Blackwell’s Comparison of Experiments Theorem
for Information Systems with Finite Signal Sets
by Michael Pejic 8/05/09

Introduction The name of UC Berkeley Professor Emeritus David Blackwell
is attached to many illustrious theorems in the field of statistics, one of
which is his Comparison of Experiments theorem, proposed in 1951, on the
equivalence of sufficient and more informative experiments. This theorem
was recast in the economic language of information systems and garbling by
J. Marschak and K. Miyasawa. Employing this language and notation, I will
discuss an extension of Blackwell’s result from systems with a finite number
of states to those with uncountably many.

Definition of an Information System
Suppose a state s € S is drawn from the probability space (S,S,7), so
that for a subset F' of S that is in the o-algebra S,

Prob (s isin F) = r (F) :/E Fdr(s)

r is termed the underlying probability measure, and it determines an equiv-
alence relation, f ~, g for S-measurable functions f,g : S — R if f and
g differ on a r-null set. The resulting equivalence classes, [-],, form a real
vector space under c¢[f]. = [cf], and [f], + [g], = [f + ¢g], for c € R.

Define a information system on (S,S) to be a doublet of a finite set
of possible signals, Y, together with a vector of nonnegative, S-measurable
functions, A¥ = [A,] .y, where the A, : S — R satisfy
(1) Z)\y(s):lfor all s € S

yey

so for each s € S, (Y, 2V A (s)) is a probability space. Denote the space of
all information systems (Y, A¥) on (S5, S) by T (S, S).

Various relevant measures and quantities can be determined in terms of r
and AY. Define the vector of S-measures on S, PY = [py]yEY’ by py = A, -1,
so for any F' € S,

py (F) = /GFAy () dr (s)

interpreted as the probability that s is in F' and signal y has been received.
Note that P¥ determines a S x 2¥-probability measure, p, by

p(G) = Zpy (Gy)

yey
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for any G in the o-algebra S x 2¥, where G, = {s € S| (s,y) € G}. Note
that, using (1),

®) Sn =3 [y

:/SEF (;Ay (s)) dr (s) = /SeFdr (s) = r (F)

Define the vector of numbers, QY = [qy]yey, by q, = p, (5). ¢, is inter-
preted as the probability that the signal y has been received, so (Y, 2y q) is
a probability space. Note g, = 0 is equivalent to A\, ~, 0.

Lastly, define the vector of S-probability measures, 11" = [r,] yey » by

ay #0
- 1
y qypy
For any F' € S and any y € Y such that g, # 0, interpret 7, (F) as the
probability that s is in F' given that signal y has been received, so for each
y € Y such that g, # 0, (S, S, m,) is a probability space. Also, using (2)

(3) Z Qy - Ty = Z py:zpy:r

yey yeyY yey
qy #0 qy #0

since p, < g, so p, = 0 when ¢, = 0. Hence, r is in the convex hull of those
m, for which ¢, # 0.

Extreme Information Systems

Note information systems with the same set of signals form a convex
set since for any ¢ € [0,1], (1 —&)AY + EA”Y has the required properties.
Therefore, call a signal set <Y, AY> extreme if the A\, only take on the values
0 or 1. Then, by (1), for every s € S, there is a unique g (s) such that
Aj(s) (8) = L and Ay (s) = 0 for y # § (s).
Product of information systems

For information systems on (5,S), (Y,AY) and (Y’,A""), denote by
(Y,AY) x (Y',A'"") the information system on (S, S) with possible signals
in Y x V' and AV = [ X,y vy S0V DY Ry = Ay - Ny This is
indeed an information system since the S\(y,y/) are nonnegative, S-measurable,
and obey (1)

S A =D D M= ) A =1-1=1

(/)€Y xY” yeY y'ey’ yey  y'ey’



Garbling

Given two information systems on (5, S), <Y, AY> and <Y’ SN Y’>, <Y’ SN Y/>
is a garbling of <Y, AY>, (or in Blackwell’s terminology, <Y, AY> s sufficient
for (Y, A"")), denoted (Y', A"} < (Y, AV'), if there is a matrix of numbers,
BY'Y _ [by’y]y'ew,er such that:
i) by, >0foraly €Y andy € Y;
ii) Y ey byy = Lforally €Y,
iii) Zer byyAy = A, for all y' € Y7, or, in matrix form, BY'YAY = AV,

(Y', A" is a r-garbling of (Y,AY), , denoted (Y',A"") <, (Y,AY), if
there is a matrix of numbers, BY"Y = [byy] ey yey satisfying (i) and (ii)
but with (iii) replaced by
iv) D ey byy [N, = [)\;,]r for all ' € Y, or, in matrix form, BY"Y [AY] =
[A/Y/L"'

