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1. INTRODUCTION

This paper is a continuation of [4], where the basic theory of tame Artin
stacks is developed. Our main goal here is the construction of an appropriate
analogue of Kontsevich’s space of stable maps in the case where the target
is a tame Artin stack. When the target is a tame Deligne-Mumford stack,
the theory was developed in [1], and found a number of applications. The
theory for arbitrary tame Artin stacks developed here is very similar, but
it is necessary to overcome a number of technical hurdles and to generalize
a few questions of foundation. However the method of construction we use
here is very different from the ad-hoc method of [1], and more natural: we
rely on the second author’s general results in [29, 30, 35], as extended in the
appendices.

Section 2 is devoted to a number of basic properties of twisted curves in
arbitrary characteristic, where, unlike the situation of [1], they may fail to
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be Deligne-Mumford stacks. In particular we show in Proposition 2.3 that
the notion of twisted curve is stable under small deformations and can be
tested on geometric fibers.

In Section 3 we collect together some facts about relative moduli spaces
which will be used in the following section.

In Section 4 we define twisted stable maps into a tame stack X and show
in Theorem 4.1 that they form an artin stack, which is proper and quasifinite
over the Kontsevich space of the coarse moduli space X of X. In particular,
when X is projective, the stacks of twisted stable maps of X admit projective
coarse moduli spaces. The construction proceeds rather naturally from the
following:

(1) the existence of the stack of twisted curves, which was shown in
[29] for Deligne-Mumford twisted curves and proved in our case in
Appendix A, and

(2) The existence and finiteness properties of Hom-stacks, proved in [30]
and [35] in many cases and extended in our case in Appendix C.

Some extra care is needed for proving the quasi-finite claim. Properness
relies on Lemma 4.4, a suitable generalization of the Purity Lemma of [1].

In section 5 we concentrate on the case where the target stack is BG, the
classifying stack of a finite flat linearly reductive group scheme G. The main
result here, Theorem 5.1, is that the space of stable maps with target BG is
finite and flat over the corresponding Deligne-Mumford space. This result
is known when G is tame and étale (see [2]) and relatively straightforward
when G is a diagonalizable group scheme (or even a twist of such). However,
our argument in general takes some delicate twists and turns.

As an example for the behavior of these stacks, we consider in Section
6 two ways to compactify the moduli space X(2) of elliptic curves with
full level-2 structure. The first is as a component in Ko 4(Bu,), the stack
of totally branched py-covers of stable 4-pointed curves of genus 0. This
provides an opportunity to consider the cyclotomic inertia stacks and eval-
uation maps. The second is as a component in K; 1(Bu3) parametrizing
elliptic curves with Bu3, where X (2) meets other components in a geomet-
rically appealing way. We also find the Katz-Mazur regular model of X (2)
as the closure of a component of the generic fiber.

As already mentioned, the paper contains three appendices, written by the
second author. Appendix A generalizes the main results of [29]. Appendix
B contains some prepatory results needed for Appendix C which generalizes
some of the results from [30] and [35] to tame stacks. The logical order of
Appendix A is after section 2, whereas the Appendix C only uses results
from [4].

1.1. Acknowledgements. Thanks to Johan de Jong for helpful comments.
Thanks to Shaul Abramovich for advice with visualization.
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2. TWISTED CURVES

Definition 2.1. Let S be a scheme. An n-marked twisted curve over S is
a collection of data (f : C — S,{¥; C C}I,) as follows:

(i) C is a proper tame stack over S whose geometric fibers are connected
of dimension 1, and such that the moduli space C of C is a nodal curve
over S.

(ii) The 3; C C are closed substacks which are fppf gerbes over S, and
whose images in C' are contained in the smooth locus of the morphism
C—S.

(iii) If U C C denotes the complement of the 3; and the singular locus of
C — S, then U — C is an open immersion.

(iv) For any geometric point § — C' mapping to a smooth point of C', there
exists an integer r such that

Spec(Oc5) xc C =~ [DSh/ur],

where D' denotes the strict henselization of D := Spec(Og, f(s)[2]) at
the point (mg f(s),2) and ¢ € p, acts by z — (-2 (note that r = 1
unless 5 maps to a point in the image of some ¥;). Here mg r(5) denote
the maximal ideal in the strict henselization Og f(s).

(v) If s — C'is a geometric point mapping to a node of C, then there exists
an integer r and an element ¢ € mg r5) such that

Spec(Oc5) xc C =~ [D™ /],
where D" denotes the strict henselization of
D := Spec(Og,f(5)[2, w]/ (2w — 1))
at the point (mg f(s), 2, w) and ¢ € p, acts by z +— (-2 and y — ¢ty

Remark 2.2. If C — S is a proper tame Artin stack which admits a col-
lection of closed substacks ¥; € C (i = 1,...,n for some n) such that
(C,{%3;}~,) is an n-marked twisted curve, we will refer to C as a twisted
curve, without reference to markings.

The following proposition allows us to detect twisted curves on fibers:

Proposition 2.3. Let S be a scheme, and let (f : C — S, {%;}") be a
proper flat tame stack f : C — S with a collection of closed substacks ¥; C C
which are S-gerbes. If for some geometric point T — S the fiber (Cz,{X;z})
18 an n-marked twisted curve, then there exists an open neighborhood of
in S over which (C — S,{X;}) is an n-marked twisted curve.

Proof. Let m : C — C be the coarse moduli space of S. Since C is a tame
stack flat over S, the space C is flat over S, and for any morphism S’ — S
the base change C'x g.5” is the coarse moduli space of C x g.S’, by [4, Corollary
3.3]. It follows that in some étale neighborhood of z — S the space C/S
is a nodal curve over S (see for example [11, §1]). Shrinking on S we may
therefore assume that C' is a nodal curve over S. After further shrinking on
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S, we can also assume that the images of the ¥; in C are contained in the
smooth locus of the morphism C' — S and that (2.1 (iii)) holds. To prove
the proposition it then suffices to verify that conditions (iv) and (v) hold
for geometric points of § — C over 7.

We may without loss of generality assume that S is the spectrum of a
strictly henselian local ring whose closed point is . Also let Cs denote the
fiber product

Cs :==C x5 Spec(Ocs).

Consider first the case when § — C has image in the smooth locus of C/S.

Since the closed fiber Cj is a twisted curve, we can choose an isomorphism

Cs x5 Spec(k(Z)) = [Spec(k(z)[2])™ /1],
for some integer r > 1, where the p,-action is as in (2.1 (iv)). Let
Py — Cs x5 Spec(k(z))
be the u,-torsor

Spec(k(2)[2]))™ — [Spec(k(z)[2])™ /).
As in the proof of [4, Proposition 3.6] there exists a u,-torsor P — Cs whose
reduction is FPy. Furthermore, P is an affine scheme over S. Since Cs is flat
over S, the scheme P is also flat over S. Since its closed fiber is smooth
over S, it follows that P is a smooth S—scheme of relative dimension 1 with
wr-action. Write P = Spec(A) and fix a u,-equivariant isomorphism

A®og k(T) ~ (k(z)[2])™.

Since p, is linearly reductive we can find an element Z € A lifting z such
that an element ¢ € pu, acts on Z by Z +— (- 7. Since A is flat over Og the
induced map

(Os[Z)™ — A
is an isomorphism, which shows that (iv) holds.

The verification of (v) requires some deformation theory. First we give
an explicit argument. We then provide an argument using the cotangent
complex.

Let s — C be a geometric point mapping to a node of C'. Then we can
write

Cs = [Spec(A)/ ],
for some integer 7, and A is a flat Og z-algebra such that there exists an
isomorphism
L A®og, k(T) = (k(Z)[z,w]/(20))™,
with p,-action as in (v). We claim that we can lift this isomorphism to a
r~equivariant isomorphism
(2.3.1) A~ (052,90 (2 — )™

for some t € Ogz. For this note that A" is equal to O¢ s and that A is a
finite O¢ s-algebra. By a standard application of the Artin approximation
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theorem, in order to find 2.3.1 it suffices to prove the analogous statements
for the map on completions (with respect to mc 3)

OC7§ — A

For this in turn we inductively find an element t, € Ogz /m‘é:E and a
He-equivariant isomorphism

Pt (Osz/mé )z, w)/ (2w — tg))" — Ajm% A,

For p; we take the isomorphism induced by ¢ and ¢; = 0. For the inductive
step we assume (pq,t;) has been constructed and find (pg41,tq+1). For this
choose first any liftings zZ,w € A/mgy;lA of z and w such that ¢ € p, acts
by

(2.3.2) (-2 we o

This is possible because p, is linearly reductive.
Since A is flat over Ogz we have an exact sequence

0— mqsvi,/mgf;l Ok (z) A\/mg@ — A\/mg,‘;lﬁ — A\/mgjj — 0.

Choosing any lifting t,11 € Ogz/ m%}l of t, and consider

ZW — tgy1-
This is a p,-invariant element of
1 n 1
mé o /mEL @) A/msz = mb L /mEE @) (Osz/msz)[z, w]/(zw))".

It follows that after possibly changing our choice of lifting t,41 of ¢,, we can
write
20 =tgq1 + 2 g+ a"h,

~

q+1
Sz A are

where t,11 € Os,g—c/mgﬂ; and reduces to t,, and g,h € m‘éjj/m .
pr-invariant. Replacing Z by Z —@"~'h and @ by @ — 2"~ 'g (note that with
these new choices the action of p, is still as in 2.3.2) we obtain t,4; and

Pq+1- o

We give an alternative proof of (v) using a description of the cotangent
complex of C, which might be of interest on its own. Since C is an Artin stack
a few words are in order. The cotangent complex Ly /) of a morphism of
Artin stacks X — ) is defined in [24], Chapter 17 as an object in the derived
category of quasi-coherent sheaves in the lisse-étale site of X. Unfortunately,
as was observed by Behrend and Gabber, this site is not functorial, which
had the potential of rendering Ly both incomputable and useless. However,
in [28], see especially section 8, it is shown that the lisse-étale site has
surrogate properties replacing functoriality which are in particular sufficient
for dealing with Ly, as an object of a carefully constructed D(’lwh(z\,’hs_ét),
and with deformation theory.

Two key properties are the following:
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(1) given a morphism f : X — ) of algebraic stacks over a third Z,
there is a natural distinguished triangle
% (1]
(2) Given a fiber diagram

vl x

||

y—Y
with the horizontal maps flat, we have f*Ly/y = Ly yr.

If the base scheme is S, consider S — BG,, s. Applying the above to the
fiber square

Gm,s — S

|

S —— BGpy s

and the morphisms S — BGy, s — 5 it is easy to see that Lgg,, /5 =
O5G,, s[—1]. (In fact for a general smooth group scheme GG we have Lg/zc =
Lie(G)* and therefore Lgg g = Lie(G)*[—1] considered as a G-equivariant
object.)

Let now S = Spec k with k separably closed, and consider a twisted curve
C/S with coarse moduli space 7 : C — C. Let § — C be a geometric point
mapping to a node, and fix an isomorphism

Cs:=C x¢ 5~ D"/,

where D := Spec(k[z,w]|/(zw)). By a standard limit argument, we can
thicken this isomorphism to a diagram
Cu
C mw [D/p]
m U
VRN
C D#r,

where D# denote the coarse space of [D /.| (so D*r is equal to the spectrum
of the invariants in k[z,w]/(zw)), a and b are étale, U is affine, and the
squares are cartesian. In this setting we can calculate a versal deformation
of Cy as follows.
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First of all we have the deformation

[Spec(klz, w, t]/(zw — 1)) /pur]
of [D/uy]. Since (3 is étale and representable and by the invariance of the

étale site under infinitesimal thickenings, this also defines a formal deforma-
tion (i.e. compatible family of deformations over the reductions)

Cuy — Spf(k][[t])

of Cy. We claim that this deformation is versal. Since this deformation is
nontrivial modulo 2, to verify that Cu, is versal it suffices to show that
the deformation functor of Cyy is unobstructed and that the tangent space
is 1-dimensional. For this it suffices to show that

Ext*(L¢,, O¢) =0
and
Ext!(Le,, Oc) = k.
The map Cy — [D/u,] induces a morphism Cyy — Bp,. Consider the com-

posite map Cy — By, — BGy,. Since Lgg,, /i =~ Og[—1] we then obtain a
distinguished triangle

1
OC [—1] > ]LCU 5 LCU/BGm —>[ } .

Considering the associated long exact sequence of Ext-groups one sees that
Exti(ILcU, Oc) = Exti(ILcU/BGm, Oc)

for ¢ > 0. Now to prove that

Ext2(ILCU/BGm,OC) =0, and Extl(LCU/BGm, Oc) =k,
it suffices to show that L¢/sg,, can be represented by a two-term complex
F'— Y

with the F? locally free sheaves of finite rank and the cokernel of the map

Hom(F°, O¢,) — Hom(F~,0¢,)

isomorphic to the structure sheaf Oz of the singular locus Z C Cyy (with the
reduced structure).

Now since (3 is étale, the complex L¢,, /56, is isomorphic to 8*Lp /,,.1/8G,,-
Therefore to construct such a presentation F" of L¢, /5g,,, it suffices to
construct a corresponding presentation of Lip/11/BGm-

For this consider the fiber diagram

X —C
S —— BG,,

Here X is the surface Spec(k[2/, w’, u,u™']/(2'w")) (the action of G, is via t-
(2, w',u) = (tz/,t7 ', t"u)). Since X/S is a local complete intersection, the
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map C — BG,, is also a representable local complete intersection morphism,
and therefore the natural map L¢ /g, — Ho(L¢/sg,,) = Qb JBG,, 18 & quasi-

isomorphism. Concretely, the pullback of L¢/sg,, is isomorphic to Qﬁ( /s
Now we have a standard two-term resolution

O—>(’)X—>O§(—>Q§(/S—>O

where the first map is given by (v’, 2/,0) and the second by (dz’, dw’, du/u).
Our desired presentation of Lip/,,)/5c,, is then obtained by noting that this
resolution clearly descends to a locally free resolution on C.

Remark 2.4. Let S be a scheme. A priori the collection of twisted n-pointed
curves over S (with morphisms only isomorphisms) forms a 2-category. How-
ever, by the same argument proving [1, 4.2.2] the 2-category of twisted n-
pointed curves over S is equivalent to a 1-category. In what follows we will
therefore consider the category of twisted n-pointed curves.

Proposition 2.5. Let f : C — S be a twisted curve. Then the adjunction
map Og — f.Oc is an isomorphism, and for any quasi-coherent sheaf F on
C we have R'f,.F =0 fori > 2.

Proof. Let m : C — C be the coarse space, and let f : C' — S be the structure
morphism. Since m, is an exact functor on the category of quasi-coherent
sheaves on C, we have for any quasicoherent sheaf 7 on C an equality

R f,F = R' f.(n.F).

Since f : C — S is a nodal curve this implies that R’ f,F = 0 for i > 2, and
the first statement follows from the fact that 7.0 = O¢. Y

We conclude this section by recording some facts about the Picard functor
of a twisted curve (these results will be used in section 5 below).

Let S be a scheme and f : C — S a twisted curve over S. Let Picc/g
denote the stack over S which to any S-scheme T' associates the groupoid
of line bundles on the base change Cr :=C xg T.

Proposition 2.6. The stack Picc;s is a smooth algebraic stack over S, and
for any object L € ’.PZ'CC/S(T) (a line bundle on Cr), the group scheme of
automorphisms of L is canonically isomorphic to G, 7.

Proof. That Pice,g is algebraic is a standard application of Artin’s criterion
for verifying that a stack is algebraic [5], and can also be seen as a Hom-
stack. See [6] for details.

