L — X is a smooth(resp. holo-
morphic) line bundle. We say s € C®(X;L) is a C®(resp. holomorphic) section if
mos(z) =z for all x € X and locally, we can trivialize the section s by a family {s;}
satisfying some compatibility conditions. More specifically, h; o s(x) = (x,s;(x)) with
s; € C°(U;; C) (resp. s; is holomorphic) locally on U; and they are compatible in the sense
that g;(z)(s;(z)) = si(x) forx € U;NU;.

Then this compatibility result translates into

51(2) = g(z)s(2) = 250(2) (5.2)

by composing local coordinate functions and view the sections sg, s as sg,s1 : C\ {0} —

C\ {0}.

Remark 5.3. Suppose 7 : L — X is the holomorphic line bundle with transition map gio(z) =
z given as above. Then there are no holomorphic sections except the trivial bundle s = 0.

Suppose not, then s : z +— s¢(2) holomorphic in C and s; : w — s;(z) holomorphic in C
can be expressed using Taylor series

So(z) = Zajzj, s1(w) = Zbkwk.

J=0 k>0

However, the compatibility result (5.2) gives
z Z ajzj = Z bpzF
J=0 k>0

has no solutions except a; = by = 0 for all j, k, so there are no nontrivial holomorphic
sections. So if we expect a holomorphic section, then we need to find some other transition
functions such that s1(2) = z"s(z) with k& < 0.

For f € C*(X;C), then a differential form df € C*°(X;T*X) is a section of the cotangent
bundle, with the formula df = }_ f; d,; in local charts. This leads us to a crucial concept,
connection, which is a generalization of differential form to sections.
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Definition 5.4 (Connections). A connection D is a map from smooth sections of L over
X to smooth sections of L @ T*X over X

C%(X; L) = C°(X; L@ T*X)
with the following property that D(fs) = fDs+ s® df for all f € C*(X;C).

Morally speaking, C*°(X; L ® T*X) is a differential 1-form with coefficient in sections, that
is, if we pair this with a vector field, then we get a section.

Now we give an expression in local coordinates. Suppose the section s is given by s =
(z,s;(x)) in local coordinates = € Uj;, then we know s;(z) = g;;(z)s;(x).

Since any section s can be written as s(z) = (, s;(z)u;(x)) locally, where s; € C*(U;; C)
as in Definition 5.2 and wu;’s are local sections. Here, the local sections u;’s correspond to
local trivializations h;’s. Suppose Du; = 6,u;, then we have

D(sju;) = sjDu; + uj; @ ds; = (s;0; + ds;)u;

Hence,
Ds = (z, Djs;(x)) = (z,ds;(x) + 0;(x)s;(x)), (5.3)
where 6; € C*(U;; T*X) is a one-form.
Conversely, we examine what the compatibility condition of two local representations of
the connection shall satisfy. Since s;(x) = g;;(z)si(x), if we expect Ds to be a section with
transition function g;;, then

9i5(x) (ds;(x) + 0;(x)s;(x)) = dsi(x) +
=d(gij(w)s;(x)) + 0i(x)gi; (x)s;(x) = dg;

which is equivalent to

+ 0isi()
i(7)s(x) + gij(w)ds;(x) + 0;(x)gij(x)s; (),

0;(x) = gij(x) " dgij(z) + 0;(z) (5.4)
by cancelling g;;(x)ds;(x) from both sides and then cancelling s;(z).

Proposition 5.5 (Curvature). A two form © defined by O|y, = db; is a well-defined closed
two form on X.

Proof. On U; NUj;, we have
df; — db; = d(gi;(x) " dgi;(x)) = d(dlog gi5) = 0,

where log g;; is only defined locally. Then © is a well-defined one form since df;|y,~v, =
d9j|UimUj, and it satisfies d> = 0 locally, so it is closed. [

Definition 5.6. The two form © given as above is called the curvature form of the con-
nection D.

The first reason why it is called the curvature is as follows. Suppose we have a curve with
holomorphic structure on a Riemann surface, then we identity the tangent space with C (real
2-dim) as a line bundle of our surface. In this case, the curvature © will be the Gaussian
curvature of the surface modulo some forms.

The curvature © will depend on the choice of connection, but its cohomology class does
not.
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Proposition 5.7. Suppose Dy, Dy are two connections on L with corresponding curvature
forms ©1, Oy, respectively. Then there exists n € C°(X;T*X) such that ©, = Oy + dn.

Proof. On U;NU;, ©1 — Oy = d(b1; — 04;) = d(61,; — 62;). We claim 6, — 6 defines a global
1-form n on X. It suffices to check on U; N Uj;,

0 — 025 =015 — 02,

which follows from
01— 01, = gij(x) ' dgi;(x) = ba; — b5
Hence, we can define a global 1-form 7 by setting 1|y, = 61, — 02, locally. O

As a corollary, we have a topological invariant called the Chern number.

Definition 5.8. Suppose X is a 2-dimensional compact smooth manifold with a smooth

line bundle L, '
7
L)y=—

Cl< ) 271_/)'{@

1s called the Chern number of the smooth line bundle L and is independent of the choice
of the connection.

In fact, in full generality, ¢;(L) is a topological invariant for a smooth line bundle. Further-
more, it is the only topological invariant in the sense that if the base manifold and the Chern
number are the same for two smooth line bundles, then they are the same. However, we will
not cover this general statement in this course. Later, we will show that ¢;(L) is an integer.

5.2. Hermitian line bundles through an example: Bloch sphere. Now we come back
to the discussion of the line bundle of CP!. For our tautological line bundle 7 : L — CP!
with a section s : CP! — L, we compose it with i

ios:CP' % L < CP' x C2
and then we can differentiate this. Moreover, we have the notion of Hermitian inner product
(z,w) = Zgl':o zjw; on C?, so that we can define the orthogonal projection
IT, : C? ﬁ) V, = ker(H(z) — 1). (5.5)

w.r.t.(,
Now we claim that

Ds(z) =11, (d(i o s)) (5.6)
is a connection, where the projection II, is defined as the projection of each coefficient (which
is in C?) in the form d(i o s). Now we check D is a connection by writing

D(fs)(x) =, (d(f -ios)) =T (df (i os) + fd(ios)) = Il (df (i 0 s))+ fTL, (d(i 0 5)) = (df )5+ Ds,

where f € C°(CP';C). Due to the topological invariance of ¢;(L), or say, Proposition 5.7,
we are allowed to stick to this connection later to compute the Chern number ¢;(L).