Note that for any S-measure r, if BY'YAY = A", then

BY'Y [AY]T _ [BY'YAYL _ [A/Y'L

” <Y’,A'Y’> < (VA = <Y’,A’Y’> <, (Y, AY)

Also, for any S-measurable function f and S-measures r,7 with 7 < r,
then [f]. D [f], since all r-null sets are 7-null by the definition of absolute

7

continuity. Hence, if BY"Y [AY] = [A’Y']T, then

B ], = [ ] =[],

7

SO
(Y, AY) <, (V,AY) = (Y, A7) <5 (V,AY)
There is a converse to the above, with an added technical condition,

Proposition 1 If (Y, A"Y") is a r-garbling of (Y, AY) for every S-measure
r, and the A\, € AY are linearly independent, then <Y’ , A’Y/> is a garbling of
(Y,AY).

Proof Assume the A\, € AY are linearly independent and suppose that
<Y’ ,A’Y/> were not a garbling of <Y, AY>. Then there are two cases: ei-
ther there is some v; € S for which there is no matrix BY"Y obeying (i) and
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(ii) such that A" (v;) = BY'YAY (v1), or for every s; € S there is some
BY"Y (s1) obeying (i) and (ii) such that A" (s;) = BY"Y (s1) AY (s;). In the
first case, let V' = {v;}. The second has two subcases: either there are some
v1,vy € S for which there is no matrix BY"Y obeying (i) and (ii) such that

[AY (o) A (v2) ] = BV [A (1) AY (v2) ]

in which case, let V' = {v1,v2}; or for every s;,s9 € S there is some
BY'Y (s1, 85) obeying (i) and (ii) such that

[ AY (s1) AY (s2) } = BYY (s1,52) [ AY (s1) AY (s9) }

in which case one continues with two additonal subcases. This process can
be continued until one reaches the subcase where for every s;,...,sy| € S
there is some BY'Y (s1,..., sjy|) obeying (i) and (ii) such that

(s, spy) [AY (s1) -+ AY () ]

Since A, € AY are linearly independent, there are v, ... ,Vy| € S such that

[ A () - A (o) ]

!/

[ A/Y’ (81) A/Y’ (S\Y\) ] — BYY

is invertible, so B¥'Y (v,...,vy)) is unique. By assumption, (Y',A"") is
not a garbling of <Y, AY>, so there is some vjy|4; such that

A (vpypia) # B (01, o) A (o)

For this subcase, let V = {vl, . ,’U|y|+1}.
Now define the S-probablity measure r by, for each F' € S,
_|[FnV|
V]

r(F)

By the construction of V/, <Y’ , A’Y'> is not a r-garbling of <Y, AY>, establish-
ing the proposition.
Equivalent condition to r-garbling

Condition (iv) implies that

Z b 1yDy = p;/ for all y' c Y’( or BY’YPY _ P/Y/)

yey 'y

> yev byyty = d)y for all y' € Y'(.or BYVQY = Q")



which in turn imply

1
— > byyaum, =, for ally € Y with g}, # 0
qy/ yeyY

ay #0

Note for all y' € Y' with ¢, # 0,

1 1 1
4 Z byyay = 4 Z byyay = qqu// =1
Y’ yEeY Y yeY Y’
qy #0

so for such a 3/, 71';/ is in the convex hull of the 7, € II'.
There is a converse with an added technical condition.

Proposition 2 If the m, € II" are linearly independent (which is equivalent
to [Ay], being linearly independent for those y € Y for which A, ~, 0), and
for each ' € Y’ with ¢, # 0, 7, is in the convex hull of the 7, € IV, then

(Y', A"} is a r-garbling of (Y, AY).

Proof Assuming the conditions in the proposition, then there are nonnega-
tive numbers ¢, such that

and

o /
E Cy/yﬂ'y = 7Ty/

yey
qy #0

for each y' € Y’ with ¢, # 0. Then, multiplying each side by ¢, and

summing,
/ / /
E E qy/cy/yﬂ-y - E qy/ﬂ_y/ =T

yeY yevY y ey’
Ay #0 ay#0 d, #0

using (3). Since the 7, are linearly independent, then by (3), this implies

Z qgl/cy’y = Gy

y/ c Y/
(I;/ # 0,



for all y € Y. Then, by defining b,, by

/
qy/ Cyly

if ¢y # 0,9, #0
byry = 4y Y !

