QUINTIC SPECTRAHEDRA

JACOB EMMERT-ARONSON AND MOOR XU

1. BACKGROUND

Spectrahedra of degree n in R are convex bodies given by k-dimensional affine slices of
the cone of n x n positive semidefinite matrices. They arise as feasible domains in semidef-
inite programming and each is described by a linear matrix inequality. We will work with
spectrahedra in R3.

Definition 1. A spectrahedron of degree n in R? is a convex body of the form
S={(x,y,2) | Ax + By + Cz + D is positive semidefinite}

where A, B, C, D are real symmetric n X n matrices.

1 2 0 =z
. z 1 y O

The pillow: the spectrahedron 0y 1 2 > 0. Here k =3, n = 4.
zr 0 z 1

Because the cost function of an SDP is linear, the optimal point always lies on the sur-
face. One interesting and practically useful question is the likelihood for the result of an
optimization to be a node, one of the corner points seen when visualizing the spectrahedron.
A generic matrix represented by a point on the surface of the spectrahedron has rank n — 1,
while the matrix at a node typically has rank n — 2. This low-rank property of nodes often
translates to easier computation.

To better understand the nodal structure of spectrahedra, we work with the notion of a
symmetroid.

Definition 2. The symmetroid S of degree n is a surface defined by
det(Az + By + Cz+ D) =0

where A, B, C, D are n X n matrices.
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A spectrahedron can be thought of as a component of the symmetroid. To compute the
nodes of a spectrahedron, we compute the nodes of the symmetroid, and see how many lie
on the spectrahedron.

n+1

Proposition 3. Generically, a symmetroid S of degree n has ( 3

) nodes.
Question. How many nodes can be real? How many nodes can lie on the spectrahedron?

These questions have been answered in the quartic case. [3] classifies the number of nodes
that quartic spectrahedra can have.

Theorem 4. There exists a quartic spectrahedron with o nodes on its boundary and p real
nodes in its symmetroid if and only if 0 < o < p, both are even, and 2 < p < 10.

Hence there are 20 types of quartic spectrahedra, each with its own (p, o) node count.

2. THE QUINTIC CASE

We studied the nodal structure of quintic spectrahedra in hopes of obtaining an analogous
result.

To carry this out, we generated random spectrahedra and computed the positions of
nodes, while also running multiple optimization problems on each. Jacob Emmert-Aronson
and Joe Kileel wrote much of the code to carry this out last semester. We had used Singular
to determine locations of nodes through a Grobner basis algorithm; due to apparent numeric
instabilities, however, this misidentified nodes in certain edge cases. We have replaced this
with the homotopy algorithms implemented in Bertini, which have produced more reliable
results.

More specifically, here is what we did:

e Generate matrices A, B, C, D.

e Use Bertini to compute the 20 complex nodes.

e Count the number of real nodes.

e For each real node, check if it lies on the spectrahedron. (A node lies on the spectra-
hedron if its eigenvalues have the same sign.)

Initially, we generated matrices A, B, C by selecting their entries from a Gaussian distri-
bution with mean 0 and standard deviation 1000, and choosing D as the identity matrix.
This meant that our spectrahedra always contained the origin. This method of sampling,
however, did not allow us to find spectrahedra with high numbers of nodes. Since then, we
have used different sampling methods as well. For example, we can force nodes at (0,0,0),
(1,0,0), (0,1,0), and (0,0, 1) in order to skew the distribution of spectrahedra toward those
with higher node counts.

So far, after generating more than 10000 random quintic spectrahedra, we have observed
45 types of spectrahedra. We conjecture that a result analogous to Theorem 4| holds in
the quintic case, which would suggest that there should be 65 different types of quintic
spectrahedra.

Conjecture 5. There exists a quintic spectrahedron with o nodes on its boundary and p real
nodes in its symmetroid if and only if 0 < o < p, both are even, and 2 < p < 20.
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3. GALLERY OF SPECTRAHEDRA

We have so far seen 45 types of spectrahedra out of the 65 types that are conjectured
to exist. The missing types are all spectrahedra with at least 12 spectrahedral nodes,
spectrahedra with 0 spectrahedral nodes and > 12 symmetroid nodes, as well as types
(p,0) = (8,8),(10,10),(12,12),(18,2),(20,2). We believe that these types are missing be-
cause they are rare, but examples do exist and can be found.
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A spectrahedron of type (p,0) = (2,0).
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A spectrahedron of type (p,0) = (2,2).
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A spectrahedron of type (p,0) = (4,4).

On the following pages, we provide an example of a spectrahedron from each of the 45
types that we have found so far, giving a zoo of spectrahedra.
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