Now we choose specific eigenfunctions for H(z) in order to do the computation explicitly.
One will see that this will result in a different trivialization, which is non-holomorphic.
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Suppose ug, u; are defined on different coordinates respectively such that H (z)ug(z) = uo(z),
H(x)ui(x) = up(x), |ug(z)] = |ur(z)| = 1, then they are given by

1 .
UO($)=—21(§>, v € S$*\ {NP}, ZZ%,
(1 + )3 = -
1 1 Ty — 1T -
u(r) = ——— . xeS*\{SP}, z="—"7%
0= e (u) \{sP}, 2=

Since i o s(x) = so(x)up(x) = s1(z)us(z) on Uy N Uy, we have

wOmim (1) == () 07w ()

1
Hence, so(z) = M51(—), which implies go1(2) = 2l by Definition 5.2. Since go1(z) is smooth
z 'z z

but non-holomorphic on C\ {0}, 7 : L — X is just a smooth line bundle.
Since d(sju;j) = ds;ju; + sjdu; for j = 0,1, we have
I (d(sju;)) = (dsju; + sjduj, uj)u; = ds; + s5{du;, u;), (5.8)
and hence D;s; = ds; + s;(du;, u;). If we stick to the notation in (5.3), then 6; = (du;, u;).
This connection inherited from the Hilbert space and the orthogonal projection is called the
Berry connection. And we also have a curvature © given by

@|U]‘ == d(9]

This line bundle discussed above is called the Bloch sphere.
1
Now we do a sanity check by showing (5.4) holds. Since ui(—) = Muo(z),
z z

ya z z 4 4 ya
01 = <d (UO(Z)u> auO(Z)u> = (dug, ug) + <du’ u> =+ ‘—Jdu = 0o + o1 dgon-
zZ zZ zZ VA VA Z

We should note that (5.6) does not rely on the special structure of L, but only on the facts
that we have an inclusion from L to the trivial bundle CP' x C? and C? has a Hermitian
inner product. If we have an inclusion mapping into a more general trivial bundle CP! x H
with a Hilbert space H, we can still use the definition (5.6).

Definition 5.9. A Hermitian metric on a line bundle 7 : L — X is a smooth family of
Hermitian inner products | - |., a way of assigning a length, on each fiber 7~(x), Vz € X.
Here, the smoothness is in the sense that for all smooth sections s of L, (s, ), is smooth
on X.

In a trivialization over Uj, |v|, can be written as
o]z = hy(@)[vl*,

where |v[? is just the norm of C. Compatibility condition on = € U; N U; is given by
|s;12 = |s;|2, which should be

hy(@)]s;(2)[* = hi(@)|si(2)]* = hi(z)lgi;(2)s;(x) .
Therefore, h;(z) = |gij(x)[*hi(z) is the compatibility condition.
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Definition 5.10 (Hermitian connection). Given a connection D on L, we say D is a
Hermatian connection if

d((s(z), s'(z))2) = (Ds(x), s'(z))z + (s(z), Ds'(x))z
for all smooth sections s,s" € C*(X; L).

We can also characterize the Hermitian connection via parallel transport, which will be
more natural.

Definition 5.11 (Parallel transport). Given a connection D on L, a curve y : [0,1] — X
and a section s, then we say s is parallel transported along v if and only if

Ds(y(8))(7()) = 0.
In the definition above, we get Ds(v(t)) € C*°(X; L ® T*X) and we pair it with a tangent
vector 4(t), which will give us a section.

Proposition 5.12. D is a Hermitian connection on L if and only if for any curve v, any
section s parallel transported along v, |s(x)|, is preserved by this parallel transport.

Proof. Suppose D is a Hermitian connection, then take s’ = s be the same section of L, then

F(O)(s(v(t)[2) = (dls(yO) (1) = (Ds(v() (1), (V) +{s(¥(£)), Ds(3(£)) (1(1)))5e) = O,

which is equivalent to say |s(y(t))|? is constant along .
For the other implication, it is easy to use polarization to reverse the argument. [l

In order to discuss what condition would 6;’s satisfy, we choose a specific trivialization
using a frame which has length one. To be specific, we choose a section u; € C*(U;; L) over
U;, respectively, such that |u;|, = 1, and then we write

s(z) = (z, s;(2)u;(x)),

which gives a local trivialization. Then

(sj(2), 55(x))e = (s;(x), 55(x))

is just the usual Hermitian metric on C.
Now using the Lebniz rule for functions, we have

d((s;,s)) = <dsj,s;> + (sj,ds;->.

/
!
On the other hand,
d((sj,8})e) = (Dsj, 85)e + (85, Ds})e = (ds; + 055, 5}) + (s5,ds} + 0;5]).
Comparing these two identities, we have
(6055, 55) + (s;,055;) = 0.

Since sj, s are arbitrary, §; = —0;, that is, ¢; is purely imaginary. What this means is
that, in a frame of length one, a Hermitian connection is described by a form that is purely
imaginary.
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As a sanity check, in our previous example, (5.7) gives a frame of length one. By a direct
computation,

1 _ _
90 = <dU0,UO> = m(zdz — ZdZ), (59)
which is indeed purely imaginary since 6, = —6j.

Definition 5.13 (Chern connection). If L is a holomorphic line bundle, we say a con-
nection D is compatible with the holomorphic structure if D' = 0. There is a unique
Hermitian connection D on L given by 8; = Oh;, which is compatible with the holomorphic
structure, called the Chern connection.

See [19, Section 6.2] for a further discussion for the line bundles over tori.

5.3. Holonomy. Now we discuss the parallel transport along a simply closed curve. We
start with [s(7(0)) (o) = 1. From Proposition 5.12, [s(+(t))l) — |s(+(0)) o).

Definition 5.14 (Holonomy). For a closed curve v, v(1) = ~(0), s(7(0)),s(y(1)) €
7=1(7(0)), and hence there exists 6 such that s(y(1)) = e?s(y(0)). The factor ¥ is
called the holonomy of the connection D over the closed curve 7, denoted by holp (7).