0 if g, =00rg,=0

properties (i) and (ii) clearly hold. Property (iv) also holds since for all
y' €Y' with g, # 0 (equivalent to A}, =, 0)

_ /
E Cy’yﬂ—y = 7Ty/

yey
Qy760

Ay o T :

y TNy

:>§:Cy’yq =7
y

yey
qy #0

/
qylcy/y Y,
= E @ )\y-r—)\y,-r

yey
qy #0

= Z by’y P‘y]r = [)‘;/]r

yey

whereas for those y' € Y’ with ¢, = 0,

0= Z byy P‘y]r = P‘ly’]r =0

yey

SO <Y’,A’Y/> is a r-garbling of <Y, AY>.

An interpretation of the garbling matrix

Consider the information system <Y’ N Y’> given by first receiving signal
y from a information system <Y, AY> and then passing that signal through a
stochastic process, g : QxY — Y’ to get asignal in Y’. Then the probability
of getting signal ¢’ out of the stochastic process given signal y was sent in is
precisely by, and (Y', A"} is a garbling of (Y, AY).

While the above process is one possible model, there is a simple interpreta-
tion in another case. For <Y’ , A’Y/> a garbling of an extreme information sys-
tem (Y, AY), consider the product information system, (Y, A¥) x (Y, A’"").
For (y,y') € Y x Y’ with g, # 0, the probability of receiving signal y’ given
reception of signal y is

Prob (receive signal (y,y')| receive signal (y,*))
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Prob (receive signal (y,%')) G

~ Prob (receive signal (y,%)) g,

1 ~ 1 /
= [ Sun@ar == [ 8@ @)

seS

Since <Y’, A’Y'> is a garbling of <Y, AY>,

> byghg =X,

yeY

Using this

)‘y ) ’ = )‘ (Z by y/\ > = Zby’ﬂ)‘y ) )‘ﬂ = by’y)‘y

yey yey
since <Y, AY> is an extreme information system. Then

Prob (receive signal (y,y)| receive signal (y,*))

1 1
= _/ byyAy () dr (s) = —byyay = by,
Qy Jses Qy

Garbling providing a directed set

Note the notion of garbling induces the structure of a directed set onto
the collection of information systems, Y (S5,S). This is reflexive since by
taking BY"Y to be the identity (I’s on the diagonal, 0’s elsewhere) every
information system is a garbling of itself. Transitivity can be shown to
hold. If (Y, A") < (Y,AY) and (Y", A"} < (Y',A’""), let the corre-

sponding garbling matrices be written BY'Y = y and BY"Y' —

b

ey .
[ vy }yﬂeyﬂ’yleyl

[byly]yleyl7y€
. . vl Yy .
Consider the matrix BY"™Y = |b,», given by
ey yey

l;y 1y = Z By//y/by/y for all y” € Y”, yey
y' ey’
Clearly Z;yuy is nonnegative. Property (ii) holds since for any y € Y,
SLVED VD SIVIED o  SLATIED S
y//EY// yIIEYN yleyl y/EY/ y//GY// y/EY/

using (ii) twice. From its definition, (iii) holds. Since such a BY"Y exists,
<Y” , A”Y"> < <Y, AY>. Lastly, given any two information systmens, <Y, AY>,
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(Y',A"") € T (5,S), there is another information system, (Y, A¥ ) x(Y’,A"") €
T (S,8) such that both (Y,AY) < (Y,AY) x (Y/,A"") and (Y, A"") <
<Y, AY> X <Y’,A’Y/>. For BYY*Y" take entries by, to be 1if y = ¢ and
0 otherwise, and for BY'YXY' take entries lv)yr(y,g) to be 1if ¢y = g and 0
otherwise. These are readily seen to satisfy the required properties (i), (ii),
and (iii).

Similarly, r-garbling also induces a directed set structure on Y (.5, S).

Aside—Garbling providing a partial ordering

Note garbling does not in general provide a partial odering on Y (S, S)
since if <Y, AY> is a garbling of <Y’,A’Y/> and <Y’,A’Y’> is a garbling of
(Y, AY), it cannot be concluded that (Y,AY) = (Y, A”""), even after iden-
tifying information systems that differ by a permutation of signals. For
example, let

(e =[] [ )

for some ¢ € 0, 1[, and let
(VA ) = (v =} A = [N ] =[1])
Then (Y, AY) is a garbling of (Y’, A’"") with
=[]
and (Y, A"") is a garbling of (Y, AY") with
B =[1 1]

however, (Y, AY) # (Y/,A'Y").