To see that Picc/g is smooth we apply the infinitesimal criterion. For
this it suffices to consider the case where S affine and we have a closed
subscheme Sy C S with square-0 ideal I. Writing Cy for C xg Sy, we have
an exact sequence

0—=0c®I—0Oc— Ocy —0

giving an exact sequence of cohomology
Pices(S) — Piceys(So) — R*f.0¢ @ 1.
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By Proposition 2.5 the term on the right vanishes, giving the existence of
the desired lifting of Pice,5(S) — Pice/5(S0)-

The statement about the group of automorphisms follows from the fact
that the map Og — f.O¢ is an isomorphism, and the same remains true
after arbitrary base change T — S. [

Let Picc/g denote the rigidification of Pice,g with respect to the group
scheme G, [4, Appendix A].

Let 7 : C — C denote the coarse moduli space of C (so C'is a nodal curve
over S). Pullback defines a fully faithful functor

T ﬂ)iCC/S - iPiCc/S
which induces a morphism
(2.6.1) T PiCC/S - PiCc/S.

This morphism is a monomorphism of group schemes over S. Indeed suppose
given two S-valued points [L1],[La] € Picg/5(S) defined by line bundles L;
and Ls on C such that 7*[L1] = n*[Ls]. Then after possibly replacing S
by an étale cover, the two line bundles 7*L; and 7* Lo on C are isomorphic.
Since L; = mw*L; (i = 1,2) this implies that Ly and Ls are also isomorphic.

Lemma 2.7. The cokernel W of the morphism ©* in (2.6.1) is an étale
group scheme over S.

Remark 2.8. Note that, in general, W is non-separated. Consider S the
affine line over a field k with parameter ¢, and consider the blowup X of
P! x S at the origin. The zero fiber has a singularity with local equation
uv = t. There is a natural action of u, along the fiber, which near the
singularity looks like (u,v) +— ((u,( *v). The quotient C = [X/p,] is
a twisted curve, with twisted markings at the sections at 0 and oo, and a
twisted node. The coarse curve C' = [X/u, ] has an A,_; singularity zy = ¢",
where r = u” and y = v". Let £ C C be one component of the singular fiber.
The invertible sheaf O¢(E) gives a generator of W, but it coincides with the
trivial sheaf away from the singular fiber. In fact W is the group-scheme
obtained by gluing r copies of S along the open subset ¢ # 0.

Proof. The space W is the quotient of a smooth group scheme over S by the
action of a smooth group scheme, hence is smooth over S. The fact that W
is étale amounts (using the infinitesimal lifting property) to the statement
that if Ty <— T is a square zero nilpotent thickening defined by a sheaf of
ideals I C O, and if £ is a line bundle on Cr whose reduction £y on Cr, is
obtained by pullback from a line bundle on Cr,, then £ is the pullback of
a line bundle on Cr. Using the exponential sequence as usual this amounts
to the statement that the map

H'(Cpy, [0¢,) — HY(Cpy, I1Oc,.)

is an isomorphism. 'Y
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Lemma 2.9. The cokernel W is quasi-finite over S.

Proof. We may assume that S is affine, say S = Spec A. Then the twisted
cuver C is defined over some finitely generated Z-subalgebra Ag, and forma-
tion of W commutes with base change; hence we may assume that A = Aj.
In particular S is noetherian.

We may also assume that S is reduced. After passing to a stratification of
S and to étale coverings, we may assume that S is connected, that C' — S
is of constant topological type, that the nodes of the geometric fibers of
C — S are supported along closed subschemes S, ..., Si of C which
map isomorphically onto S, and the reduced inverse image ¥; of .S; in C
is isomorphic to the classfying stack Bp,, for certain positive integers my,
..., mg. For any line bundle £ on C the pullback of £ to 3; is a line bundle
L; on §;, with an action of u,, , given by a character w,, — Gp of the
form ¢ +— t* for some a; € Z/(m;). By sending L into the collection (a;) we
obtain a morphism Pice g — [[; Z/(m;), whose kernel is easily seen to be
Picc/g. Therefore we have a categorically injective map W — [[; Z/(m;);
since W and [[, Z/(m;) are étale over S, this is an open embedding. Since
[1; Z/(m;) is noetherian and quasi-finite over S, so is W. [ )

If N denotes an integer annihilating W we obtain a map
XN : PiCC/S — PiCC/S-
Definition 2.10. Let Picp /s denote the fiber product
PICE/S — PICC/S X XN,PiCC/S PIC%/S

The open and closed subfunctor Picg /s C Pice/g classifies degree 0-line
bundles on C. In particular, Picp /8 is independent of the choice of IV in the
above construction. Note also that any torsion point of Pice,g is automati-
cally contained in Picp /s since the cokernel of

PiC%«/S — PiCc/S

is torsion free.
Since Picg, /s is a semiabelian scheme over S, we obtain the following:

Corollary 2.11. The group scheme Picg/s is an extension of a quasi-finite
étale group scheme over S by a semiabelian group scheme.

3. INTERLUDE: RELATIVE MODULI SPACES

In this section we gather some results on relative moduli spaces which
will be used in the verification of the valuative criterion for moduli stacks
of twisted stable maps in the next section.

For a morphism of algebraic stacks f : X — ), denote by Z(X/)) =
Ker (Z(X) — f*Z(Y)) = X Xxxyx X the relative inertia stack.



TWISTED YET TAME 11

Now let f : X — ) be a morphism of algebraic stacks, locally of finite
presentation, and assume the relative inertia Z(X/)) — X is finite. Re-
call that when ) is an algebraic space we know that the morphism factors
through the coarse moduli space: X — X — ), see [21, 10]. We claim that
there is a relative construction that generalizes to our situation:

Theorem 3.1. There exists an algebraic stack X, and morphisms X =
X i Y such that f = f ow, satisfying the following properties:

(1) f: X — Y is representable,

2) x5 X i Y is initial for diagrams satisfying (1), namely if X LA

X' il Y has representable f' then there is a unique h : X — X' such
that 7' = hom and f=f oh,

(8) m is proper and quasifinite,

(4) Ox — 7Oy is an isomorphism, and

(5) if X' is a stack and X" — X is a representable flat morphism, then
X' — Y is the relative coarse moduli space of X xx X' — Y.

Proof. Consider a smooth presentation R = U of ). Denote by Xpr the
coarse moduli space of Xr = X xy R and Xy the coarse moduli space of
Xy = X xy U, both exist by the assumption of finiteness of relative inertia.

Since the formation of coarse moduli spaces commutes with flat base
change, we have that Xrp = Xy xy R. It is straightforward to check that
Xpr = Ug is asmooth groupoid. Denote its quotient stack X := [Xg = Ug].

It is again straightforward to construct the morphisms X — X EN Y from
the diagram of relevant groupoids.

Now X xy U — Xy is an isomorphism, U — Y is surjective and Xy —
U is representable, hence X — ) is representable, giving (1). Similarly
Xy — Xy is proper and quasifinite hence X — X is proper and quasifinite,
giving (3). Also (4) follows by flat base-change to Xy. Part (5) follows
again since formation of moduli spaces commutes with flat base change: the
coarse moduli space of Xy xx X' is Xy xx X’ and similarly the coarse
moduli space of Xg x x X' is Xp xx X'.

Now consider the situation in (2). Since X’ — Y is representable, it is
presented by the groupoid X’ xy R = X’ xy U, which, by the universal
property of coarse moduli spaces, is the target of a canonical morphism of
groupoids from Xg = Ug, giving the desired morphism h : X — X', ®

We now consider the tame case. We say that a morphism f : X — ) with
finite relative inertia is tame if for some algebraic space U and faithfully flat
U — Y we have that X xy U is a tame algebraic stack. This notion is
independent of the choice of U by [4, Theorem 3.2]. Let X — X — ) be
the relative coarse moduli space.



12 ABRAMOVICH, OLSSON, AND VISTOLI

Proposition 3.2. If X’ is an algebraic stack and X' — X is a representable
morphism of stacks, then X' — )Y is the relative coarse moduli space of
Xxx X' — ).

This is proven as in part (5) of the theorem, using the fact that formation
of coarse moduli spaces of tame stacks commutes with arbitrary base change.

We now consider a special case which is relevant for our study of tame
stacks.

Let V be a strictly henselian local scheme, with a finite linearly reductive
group scheme I" acting, fixing a geometric point s — V. Let X = [V/T'], and
consider a morphism f: X — ), with ) also tame.

Let K C I be the subgroup scheme fixing the composite object s — V —
Y (so K is the kernel of the map I' — Auty(f(s))). Consider the geometric
quotient U = V/K, the quotient group scheme Q = I'/K and let X = [U/Q)].
There is a natural projection ¢ : X — X.

Proposition 3.3. There exists a unique morphism g : X — Y such that
f = gogq, and this factorization of [ identifies X as the relative coarse
moduli space of X — ).

Proof. Consider the commutative diagram

!

AN

X—>yx—>y

Nl

—>

where X, Y are the coarse moduli spaces of ) and ), respectively, the square
is cartesian, and f is induced from f.

Since h is fully faithful we may replace Y by Yy. As the formation of
coarse moduli space of tame stacks commutes with arbitrary base change,
X is the coarse moduli space of YVy. We may therefore assume that X =Y.

It also suffices to prove the proposition after making a flat base change
on X. We may therefore assume that the residue field of V' is algebraically
closed. We can write )) = [P/G], where P is a finite X-scheme and G is a
finite flat split linearly reductive group scheme over X. We can assume P
is local strictly henselian as well, and that the action of G on P fixes the
closed point p € P.

The map f induces, by looking at residual gerbes, a map Bpg : By —
BGy where I'g and Gy denote the corresponding reductions to the closed
point of X. This is induced by a group homomorphism py : I'g — Gy,
uniquely defined up to conjugation. Since I' and G are split, the homomor-
phism pq lifts to a homomorphism p : I' — G.



TWISTED YET TAME 13

We obtain a 2-commutative diagram

BTy —s BGy
sl L’ﬁ
[V/T]— [P/G]
Let P — [V/I'] be the pullback of the G-torsor P — [P/G]
Lemma 3.4. There is an isomorphism of G-torsors over [V/T]
[V x G/T] — P'.

PTOOf. Note that V' x [V/T) sBFO = sand P’ x [V/T) ‘BFO = ‘BFO XBGo P- Then
the commutativity of the diagram

§——D
By —— BG
implies that there is an isomorphism of Gy-torsors over B\
([V X G/P] X [v/T] BT [ £ X[v/1] BL.
As in the proof of [4, 3.6], this lifts to an isomorphism as required. ®

Now we have a morphism

!

/_\

V—o[VxGT|—p —>P

compatible with the actions of I' and G. By the universal property of the
quotient, the map f factors through U. Passing to the quotient by the
respective group actions, we get morphisms

[V/T] = [U/Q] — [P/G].

Let X — Z — Y be the relative coarse moduli space. Since @ injects in
G, the morphism [U/Q] — [P/G] is representable, and therefore we have a
morphism Z — [U/Q)] over Y.

To check this is an isomorphism it suffices to check after base change
along the flat morphism P — ). In other words, we need to check that
V/T] x(pja) P — [U/Q] X(pjc P is the coarse moduli space. This map can
be identified with [V x G/I'] — U x% G. This follows by noting that

(Ov ® 0g)" = ((0v)K ® 0g)? = (Oy ® 0c)?.
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4. TWISTED STABLE MAPS

This section relies on the results of Appendix A, in which the stack of
twisted curves is constructed.

Let M be a finitely presented tame algebraic stack with finite inertia
proper over a scheme S. A twisted stable map from an n-marked twisted
curve (f : C — S,{¥; C C}}_,) over S to M is a representable morphism of
S-stacks

g:C—M
such that the induced morphism on coarse spaces
g:C—>M

is a stable map (in the usual sense of Kontsevich) from the n-pointed curve
(CiAp1,---,pn}lq) to M (where the points p; are the images of the ;).

If M is projective over a field, the target class of g is the class of g, [C] in
the chow group of 1-dimensional cycles up to numerical equivalence of M.

Theorem 4.1. Let M be a finitely presented tame algebraic stack proper
over a scheme S with finite inertia. Then the stack Ky, (M) of twisted stable
maps from n-pointed genus g curves into M is a locally finitely presented
algebraic stack over S, which is proper and quasi-finite over the stack of
stable maps into M. If M is projective over a field, the substack Kg,, (M, [3)
of twisted stable maps from n-pointed genus g curves into M with target
class (3 is proper, and is open and closed in KCgpn(M).

Proof. The statement is local in the Zariski topology of S, therefore we may
assume S affine. Since M is of finite presentation, it is obtained by base
change from the spectrum of a noetherian ring, and replacing S by this
spectrum we may assume M is of finite type over a noetherian scheme S.
As M is now of finite type, there is an integer N such that the degree of
the automorphism group scheme of any geometric point of M is < .
Consider the stack of twisted curves 9", defined in A.6. It contains an

tw, <N
open substack M,=" C MY,

by A.8. The natural morphism smgvfnSN — M, to the stack of prestable
curves is quasi-finite by A.8.

Consider B = Sﬁ;‘f’ﬁSN Xspecz S. It is an algebraic stack of finite type
over B = My, Xspecz S. Denote Mg = M xgB, Mg = M xg ‘B and
similarly Mp = M xg B. These are all algebraic stacks.

Finally consider the universal curves €™ — 9 and € — My ,, and
their corresponding pullbacks (‘Z‘%V, €y and €p.

As discussed in Appendix C, there is an algebraic stack

Ih—m%p(c%V’ M‘:B)v

of twisted curves of index bounded by N

locally of finite type over B, parametrizing representable morphisms of the
universal twisted curve to M. We also have the analogous Homg (€, M)
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and Hom 5(€p, Mp). We have the natural morphisms
(4.1.1)  Hom'$P(€l, M) —“— Homp (€, M) —— Hom (€, Mp).

Proposition 4.2. The morphism a is quasi-finite.

Proof. 1t suffices to prove the following. Let k£ be an algebraically closed
field with a morphism Spec(k) — S and C/k a twisted curve with coarse
moduli space C. Let f: C — M be a S-morphism, and let G — C denote
the pullback of M to C along the composite

c—c—L1
We then need to show that the groupoid Sec(G/C)(k) (notation as in C.17)
has only finitely many isomorphism classes of objects.

Let C” denote the normalization of C' (so C” is a disjoint union of smooth
curves), and let C’ — C be the maximal reduced substack of the fiber product
C x¢ C'. For any node z € C' let ¥, denote maximal reduced substack of
C; (so X, is isomorphic to Bpu, for some r), and let 3 denote the disjoint
union of the ¥, over the nodes z. Then there are two natural inclusions
J1,72 : X — (', and by [3, A.0.2] the functor

Hom(C, M)(k)

l

Hom(C', M)(K) X jx jz Hom (S, M) (k) x Hom(2,M) (k),a Hom (3, M) (k)

is an equivalence of categories. Since the stack Hom(X, M) clearly has
quasi-finite diagonal, it follows that the map

Sec(G/C) — Sec(G x¢ C'/C')

is quasi-finite.

It follows that to prove 4.2 it suffices to consider the case when C is
smooth.

Let ) denote the normalization of G. Then any section C — G factors
uniquely through ) so it suffices to show that the set

Sec(Y/C)(k)

is finite. To prove this we may without loss of generality assume that there
exists a section s : C — ).

For any smooth morphism V' — C the coarse space of the fiber product
Gy 1= Gx¢Visequal to V by [4], Corollary 3.3 (a). For a smooth morphism
V —C, let

Vv =Yy~ v
be the factorization of Yy — V provided by [35, 2.1] (rigidification of the
generic stabilizer). The section s induces a section V' — Yy, and hence by
[30, 2.9 (ii)] the projection d : Y — V is in fact an isomorphism. It follows
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that ) is a gerbe over C. If G — C denotes the automorphism group scheme
of s, then in fact Y = B¢G.

Let A C G denote the connected component of G, and let H denote the
étale part of G, so we have a short exact sequence

1-A—-G—-H-—1

of group schemes over C.