Suppose 7 C Uj, then
s; +0;(y(t))s; = 0.
By solving this ODE explicitly, we get

s;(t) = exp (- /Ot 9]') 5;(0).

holp(vy) = exp(—/ej). (5.10)

Y

Therefore,

We write d = 0 + 0 with Of = 0,fdz and Of = 0:fdz. A easy algebra calculation leads
to 0, = (9, — i0,), 0 = (0, +19,) and dz = dx + idy, dz = dz — idy.
In our previous example introduced at the very beginning of the preceding subsection,
from (5.9), we get
- 1

O=(0+4+0)0y= —F—F=dz Ndz.
O = G
, sin e’ , ,
Now we take the curve 7 parametrized by z(¢) = —————, as shown in the picture above.

B 1 —cosep
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Then by Stokes’ theorem, we compute

hmD@y:wp(—L@Q:=Qp<A>MW H:%ZszAW>

1—cos

. o0 S . > ds .
= exp (—4m/smw mds) = exp <—27n/( ins 2 i+ S)2> = —exp (mi(1 — cosp)).

l1—cos e l1—cos e

On the sphere, take v to be the equator, then

/@=/@rﬁn=/@ﬁmw:/m%mwnmz
X o 0% %

thanks to the Cauchy integral formula. This is also true for the general setting.

Theorem 5.15. Suppose X is a compact surface, then the Chern number

q@:%A@

Proof. For any x € X, take a neighborhood €2,, which can shrink to x.

18 an integer.

(3> —~0,,
i shirnk 4
&<

Let v = 0€,. Then

o) =on (- [ @) =esn [ @),

Let €, shrink to {z}, then

(L) on () (L)

Hence, [ + © € 2miZ, which completes the proof.

Now we can compute the Chern number for our Bloch sphere example. Since

21 dx dy < 2r
dindz= | ———= =2mi | ————dr=2mi
/SQ /1+|z|> Phdz= /@<1+|z|2>2 7”/0 TEE DR

the Chern number of the Bloch sphere is given by ¢;(L) = —1.
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5.4. Adiabatic theorem. We will relate what we discussed before with physics via the
adiabatic process.

Imagining yourself carrying a box with a swinging pendulum and the pendulum will keep
the same frequency as what it starts with if you walk slowly. This phenomenon can be
translated into terminologies as follows. Slow movements preserve frequencies of motion,

which is called an adiabatic process.

We see a special case of the adiabatic theorem at first.

rcost
Theorem 5.16. Let x(t) = | rsint | be the curve shown as above. Suppose w. is given
Vg
by
ieOywe = (H(x(t)) — Dwe,  Welt—o € Vo), |Welt=o| = 1, (5.11)

then w.(t) = w(t) + O(e) for some w(t) € Vyu, where V, := ker(H(x(t)) — 1), H(x)
is defined in (5.1). In other words, if we start with an eigenfunction, then it stays in
ker(H (z(t)) — 1) modulo an error.

Proof. Suppose w.(0) = a IIP) T (?) € Vi(0), then one can check by a direct computation
+ip=)2
that
it
pe
uy(t) = L € ker(H(z(t)) — 1
(0= —— " ) (H((t) - 1)
1
us(t) = L ] €eker(H(x(t)) +1
() = — _pe_n> (H((t) + 1)

for all t. We write w.(t) = ¢1(t)ui(t) + ca(t)ua(t), then (5.11) is equivalent to

é1 = —cr(ln, ur) — (U, ur)ca,  Cy = —ci{ty, Uz) — Co (<U2,U2> - g) .
By computing these coefficients explicitly, we get

2 —it it -9 '
T 4 . pe . _pe i 2
1 = Z611+p2+21+p262’ Cy = 011+p2+02(1+p2+—8).

Furthermore, let a; = ¢;, as = e "¢y, then ay = e ¢y — ias and hence

2 2 : . 9

. . P ) ) . p 21 1p

¢ = —1ic +1 2, Qg+ 10y = —C +as | —+ .
! T 12 ? ? T4+ p2 2<5 1—|—p2>
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Equivalently,
a1 = —iaay +ifas,
ag = —ifar +i(2 + o — 1)as,
a1(0) = 1,a2(0) = 0.
By rescaling, there exists two constants a, b such that
a1 = taaq + ibas,
iy = —iba; + ie ay,

and then the eigenvalues of the corresponding matrix A = <_ab 6?1) are

1
)\1:g+0(€), )\2:CL+O(€).

with corresponding eigenvectors

L (ba(l +10<e))) - (bg 0o (g») .

Hence, A = (vl vg) A (U1 vg) implies

| 1 be\ [eitato) 0 1 be\ (1
exp (itA) = (1 +0(¢)) (bs 1) ( 0 e?<1+o(52”) (55 1) <O) -

Hence, ‘
w.(t) = e (D)uy (t) + co(t)ua(t) = ™ uy(t) + O(e),
which completes the proof.

(65) +0(e).

U

Remark 5.17. If we consider a similar problem stated as follows. Suppose w, is given by

iatws = H($(€t>>w5, w€|t=0 < ‘/;(0)7

(5.12)

then w.(t) = e "w(et)+O(e), which means that the —1 term just affects the phase regradless

of modulo some error.

Now we state the general version of the adiabatic theorem, which was first proposed by

Born and Fock [3], and later proved mathematically by Kato [10].

Theorem 5.18 (The adiabatic theorem). Suppose [0,1) > s — P(s) is a smooth family
of bounded self-adjoint operators on H and s — \(s) is an eigenvalue of P(s) such that

dist(A(s), Spec(P(s)) \ {\(s)}) >0 >0, se€]l0,1].
Let u. be a solution to the adiabatic process

iedu. = P(t)u.,
us(0) = ug € ker(P(0) — \(0)),
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then wlt) = exp (_é /Ot A(s) ds) u(t) + Op(e),

for some u(t) € ker(P(t) — A(t)) independent of € and Og(e) denotes that its H-norm is
of O(e).

Remark 5.19. The adiabatic theorem describes behavior of a system under a slowly varying
Hamiltonian. This can be seen from a change of variable, t = ¢ as

iedu: = P(t)u. <= i0,u. = P(eT)u,.