On the other hand, in some cases having (Y, A¥') be a garbling of (Y’, ")
and (Y, A’Y") be a garbling of (Y, A¥") does imply that (Y, AY) = (Y, A""),
up to a permutation of signals. Without loss of generality, take |Y’'| <
|Y'|. Then, if there are |Y| states, si,...,sy| € S such that the vectors
{AY (s1),...,AY (s)y|)} form a linearly independent set,

[ A (s1) - A (1) ] =B [N (s1) - AY (sy)) ]

BB A () e A (s) ]



implies that B

BYY BYY — ]-|Y|><|Y|
However, that is impossible unless [Y’| > Y], so it must be that [Y'| = Y],
Then BYY' and BY'Y are stochastic matrices that are inverses, but that is
only possible if they are permutation matrices.

Constructing a T (S,S)-net

Let M (S,S) be the collection of all S-probability measures on S. Note
M (S,S) is convex. Given a function f: M (S,S) — R and an underlying
probability measure 7, there is a map Ey [f] : T (5,S) — R given by

By [f] = Z ayf (my)
314672;)

which gives a T (S,S)-net on R, with R ordered by the standard ordering.
Proposition 3 If f: M (S,S) — R is convex, the map Ey [f] is isotone.
Proof Since, for (Y,AY), (Y/,A"") € T (5,8) with (Y, A"") <, (Y,AY),

/

7, is in the convex hull of the m, € 11",

Belfl= Y af(m)= X wf|r 3 bnam

y ey’ y ey’ yeyYy
q;,#O q;/7é0 ay #0
1
< E , Qy’qT E , byyqy f (y)
!
y ey’ Y yevy
 #0 4y # 0

= Z Z byy | gyt (my)

yey y ey’
Qy7£0 q;/7é0

However, for ¢, = 0 & A, ~, 0,
[O]r = Z by/y P\y]r
yeyY

which implies b,,, = 0 for all y and 3’ with q?’/ = 0 and g, # 0. Therefore,
for y € Y such that ¢, # 0

Z byy = Z byy =1

y ey’ y ey’
q;/ #0



SO
By [f1< Y af(m,) = Ey[f]
yey
ay #
so (Y, AY") <. (Y,AY) = Ey/ [f] < Ey [f].
Similarly, if f is concave, (Y, A"") <, (Y,AY) = Ey/ [f] > Ey [f].

Payoff function

Let A be the set of possible actions resulting from reception of the signals.
Let u : A xS — R be the payoff function, with u(a,-) : S — R a S-
measurable function for all actions a € A. Then definew: Ax M (S,S) — R
by

i) = () 0 (8) = [ u(es)dute

Note  is linear in the second entry, so for any a € A, u,v € M (S,S), and
¢ €[0,1]

ﬂ(a7(1 _§)M+§V) - (1_5)1\’2(@7“)—1—5&(@’”)
Let 4 : M (S,S) — R be defined by

i (p) = sup i (a, p)
acA

Note 4 is a convex function since for any pu, v € M (S,S), and & € [0, 1],

(1 =& p+&v)=supi(a, (1 —&) p+Ev)

a€cA

= sup (1 = &)@ (a, p) + &t (a,v))

a€A

by the linearity of % in the second entry. Since both 1 — ¢ and £ are non-
negative, by the property of the supremum, this is in turn less than or equal
to

~

(1 —5)?61571(&,#) +€§Ll€1§ﬁ(aw) =1 —=&a(p) +&u(v)

More informative
Following Blackwell’s terminology, if for two information systems, <Y, AY>,
<Y’,A’Y/> eT(S,S),
Ey: [8] < Ey []

for all payoff functions u and underlying S-probability measures r, <Y, AY>
is said to be more informative than <Y’, A'Y/>, denoted <Y’, A’Y/> C <Y, AY>.
Being more informative is clearly reflexive and transitive.
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If, given a fixed S-measure r,
Ey: [u] < Ey [u]

for all payoff functions u and underlying S-probability measures 7 with
T, <Y, AY> is said to be more r-informative than <Y’,A’Y/>, denoted
(Y',A"") C, (Y,AY). Being more r-informative is clearly reflexive and
transitive.

From the definitions, one has for any underlying S-probability measure
r?

(YL AY) € (v, AY) = (Y AY) €, (v,AY)

and for any underlying S-probability measures r, 7 with 7 < r,

<Y’,A’Y’> C (Y, A ) = <Y’,A'Y’> cr (Y, AY)

Blackwell’s Comparison of Experiments Theorem
Given two signal sets, <Y, AY>, <Y’, A'Y/> €Y (5,9), <Y, AY> is more in-
formative than <Y’, A’Y/> if <Y’, A/Y/> is a garbling of <Y, AY>, or in symbols,

(Y, AY) < (v, AY) = (VA € (Y, AY)

Also, given a fixed S-measure r, (Y, A"') is more r-informative than (Y, A"")
if (Y/,A’"") is a r-garbling of (Y, AY), or in symbols,

<Y’,A’Y'> < (VA = <Y’,A/Y’> c, (Y, AY)

The converse of the latter holds with the added technical condition that with
r as the underlying S-probability measure, 7, € II'" are linearly independent.
The converse of the former holds with the added technical condition that
Ay € A are linearly independent.