Let C' — C be a finite étale cover such that H and the Cartier dual of A
constant. If C” denotes the product C’ x¢C' and )’ and )" the pullbacks of
Y to C" and C” respectively, then one sees using a similar argument to the
one used in [30, §3] that it suffices to show that

Sec(Y'/C")(k) and Sec(¥"/C")(k)

are finite. We may therefore assume that H and the Cartier dual of A are
constant.
The map G — H induces a projection over C

BeG — BeH.

Giving a section z : C — B¢H is equivalent to giving an H-torsor P — C.
Since C is normal and H is étale, such a torsor is determined by its restriction
to any dense open subspace of C. Since C contains a dense open subscheme
and the étale fundamental group of such a subscheme is finitely generated
it follows that

Sec(BcH/C)(k)

is finite.
Fix a section z : C — B¢H, and let @ — C be the fiber product

Q =C Xz, BcH BcG.

Then Q is a gerbe over C banded by a twisted form of A. By replacing
C by a finite étale covering as above, we may assume that in fact Q is a
gerbe banded by A and hence isomorphic to C Xgpec(k) BAg for some finite
diagonalizable group scheme Ag/k. Writing A( as a product of u,’s, we
even reduce to the case when Ay = pu,.. In this case, as explained in C.25,
giving a section w : C — B¢ A is equivalent to giving a pair (£, ), where £
is a line bundle on C and ¢ : O¢ — L®" is an isomorphism. We conclude
that the set of sections C — @ is in bijection with the set

Pice [r](k)

of r-torsion points in the Picard space Pic, Jk- By 2.11 this is a finite group,
and hence this completes the proof of 4.2. ®

Consider again the diagram 4.1.1. The morphism a is quasi-finite by 4.2
and of finite type by C.7. The second morphism is quasi-finite and of finite
type as it is obtained by base change. Therefore the composite 4.1.1 is also
quasi-finite and of finite type.
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The Kontsevich moduli space M, (M) is open in Homp(€p, Mp). We
have

ICgm(M) x~ I—Io—mlsgp(Q:tW7MsB) XI‘IO_mB(€B7MB) MQ,N(M)7

hence Ky (M) — Mgy, (M) is quasi-finite and of finite type.
Properness now follows from the valuative criterion, which is the content
of the following Proposition 4.3. '

Proposition 4.3. Let R be a discrete valuation ring, with spectrum T hav-
ing generic point n and special point t. Fiz a morphism T — S and let
Cp, — M be an n-pointed twisted stable map over the generic point of T', and
C — M a stable map over T' extending the coarse map C, — M. Then there
s a discrete valuation ring Ry containing R as a local subring, and corre-
sponding morphism of spectra Ty — T, and an n-pointed twisted stable map
Cr, — M, such that the restriction Cr,|,, — M is isomorphic to the base
change Cpy x1 Ty — M, and the coarse map coincides with C' X7 Ty — M.
Such an extension, when it exists, is unique up to a unique isomorphism.

Before proving this Proposition, we need to extend a few basic results
known in case M is a Deligne-Mumford stack.

Lemma 4.4 (Purity Lemma). Let M be a separated tame stack with coarse
moduli space M. Let X be a separated scheme of dimension 2 satisfying
Serre’s condition S2. Let P C X be a finite subset consisting of closed
points, U = X . P. Assume that the local fundamental groups of U around
the points of P are trivial and that the local Picard groups of U around points
of P are torsion free. N

Let f : X — M be a morphism. Suppose there is a lifting fy : U — M:

A

U—X —M

Then the lifting extends to X :

U—sX—— M
The lifting f is unique up to a unique isomorphism.

Remark 4.5. We will use this lemma principally in the following cases:
(1) X is regular,
(2) X is normal crossings, locally Spec(R|[xz,y]/zy)", with R regular, or
(3) X = Xy x G, with X one of the first two cases and G a linearly
reductive finite group scheme.
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Proof. The question is local in the étale topology, so we may replace X by
its strict henselization over some point p € P, and correspondingly we may
replace M and M by the strict henselization at f(p).

By [4, Theorem 3.2 (d)]we can write M = [V/G], where V. — M is a
finite morphism and G — M a linearly reductive group scheme acting on
V. By [4] Lemma 2.20 we have an exact sequence

l1—A—G—H—1

of group schemes over M, where A is diagonalizable and H is tame and
étale. N

The morphism fi is equivalent to the data of a G-torsor Py — U and a
G-equivariant morphism U — V. We first wish to extend Py over X.

Consider the H-torsor Qg oo Py /A — U. Since the local fundamental
groups of U around P are trivial, this H torsor is trivial, and extends trivially
to an H torsor Q — X.

Now Py — Qu is a A-torsor. We claim that it extends uniquely to a
A-torsor P — (). Since A is diagonalizable, it suffices to treat the case
A = p,. In this case Py — Qu corresponds to an r-torsion line bundle with
a chosen trivialization of its r-th power. The line bundle extends to X by
the assumption on the local Picard groups, and the trivialization extends
by the S2 assumption.

Next we need to extend the principal action of G on Py to P. The
closure I' of the graph of the morphism G x; Py — Py inside the scheme
G Xy P x x P is finite over G x 3y P, and an isomorphism over G X 3y Py. As
G x s P is finite and flat over the S2 scheme X, it is also S2. It follows that
the morphism I' — G X s P is an isomorphism, hence the action extends to
a morphism G x; P — P. It is easy to check that this is a principal action,
as required.

The same argument shows that the equivariant morphism Py — V ex-
tends to an equivariant morphism P — V| as required. [

Proof of Proposition 4.3. STEP 1: We extend C,;, — M over the generic
points of the special fiber Cs.

The question is local in the étale topology of C, therefore we can replace
C by its strict henselization at one of the generic points of Cs. We may
similarly replace M by its strict henselization at the image point, and hence
assume it is of the form [V/G], where V' — M is finite and G a locally well
split group scheme, see [4], Theorem 3.2 (d) and Lemma 2.20. We again
write G as an extension

1—A—G—H—1.

The morphism C, = C;, — M is equivalent to the data of a G-torsor P, —
() and a G-equivariant morphism P, — V. By Abhyankar’s lemma, the
H-torsor @, o P,/A — C, extends uniquely to @ — C after a base change
on R. We want to extend the A-torsor P, — @, to a A-torsor P — Q.
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Factoring A, we may assume A = p,.. In this case P, — @, corresponds to
an r-torsion line bundle with a chosen trivialization of its r-th power. This
line bundle is trivial since we have localized, hence it trivially extends to Q.
The extension of the trivializing section may have a zero or pole along Cj,
but after an r-th order base change on R this zero or pole has multiplicity -1
for some integer [. Twisting the line bundle by O¢(ICy), the trivialization
extends uniquely over Cy as required.

We need to lift the principal action of G on P. Write again I' for the
closure of the graph of G x7 P, — P, inside G x1 P, x¢ P,. This is a A-
equivariant subscheme, with respect to the action 0-(g, p1,p2) = (69, p1,0p2).
The action is free, as it is already free on the last factor. Therefore the pro-
jection I' — T'/A is a A-torsor. The quotient I'/A includes the subscheme
(I'/A), = Q. We claim that this is scheme-theoretically dense in I'/A,
because any nonzero sheaf of ideals with support over s would pull back to
a nonzero sheaf of ideals on I'. But I';, is by definition scheme theoretically
dense in I'. Since @ is normal, it follows that I'/A = Q. Now as both I" and
P are A-torsors over () and I' — P is A-equivariant, this morphism is an
isomorphism. Hence we have a morphism G x P — P, extending the action.
It is again easy to see this is a principal action with quotient C'. It is also
clearly unique.

Exactly the same argument shows that the morphism P, — V extends
uniquely to a G-equivariant P — V', as required.

STEP 2: We extend the twisted stable map C' — M over the general
locus Cgen, simply by applying the purity lemma (Lemma 4.4). Uniqueness
in the Purity Lemma implies that the extension is unique up to unique
isomorphism.

STEP 3: We extend the twisted curve C and the twisted stable map
C — M along the smooth locus of C.

Consider the index r; of C,, over a marking Eic of C. Let Cqy be the stack
obtained by taking r;-th root of ¢ on C for all i. Then (Csm )y is uniquely
isomorphic to (C;)sm-

We need to construct a representable map Cq,, — M lifting Cyy, — M.
The problem is local in the étale topology of Cgpn, s0 we may present Cgpy at a
point p on £¢ NCy as [D/ .., where D is smooth over T, with unique fixed
point g over p. Applying the purity lemma to the map D~{q} — M, we have
a unique extension D — M. The uniqueness applies also for p,, x D — M,
which implies that this object is p, -equivariant, giving a unique morphism
[D/p,,] — M, as needed.

STEP 4: We extend the twisted curve C and the twisted stable map
C — M over the closure of the singular locus of C,.

This is similar to step 3.

STEP 5: Extension over isolated singular points.

Consider an isolated node p of C. Passing to an extension on R we
may assume it is rational over the residue field k. Its strict henselization is
isomorphic to (Spec R[u,v]/(uv — 7)), where 7 is a uniformizer of R, and
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by Remark A.9 there is a twisted curve C; which is regular over p with index [.
This twisted curve has a chart of type [D/u;], where the strict henselization
of D looks like Spec R[z, y|/(xy — 7), where w; acts via (z,y) — (=, Cl_ly),
and u = z!,v = 3. There is a unique point ¢ of D over p.

To construct C; — M it suffices to apply the purity lemma to the map
D~ {q} — M; the resulting extension D — M is y;-equivariant by applying
the Purity Lemma to p; x D — M.

We need to replace the morphism C; — M, as it is not necessarily repre-
sentable, and the construction of C; does not commute with base change.

Consider the morphism C; — C x M. This morphism is proper and
quasi-finite. Let C; — C — C' x M be the relative moduli space. By the
local computation (Proposition 3.3), C is a twisted curve, hence C — M is
a twisted stable map. Further, its formation commutes with further base
change since the formation of moduli space does.

)

5. REDUCTION OF SPACES OF GALOIS ADMISSIBLE COVERS

Let S be a scheme and G/S a locally well-split finite flat group scheme.
We can then consider the stack ICy ,(BG) of twisted stable maps from genus
g twisted curves with n marked points to the classifying stack BG. This is
the stack which to any S-scheme T associates the groupoid of data

(C’ {Ei}znzl’ h:C— BG))

where (C,%;}" , is an n-marked twisted curve such that the coarse space
(C.{pi},) (with the marking induced by the ¥;) is a stable n-pointed
curve in the sense of Deligne-Mumford-Knudsen, and h is a representable
morphism of stacks over S.

The main result of this section is the following:

Theorem 5.1. The stack ICy,,(BG) is flat over S.

To prove this theorem we in fact prove a stronger result.
Let M{%,(G) denote the stack over S which associates to any S-scheme
T the groupoid of data

(C’ {Ei}znzl’ h:C— BG))

where (C,{%;}7_,) is an n-marked twisted curve over T" and h is a morphism
of stacks over S (so (C,{p;}_;) is not required to be stable and h is not
necessarily representable).

Lemma 5.2. The natural inclusion Kg,(BG) C M (G) is representable
by open immersions.

Proof. This is because the condition that an n-pointed nodal curve is stable
is an open condition as is the condition that a morphism of stacks C — BG
is representable, see Corollary C.7 and the discussion preceding it. o
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To prove 5.1 it therefore suffices to show that My, (G) is flat over S. For
this we in fact prove an even stronger result. Let ./\/lgwn denote the stack
defined in A.6. Forgetting the map to BG defines a morphism stacks

(5.2.1) M (G) = MY Xspee(z) S-
Since Mg‘” is smooth over Z by A.6 the following theorem implies 5.1.

v

Theorem 5.3. The morphism 5.2.1 is a flat morphism of algebraic stacks.
FEquivalently: let T be a scheme and C — T a twisted curve. Then
Homy(C, BG) is flat over T.

The proof of 5.3 occupies the remainder of this section.

Note first of all that My, (G) is an algebraic stack locally of finite pre-
sentation over MY . Indeed the stack M (G) is equal to the relative
Hom-stack

Hom e (™, BG x MY,

where C'V — ./\/lgwn denotes the universal twisted curve. This stack is
algebraic locally of finite type over M{%, by [30, 1.1].

We prove 5.3 by first studying two special cases and then reducing the
general case to these special cases.

5.4. The case when G is a tame étale group scheme. In this case we
claim that 5.2.1 in fact is étale. Indeed to verify this it suffices to show that
5.2.1 is formally étale since it is a morphism locally of finite presentation.
If Ty — T is an infinitesimal thickening and Cp — T is a twisted curve over
T, then the reduction functor from G-torsors on Cr to G-torsors on Cr, is
an equivalence of categories since G is étale.

5.5. The case when G is locally diagonalizable. Let T be an S-scheme,
and let C — T be a twisted curve. The stack over T of morphisms C —
BG is then equivalent to the stack TORS¢/r(G) associating to any T —
T the groupoid of G-torsors on C x7 T”. Let X denote the Cartier dual
Hom(G, G,,) so that G = SpecgOg[X].

We use the theory of Picard stacks - see [7, XVIIL.1.4] . Let Picc,7 denote
the Picard stack of line bundles on C, and let Pic¢ /7 denote the rigidification
of Picep with respect to Gy, so that Picep is the relative Picard functor of
C/T. By Lemma 2.7 we have that Pic¢,7 is an extension of a semi-abelian
group scheme by an étale group scheme.

Let Pice/r[X] denote the group scheme of homomorphisms

X — PiCc/T.
Lemma 5.6. The scheme Pice,r[X] is flat over T'.

Proof. The assertion is clearly local in the étale topology on S so we may
assume that S is connected and G diagonalizable. We may write G = [] i,,,
and X = [[Z/(n;). Then Picc,p[X] = [[ Pice/p[Z/(n:)].
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It then suffices to consider the case where X = Z/(n), in which case
Pice/p[X] = Picgyp[n]. This is the fiber of the map Picc/r Rali Pice 7
over the identity section. This is a map of smooth schemes of the same
dimension. It has finite fibers since Pice /7 is an extension of a semi-abelian
group scheme by an étale group scheme. Therefore this map is flat, and
hence Pice/p[X] — T is flat as well. [ )

Let Pice/p[X] denote the Picard stack of morphisms of Picard stacks
X — ﬂ)’iCc /T

where X is viewed as a discrete stack. Then Picc/p [X] is a G—gerbe over
Pice/p[X], hence flat over T

The result in the locally diagonalizable case therefore follows from the
following lemma:

Lemma 5.7. There is an equivalence of categories
TORSc/7(G) — Pice/r[X],

were TORS¢,7(G) denotes the stack associating to any T" — T the groupoid
of G-torsors on C x1 T'.

Proof. For any morphism s : C — BG, the pushforward s,O¢ on C x BG has
a natural action of G and therefore decomposes as a direct sum P, cx L.
Base changing to C — C x BG (the map defined by the trivial torsor) one
sees that each L, is a line bundle, and that the algebra structure on s,O¢
defines isomorphisms £, ® L,s — L, 1,/ giving a morphism of Picard stacks

F: X — Pice/p[X].
Conversely given such a morphism F', let £, denote F'(x). The isomorphisms
F(x+2') ~ F(x) + F(x2')
define an algebra structure on
Brex Ly

The relative spectrum over C x BG maps isomorphically to C and therefore
defines a section. 'y

Remark 5.8. With a bit more work, one can prove a more general result
which may be of interest: given a twisted curve C — T and a G-gerbe
G — C, the stack Sec(G/C) is a G-gerbe over its rigidification Secr(G/C),
and the T-space Secr(G/C) is a pseudo-torsor under the flat group-scheme
Pice/r[X]. In particular Secy(G/C) — T is flat.
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5.9. Observations on fixed points. Before we consider general G, we
make some observations about schemes of fixed points of group actions on
semi-abelian group schemes.