Before we give a proof, we make a comment about the relation of this theorem with
parallel transport by examining the special case above first. Suppose s = (z, s1(z)ui(x))
with |ui|g = 1 is a local trivialization of a section. Then if we choose a local orthonormal
frame u; such that Ds = (x, (ds; + (duy, u1)s1)uy) as before, then

Ds(y(8))((t)) = (z, (ds1((2)) + (dur, ur) (§(1)))w)

— (G 6 b))

Therefore, s is parallel transported along v if and only if

d
(Zs(t), (1) = 0,
which is equivalent to
(s(t +6),s(t)) =1+ O(6%),
)

where s has the localization s(t) = s1(y(¢))u1(v(t)) € H.

Now we state a theorem due to B.Simon[14].

Theorem 5.20. Suppose X is a compact surfact with v C X. Set P(s) = Z(v(s)), where
P is a family of operators such that x — P(x), MN(x) € Spec(F(x)) and

dist(N(x), Spec(P(x)) \ {\(z)}) > >0,
that is, A\(x) is a simple isolated eigenvalue. We define a line bundle L = U,z x V,, C X xH
with V, = ker(2(z) — \N(x)) = n~1(x) and a Hermitian connection from Hilbert space H.

Then suppose u(t) is given by Theorem 5.18, then u(t) is a section parallel transported
along 7.

Proof. Without loss of generality, we assume A(z) = 0. Otherwise, we consider Z(z) — \(x)
instead of &2. Now u(t) satisfies

iedyu. = P(t)ue,

ue(0) = ug € ker(P(0)),

u(t) = lim._,o u.(t), where the limit is meant as converging in H.

A formal argument is as follows. We write
1 1

(%u(t), u(t)) = lim(%ug, w) = lim —(P(t)uc(t), u(t)) = lim —(u.(t), P(t)u(t)) = 0,

e—0 d e—01€ e—01€
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where in the last step, we apply the result from Theorem 5.18 that u(t) € ker P(t).
Unfortunately, the argument above is non-rigorous since we exchange the limit and the
differentiation without justification. To make this rigorous, we use mollifications. One should
first note that for u(t) € ker(P(z(t)) C H, Lu(t) is meant as the element in H.
Now we take ¢ € C2°((0,1)), then we compute by using integration by parts that

[ eOCGutuw) i =tin [ o)), w0 @

e—0

—— tiny [0 w0 dt ~ iy [ o0 u(0). G0

where
[ oy [ oo
and ; . .
(u(t), Zue(t)) = —(u(t), P()uc(t)) = —(P()ult), uc(t)) =0,
which completes the proof. 0

Corollary 5.21. Suppose v C X is a curve on a compact surface such that v(0) = (1),
then u(1) = holp(y)u(0).

Here are two lemmas prepared for the proof of Theorem 5.18.

Lemma 5.22. In general, for
i,V (t)y=H(@t)V(t),V(0) =1,
with H(t)* = H(t) self-adjoint, then we have 0, (V (t)*V (t)) = 0 and hence V(t)*V (t) = I.
Proof. This follows from the computation
0y (V) V() =V() (—H({t)+ H(t)V(t)=0

since 10,V (t)* = =V (¢t)*H (t). O
Lemma 5.23. Given a self-adjoint operator H(t)* = H(t), then

U@, HOW () = is (0, (U () QU) - V@) HOU)).

Proof. This is a direct calculation as follows.

i0, (U(t)* QU (1)) =icU () H()U (1) + U(t)*(—H())QU (1) + U(t)* Q) H()U 1)

=ieU()" H()U(t) + U#)"[Q(), HH)IU (#),

Now we prove the adiabatic theorem.

Proof of Theorem 5.18. As in the proof of Theorem 5.20, we assume A = 0. The proof is
adapted from [1] due to Avron and Elgart.
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e Set

Z'58tU€<t) = P(t)Us(t)a
U.(0) = id,

and we omit the subscript € in the following proof. One can check that P(t)* = P(t)
implies U(t)™' = U(t)* thanks to Lemma 5.22.
e Let v be a contour around the simple isolated eigenvalue A = 0 and

M) = —— 75(2 — P() ' d=

271

such that TI(¢)H = ker(P(t)), II(t) = TI(¢t)*, TI(¢)> = II(¢) and the formula for II(¢)
obviously shows that I1(¢)P(t) = P(¢)I1(t).
e We say U, is given by

{z’a@tUA(t) = (P(t) + ie[T1(), I()])UA(2),
UA(0) =1

is the adiabatic evolution, where we add a commutator term, which corrects the evolu-
tion so that it stays in the zero eigenspace of P(t). Since the commutator, [I1(t), I1(¢)]
is anti-self-adjoint, and it multiplied by ¢ is again self-adjoint and hence we know
Ua(t)*Ua(t) = I by Lemma 5.22.
e We claim that II(¢)U4(t) = Ua(t)I1(0). We compute
d . . .
- (UA() THOUAW®) =Us (—P eIl H]) 1+ 11 <P eI, T + iaH) Us
—icU, (H ~ TTIT + TITTTT + IO — HH) .
Since II = % (I1?) = IIIT + IITI. If we multiply by II, we get
TITT = ITITIT + TITIIT = TIIT + TII0,

d
— (Ua(t)* TI(t)U4(t)) = 0 and hence the claim holds.

which implies TIIIII = 0. Thus, i

e Now we need to prove
[U(t) — Ua(t)[| < Ce

and we write

Uat) — U(t) = U(1) /0 d%(U(s)*UA(s)) ds.

Let W(s) = U(s)*Ua(s), then W(0) = id and the same type of argument as in
Lemma 5.22 gives

D W (s) = —EU(S)* (—P(S) + P(s) + ie[TI(s), H(S)]) Ua(s)

=U(s)*[IL(s), IL(s)]U4(s) = U(s)*[1(s), I(s)]U (s)U (s) Ua(s) = U(s)*[IL(s), H(S)}U(S)‘(/V(S))-
5.13
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Motivated by Lemma 5.23 if we could write U(s)*[II(s), II(s)]U(s) as something sim-
ilar to U(s)*[Q(s), H(s)]U(s) for some @, H, then we shall gain an extra € in the com-

putation.
Now the key thing is to find X (¢) such that
(s, 11(s)] = [P(s), X(s)] (5.14)
Note that TI(s) zim (2 — P(s))"! dz, we claim
X(s) = _QLm' (z— P(s))"'I(s)(z — P(s)) ' dz
is as desired. We write '
P(s), X ()] =~ P (e~ P() ™ (P)TI(s) ~ () P(s)) (2 — P(2) " d=

The identity
(2= P(s))"'P(s) = —(z — P(s)) (2 = P(s)) + (2 — P(s)) ™"

gives
[P(s), X(s)] =— % (—I +z2(z — P(s))*l) H(s)(z — P(s)) ' dz
+ 2%” (z — P(s))"HI(s) (—I+2(z—P(s)™") dz
=5 (15} — P() ™ = (= = Pls)) 'Ti(s)) dz = [11(5), TI(5)].