Proof of theorem (=)
Since for any payoff function u, 4 is convex, then for any underlying
S-probability measure r on S,

(Y A) < (VA) = (Y, N) < (Y, AY) = By [i] > By [i]
using Proposition 3, so <Y, AY> is more informative than <Y’,A/Yl>. Also,

given a fixed S-probability measure r, then for any underlying S-probability
measure 7 with 7 < r,

<Y’,A’Y’> < (VAT = <Y’,A/Y’> <+ (Y, AY) = By [d] > By [il
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using Proposition 3, so (Y, A") is more r-informative than (Y’ A"").

Proof of theorem (<)

With the added condition, if (Y’,A’"") is not a r-garbling of (Y,AY),
then by Proposition 2 there must be some y’ € Y’ with ¢;, # 0 such that
m,, is not in the convex hull of the m, € IIY. Let B be the Banach space of

r-equivalence classes of S-measurable functions equipped with the essential
supremum norm. Define T : B — RHvEYIay#0}+1 1y

0= s ] ver

qy #0

where

Efly] = / 1,

Efly) = / 1,

T is continuous since there are only finitely many components and each
component has operator norm 1, hence 7" is bounded. Therefore, the kernel
of T is a closed subspace of codimension at most |Y'|+1, so B/ker T is a finite
dimensional vector space. Each m, € II" and 7T;, then correspond to elements,
z, for y € Y with g, # 0 and z7,, in the dual space, (B/ker T)*, itself finite-
dimensional, hence locally convex. Then, since 7, is not in the convex hull
of the 7, € 11", z/, is not in the convex hull of {z,} yev,q £0 because if
there were some linear relation among the z, for y € Y with ¢, # 0 and :17;/
not present among the 7, € I and W;/, then that linear relation among the
m, € II¥ and 7T;/ would be a nonzero S-measure, absolutely continuous with
respect to r, that would give 0 when integrated over .S against any function in
B, an impossibility. Hence, by the separation theorem, there is a continuous
linear functional in (B/ker T')™, call it ®, and a ¢ € R such that

r € convex hull {z,} ,cy }

(4) ® (2),) > ¢ > sup {(p (z)
ay 70

=max{®(z,)} yey
ay #0

since linear functionals are convex. Since B/ker T is finite dimensional, it is
reflexive, so

O () = (x, f+ker T
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for some f € B. Then
@ (zy) = (zy, [ + ker T) = E[fy]

so (4) becomes

() E[fly] > ¢>max{E[fly]} vey

Now consider the payoff function u : {0,1} x S — R given by

u(0,s) =c
u(l,s) = f(s)
Then @ : {0,1} x M (S,S) — R is given by

S
(0, p) =c
i (L) = By [f) = [oos Fdp
and u: M (S,8) = Ris
4 = max (c, E, [f])
Using (5), then
Ey [4] = Z gyt (my) = Z gy max (¢, E'[fly]) = c Z 4y = ¢
yey yey yey
qy #0 ay #0 qy #0
whereas
Eyli]= > dy(ry)= Y qjmax(c,E[f]§)

gleyl gley

q?/;/#o q%,;éo

=, Elflyl+ D, dpmax(c E[f7)

¥ € Y\{y'}
Qg #0

> gy (E[fly] =) +c

Since there is a payoff function and an underlying S-probability mea-
sure absolutely continuous with respect to r, namely r itself, for which
By 4] > By [a], (Y',A’Y") is not more r-informative than (Y, AY'). There-
fore, if <Y’,A’Y'> is more r-informative than <Y, AY>, <Y’,A'Y/> must be a

r-garbling of (Y, AY).
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Now suppose <Y, AY> is more informative than <Y’ , A’Y'> and that \, €
AY are linearly independent. Then, given any underlying S-probability mea-
sure r, there is a S-probability measure 7 such that r < 7 and, with 7 as
the underlying S-probability measure, m, € II' are linearly independent. By
the preceding, then <Y’ , A’Y/> is a 7-garbling of <Y, AY>, hence a r-garbling
of éY, Ayi. Since r was arbitrary, by Proposition 1 <Y’ , A’Y'> is a garbling
of (Y,AY
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