Let S be a scheme, and let A — S be a smooth abelian group scheme.
Let A° denote the connected component of the identity and assume we have
an exact sequence of group schemes

(5.9.1) 0—-A°—A—-W —0,

with W a finite étale group scheme over S. In what follows we will assume
that T is a constant group scheme (this always hold after making an étale
base change on S) and that A° is a semiabelian group scheme.

Let H be a finite group of order invertible on S acting on A (by homo-
morphisms of group schemes). Let N denote the order of H. Since A° is
a semiabelian group scheme multiplication by N is surjective and étale on
A°. Tt follows that multiplication by N on A is also étale and that there is
an exact sequence

XN

A A W/NW — 0.

In particular, the image of xN : A — A is an open and closed subgroup
scheme A’ C A preserved by the H-action.

Lemma 5.10. The scheme of fized points A is a smooth group scheme
over S.

Proof. We verify the infinitesimal lifting property. Let Ty < T be a closed
immersion defined by a square-zero ideal I C Op, and let py € A (T}) be
an H-invariant point. We show that pg can be lifted to an H-invariant point
of A(T). Since A is smooth we can after perhaps shrinking on 7 lift pg to
some point p € A(T). Define

g= Y p"eAT),

heH

where p" denotes the image of p under h : A — A. Note that in fact
G € AH(T) and that ¢ reduces to Npg in A(Tp) so that § € A" (T). Since
N is invertible in S multiplication by N : A — A’ is étale. Therefore after
replacing T' by an étale extension there exists an element ¢ € A(T) such
that Nq¢ = ¢. In particular, the reduction gy € A(Tp) of ¢ is an element with
N(go — po) = 0. Since the group scheme A[N] is étale over T' we can after
changing ¢ by a point of A[N] assume that ¢ reduces to py. For any h € H,
the point ¢" — ¢ € A(T) is a point annihilated by N since

N(¢"—q) = (Ng)" — (Ng) =¢" - §=0.
Since the reduction map
A[N](T) — A[N](To)
is injective it follows that ¢ € A7 (T). [ )
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Now let X be a finitely generated Z/p"-module with H-action, where p is
prime to N. Let A[X] denote the scheme of homomorphisms X — A. The
group H acts on A[X] as follows. An element h € H sends a homomorphism
p: X — A to the homomorphism

(5.10.1) x Moy 4y

The group scheme of fixed points (A[X]) is defined to be the fiber product
of the diagram

A[X]

lA
A[X] 5 Maen AIX]

Note that the group scheme of fixed points (A[X])" is potentially quite
unrelated to A7

[1}c s (h-action

Proposition 5.11. The group scheme of fized points (A[X]) is flat over
S.

Proof. Choose a presentation of X as an H-representation
(5.11.1) 0—-K—F—X—0,

where the underlying groups of K and F are free Z-modules of finite rank.
Let A[F] (resp. A[K]) denote the space of homomorphisms F' — A (resp.
K — A). Applying Hom(F, —) (resp. Hom(K,—)) to 5.9.1 we see that A[F]
(resp. A[K]) sits in a short exact sequence
0 — A°[F| — A[F] — Hom(F,W) — 0

(resp. 0 — A°[K| — A[K] — Hom(K,W) — 0),
where A°[F] (resp. A°[K]) is a semiabelian group scheme. Note also that the
relative dimension over S of A[F] (resp. A[K]) is equal to dim(A) - rk(F)
(resp. dim(A) - rk(K)). Since X is a torsion module rk(F) = rk(K) so
A[F] and A[K] have the same dimension. The inclusion K < F induces a
homomorphism
(5.11.2) A[F] — A[K]
whose kernel is A[X].

Lemma 5.12. The induced map
A%[F] — A?[K]

18 surjective.

Proof. The short exact sequence 5.11.1 induces an exact sequence of fppf-
sheaves on S

A°[F] — A°[K] — Ext'(X, A°).

Since Ext'(X,A°) = 0 (since A° is divisible) the surjectivity of A°[F] —
A°[K] follows. [ )
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By 5.10 the induced morphism
(5.12.1) [ (A[FDT — (AIK))H

is a morphism of smooth group schemes with kernel the finite group scheme
(A[X])H (which is finite since A[X] is a finite flat group scheme). Note
that the connected component of the identity in (A[F])? (resp. (A[K])¥) is
equal to the connected component of the identity in A°[F] (resp. A°[K]7).

Lemma 5.13. The morphism
AR — A0 KM
induced by 5.12.1 is surjective.

Proof. Let k be a field and suppose given an H-invariant homomorphism
[+ K — A% over k. We wish to show that after possibly making a field
extension of k we can find an extension f : F' — A° of f which is H-invariant.
Replacing S by Spec(k), for the rest of the proof we view everything as being
over k. Consider the short exact sequence of abelian group schemes with
H-action
0 — A°[X] — A°[F] — A°[K] — 0.

Viewing this sequence as an exact sequence of abelian sheaves on B Hy,pr we
obtain by pushing forward to Spec(k)gpr an exact sequence

AV (k) — A°[K)Y (k) — H' (B Hpppr, A°[X)).
The lemma therefore follows from Lemma 5.14 below (which is stated in the

generality needed later). o

Lemma 5.14. Let D be an abelian sheaf on BHrp gpr such that every local
section of D is torsion of order prime to the order of H. Let

f: BHT,fppf - Tfppf
be the topos morphism defined by the projection. Then R'f.D = 0 for all
1> 0.

Proof. Let Ty, — BHp be the simplicial scheme over BHp associated to the
covering T'— BHrp defined by the trivial torsor (as in [24, 12.4]). For p > 0
let fp : T tppt — Tippr be the projection. Note that T}, is a finite disjoint
union of copies of T', and therefore for any abelian sheaf F' on T}, g,,r we have
R fp« ' =0 for @ > 0. From this it follows that Rf.D is quasi-isomorphic in
the derived category of abelian sheaves on Tf,,¢ to the complex

fosD|ry, — f1:Dlm, — -+ .

Therefore the sheaf R'f,D is isomorphic to the sheaf associated to the
presheaf which to any 7" — T associates the group cohomology

(5.14.1) H'(H,D(T")),

where D(T") denotes the H-module obtained by evaluating D on the object
T" — BH corresponding to the trivial torsor on 7”. Since D(T") is a direct
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limit of groups of order prime to the order of H, it follows that the groups
5.14.1 are zero for all i > 0. [

We now complete the proof of Proposition 5.11. It follows that the map
on connected components of the identity

(A[F)T)e — (A[K]™)

is a surjective homomorphism of smooth group schemes of the same dimen-
sion, and hence a flat morphism. Therefore the morphism

A[F)H — A[KH

is also flat and hence its fiber over the identity section, namely A[X], is

flat over S. 'Y

5.15. General G: setup. We now return to the proof of 5.3.

The assertion that 5.2.1 is flat is clearly local in the flat topology on S.
We may therefore assume that G is well-split so that there is a split exact
sequence

1—-D—-G—H—1,
with H étale and tame and D diagonalizable. The map G — H induces a
morphism over M}, x S
(5.15.1) M (G) — MY (H).
We may apply the case of étale group scheme (Section 5.4) to the group
scheme H.. Therefore we know that MY, (H) is flat (even étale) over My, x
S so it suffices to show that the morphism 5.15.1 is flat.

For this in turn it suffices to show that for any morphism ¢ : T —
M;WN(H ), with 7" the spectrum of an artinian local ring, the induced map

(5152) Mg‘:vn(G) XM;\%(H) T —T

is flat.

Let (C — T, F : C — BH) be the n-pointed genus g twisted curve together
with the morphism F : C — BH corresponding to ¢, and let C" — C denote
the H-torsor obtained by pulling back the tautological H-torsor over BH.
So we have a diagram with cartesian square

¢ —— ¢

! s

T —— BHyp

|7
T.
For the rest of the argument we may replace S by T, pulling back all the
objects over S to T

The action of H on D defines a group scheme D over BHp whose pullback
along the projection T" — BHr is the group scheme D with descent data
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defined by the action. Let D denote the pullback of this group scheme to
C. The pullback of D to C’ is equal to D x7 C’, but D is a twisted form of
D over C. Similarly, the character group X of D has an action of the group
H, giving a group scheme X over BHr which is Cartier dual to D.

Let G — C denote the stack C x gy BG, and let G’ — C’ denote the pull-
back.The stack G is a gerbe over C banded by the sheaf of groups D. To prove
that the morphism 5.15.2 is flat we need to show that the stack Sec(G/C)
is flat over T'. As T is local artinian, we may assume that Secy(G/C) — T
is set theoretically surjective, and replacing T' by a finite flat cover we may
also assume that Secy(G/C) — T has a section over the reduction of 7.

Note that the gerbe G’ — (' is trivial: there is an isomorphism G’ ~
C' x BD. This is because T — BH corresponds to the trivial torsor, and
any trivialization gives an isomorphism 7' X gy BG ~ BD. It follows that
Secy(G'/C") = TORSe /1 (D) as a scheme over T'. However this isomorphism
is not canonical.

5.16. Reduction to C’ connected. We wish to apply previous results such
as 5.7 to (' — T, but our discussion applied only when this is connected.
We reduce to the connected case as follows: Suppose the H-bundle C' — C
has disconnected fiber over the residue field of T', then since T is artinian we
can choose a connected component C” C C'. Let H” C H be the subgroup
sending C” to itself. Then C”"— > C is an H”-bundle. If we denote G” =
G x gy H”, there is an equivalence of categories between G-bundles & — C
lifting the given H-bundle C’ and G”-bundles £” — C lifting the H” bundle
C": one direction is by restricting £ to C” C C’, the other direction by
inducing £’ — C from G” to G. Tt therefore suffices to consider the case
when C' — T has connected fibers.

5.17. General G: strategy. Our approach goes as follows:

(1) By Lemma 5.7 we have a precise structure, as a gerbe over a group
scheme, of the stack Secp(G'/C").

(2) This provides an analogous precise stucture on Secgp, . (G/C) and its
rigidification Secpp,.(G/C): we have that Secg,.(G/C) is a D-gerbe
over Secpp,(G/C). However Secpm,(G/C) is not a group-scheme
but a torsor (see below).

(3) The stack

Secr(G/C) = Secr (Secpp, (G/C) / BHr)

can be thought of as a stack theoretic version of push-forward in the
fppf topology from BHp to T'. Indeed, for a representable morphism
U — BHry, the fppf sheaf associated to the space Secy(U/BHr)
coincides with f.(U)sppr. We analyze the structure of the push-
forward of its building blocks, namely the rigidification Secpp,. (G/C)
and the group-schemes underlying the torsor and gerbe structures.
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5.18. Structure of Secy(G'/C") and Secpy, (G/C). Let us explicitly state
the structure in (1) above:
e Secr(G'/C") — Secr(G'/C') is a gerbe banded by the group-scheme
D, and
e the rigidification Secyp(G’/C") of Sec(G'/C') is isomorphic to the T-
group scheme Picer /p[X].
We proceed with the structure in (2).

Lemma 5.19. The automorphism group of any object of Secpy..(G/C) over
Z — BH is canonically isomorphic to D(Z)

Proof. This follows from the facts that G is a D-gerbe and C — BH con-
nected. Indeed if s : C — G is a section, then an automorphism of s is given
by a map C — D. This necessarily factors through BHr since by connect-

edness F,.O¢ = Opp, (where F': C — BHry is the structure morphism) and
D is affine over BHr. 'y

We can define Secpp, (G/C) to be the rigidification, (which is also the
relative coarse moduli space since Secpm, (G/C) — BH is representable).
We have that Secpy,.(G/C) — Secpu,(G/C) is a gerbe banded by D.

We also have naturally that Secy(G'/C') = T X g, Secpy,.(G/C). The
lemma above and the base change property of rigidification gives Secr (G’ /C') =
T X g, Secpr, (G/C). Let us look at the structure underlying Secpp,. (G/C).

The group H acts on Picerj7 and on X. We therefore also obtain a left
action of H on

PiCCl/T [X] = HOII](X, PiCCl/T),

where h € H sends a homomorphism p : X — Picer /7 to the homomorphism

(5.19.1) X M X P Piceyp —"— Picerr.

This defines an fppf sheaf on BHp, which is easily seen to be represented
by Pice) g, [X]-

Note that in general the identification Secy (G’ /C’) = T'x g, Secpm, (G/C)
does not give an isomorphism of Secpp,.(G/C) with Picc/pp,.[X], because
the descent data may in general be different. However, we have the following;:

Lemma 5.20. There is a natural action of Picc/pp,[X] on Secpu,.(G/C),
which pulls back to the natural action of Picer [X] on itself by translation.
In particular Secpp,(G/C) is a torsor under Pice,pp, [X].

Proof. Let ® : X — Picc/pp, be an object of Pice/pp,.[X] over some arrow
§:7Z — BHr and s : C — G a section, again over Z. Then we can
define a new section s® : C — G as follows. Let P® denote the D-torsor
corresponding to ® (see Lemma 5.7). The section s defines an isomorphism
(which we denote by the same letter)

s:Cx BD — g,
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and we let s® denote the composite

c P ouBDp — g

By the universal property of rigidification this defines an action of Pic¢, g, [X]
on Secpp, (G/C). The fact that its pullback is identified with the action of
Picer /p[X] on itself by translation is routine. [ )

5.21. The pushforward of Pic¢,py,[X] and its torsor Secpp,(G/C).
We write (Pice/ g, [X])mppt for the sheaf in the fppf topology on BHr rep-
resented by Picc/pp,[X]. The fppf pushforward fi((Picc/pr, [X])tppt) is
represented by the scheme of fixed points Picer 7 [X 1. We have:

Lemma 5.22. The scheme of fized points PiCC//T[X]H 18 finite and flat over
T.

Proof. Note that in the notation of Section 2.11, since X is a torsion group
we have

PiCc//T [X] = Png//T [X]
where Picg, /T is the group scheme of degree-0 line bundles defined in 2.10.
Now by 2.11, we have that Picg, /7 is an extension of a semi-abelian group
scheme by an étale group scheme. The latter étale group scheme is finite

since T is assumed Artinian local. The lemma therefore follows from Propo-
sition 5.11. 'y

Now consider the torsor Secpm,.(G/C) and the pushforward under f of
the corresponding sheaf (Secpp, (G/C))fppt- We have the following.

Lemma 5.23. Let & be an abelian sheaf on BHr ¢ such that every local
section 1s torsion of order prime to the order of H, and let P — BHrp be
a E-torsor. Then the sheaf of sets foP on Tiyye is a torsor under the sheaf

£.E.

Proof. The fact that P is a torsor under £& immediately implies that f,P is
a pseudo-torsor under f.£. So the only issue is to show that fppf locally
on T the sheaf f,P has a section. Equivalently, we need to show that after
making a flat surjective base change 7" — T the torsor P itself becomes
trivial. The class of the torsor is a class in H'(BHy, ). By 5.14 and the
Leray spectral sequence this lies in H(T, f.£). Any class in this group can
be killed by making a flat surjective base change 7" — T. ®

In our situation, with & = (Picc/pp, [X])mppt and P = Secpr; (G/C)ippt,
we obtain that the sheaf f.(Secpm, (G/C))sppt is represented by a torsor
under Pices /T[X]H . In particular the space representing this sheaf is flat
over T'.

We denote this T-space by the shorthand notation Sec” - a complete
notation would look like Secy(Secpn,.(G/C)/BHr).

We turn our view to Secy(G/C).
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Lemma 5.24. The automorphism group-scheme of an object of Secr(G/C)
ober a T-scheme B is the group scheme D representing f.D.

Proof. Let s : C — G be a section over some T-scheme B. Since Sec(G/C) =
Secr(Secy(G/C) / BH), an automorphism of s is a section over B x BH
of the automorphism group-scheme of s viewed as an object of Secpy(G/C)
over B x BH. By Lemma 5.19 this is a section over B x BH of the group
scheme D, namely a section of f,D, as required. ®

We can define Secr(G/C) to be the rigidification. We have that Sec-(G/C) —
Secr(G/C) is a gerbe banded by the group scheme D representing f.D.