Combining Lemma 5.23, (5.13) and (5.14), we know
W =U(s)*[P(s), X ()]U(s)W(s) = —ie (O,U* XU + U*X0,U) W
— e (0,(U"XU) — U0, XU)W = —ic (c%(U*XUW) U XUW — U*XUW)
— e (88(U*XUA) —UXUOW — U*XUA> — e <8S(U*XUA) U XL U, — U*XUA> ,

where we use (5.13) in the last step. ‘
Sinqe U* is unitary, X is bounded, [IT,TI] is bounded and U, is unitary, we know
U*X|[II,II)U4 are U*X U4 both bounded. Hence,

Ua(t) — Ut) =U(t) / "W (s) ds = —i=U (1) / .U XU () ds + Op (&)
:iEU(t) (X(O) — U*(t)X(t)UA(t)) + OH—>H(€) = OH—>H(5),

that is, |Ua(t) — U(t)||n—n = O(e).
e Set u(t) = Ua(t)up. Then u(t) € ker P(t) since

T(t)u(t) = I Ua(t)uo = Ua(®)II(0)uo = Ua(t)uo = u(t).
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e Moreover, u(t) is independent of . We write
iedu = i€ Ua(t)ug = (P(t) +ie[TI(t), H(t)]) Ua(t)ug = e[I1(t), TL(t)|u(t),
where we use u € ker(P(t)) in the last step. Hence, u satisfies
Opu(t) = [I1, Tu(t).

In particular, u(t) is independent of &.
[l

5.5. Floquet band theory revisited, the line bundle of eigenfunctions over R?/T*.
Let

P(z,D) = Z(ij +A; ()2 +V(z), Aj(x+y)=Ajz), V(r+y)=V(z),yel,zecR?

(5.15)

with all things real. For A; # 0, it does not satisfy time reversibility as we discussed after
presenting Example 4.4. Suppose P(x, D — 0)u(f,z) = Er(0)u(d, x) with an isolated band
I, .= {E.(0) : 6 € R?/T*} in the sense that E(f) is a simple eigenvalue of P on Hy and

Recall that in the original Bloch-Floquet theory, we introduce some function spaces and
operators, say (4.1), Definition 4.11, Definition 4.13 and so on. We look for v(6,-) € H,,
that is, v(0, 2 — ) = e7v(0, ) such that Pv(0,z) = Ex(0)v(6, ). In order to diagonalize
this, we make the Bloch transform

Bu(b, ) Ze 0@, 2 —v), B:L*(R* — L*(R?/T*, Hy),
yel’
which is periodic in #. Then we consider the modified Bloch transform
Bu(x,0) Z ey (9, x — ),
vyerl’

which is periodic in  and no longer periodic in #. This shows that if you want to have
periodicity in x, then you will have twist in #. By introducing the modified Bloch transform,
for any 6, we study v € L?(R?/T) such that

P(z,D — 0)v(0,z) = Ex(0)v(0, x).

Note that (7(p)v) (z) = €@Ply(x) is a unitary operator on L?(R?/I'), which provides an
unitary equivalence

P(x,D—0—p)=71(p)P(x,D—0)r(p)*, 0cR?> pecl*,
which motivates the following definition of a line bundle formed by the eigenfunctions. Set
L:={[0,v] € (R* x L*(R*/I)) / ~: v € kerpzme/r) (P(z,D — §) — E(0))}, (5.16)
where

[0,0] =[0/,V] <= (0,v) ~ (0',V)) <= TFpel*, 0 =0+p,v =71(phw.
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In the discussion of the Bloch sphere, we associate each point on the sphere a self-adjoint
operator. Here, the case is the torus and we would like to associate a self-adjoint operator
to each point on the torus. Now we would show that (5.16) is indeed a line bundle given by
the equivalence class.

Lemma 5.24. The set L given by (5.16) gives a C™ complex line bundle over R?/T*, where
7w L— RYT* m:[0,v] — [0] € R*/T*.

Proof. By using Lemma 4.16 inductively, we can find R" 3 6 — u(6,-) € C*(R?/T") to be
a smooth family of solutions to P(x, D — 0)u(f, x) = E.(0)u(0, z) with ||u(f, )| r2r2/y) = 1.
(The smoothness in # can be seen from the analytic formula for the spectral projection I1(6)
or from the Grushin problem.)

Thanks to our assumption that I is an isolated simple band, one can check that the action
of the discrete group I'*, given by

p:(0,0) = (0 +p,7(p)v)
on the trivial line bundle
L:={(0,7u(0):0cC,7 €C} ~CyxC,
is free and proper and the quotient map is given by
(0, 7u(0)) — [0, Tu()].

Hence its quotient by that action, L, is a smooth manifold of dimension two. Moreover, we
have

71 ([0]) ~ kerrzery (P(z,D — ) — Ex(6)) ~ C

has a vector space structure and local coordinates 6 provide the needed trivializations. [

From the dicussion before, we can choose F' to be a fundamental domain of I'* = (277Z)?,
given in the figure.

For F'5 0 — u(0, ) € kerpzr2/r) over F, a section is written as
s:R*/T* — L, s(0)=(0,350)u(0,)),0cF3icCF).

As a remark, we just use this single chart here since we only miss a set of measure zero,
which will not affect the calculation of Chern number and other properties. When we deal
with the Bloch sphere, we do the calculation in C, which ignore one point (the north/south
pole) in the Bloch sphere.

Now we go back to our calculation. Analogous to (5.8), the connection is given by D(5u) =
(d$ + n3)u, where

n = (dou(0,-),u(0, ")) r2m2/ry = (Op,u, w) dfy + (Op,u, u) dbs.
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This gives the following formula for the curvature
e = dn = —2iIm <891'LL<0, '), aQQU(Q, ')>L2(R2/F) d(91 A deg, 0 eF.
Then the Chern number is given by

1
Cl(L) = — / Im <8@1U,(9, '), 892u(6?, '))LQ(RQ/F) d91 dez
F

™

In particular, if the integral on the right hand side does not vanish then the line bundle
is nontrivial. The goodside of this is nontrivial topology prevents fast decay of Wannier
functions. As we know, Wannier functions give us an orthonormal basis for the spectrum of
the original operator P associated to this k-th band.

5.6. Decay of Wannier functions. We again assume [} is a simple isolated band as we
did at the beginning of the preceding subsection. And we denote the spectral projection
associated to Iy, by Iy := 1y, (P). In Section 4.6, we discussed the basis of IT;, L*(R?) for time

reversible operators P, Pu = Pu. We now consdier a more general case.

Definition 5.25. We say g is a Wannier function associated to the simple isolated band
I if {po(x — ) }oer form an orthonormal basis of 11, L*(R?).

We mimic the discussion in Theorem 4.25. Note that the proof of Theorem 4.25 does
not rely on the analyticity in 6 derived in Theorem 4.23, so by the same argument, any
(0, 2) € L*(R?/T*;Hy) satisfying Po(0) = E1(0)¢(0) produces a Wannier function

1
IR?/T*| Jgep

such that {pg(x — )} form an orthonormal basis of T, L*(R?).

On the other hand, set ¢(6,-) := [R2/T*|2 By (6, -), then ¢ € kery, (P — E,()) thanks to
(4.2).

The condition that {¢pg(x — 7v)}yer forms an orthonormal basis implies ||p(0, )|z, = 1
since

po(x) = ©(6,x)df

(8, )iz, :/R S e O (0, — o0, — ) d
21

/ v,y €T

:/ > e g0, 2 — 7)po(0, — 7 + ") da
R2,T

vy el

/ Z e p0(8, 7)o (0, :)3+fy”)d:t—/ lo(z)?do = 1.
R2

~"er

Conversely, from the derivation in Section 4.6, we know any normalized family ¢(6,x) €
L*(R?/T*;Hy) such that Pp(0) = Ei(0)¢(0) produces a Wannier function ¢y as in Theo-
rem 4.25.

Obviously, our Wannier function is totally non-unique because we can always multiply it
by some phase g(f) as long as we know it’s L? norm is 1. But, in the case of trivial line
bundle, we can choose a Wannier function analytic in €, which has exponential decay in x.
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And this is closely related to what we discussed in Section 4.6, where we study the special
cases that P is time reversible and prove that we can choose a Wannier function with
exponential decay in x (Theorem 4.26), using the specific construction of ¢ with analyticity
in 6, obtained in Theorem 4.23.

Theorem 5.26. Suppose P is given by (5.15) and for some k, I} is an isolated simple band.
Let L be the line bundle over R?/T* given by (5.16). Then the following are equivalent:

(1) there exists a Wannier function satisfying |0%po(x)| < Cpe™®l ¢ > 0;

(2) there exists a Wannier function and e > 0 satisfying [g, |2[*07)|@o(2)|? dz < oo;
(3) c1(L) = 0.

Remark 5.27. In other words, you can only have localized Wannier functions if the line
bundle is trivial. Wannier functions cannot decay that fast, which implies that the electron
are not so localized and can interact, which is related to interesting physical phenomenon
such as superconductivity - see [15].

To show (2) = (3), we need a lemma. Recall the modified Bloch transform B is given by

1 .
Z em_%wu(x —),

Bu r,0) = ——
( ) |R2/I‘*|% e

which satisfies N o B
Bu(x — 7,0 + p) = €“P Bu(z,0) = 7(p) Bu(x, 6).

Lemma 5.28. Suppose u € .7 (R?), we have
ngéu = E(xju),

which is somewhat similar to Fourier transform. This motivates the definition of H*(IR?/T* x
R?/T), given by

[ / / D32 df do,
Hi (R2 /T2 /1) Z R2/T" JR2 /2T ‘

o<k
where v € ' (R? x R?) such that v(z +,0 + p) = 7(p)v(z,0). Then we have

||BU||§JI;(R2/F*xR2/r) = ||<95>ku||L2(R2)'

Proof. For u € .¥(R?), we compute

~ 1 ‘ ~
Dy Bu=——Y @ —yu(z —~) = Blz;u).
yel’
It follows that ||§u||§{$(R2/F*XR2/F) is some constant multiple of ||{z)*u||12(gz). O

Remark 5.29. Here, v is not periodic in #, so we cannot use the definition for Sobolv spaces on
periodic functions. To make sense of the derivative on the boundary of the cell, we consider

on a larger cell R?/2T instead of just focusing on a fundamental cell of T' in the definition of
HE(R?/T* x R?/T") and hence

HMR?/T* x R?/T) C Hf} (R* x R?).
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Now we prove Theorem 5.26.

Proof of Theorem 5.26. 1t is obvious that (1) = (2). For (3) = (1), we do the regularization
argument like what we did in Theorem 4.23 to get a real analytic section and the existence of
wannier functions with exponential decay is then obtained like what we did for Theorem 4.26.

Now we show (2) = (3). First, from Lemma 5.28, we know ||B“H§1’;(R2/F*xR2/F) r~
|{(z)*u|r2r2)- By an interpolation argument in [13, Appendix A], we can replace k € Z by
any s € R,. Then by our assumption, ¢o(-) € H'*¢(R?), which implies

0(0, ) = |R?/T*|2 By (0, 2) € H(R? x R?),

and hence 6 — (6, -) is a continuous thanks to the Sobolev embedding H'™(R?) C C°(R?).
This means that our line bundle has a non-vanishing continuous continuous section and
hence (3) holds. O

5.7. Kronig-Penney model and Thouless pumping - computation of Chern num-
ber. We provide an example with physical background in which we can compute the Chern
number explicitly. The Kronig-Penney model is a simplified model for an electron in a
one-dimensional periodic potential. See [16] for a brief account.