It therefore suffices to show that Secy(G/C) is flat. There is a natural
map Sec(G/C) — Sect inducing Secr(G/C) — Sec?. The following clearly
suffices:

Proposition 5.25. The morphism Secr(G/C) — Sec! is a gerbe banded by
the group scheme DY representing f.D, and hence Secr(G/C) — Sec!! is an
1somorphism.

Consider a morphism Z — Sec!” and the fiber product
8 := 7 xg, i Sec(G/C).
Lemma 5.26. Locally in the fppf topology on Z there exists a section Z — 8.

Proof. Let 5 € f.(Secpw, (G/C) (Z) denote the section defined by Z — Sec’.
By definition it corresponds to a morphism BH; — Secpp, (G/C) over the
natural morphism BHy — BHr. Since Secpy, (G/C) is a D-gerbe over
Secpr, (G/C), the obstruction to finding a section of § over 5 is equal to the
class of the D-gerbe of liftings of 5§ : BH; — Secpn,(G/C) to a morphism
BHyz — Secpy,.(G/C). This class lies in Hfzppf(BHZ,D). Since by Lemma
5.14 we have R'f,D = 0 for i > 0, the spectral sequence puts this class in
prpf(Z, f+«D). This vanishes when pulled back to an fppf cover, and the
lemma follows. ®

If 5,5 € 8(Z) are two sections, then we claim that after making a flat
base change on Z the sections s and s’ are isomorphic. Indeed let I be the
sheaf over BH 7t of isomorphisms between the two morphisms BHz —
Secpp,.(G/C) corresponding to s and s’. Then I is a D-torsor over BH z gyt
and since R' f,D = 0 it follows that fppf locally on Z this torsor is trivial. It
follows that § is a gerbe banded by f,D. This completes the proof of 5.25,
implying 5.3. [ )

6. EXAMPLE: REDUCTION OF X(2) IN CHARACTERISTIC 2

6.1. X(2) as a distinguished component in Ky 4(Bpu,). Let X(2) denote
the stack over QQ associating to any scheme T the groupoid of pairs (E,¢),
where E/T is a generalized elliptic curve with a full level 2-structure ¢ :
(Z/2)* ~ E[2] in the sense of Deligne-Rapoport [12].
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Order the elements of (Z/2)? in some way. For any pair (F,:) € X(2)(T),
the involution P — —P has fixed points the 2-torsion points E[2] C F, and
hence the stack-theoretic quotient [E/ + 1] of E by this involution comes
equipped with an ordered set of gerbes ¥; C [E/ & 1] in the smooth locus.
Furthermore, one checks by direct calculation on the geometric fibers of E
that the coarse space of [E/ &+ 1] with the resulting four marked points is
a stable genus 0 curve with four marked points. In this way we obtain a
morphism of stacks

X(2) = Koa(Bpa)o
sending
(E,1)— (E— [E] £1],{%; C [E/ £ 1]}).

One verifies immediately that this functor is fully faithful, and identifies X(2)
with the closed substack g C Ko a(Bpsy)g classifying data (B — P, {%;})
where B — P is a py-torsor such that the resulting map B — P to the
coarse space of P is ramified over each of the marked points of P.

We have seen that Ko 4(Bp,) is flat over Spec(Z). We want to have a nice
description of the closure K of Kq, preferably as a naturally defined moduli
stack flat over Z. It turns out that this can be done in the best possible way:
K is an open and closed substack of Ko 4(Bpy), defined naturally in terms
of the behavior of the py-cover at the marked points. One can describe this
directly, but we find that this gives us a good pretext for introducing the
rigidified cyclotomic inertia stack and evaluation maps.

6.2. Cyclotomic inertia. Recall that in [3, §3] one defined the cyclotomic
inertia stacks: for fixed positive integer 7 > 1 we denote by Z,, (X') — X the
stack whose objects are pairs (£, ¢) where ¢ is an object of X and ¢ : p, —
Aut(¢) is a monomorphism, and whose arrows are commutative diagrams as
usual; and

Tu(X) = [ Zp, (X).
r=1

For a noetherian stack with finite diagonal, The argument of [3, Propo-
sition 3.1.2] shows that the morphism Z,(X) — X is representable by
quasiprojective schemes. Indeed, the fiber over an object & € X(T) is the
scheme [ [, Homg, _ g7 (1, Aut(§)), which is quasiprojective as the rele-
vant r is bounded.

Proposition 6.3. If X' is tame, the morphism Z,(X) — X is finite.

Proof. As the problem is local in the fppf topology of the coarse moduli
space X of X, we may assume X = [U/G] with G a linearly reductive
group-scheme [4, Theorem 3.2 (c)]. The pull-back Zy xy U is a closed
subgroup scheme of the finite flat linearly reductive group scheme Gy. It
therefore suffices to show the following Lemma. [
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Lemma 6.4. Let G and Go be two finite flat linearly reductive group
schemes over a scheme U. The scheme Homy, oy, schemes /7 (G1, G2) is fi-
nite over U.

Proof. The condition that a morphism G'1 7 — Ga r over some 7' is a group
homomorphism is clearly a closed condition. It follows that the scheme
Hom, oup-schemes /0 (G1, G2) is a disjoint union of quasi-projective schemes
being a locally closed subscheme of the Hilbert scheme of G x Go.

To prove that Hom,,oup, schemes /v (G1, G2) is finite over U, we verify the
valuative criterion for properness. The fact that

}IO—mgroup—schemes /U(G17 GQ) —-U

is quasi-finite can be easily verified along similar lines.

So suppose U is the spectrum of a discrete valuation ring V' with generic
point 1 = Spec(K), and let f, : G1, — Ga, be a homomorphism. Let p
be the residue characteristic of V' (p = 0 is allowed), and let A; C G; be
the subgroup scheme of p-torsion elements. Since the group schemes G; are
linearly reductive, the group schemes A; are locally diagonalizable and the
quotients H; = G;/A; are étale. The map f, restricts to a homomorphism
hy : A1, — Ag, and induces a homomorphism fn : Hy, — Hy,. Since
the group schemes A; are diagonalizable the morphism h, extends to a
homomorphism h : A; — Ay, Similarly since the group schemes H; are
étale the morphism fn extends to a homomorphism f : H; — Hy. We then
need to find a dotted arrow f filling in the diagram

0 Al >G1 > Hq >0
|
L
<
0 > Ao Go H, 0

and restricting to f, on the generic fiber. The morphism f is clearly unique
if it exists, so it suffices to prove its existence after replacing V by a finite
flat extension. By [4, 2.16] we may therefore assume that G; = Hy X Aq is
well-split. Since H is constant and (G5 proper, the composite

b
Hyy C Gry = Gay

then extends uniquely to a morphism of schemes g : Hi — G5. Define a
morphism of schemes

f : Gl = H1 X Al — GQ, (Z,(S) = g(z) : h(&)

This morphism is a homomorphism since it restricts to a homomorphism on
the generic fiber. This completes the verification of the valuative criterion
and therefore the proof of that Hom G1,G9) is finite over U.

[ )

Remark 6.5. In fact the scheme Hom,, oy, schemes/u (G1, G2) in 6.4 is also
flat over U.

group-schemes /U (
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To prove this it suffices to consider the case when U is the spectrum of
an artinian local ring A. After replacing A by an fppf cover we may assume
that the group schemes G; = H; x A; are well-split, where A; is a local
group scheme over U and H; is étale. We then obtain a morphism

I—Io—mgroup—schemes /U (Gl ) G2 )

l

I—Io—mgroup—schcmcs /U (Al, A2) X I—Io—mgroup—schcmcs /U (H17 H2)

The target of this morphism is a product of étale group schemes of finite
type, so it suffices to show that this morphism is flat. So fix homomorphisms
h:A; — Ay and f: H — Hy. For any lifting f : H; — G5 we then obtain
a morphism of schemes

f:H x Al — Hyx Ny, (2,8) — f(2)h(5).

A calculation shows that the condition for f to be a homomorphism of
group-schemes is equivalent to the condition that the map

hZA1—>A2

is compatible with the Hi-actions, where Hp acts on As through the homo-
morphism f : H; — Hs. If X, is the character group of A; and h* : Xy — X
is the map defining A, then h is compatible with the Hi-actions if and only
if h* is compatible with the Hi-actions. This is clearly an open condition.
It follows that to complete the proof of the claim it suffices to show that the
scheme of liftings of f to a homomorphism f : Hy — Gg is flat over U.

For this note that any lifting f is given by a map & : H; — Ag(U) defined
by

JE(Z) = (f(z)vgz) € Hy x As.

If 2,2/ € Hy are two elements, we then must have

(f(zz,)vé.zz’) = f(ZZ/)

= J&f)
= (f(2).&)((2).&)
= (F@f()€ +&).

S0 &, = €2 4+ £, in other words & : Hy — Ay (U) defines a 1-cocycle for H;
with coefficients in Ay(U). Conversely any 1-cocycle for Hy with coefficients
in Ay(U) defines a lifting f.

Since the order of Hj is prime to the order of Ay(U) such a 1-cocycle
is trivial in cohomology, so there exists an element m € Ay(U) such that
&, =m*—min Ag(U). This element m is uniquely determined up to adding
an Hi-invariant element of Ay(U). From this it follows that the scheme of
liftings of f is isomorphic to the diagonalizable group scheme defined by
the kernel of the homomorphism Xy — X g, (where X3, denotes the
coinvariants).
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6.6. Rigidified cyclotomic inertia. Each object of Z,, (X') has p, sitting
in the center of its automorphisms. We can thus rigidify it and obtain a
stack Z,, (X) with a canonical morphism Z,, (X) — Z,, (X). Taking the
disjoint union over r > 1 we obtain Z,,(X) — Z,,(X). The stack Z,,(X) is
called the rigidified cyclotomic inertia stack of X.

The stacks Z,, (X) and Z,,(X) have another interpretation, discussed in
[3, Section 3.3]. Consider the 2-category whose objects consist of morphisms
of stacks o : G — X, where G is a gerbe banded by p, and « is a repre-
sentable morphism; morphisms and 2-arrows are defined in the usual way.
Since « is representable, this 2-category is equivalent to a category. This is
isomorphic to the stack Z,, (X’). This gives the stack 7,.(X) the interpreta-
tion as the stack of cyclotomic gerbes in X, and Z,(X) — Z,,(X) together
with Z,,(X) — X is the universal gerbe in X'. The non-identity components
of Z,,(X) are known as twisted sectors.

6.7. Evaluation maps. Consider now the stack of twisted stable maps
KCgn(X,3). This comes with a diagram

¥ ——Cyn(X, ) — X

l

Kgn(X, B).

where Cy (X, ) — X is the universal twisted stable map and ¥; are the n
markings. For each i, the resulting diagram

Yi—— X

|

Kgn(X,5).

is a cyclotomic gerbe in X’ parametrized by K, (X, 3). This gives rise to n
evaluation maps

et Ky (X, 8) — Tu(X),
Evaluation maps (and their sisters, twisted evaluation maps) are of central

importance in Gromov—Witten theory of stacks, because the natural gluing
maps

Kgl’nl"'l(X’ﬁl) XZ(X) ]C92’1+"2(X’B2) — ]C91+92,n1+n2(‘)(752)
have the fibered product based on the evaluation map on the right and the

twisted evaluation map, namely the evaluation map composed with inversion
on the band, on the left.
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6.8. Back to K C Ko4(Bpy). The rigidified cyclotomic inertia stack of
By has two components - the identity component is B, itself, and the
non-identity component - the twisted sector - is a copy of the base scheme
SpecZ.

Since Kg corresponds to totally ramified maps, it is precisely the locus in
Ko,4(Bpy) where all four evaluation maps land in the twisted sector. Since
Zu(Bpg) is finite unramified, the inverse image of each component is open
and closed. Therefore K, the closure of Kg in Ko 4(Bp,) is open and closed.
In particular it is flat over Z. Also, since the generic fiber is irreducible, £ is
irreducible. It is simply the gerbe banded by py over the A line HOA ~ P!,
associated to the class in prpf(IP’l, o) associated to ¢1(Opi(1).

6.9. What does Ky, parametrize? There is one little problem with the
closure K of X (2)g: in characteristic 2 it has nothing to do with elliptic
curves.

Given a smooth rational curves with 4 marked points, say at 0,1, 00 and
A, there is a unique py-bundle over the twisted curve which is degenerate
over the coarse curve at all the markings, namely the scheme given in affine
coordinates by the equation

v =z(z—1)(z - \).

In characteristic 2, this is a cuspidal curve of geometric genus 0, with its
cusp given by 22 = X. This well known example is possibly the simplest
example of geometric interest of a principal bundle over a smooth scheme
with singular total space.

It is not difficult to see that a similar situation holds at the node of a
singular curve of genus 0: the singularity of the p,-bundle is a tacnode.

6.10. X(2) as a distinguished component in K 1(Bu3). Let
Pa(Bu3) © K11(Bus3)

be the open substack classifying p2-torsors over smooth elliptic curves. For
any object (E/T,P — E) € IC‘il(Bu%) over some scheme T, there is a
natural action of u3 on this object given by the action on P. Let Kil(l‘?u%)
be the rigidification.

A simple, but not concrete, description of Kil(l‘?u%) was given in Lemma
5.7: let E/M;j 1 be the universal elliptic curve. Then as discussed before,
K11(Bud) = Picgaq, , [X] where X = (Z/(2))2. It follows that

K31 (Bu3) = Picg/m, , [2] X my, Picga, , 2]
The compactification over the boundary of Mm is not hard to describe as
well. But we wish to describe this stack in terms of more classical objects.
The stack Eil(Bu%) can be reinterpreted as follows.
Given an object (E/T,m : P — FE) € IC‘il(Bu%) over a scheme T, the
sheaf 7,0p on E has a p2-action given by the action on P, and therefore
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decomposes as a direct sum
7.Op = @XE(Z/Q)zLX‘
Furthermore, since P is a torsor over I each L, is a locally free sheaf of
rank 1 on F. The sheaves L, therefore define a homomorphism
¢p: (Z/2)* — Pic"(E)~E,
X o~ [Lyl

Let 3H(2) denote the stack over Z associating to any scheme 7' the groupoid

of pairs (E,¢), where E/T is an elliptic curve and ¢ : (Z/2)? — E[2] is a

homomorphism of group schemes over 1. The above construction gives a
functor

P1(Bu3) — 3(2)
and a straightforward verification shows that this functor induces an iso-
morphism
Kl,l(BN%) ~ H(2).

For any quotient of finite abelian groups 7 : (Z/2)? — A, let H4(2)
denote the stack associating to any scheme 7" the groupoid of pairs (E, ¢4),
where E/T is an elliptic curve and ¢4 : A — F[2] is an A-structure in the
sense of Katz-Mazur [20, 1.5.1]. Sending such a pair (E,$4) to

(B, (2/2? "> A% E[2])
defines a morphism of stacks
(6.10.1) HA2) — H(2).

Using [20, 1.6.2] one sees that this in fact is a closed immersion.

We can describe the above in more classical notation as follows. Define
stacks Y(2), Y1(2), and Y(1) by associating to any scheme 7' the following
groupoids:

Y(2) : The groupoid of pairs (E,¢), where E/T is an elliptic curve and
¢ :(Z/2)? — E[2] is a (Z/2)?-generator;
Y1(2) : The groupoid of pairs (E,¢), where E/T is an elliptic curve and
¢ :(Z/2) — E[2] is a (Z/2)-generator;
Y(1) : The groupoid of elliptic curves over T
Then 6.10.1 gives a closed immersion

i® 1 Y(2) — H(2)
corresponding to the identity map (Z/2)? — (Z/2)?, three closed immersions
Z%) : 131(2) — 9{(2)7 J = 172737

corresponding to the three surjections (Z/2)? — Z/2 (indexed by index 2
subgroups K C (Z/2)?), and a closed immersion

i Y1) = H(2)
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corresponding to the unique surjection (Z/2)? — 0. The resulting map

(6.10.2) Y [[h@[[h@ @[]0 — %)

is then a proper surjection, which over Z[1/2] is an isomorphism. Note in
particular that the forgetful map H(2) — Y(1) sending (F,¢) to E has
degree 16, as H(2) — Y(1) is flat by 5.3 and over Z[1/2] the map clearly has
degree 16.