We consider

PN =D2+V(xz—2), V()=V(z+1),
where V' is a potential, not smooth but enough to do explicit computation. The potential
V(z) =) qbo(z —m)
mez,
is called the Kronig-Penney model, where ¢ is a constant. The domain
D(P)={uc H' (R):uc H*(R\ Z),u'(my) —u'(m_) = qu(m),Vm € Z}

where H! implies continuity and u is H? away from the integers implies that the derivative
is continuous away from the integers. At the integers, the first derivative has a jump.
Thus, for u € D(P), suppu C (—1,1), the distribution derivative «” will be given by

O*u = qéou.
Moreover, one can check P(0) is a self-adjoint operator.
As we did before when discussing the Floquet theory, we look for w such that
PO)w(0,z) = E(0)w(0, x),
w(@,z+1) = e®w(f,z), 0<6<2nm.

Away from integers, P = P(0) = D?, making the equation explicitly solvable and we only

need to match the boundary conditions about the jumps. The solution is explicitly given by

w(f,z) = e (0, x), ud,z)= Z u (0, x —m),

u (0, ) = c1(0) (e sin (a(h)z) + e+ sin (a(0)(1 — x))) Ljo1(2),
gsina(f) + 2a(0) cos a(f) = 2a(f) cos§, Im a(f) >0, E(H) = a(h)?,
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where ¢;(6) is chosen such that [lui(6, )| r2(o1) = 1. By solving the transcedental equation
for a(f) numerically, we find that it has a discrete set of solutions (with imaginary values of
a occurring when ¢ is negative). It is easy to check

P(0,0)u(f,z) = ((Dx —0)* + Z adop(r — m)) u(f,x) = E(0)u(f,x)

MEZL

thanks to the property that
(D, — 0) (e w (0, z)) = " Dyw(0, z).

Note that even though we assume V' is smooth when we discuss the Floquet theory, but in
fact this is completely irrelevant and the complete theory is still nice as long as we assume
periodicity for V. Suppose that E(0) = E(0) and

{E(0):0€0,2m)}N{E;@):0€[0,2m)} =@, Vj#k.
Let A € Z, we now consider the following periodic deformation of P(6):
P\, 0) = (D, — 0)* +V(z —\),

with the same eigenvalues and eigenfunctions given by u(6, z—\), that is, P(\, @)u(0,z—\) =
E(@)u(f,x — X\). Then we can consider the following natural line bundle similar to (5.16)

given by
Lip = {(A[6:v]) € R x (R x L*(R/Z))/ ~: v € kerp2(gz) (P(A, 0) — Ex(6))}, (5.17)
[0,0] = [0,v] <= (0,v) ~ (0/,v) <= Ip€Z,0 =0+ 27mp,0 =Py, :

Roughly speaking, the operator is not periodic in 6, but if you shift the operator by 27p in
6, then it is unitarily equivalent, and the unitarily equivalence is given by multiplication by
e?™P?_ The eigenfunction coresponding to E(6) is given by u(0, A, z) = u(f,z — \) and

w(f + 2mp, x4 1) = e 2P Ty (0 1), (5.18)
Now we compute the Chern number. We use a trivialization of our section on (0,1), X
(0, 271')9,
S<97 >\) = (67 >‘7 81 (87 /\)U(Q’ >‘))
Then like what we did to derive (5.8), we get
Dysy = dsy + (du, u) r2m/z) = dsi + (Oau, uydA + (Opu, u) df.
Let n = (Oyu, u)dX + (Ogu, u) df, then the curvature is given by
© = dn = 0p(O\u, u)dd N dX\ + O\ (Ogu, u) dX N df = 2iIm (uy, ug) dO A dA. (5.19)

On the other hand, we compute

. 1 27 1
c(Lip) = i/ dn = l/ / / Im (8,\u(9,1: — N0,z — )\)) d\ df dx
2 T2, 0) T™Jo Jo Jo

1 1 2m 1 1 1 2w
=— %/0 /0 /o Im (8zu(6’,x)8,9u(9,x)) d\df dx = —%/0 /0 Im (8xu(9,x)89u(0(,5:v;?))d9dx,
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where in the second step we use the periodicity in z and in the third step we use o u(f, z —
A) = —0u(f,x — \). Using (5.19),

. 1
Im (@u(@, x)Ogu(8, x)) do N dx = ?d (uptt dO + u,u dx)
i

Hence, by Stokes’ theorem,

er(Lip) = — /1 /% d (ugti d6 + u,t dz)
21 Jo Jo
;e
=5 |,
Now we derive from (5.18) that
u(0,1) = u(,0), w2, x)=e"""u(0,z),

%

(g (6, 27) — () (6, 0) 6 + % /0 C(wa@)(1, 7) — (ua)(0, ) da.

and hence the first integrand is 0 and the second is 27i|u(0, z)|?, which implies that

Cl(LKp) =—1.

5.8. Landau Hamiltonian in dimension 2 revisited. Now we go back to Section 2.4
and consider the two dimensional Landau Hamiltonian
Pp = (D + A)* = (Da, + A1(2))” + (D, + Az(x))?,
where d(A;(x) dzy+ As(z) dzy) = B dxy Adzo. We choose the symmetric gauge A = (Ay, As),
B B

Al(l’> = _§x27 AQ(I) = Exl.

Let w = x1 + ix9, then
1
PBIA*BAB—FB, AB:2D1;,—§ZBU},

with Spec(Pg) = {(2n+1)B}nen, Do = 105 = 5 (Orew + ©Omw), where each eigenvalue has
infinite multiplicity.
And the interesting point is that it has explicit flat bands. As we discussed in Section 2.4,

Ap = e Bll/A(29, ) PlwE /4,

£ e@(@),/|f|2e

B| B|

o dm(w) < oo}.
(5.21)

kerLz(C)(PB — B) = kerLz(C)(AB) = {f(w)e’

Definition 5.30. Let I' C C be a lattice with v € I'. Analogous to the usual translation
Tyu(w) = u(w — ), a magnetic translation by 7 is given by

TPu(w) = eaBWI= (1 — ).
It is easy to check that (Tf)* =TE, ABTf =TPAp, PgTP = TP Py and
TETE = exBO 7B, (5.22)
where (77 — 7'7) is the parallelogram formed by 7, 7.
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The problem for generalizing the Bloch-Floquet theory to this case is that the magnetic
translations do not commute, as shown in (5.22). However, since there is no potential term
in our operator Pg, we have the freedom to choose our lattice. If one choose I' such that

1
5B07 —=3") € 2miZ, Wy €T, (5.23)

which is called the rational flux condition, that is, the flux through the fundamental cell, the
parallelogram formed by 7,4/, is 27Z, then [Tf ) Tf} = 0.
Suppose v = Z @ 77 for simplicity with Im 7 > 0. Then the rational flux condition (5.23)

is simply
B
Np:= —Imt € Z. (5.24)
2m

Note that if Ng € Q, say N = §, then we consider in a larger lattice fundamental cell
spanned by ¢, q7, which would satisfy (5.24). This is why we call this the rational flux
condition.