Over 9, however, the map 6.10.2 joins together the various components
in an interesting way. If E'/k is an ordinary elliptic curve over a field k of
characteristic 2, then any homomorphism

(6.10.3) ¢:(Z)2)* = E[2] ~7Z/(2) X o

has a nontrivial kernel, and the irreducible components of Y(2)r, are indexed
by these kernels. Since a Z/(2)2-structure is surjective on geometric points,
the kernel cannot be the whole group. Therefore Y(2)r, has 3 irreducible
components: for a subgroup K C (Z/2)? of index 2 we get an irreducible
component ‘3(2)?2 corresponding to pairs (F, ¢), where the map 6.10.3 has
kernel K. Note also that for any ordinary elliptic curve E/k over a field k,
the fiber product of the diagram

Y(2)f,

l

Spec(k) r, Y(1)r,
has length 2 over k.
Similarly the reduction Y;(2)r, has two irreducible components

Y1(2)r, = Y1(2) UY1(2)",

where Y;1(2) (resp. Y1(2)?) classifies pairs (E, ¢ : Z/2 — E[2]) where the
map ¢ is injective (resp. the zero map). This time only the fiber of Y;(2)
over a k-point of Y(1)r, has length 2.

The closed fiber H(2)p, then has four irreducible components. For a sub-
group K C (Z/2)? of index 2, we have an irreducible component Zx which
is set-theoretically identified with Y(2)f as well as the component Yi(2)’

(1)

given by the inclusion ij’. The fourth component Zj is set-theoretically
identified with Y(1)g, via i), and with all the components Y;(2)? via the
inclusions ig).

Over the point of Y(1)(F3) given by the supersingular elliptic curve £,

there is only one homomorphism (the zero map)
¢ (2/2)* — E[2],

and hence the four irreducible components of H(2)p, all intersect at this
point (and nowhere else). Note also that over the ordinary locus of Y(1),
each of the components Zx has length 4 over Y(1)p, as does the component
Zy (so H(2)r, has length 16 over Y(1)r,, as we already knew).
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The reduced fiber over o looks roughly like this:
(1.1)
0.1

(1.0

=0

The following figure schematically describes the main component Y(2):

Here is the component Y1 (2)¥ for K generated by (1,1):
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There are of course two more corresponding to the two other K of order 2.

In addition of course there is Y(1):

N

N

~

~

=S

=

The way the main component Y(2) meets Y1(2)¥ is described as follows:
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and the other two are similar, of course along the corresponding component
Y(2)i, -

The main component Y(2) meets Y(1) only at the supersingular point,
but Y1 (2)% meets Y(1) along the component corresponding to ¢ = 0:

The complete picture is something like this:
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An important question is that of describing explicitly the “most impor-
tant” part of Egm(Bu%f), in this example X(2). In genus 1, Katz and Mazur
gave an ideal solution: the moduli stack of generalized elliptic curves with
(Z/m)* structure, which is a closed substack of our Ky 1(Bu2,), is regular
and flat over M 1. But for higher genus a satisfactory conclusion is missing:
in [20, Section 1.9] Katz and Mazur proposed a solution using norms, but it
was shown to be ill behaved in [9, Appendix A]. It still may be of interest

to study the closure of the Q-stack M;m) of level m curves in Kg(Bu%f).

APPENDIX A. TWISTED CURVES AND LOG CURVES
BY MARTIN OLSSON

In [29] we introduced a notion of log twisted curve, and proved that the
category of log twisted curves (over some scheme S) is naturally equivalent
to the category of twisted Deligne-Mumford curves over S. The definition of
a log twisted curve in loc. cit. included various assumptions about certain
integers being invertible on the base scheme. In this appendix we show that
if we remove these assumptions in the definition of log twisted curve, we
obtain a category equivalent to the category of twisted curves.

Definition A.1 ([25, 3.1]). Let X be an Artin stack.
(i) A fine log structure M on X is called locally free if for every geometric
point # — X the monoid Mz := Mjz/ O}j is isomorphic to N” for some 7.
(i) A morphism M — N of locally free log structures on X is called
simple if for every geometric point Z — X the monoids Mz and Nz have
the same rank, the morphism ¢ : M, — N3 is injective, and for every
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irreducible element f € Nz there exists an irreducible element ¢ € My and
a positive integer n such that p(g) = nf.

Remark A.2. This differs from [29, 1.5] where the integer n in (A.1 (ii))
was assumed invertible in k(Z).

Let f : C' — S be a nodal curve over a scheme S. As discussed in [29, §3],
there exist canonical log structures Mo and Mg on C and S respectively,
and an extension of f to a log smooth morphism

(07 MC) - (S7MS)

Definition A.3. A n-pointed log twisted curve over a scheme S is a collec-
tion of data

(C/Sv {0i7ai}zn:17£ Mg — MfS’)?
where C'/S is a nodal curve, o; : S — C are sections, the a; are positive
integer-valued locally constant functions on S, and ¢ : Mg — M is a
simple morphism of log structures on S, where Mg denotes the canonical
log structure on .S mentioned above.

Let (C/S,{04,a;},¢ : Mg — M) be a log twisted curve over S, and let
(A.3.1) (C,M¢c) — (S, Mg)

be the morphism of log schemes obtained from the pointed curve
(C/S,{o:})

as in [29, 3.10] (note that M¢ is not equal to M mentioned above, as
M also takes into account the marked points). We construct a twisted
n—pointed curve (C,{%;})/S from the log twisted curve (C/S,{o;,a;},¢ :
Mg — M) as in [29, §4].

Define C to be the fibered category over S which to any h : T — S
associated the groupoid of data consisting of a morphism s: T — C over h
together with a commutative diagram of locally free log structures on T’

W Mg — h* M
(A.3.2) l lf

s*Mce kM ,
where:
(1.3 (i)) The map k is a simple, and for every geometric point ¢ — T, the

map Mgy — MIC,E is either an isomorphism, or of the form N" — Nr+!
sending e; to e; for i < r and e, to either e, or e, + e,41.

(1.3 (ii)) For every i and geometric point ¢ — T with image under s in
0;(S) C C, the group

(A.3.3) Coker(ﬂiggg ® M%I} — M’Cg}})

is a cyclic group of order a;(t).
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For every i, define ¥; C C to be the substack classifying morphisms s :
T — C which factor through o;(S) C C and diagrams (A.3.2) such that for
every geometric point ¢ — T the image of

(Mg — (" M) — Org
is zero.
Proposition A.4. The data (C,{%;}"_,) is a twisted n-pointed curve.
Proof. This follows from the argument given in [29, §4]. [
The main result of this appendix is the following:
Theorem A.5. Let S be a scheme. The functor

(A5.1)  (n-pointed log twisted curves) — (twisted n-pointed curves)

sending (C/S, {0, ai}, L : Mg — M) to the twisted n-pointed curve (C,{Z;}1-;)
constructed above is an equivalence of categories. Moreover, this equivalence
of categories is compatible with base change S’ — S.

We prove this theorem below. Before giving the proof, however, let us
record the main consequences of this result that we will use.

Fix integers g and n, and let §, ,, denote the fibered category over Z which
to any scheme S associates the groupoid of all (not necessarily stable) n—
pointed genus g nodal curves C/S. The stack §,, is algebraic, and as
explained in section [29, §5] the substack S(g]m C 84, classifying smooth
curves defines a log structure Mg, on 8;,. The same argument used in
[29, §5] yields the following theorem:

Theorem A.6. Let ./\/lgwn denote the fibered category over Z which to any
scheme T associates the groupoid of n—marked genus g twisted curves (C,{%;})

over T'. Then Mgwn 18 a smooth Artin stack, and the natural map

(A.6.1) T MY — 8y

sending (C,{X;}) to its coarse moduli space with the marked points induced
by the X; is representable by tame stacks. Moreover, there is a natural locally
free log structure MM;‘”” on M;Wn

Remark A.7. Consider a field k and an object (C,{¥;}) € My, (k). Let
(C,{0oi}) be the coarse moduli space, and let R be a versal deformation space
for the object (C,{o;}) € 84,(k). Let qi1,...,¢m € C be the nodes and let
r; be the order of the stabilizer group of a point of C lying above ¢;. As in
[11, 1.5], there is a smooth divisor D; C Spec(R) classifying deformations
where ¢; remains a node. In other words, if ¢; € R is an element defining D;
then in an étale neighborhood of ¢; the versal deformation C' — Spec(R) of
(C,{o;}) is isomorphic to

Spec(R[z,y]/(zy — ti))-
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It follows from the argument in [29, §5] that the fiber product
Mf]\jvn ng,n SpeC(R)
is isomorphic to the stack-theoretic quotient of
Spec(R[z1, .- zm]/ (21" —ti, .. 20 —t))

by the action of p., X -+, for which ({1,...,¢) € iy X -+ - iy, sends z;
to (;z;. In particular M;Wn is flat over §, ,,, and hence also flat over Z.

We also get a generalization of [29, 1.11]:

Corollary A.8. For any integer N > 0, let MEV,VﬁSN denote the substack of

./\/lgwn classifying n—pointed genus g twisted curves such that the order of the
stabilizer group at every point is less than or equal to N. Then M%{SN 18
tw, <N

an open substack of M

gm and the map Mgy=" — 84, 1s of finite type and
quasi-finite.

Remark A.9. Let R be a discrete valuation ring with uniformizer © and
separably closed residue field, and let C'/R be a nodal curve. Let py,...,p,
be the nodes of C in the closed fiber. Then we have a log smooth morphism

(C,M¢) — (Spec(R), MR),
where the log structure Mprp — R admits a chart N” — R such that the
image of the i-th standard generator is equal to 7, where I; € NU{oo} is an

element such that in an étale neighborhood of p; the curve C; is isomorphic
to
Spec(R[z, y]/(zy — "),
where by convention if I; = co we set 7t = 0.
Now assume some [; is finite. Then we obtain a twisted curve by taking
the stack corresponding to the morphism of log structures Mp — MY,
where M/ is the log structure associated to the map N” — R sending e; to

7l for j # i, and e; to .
Proof of A.5. The proof of A.5 follows the same outline as the proof of

[29, 1.9]. We review the argument here indicating the necessary changes for
this more general setting.

Definition A.10 ([29, 3.3]). A log smooth morphism of fine log schemes
o (X,Mx) — (S, Mg) is essentially semi-stable if for each geometric
point Z — X the monoids (f~'Mg)z and HX@ are free monoids, and if
for suitable isomorphisms (f~'Mg)z ~ N" and MX@ ~ N"*$ the map
(f""Mg)z = Mxz

is of the form

€; if 4 75 T
(A101) € { ert+erp1+ -+ eras ifi:""a

where e; denotes the i-th standard generator of N".
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With notation as in A.10, if U — X is a smooth surjection of schemes
and My denotes the pullback of My, then it follows immediately from
the definition that (X, Mx) — (S, Mg) is essentially semistable if and
only if the morphism (U, My) — (S5, Mg) is essentially semistable (the
property of being semistable is local in the smooth topology on X). It
follows that the notion of a morphism being essentially semistable extends
to Artin stacks: If (X, Mx) is an Artin stack with a fine log structure,
and f : (X, My) — (S, Mg) is a morphism to a fine log scheme, then f is
essentially semistable if for some smooth surjection U — X with U a scheme
the induced morphism of log schemes

(A.10.2) (U, Mxly) — (S, M)

is essentially semistable. As usual if for some smooth surjection U — X
the morphism A.10.2 is essentially semistable then for any smooth surjec-
tion V. — X the induced morphism (V, Mxl|y) — (S, Mg) is essentially
semistable.

As explained in [29, §3], if (X, M x) — (5, Mg) is an essentially semistable
morphism of log schemes, then for any geometric point § — S there is a
canonical induced map

sx, : {singular points of X5} — Irr(Msgs),

where Irr(Mg 5) denotes the set of irreducible elements in the monoid Mg s.

If Y is an Artin stack over a field &, let mo(Ysing) denote the set of connected
components of the complement of the maximal open substack U C Y which
is smooth over k. Note that if Y — Y is a smooth morphism of k-stacks,
then there is an induced map

7TO(%éing) - 7"—(](ysing)-
If Y — Y is also surjective then this map is also surjective.

Definition A.11. Let f : (X, Mx) — (S, Mg) be an essentially semistable
morphism from a log Artin stack to a fine log scheme, and let 5 — S be a
geometric point. We say that f is special at 5 if for any smooth surjection
U — X with U a scheme the map

sy, : {singular points of Us} — Irr(Mg 3)
factors through the composite (which is surjective)
{singular points of Us} —— m(Usging) —— 70(Xs5 sing)
to give an isomorphism
70(X5 sing) — Irr(ﬂs,g).

Theorem A.12 (Generalization of [29, 3.6]). Let (f : C — S,{%;}) be an

n-marked twisted curve. Then there exist log structures M¢ and My on C
and S respectively, and a special morphism

(f, £%) = (€. Mc) — (S, Mb).
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Moreover, the datum (./K/IVC,M’S, fb) is unique up to unique isomorphism.

Proof. The proof will be in several steps (ending in paragraph following
AT).

The uniqueness statement follows as in [29, 3.6] from the argument prov-
ing the uniqueness in [31, 2.7].

Given the uniqueness, to prove existence we may work étale locally on S,
and by a limit argument as in the proof of [29, 3.6] may even assume that
S is the spectrum of a strictly henselian local ring. Let s € S be the closed

point.
Let p1,...,pn € C be the nodes of the closed fiber, and choose for each
i=1,...,n an affine open set U; C C' containing p; and no other nodes. Let

U; C C denote the inverse image of Us.
Lemma A.13. For any quasi-coherent sheaf F on U;, we have
HI (U, F) =0
for j > 0.
Proof. This follows from the same argument proving 2.5. [
Let t; € Og be an element such that the fiber product
C x¢ Spec(Ocp,)
is isomorphic to

[Spec(Os|z, w]/(zw — t:))/ pin]
asin (2.1 (v)). Let MY be the log structure on S associated to the morphism
N — Og sending 1 to t;

Definition A.14. Let f : X — S be a morphism of schemes. A t;-
semistable log structure on X is a pair (Mx, f%), where Mx is a locally
free log structure on X and f° : f*./\/lls — X is a morphism of log struc-
tures, such that the following hold:

(i) The morphism of log schemes
(£, £7) =+ (X, Mx) = (S, M)

is log smooth;
(ii) For every geometric point Z — X the induced map of free monoids

N — Mfg,f@) — Mxz
is the diagonal map.

Remark A.15. By [29, 3.4], if X — S admits a ¢;-semistable log structure,
then étale locally on X there exists a smooth morphism
X — Spec(Og[z,w]/(zw — t;)).

To prove A.12, it suffices by the same argument used in [29, proof of 3.6]
to show that there exists a ¢;-semistable log structure on each ;.
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Lemma A.16. Let X — U; be a smooth morphism with X a scheme. Then
étale locally on X there exists a t;-semistable log structure.

Proof. 1t suffices to prove the existence in some étale neighborhood of a
geometric point £ — X mapping to the node p; of C. Making an étale base
change on C, it therefore suffices to show that if

g: X — [Spec(Oglz,w|/(zw — t;)/ pin]

is a smooth morphism then there exists a ¢;-semistable log structure on X.
For this note that there is a log structure M on [Spec(Og[z, w]|/(zw —t;)/ tin)
and a morphism of log stacks

(A.16.1) ([Spec(Os|z, w]/(zw — t;)/pun], M) — (S, Mg)
induced by the commutative diagram

N2 2 Oglz,wl]/ (2w — )

dl [

N et Og

where (3 sends (1,0) to z and (0,1) to w. By [32, 5.23|, the morphism A.16.1
is log étale. It follows that the pullback ¢g*M on X is a t;-semistable log
structure on X. '

Let SS;, denote the presheaf on the lisse-étale site Lis-Et(l;) of U; which
to any smooth morphism X — Uf; associates the set of isomorphism classes of
t;-semistable log structures on X. As in the proof of [31, 3.18] a t;-semistable
log structure admits no nontrivial automorphisms, and hence S5, is in fact
a sheaf. In fact, SS;, is a torsor under a certain sheaf of abelian groups
which we now describe.

For any smooth morphism X — U;, there exists by A.16 and A.15 étale
locally on X a smooth morphism

p: X — Spec(Oglz,w]/(zw — t;)).

As explained in [31, 3.12] the ideal J := (z,w)Ox C Ox is independent of
the choice of the smooth morphism p. It follows that these locally defined
sheaves of ideals descend to a sheaf of ideals J C Oy,. Let D C U; be the
closed substack defined by this sheaf of ideals. The local description (2.1
(v)) of the stack U; implies that there is an isomorphism

D ~ By, X Spec(Z) SpeC(OS/(ti))'

Let K;, C Og be the kernel of multiplication by ¢; on Og, and let Ki’f
denote the kernel of multiplication by ¢; on Oy,. Note that since U; is flat

over S the sheaf ng is equal to the pullback of K;,. Let Z C U be the
closed substack defined by Kf{f - J. Define

G = Ker (0, — 0%),
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and let Gy C Ozji denote the subsheaf of units u such that ut; = ¢;. There
is a natural inclusion G C Gj, and as explained in the proof of [31, 3.18]
the sheaf S5y, is naturally a torsor under Go/G. To prove the existence of
a t;-semistable log structure on U; we therefore must show that the class of
this torsor

oc HY(U;, G2 /@)

is zero.

Lemma A.17. The map H'(U;,G2/G) — HY (D, O}) induced by the com-
posite
Go C O, — Op
18 injective.
Proof. This follows from the same argument proving [29, 3.7] (and using

A.13). o

The image of the class o in H'(D, 0}) corresponds to an invertible sheaf
L on D. As in [31, proof of 3.16] this invertible sheaf £ can be described as
follows. Consider the inclusion

By, — [Spec(Oglz, w]|/ (2w — t;))/pn] = Ui xu, Spec(Oc p,)-
Then L corresponds to the representation of puy with basis zw. By the

assumptions on the pp-action in (2.1 (v)) it follows that £ is trivial, and
hence o = 0. ®

As in [29, 3.10], the log structure Mvc is not the “right” log structure on
C as it does not take into account the markings. Exactly as in loc. cit., for
each i = 1,...,n the ideal sheaf Z; C O¢ defining ¥; defines a log structure
N; on C. Set -
Me = Mc @0y (Bl 05Ni)-

The map f*M/y — /Wc then induces a log smooth morphism
(€, Mc) — (S, M).

Ifg:(C,o1,...,0,) — S is the coarse moduli space of C with its n sections
defined by the p;, then the above construction applied to (C,o1,...,0,)
yields log structures M¢c and Mg on C' and S respectively and a special
morphism

(C, M) — (S, Mg).

Proposition A.18 (Generalization of [29, 4.7]). Let m# : C — C be the
projection. There exists canonical morphisms of log structures ©° : 7™ Mg —
Mec and £ : Mg — M’y such that the diagram of log stacks

(m,m%)

(Cv MC) — (Ca MC)

fl lg

(5, M) 29 (5 M)
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commutes. Moreover, the map £ : Mg — My is a simple extension.

Proof. This follows from the same argument proving [29, 4.7]. The key point
is the local description (2.1 (iv) and (v)) of a twisted curve which enables
one to rewrite [29, 4.6] verbatim in the present situation. [ )

Finally note that for any geometric point 5 — S the gerbe ¥; 5 is neces-
sarily trivial and hence isomorphic to Bji,,s) for some integer a;(5). One
verifies immediately that the a; are positive integer valued locally constant
functions on S.

The association

(C,AZ:}) — (C/S,{oi ai}, £ : Mg — M)
therefore defines a functor
(A.18.1)  (twisted n-pointed curves) — (n-pointed log twisted curves)

As in [29, 4.8] one sees that A.5.1 and A.18.1 are inverse functors thereby
proving A.5. [ )

APPENDIX B. REMARKS ON EXT-GROUPS AND BASE CHANGE
By MARTIN OLSSON

In this appendix we gather together some fairly standard results about
Ext-groups and base change, which will be used in the following appendix
C. The results B.2 and B.10 are well-known to experts, but we include them
here due to lack of a suitable reference.

B.1. Boundedness of cohomology.

Theorem B.2. Let f : X — Y be a separated, representable, finite type
morphism between noetherian algebraic stacks. Then there exists an integer
ng such that for any quasi-coherent sheaf F on X and i > ng we have
R f.F =0.

Proof. The assertion is fppf local on Y, so we may assume that Y is a
noetherian affine scheme, and that X is an algebraic space. In this case we
must show that there exists an integer ng such that for any quasi-coherent
sheaf F on X and i > ng we have H'(X,F) = 0.

Lemma B.3. Let Zy — Z be a closed immersion of noetherian algebraic
spaces over Y defined by an nilpotent ideal § C Ogz. Assume that B.2 holds
for Zo — Y and let ng, be an integer such that for any quasi-coherent sheaf
Fo on Zy we have Hi(Zo,}"o) =0 fori > ng,. Then for any quasi-coherent
sheaf F on Z we have H(Z,F) =0 fori > ng,.

Proof. Let F be a quasi-coherent sheaf on Z. Let n be an integer such
that J” = 0, and set Fj, = J*F so that we have an increasing sequence of
quasi-coherent sheaves

OanCfn_lC--'}—o:}—
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with successive quotients Fj/Fj11 supported on Zy. The result then follows
by descending induction on k£ and consideration of the short exact sequences

0 — Frp1 — Fr — Fr/Fry1 — 0
which gives rise to exact sequences
H'(Z, Fy1) — H'(Z, Fy,) = H'(Zo, Fi/ Fiey1),

where the last term is zero by assumption. [

We now prove B.2 by noetherian induction.

By [23, I1.6.7] there exists a dense open subspace j : U C X with U an
affine scheme. Let Z C X be the complement (with the reduced structure).
Let nz be an integer such that for any quasi-coherent sheaf F; on Z we
have H'(Z,Fy) =0 for i > ny.

Lemma B.4. Let G be a quasi-coherent sheaf on X whose restriction to U
is the zero sheaf. Then H'(X,G) =0 fori > ng.

Proof. By [23, III1.1.1] the sheaf G is equal to the limit G = lim G; over its
coherent subsheaves G;. Furthermore by [23, 11.4.17] we have

H'(X,G) = lim H'(X,G,).

It follows that it suffices to consider the case when G is coherent. In this
case there exists a nilpotent thickening Z C Z’ € X of Z in X such that

the scheme-theoretic support of G is contained in Z’. The result therefore
follows from B.3. ®

Since U is affine and X is separated, the morphism j : U — X is an affine
morphism. It follows that the sheaf j,j*F is a quasi-coherent sheaf on X
and that

H'(X,j.j*F) = H(U, j*F).
Since U is affine these groups are zero for ¢ > 0. Set nx :=nyz + 1.
Let K (resp. I, Q) be the kernel (resp. image, cokernel) of the adjunction
map F — j.j*F. By B.4 we have H'(X, K) and H*(X,Q) equal to 0 for

i > ny. Consideration of the long exact sequences associated to the short
exact sequences

0K > F 10
and

0—=>1—4JjF—->Q—0
then shows that H'(X,F) =0 for i > nx. [ )
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B.5. Base change for Ext. Let f : X — S be a finite type morphism be-
tween noetherian algebraic stacks, and assume that S is an integral scheme.
Fix L' € D_,(X) (the derived category of bounded above complexes of
Oy-modules with coherent cohomology sheaves) and a coherent sheaf J €
Coh(X).

Lemma B.6. For every integer n, there exists a dense open subset (which
depends onn) U C S such that for any cartesian diagram

x - x

f’l lf
s -4 .5,
where g factors through U, the natural map
h*ExtP(L, J) — Ext?(Lh* L', Lh*T)
is an isomorphism for p < n.

Proof. The assertion is local in the flat topology on X, S, and S’. We may
therefore assume that X = Spec(R) and S = Spec(A) are affine schemes,
and that L' can be represented by a bounded above complex of projective
R-modules of finite type, which we again denote by L'. Let J denote the R-
module corresponding to the sheaf 7, and let F" denote the bounded below
complex of finite type R-modules

F:=Hom (L', J).

After shrinking on S we may assume that J is flat over A, in which case
each FY is flat over A. We need to show that after possibly replacing S by
a dense affine open subset, the natural map

HP(F) ®AA/—>Hp(F' ®AA/)

is an isomorphism for all ring homomorphisms A — A’ and all p < n. This
is a standard argument and we leave it to the reader (see for example [14,
1V.9.4.3] where a similar argument is made). '

We would like to use this result to obtain base change properties of global
Ext-groups. In order for this to be possible, however, we need certain finite-
ness properties of cohomology.

Definition B.7. Let f : X — ) be a morphism of noetherian algebraic
stacks over a scheme S.

(i) f is cohomologically bounded if for every object F € Dgcoh(z'\,’ ) there

exists an integer n such that R’ f,F = 0 for i > n.

(ii) f is wniversally cohomologically bounded if for every morphism of
noetherian algebraic stacks J' — ) the morphism f': X" := X xy )Y — )’
is cohomologically bounded.
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Remark B.8. By a standard devissage, f is cohomologically bounded if
and only if for every quasi-coherent sheaf 7 on & there exists an integer n
such that R'f,F =0 for ¢ > n.

Remark B.9. Note that any separated representable morphism f: X — Y
is universally cohomologically bounded by B.2.

Theorem B.10. Let f : X — S be a flat finite type proper morphism of
noetherian algebraic stacks with S = Spec(A) an integral affine scheme,
and assume that f is cohomologically bounded. Let L' € D_, (X) and J €
Coh(X). Then for every integer n, there exists a dense open subset (which
depends on n) U C S such that for any cartesian diagram

X’ _rx

f’l lf
S’ = Spec(4’) —L— &S,
where g factors through U, the natural map
(B.10.1) ExtP(L',J) @4 A" — ExtP(Lh*L,Lh*J)
is an isomorphism for p < n.

Proof. This follows from consideration of the local-to-global spectral se-
quences for Ext from B.2, and standard base change properties for coho-
mology of coherent sheaves (see for example [30, 5.12]).

First after shrinking on S we may assume that J is flat over S and that
for any morphism g : Spec(A4’) — Spec(A) the pullback map

h*ExtP (L, J) — ExtP(Lh* L, Lh*T)

is an isomorphism for all p < n. By standard base change properties of
cohomology of coherent sheaves as in [30, 5.12] (note that this is where the
cohomological boundedness is used), it follows that after shrinking some
more on S we may assume that each of the terms EF? for p + ¢ < n in the
spectral sequence

EV! = HP(X, Ext!(L',J)) = Ext’*4(L’,7)

are flat over S, and that their formation commute with arbitrary base change
Spec(A’) — Spec(A). That B.10.1 is an isomorphism then follows from
consideration of the morphism of spectral sequences

EM = HP(X, Ext!(L, T)) = BExtPt4(L,J)

l

B = HP(X' Extd(Lh* L', Lh*J)) = ExtPT(Lh*L’, Lh*J).
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APPENDIX C. ANOTHER BOUNDEDNESS THEOREM FOR HOM-STACKS
By MARTIN OLSSON

C.1. Statement of Theorems.

C.2. Let B be a scheme, and X and ) be Artin stacks of finite presentation
over B with finite diagonals. Let X and Y denote the coarse moduli spaces
of X and ). Assume that X is flat and proper over B, and that fppf locally
on B there exists a finite and finitely presented flat surjection Z — X with
Z an algebraic space.

By [30, 1.1], we then have Artin stacks Hom(X,)) and Hom (X, Y") locally
of finite presentation over B with separated and quasi—compact diagonals.

Theorem C.3. Assume that ) is a tame stack. Then the natural map
Hom(X,)) — Hom(X,Y")
1s of finite type.

There is also a variant of C.3, where one does not assume that X admits
a finite flat cover by a scheme but instead that X is tame (this is in fact
the theorem we will apply to twisted stable maps):

Theorem C.4. Let B be a scheme locally of finite type over an excellent
Dedekind ring, and let X and ) be tame Artin stacks of finite presentation
over B with finite diagonals. Let X (resp. Y ) denote the moduli space of
X (resp. V). Assume that X is flat and proper over B. Then Hom(X,))
is an algebraic stack locally of finite presentation over B with quasi-compact
and separated diagonal, and the map

Hom(X,Y) — Hom(X,Y) = Hom(X,Y)
is of finite type.

Remark C.5. Note that by [4, 3.3], for any morphism B’ — B the base
change X — Xp/ is the moduli space of Xp:.

Remark C.6. The assumption that X'/B is flat implies that X/B is also
flat by [4, 3.3 (b)]. It follows that Hom(X,Y") is an algebraic space locally
of finite presentation over B.

In the context of either C.3 or C.4, one can also consider the substack
Hom"™"(X,Y) C Hom(&X,))

classifying representable morphisms X — ). As in [30, 1.6] this substack
is an open substack, and therefore the following corollary follows from C.3
and C.4:

Corollary C.7. The natural map
Hom™P(X,Y) — Hom(X,Y)
1s of finite type.
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The rest of this appendix is devoted to the proofs of C.3 (paragraphs
C.17-C.30) and C.4 (paragraphs C.31-C.36).

C.8. We begin with the proof of C.3.

As in [35, 6.2], Theorem C.3 is equivalent to the following statement. For
any morphism f : X — Y the stack Sec(X xy )Y /X) which to any B-scheme
T associates the groupoid of sections s : X — X xy ) is of finite type. It is
this latter statement that we will prove. Let G denote X' x ¢y ). The proof
that Sec(G/X) is of finite type over B follows the same outline as in [35].
First (in paragraphs C.17-C.22) we reduce the proof of C.3 to the special
case when X = X and G is a u,—gerbe for some integer n. We then prove the
theorem in this special case (paragraphs C.23-C.36) using some relatively
straightforward generalizations to “twisted sheaves” of theorems about the
Picard functor.

The main new wrinkle is to use the base change properties of Ext ex-
plained in appendix B.

C.9. Some results about modifications. We use the results of appendix
B to generalize three basic results about modifications in [35, §4] to tame
stacks.

Passage to the maximal reduced substack.

C.10. Let S be a noetherian scheme, and let G — X be a finite type
morphism between Artin stacks of finite type over S with finite diagonals.
Assume further that X is flat and proper over S and that the structure
morphism X — S is universally cohomologically bounded in the sense of
B.7. Assume further that fppf locally on S there exists a finite flat cover of
X by an algebraic space.

Proposition C.11. Let Xy — X be a closed immersion defined by a nilpo-
tent ideal J C Oy, and assume Xy is flat over S. Let Gy denote the base
change G Xy Xy. Then the natural map

Sec(G/X) — Sec(Go/Xp)
1s of finite type.

Proof. This is essentially the same as in [30, 5.11].

By noetherian induction, it suffices to show that the morphism is of finite
type over a dense open subset of S. We may further assume that S is reduced
(since if U and V' are S-schemes locally of finite type and g : U — V is a
morphism, then ¢ is of finite type if and only if the base change of ¢ to
Sted is of finite type), and using the same argument given in [30, paragraph
following proof of 5.11] that J2 = 0.