Due to the missing periodicity for the gauge, we shall define a new space H¥ instead of
using L?(R?/T"). Now we define

HY = {u € Lio(C) : TPu(w) = e"Re(kV)u(w),V’y} , keC.
The condition in the definition above is similar to the Floquet condition since Re(kv) = (k, )
if we view k,y € C ~ R?. Moreover, the space HP is the same for & modulo I'* and hence
we can just assume k € C/I'*. When (5.24) holds, {T”},cr is an abelian group, which is
isomorphic to the lattice I'. By Schur’s lemma from representation theory, all irreducible
complex representations of abelian groups one-dimensional. And note that for all k£ € C/T™*,
7k(7y) : C — C given by

()72 1= €N 5 — g3 (Brh7)
2
are all unitary irreducible representations of I'. Note that if ' =Z & 7Z, I = I ux’ r
mr
For u € #(C), the magnetic Bloch transform is given by
1 g
BBU k,x = e_ZRe(k'Y)TBu ) € L2 C F*,HB )

It extends to a unitary operator as for u € . (C), we have

—5(RO=7)+k(3=7)

e 2 dm(k) ) e

W (L. ®)
SX S [ st e = dmw) = [ fu(wl? )

vyel' v'el’ c/r

N
£
=2

|
Q\
E\

~Nu(w = yyu(w =) dm(w)

Then one can easily compute the inverse of B® as in Theorem 4.12, which is given by

B = L (% x)am
CPu(z) = yC/r*|%/@/r* (. 2) dm(k).
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Hence, as in Section 4.3, we also have
BEPgCPu(k, ) = (Pgu(k,-)) ().
Then we can study the vector space

kery s (Pp — B) = kerys Ap.

Theorem 5.31 (Haldane-Rezayi). Suppose I' = Z& 1Z and (5.24) holds. Then the kernel
kery s (Pp — B) = kery s Ap is finite dimensional and

dim kery,s (Pp — B) = Np.

Proof. In view of (5.21), we write f(w) = g(w) exp(Bw?/4). (Note that this is w? instead of
jw[?.) Therefore, for u € keryp(Pp — B),

u(w) = f(w) exp(—Bluwl*/4) = g(w) exp (M) |

4

By a direct computation, we have

2 w—D)Imw B —
TPu(w) = e3Bm vy (1 — 1) = g(w — 1”2 esBmw — gy — 1) exp <w(+w)) :
On the other hand, u € HP implies
. , B T
TPu(w) = eB*u(w) = eB*g(w) exp (—w(u:l w)) .
Hence,
glw — 1) = e®kg(w). (5.25)

Similarly, by computing TPu(w), we get

g(w i 7_) _ eiRe(ET)_iﬂ—NB(T_Qw)g(w). (526)

/
Thanks to (5.25) and (5.26), one can compute explicitly that the integration of e along

the boundary of a fundamental cell is Ng, which implies that ¢ has exactly Np zeros in
any fundamental cell by argument principle. Suppose gy is such a holomorphic function
satisfying (5.25) and (5.26), with zeros py,...,png. Then for any g satisfying (5.25) and

(5.26), h = 9 i a well-defined meromorphic function on C/I" since it is periodic. Now, in
order to compute
dim kery,s(Pp — B) =dim{g € O(C) : g satisfies (5.25) and (5.26)}
=dim{h € M(C/T)\ {0} : D(h) > D™" = (1~ pny) "} U {0},

where M(C/I") are all the meromorphic functions on C/T" and the divisor D is given by
D =p; - pn,. Now we claim that

dim{w € M*(C/I")\ {0} : D(w) > D}u {0} = 0.
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We use the fact any the meromorphic 1-form on the torus is of the form w = f(z) dz with f
being a meromorphic function on C/I". (See [12, Chapter IV].) Since D(w) > D, then w is a
holomorphic 1-form such that f =0 at p;,---,pn,. Since all holomorphic functions on the
torus are constant functions, we know w = 0. By combining the results above and applying
Riemann-Roch theorem ([8, Chapter 3.4], [12]), we know
. o : 1 ) _
dim kery,s (Pp — B) = deg(D) + dim{w € M*(C/T') \ {0} : D(w) = D} U{0} = Np +0.
O
Now we discuss the specific case Np = 1 for simplicity. Let 7, : HZ — HE be given by
(Tru)(z) = e%(zk%z)u(z)
so that we can only work on one single space H{. Moreover, one can check
TkPBT]: = PB(k) = (AB - k)*(AB - k’) + B.
On the other hand, for p € I'*, we can define a unitary map
T 7-[69 — H{?, T;PB(]C)TP = Pg(k + p).
As in (5.16) and (5.17), we have a natural line bundle over C/T**
Ly — {[k,v] € (Cx HY)/ ~: v € kerys(Ap — k)},
[k, v] = [K', V] <= (k,v) ~ (K,V) <= Fp el K =k+p,v =r0.

Theorem 5.32. Lg is a holomorphic line bundle and ¢,(Lp) = —1.
Proof. See [19, Section 8.2, Theorem 11]. O

NOTE TO THE READER

This document consists of lecture notes that Ning Tang took from a topic course given
by Maciej Zworski at UC Berkeley in Fall 2022. The official lecture notes [19] is posted
on https://math.berkeley.edu/~zworski/Notes_279.pdf. This note mainly covers [19,
Section 1-9] and I added some explanation and details when I thought it would be helpful.
There are inevitably errors, which should be entirely attributed to me.

Due to the strike, I missed the courses throughout the last four weeks during that semester.
Fortunately, I ended up taking this note after we finished a topic and hence in some sense,
this document is not incomplete.
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