It suffices to show that if T — Sec(Gy/X)) is a morphism corresponding
to a section s : Xy — Gp, then the fiber product

P = Sec(G/X) X Sec(Go/Xo) T
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is of finite type over T'. Furthermore, we may assume that 7" is an integral
noetherian affine scheme. The stack P associates to any w : W — T the
groupoid of liftings s : A — G over X of the composite

Xow — Go — G,

where the first map is the one induced by s.

To prove that P is quasi-compact it suffices by Noetherian induction to
exhibit a dense open set U C T such that Py is quasi—compact.

Let Lg,/x, be the cotangent complex of Go/Xp. By B.10 (this is where
the assumption of cohomological boundedness is used), after replacing 7" by
a dense open subscheme we may assume that the groups

Ext’(s*Lg,/x,,J), i=—1,0,1

are projective modules on 1" of finite type, and that the formation of these
modules commutes with arbitrary base change on T
By [34, 1.5] there is a canonical obstruction

(S Eth(S*Lgo/XO, j)

whose vanishing is necessary and sufficient for the existence of a lifting s
as above, and the formation of this obstruction is functorial in 7. After
replacing T" by the closed subscheme defined by the condition that o vanishes,
we may assume that o = 0. In this case the set of isomorphism classes of
liftings § form a torsor under

EXtO(s*Lgo/XO, j)

and the group of infinitessimal automorphisms of § is canonically isomorphic
to

Ext ™' (s*Lg,/xy, J)-
It follows that P is an Ext™!(s*Lg, /x5 J )—gerbe over

0
Ext (S*Lgo/;(o, j),
and in particular is quasi—compact. ®
The case of a finite morphism.

C.12. Let S be a noetherian scheme, and X'/S a proper flat Artin stack
with finite diagonal. Let G — X be a finite morphism. Assume that fppf
locally on S, the stack X admits a finite flat surjection Z — X with Z an
algebraic space.

Proposition C.13. If X — S is universally cohomologically bounded, then
the stack Sec(G/X) is of finite type and separated over S.

Proof. To verify that Sec(G/X) is of finite type over S, it suffices to show
that its pullback to S;.q is of finite type. We may therefore assume that S is
reduced. Furthermore, using the fact that X — S is universally cohomolog-
ically bounded, we may by C.11 (applied with Xy = X,q) assume that X is
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also reduced. ) Furthermore, by noetherian induction it suffices to exhibit
a dense open subset of S over which Sec(G/X) is of finite type.

By Chow’s lemma for Artin stacks [33, 1.1], there exists a proper sur-
jection h : X' — X with X’ a projective S-scheme. After shrinking on S
we may also assume that X’ is flat over S (since S is reduced). Since X is
reduced the map Ox — h.Ox is injective. After shrinking on S, we may
assume that the formation of h,Ox/ commutes with arbitrary base change
S’ — S, and that for any such base change the map Oxg, — h*OX/S, is also

injective. Let G’ — X’ denote the pullback G x y X'.
By [30, 5.10] the stack (in fact an algebraic space) Sec(G’/X") is of finite
type over S. It therefore suffices to show that the pullback map

(C.13.1) Sec(G/X) — Sec(G'/X')

is of finite type.

Let A be the coherent sheaf of algebras defined by G = Spec,.(A), and
let B denote the sheaf of Oy-algebras h,Ox/. For a morphism 7" — S, let
Arp (resp. Br) denote the pullback of A (resp. B) to Xp := X xgT. Then
Sec(G’/X') is equal to the functor which to any scheme 7' — S associates
the set of morphisms of Oy, -algebras ¢ : A7 — Br over Xr. The stack
Sec(G/X) is the subfunctor of morphisms ¢ which factor through Oy, C Br.

Fix a morphism ¢ : Ar — Br over a noetherian scheme T defining a
T-valued point of Sec(G’/X’), and set

P = Sec(G/X) Xsec(cr/x7)0 T

To prove that P is of finite type, we may again assume that T is reduced,
and by noetherian induction it suffices to show that P — T is of finite
type over a dense open subset of T'. Let M denote the cokernel of the map
Ox, — Br, and let ¢ : A7 — M be the map induced by ¢. Let @ be the
cokernel of ¢, and let K be the kernel of the map M — @ so that there is
an exact sequence

(C.13.2) 0—-K—-M-—Q—0.

After shrinking on 7" we may assume that @ is flat over T in which case
C.13.2 remains exact after arbitrary base change 77 — T. In this case, let
Z C Xr be the support of the coherent sheaf K, and let W C T be the
image of Z (which is closed since X7 — T is proper). Then P is represented
by the complement of W in T'.

To verify that Sec(G/X) is separated, note that we already know that the
diagonal is quasi-compact and separated. Therefore it suffices to verify the
valuative criterion for properness. This amounts to the following. Assume
that S is the spectrum of a valuation ring and let € S be the generic point.
Assume given two sections s1, s9 : X — G whose restrictions to 7 are equal.
Then we need to show that s; = sy. For this note that since G is finite over
X, we have G = MX(A) for some coherent sheaf of Oy-algebras A on X,
and the sections s; and sy are specified by two morphisms of Oy-algebras
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p1,p2: A— Ox. Let j : &) — X be the inclusion of the generic fiber. Since
X is flat over S, the natural map Ox — j.Oy, is an inclusion. Therefore it
suffices to show that the composite maps

A" Oy —— .0u,
are equal. Equivalently that the maps on the generic fiber
pin + Ay — Ox,
are equal, which holds by assumption. '
Behavior with respect to proper modifications of X.

C.14. Let S be a noetherian scheme, and let X and ) be Artin stacks of
finite type over S with finite diagonals. Assume that the following conditions
hold:

(i) The formation of the coarse spaces 7y : X — X and 1y : Y — Y
commutes with arbitrary base change S’ — S.
(ii) X is proper and flat over S, and fppf locally on S there exists a finite
flat surjection Z — X with Z an algebraic space.
(iii) The coarse space X of X is flat over S (note that X is automatically
proper over S since X is proper over S).
(iv) The morphism X — S is universally cohomologically bounded.

Proposition C.15. Let m : X — X be a proper representable surjection
with X' a proper and flat algebraic stack over S with finite diagonal. Let
f: X =Y be a morphism, and let G (resp. G') denote the pullback along
f (resp. fom) of Y. Assume that Sec(G/X) and Sec(G'/X') are algebraic
stacks locally of finite type over S with quasi-compact diagonals. Then the
pullback map

(C.15.1) Sec(G/X) — Sec(G'/X')
is of finite type.

Remark C.16. Note that since m is representable, the stack X’ also admits
a finite flat surjection from an algebraic space.

Proof. This follows from the same argument proving [35, 4.13]. The coho-
mological boundedness assumption is necessary in order to apply C.11. &

C.17. Dévissage. We now begin the proof of the statement that Sec(G/X)
in C.8 is of finite type over B. In the rest of the proof that Sec(G/X) is of
finite type over B, we work under the assumptions of C.14.

By a standard limit argument as discussed for example in [30, §2] we can
without loss of generality assume that B is of finite type over Z.

C.18. The assertion that Sec(G/X) is of finite type is fppf local on B, and
therefore we may assume that there exists a finite flat surjection Z — X
with Z an algebraic space. Let Z() denote the i—fold fiber product of Z
with itself over X. Then by the description of Sec(G/X) in terms of the
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Sec(G xx ZW /Z®) given in [30, 3.3] it suffices to show that for i = 1,2,3
the stacks Sec(G xx Z/Z®) are of finite type. We may therefore assume
that X = X.

Furthermore, we can without loss of generality assume that B is integral.
By noetherian induction, it suffices to exhibit a dominant morphism B’ — B
such that the restriction of Sec(G/X) to B’ is of finite type.

C.19. By the same argument used in [35, 6.4] we then reduce the proof of
C.3 to the case when X is integral and G — X has a section s : X — G. Let
Aut(s) denote the group scheme of automorphisms of s (a scheme over X).
Since X is reduced there exists a dense open subset U C X such that the
restriction of Aut(s) to U is flat over U. Let H C Aut(s) denote the scheme—
theoretic closure of Aut(s)|y. By [17, Premiére partie 5.2.2] there exists a
blow-up X’ — X with center a proper closed subspace of X such that the
strict transform of H in Aut(s) is flat over X’. After further shrinking on
S we may assume that X’ is flat over S. Since the map

Sec(G/X) — Sec(G xx X'/X')

is of finite type by C.15, we may therefore replace X by X’ and hence can
assume that H is a finite flat subgroup scheme of Aut(s). Since all the
geometric fibers of H are linearly reductive being closed subgroup schemes
of linearly reductive groups (see [4, 2.7]), the X-group scheme H is in fact
linearly reductive. If X is the normalization of X the map

Sec(G/X) — Sec(G xx X/X)

is also of finite type by C.15. This enables us to reduce to the following
situation: X is normal, s : X — G is a section, and H C Aut(s) is a finite
closed subgroup scheme which is flat and linearly reductive over X and over
a dense open subset of X the group scheme H is equal to Aut(s).

Lemma C.20. The morphism 7 : BH — G induced by s identifies BH with
the normalization of Greq.

Proof. Etale locally on X we can write G = [W/GL,] for some n, where W
is an X-—scheme. Indeed by [4, 3.2] we can étale locally on X write G =
[Z/G] with G a linearly reductive group scheme. Choosing any embedding
G — GL, we take W to be the quotient of Z x GGL,, by the diagonal action
of G.

Let P — X be the pullback X x,g W. Then P is a GL,~torsor over X
with a GL,—equivariant morphism f : P — W. Since P is smooth over X
the space P is in particular normal, and since s is proper and quasi—finite
the morphism f is finite. After replacing X by an étale cover we may assume
given a section p € P. Then Aut(s) is the closed subgroup scheme of GL,, x
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given by the fiber product of the diagram
W x GL,

d
Woxw &y
where A : W — W x W is the diagonal and p is the map sending (v, g) to

(v,g(v)). In particular, we obtain an embedding H C GL,, x. Let P denote
the quotient P/H. The space P is normal. By the construction the map f
induces a morphism f : P — W*, where W* denotes the normalization of
Wireq. This map f is finite, surjective, and birational and hence by Zariski’s
Main Theorem an isomorphism. On the other hand, we have P ~ W xg BH,
and hence if G* denotes the normalization of G,.q we find that the base
change of BH — G* to W xgG* is an isomorphism. It follows that BH — G*

is an isomorphism. 'y

C.21. Let G* denote the normalization of G, so that G* is a gerbe over X.
As in [35, 3.14], after shrinking on B we may assume that for every field
valued point b € B(k) the fiber G — G is the normalization of Gy eq and
that Xj is normal. It then follows that the map

Sec(G"/X) — Sec(G/X)

is surjective on field valued points and hence surjective. We may therefore
replace G by G* and therefore may assume that G is a gerbe over X.

Next we consider the case of a gerbe. If the generic point of B has
characteristic 0, then after shrinking on B we can assume G is Deligne—
Mumford in which case the result follows from [35, 1.1]. We may therefore
assume that the generic point of B has characteristic p > 0, and hence
after shrinking on B may assume that B is an F,-scheme. In this case, for
any B—scheme T and t € G(T'), the automorphism group scheme Gy of ¢ is
canonically an extension

1—- A -Gy — Hy — 1,

where A, is locally diagonalizable and H; is étale over T'. Indeed, the group
scheme G is tame so we can take A; to be the subfunctor of G; classifying
elements of Gy killed by some power of p. This normal subgroup A; is
functorial in the pair (7,t).

Define H to be the stack (with respect to the fppf topology) associated to
the prestack whose objects are the same as the objects of G but for which a
morphism between two t,t’ € G(T') is defined to be the set

A \Hom(t,t') = Ay\Hom(¢,t") /Ay = Hom(t,t')/Ay.

Then H is a Deligne-Mumford stack and there is a natural map G — H over
X. By [35, 1.1] the stack Sec(H/X) is of finite type. On the other hand, for
any section s : X — H, the fiber product

Sec(G/X) Xsee(r/x),s B
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is isomorphic to Sec(G x5 X/B). Now the stack G x4y, X is a gerbe over
X whose stabilizer groups are all diagonalizable. This further reduces the
proof to the case when the H;’s in the above discussion are all trivial.

C.22. In this case, there exists a canonical locally diagonalizable group
scheme A on X such that G is bound by A. Indeed fppf locally on X there
exists a section s : X — G giving rise to a group scheme Ag. If ' : X — G
is a second section then locally s and s’ are isomorphic so we obtain an
isomorphism A ~ Ay. This isomorphism is independent of the choice of
the isomorphism between s and s’ since Ag and Ay are abelian. It follows
that the Ay’s descend to a group scheme A on X.

Since the Cartier dual of A is a locally constant sheaf of finite abelian
groups on X, there exists a finite étale covering X’ — X such that the
pullback of A to X’ is a diagonalizable group scheme. Since

Sec(G/X) — Sec(G xx X'/ X')

is of finite type by C.15, this reduces the proof to the case when G is a gerbe
over X bound by a diagonalizable group scheme A. In other words, when G
corresponds to a cohomology class in H?(X,A). Write A = ji,, X -+ X fin,
so that

H2(X7 A) = HH2(X7NM‘)'

Using the resulting decomposition of the cohomology class of G, we see that
G is isomorphic to a product G; Xx - -+ Xx G,, where G; is a p,,—gerbe over
X. Then
Sec(G/X) ~ [ [ Sec(Gi/X).
7

This therefore finally reduces the proof to the case of a u,—gerbe over X
which is the case treated in the following subsection.

C.23. G—twisted line bundles.

C.24. Fix an integer n. Assume that X = X and that G is a u,—gerbe
over X. Assume furthermore that if f : X — B denotes the structural
morphism then the map Op — f.Ox is an isomorphism, and the same
remains true after arbitrary base change B’ — B. This implies that for any
scheme T and object s € G(T') we have an isomorphism u,, ~ Aut(s) and
these isomorphisms are functorial in the pair (7),s). If £ is a line bundle
on G then for any such pair (7, s) we obtain a line bundle s*£ on T which
also comes equipped with an action of p,, = Aut(s). The line bundle £ is
called a G-twisted invertible sheaf on X if this action of u,, coincides with
the standard action induced by the embedding u, — G,.

Note that if x denotes the standard character u, <— G,, then for any line
bundle £ on G the action of p, = Aut(s) on s*£ is given by x’ for some
integer ¢ (locally constant on T'). It follows that to check that a line bundle
L is G-twisted it suffices to verify that the two actions coincide for pairs
(T, s) with T the spectrum of an algebraically closed field.
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If £ is a G-twisted sheaf on X, then £®" descends canonically to an
invertible sheaf on X since the stabilizer actions of p,, are trivial. We usually
write just £L&" for the sheaf on X obtained from L£&".

Proposition C.25. There is a natural equivalence of stacks between Sec(G/X)
and the stack which to any B-scheme T associates the groupoid of pairs
(L,1), where L is a G—twisted sheaf on X and ¢ : LZ ~ Ox is an isomor-
phism of invertible sheaves on X.

Proof. If s : X — G is a section, then there is a canonical action of u, =
Aut(s) on F := 5,0x and hence F decomposes canonically as ©yez/(n)Fy-

Lemma C.26. Each F, s locally free of rank 1 on G and for any two
X,€ € Z/(n) the natural map F,, @ Fe — Fyye is an isomorphism. If
X1 : fn — Gy, denotes the standard inclusion, then F,, is a G-twisted sheaf
on X.

Proof. The choice of the section s identifies G with BAut(s) ~ Bu, x X.
The fiber product X X gy, s X is equal to X x By, from which we see that
s*F is equal to Ox ®z Z[X]/(X™ — 1) with the natural action of p,. From
this the lemma follows. ®

In particular, by sending a section s : X — G to F,, with the isomorphism
FEt ~ Og we obtain a functor

(C.26.1) Sec(G/X) — (stack of pairs (£,¢) as in C.25).
Conversely, given a G-twisted sheaf £ with an isomorphism ¢ : L& ~ Ox

we can form the cyclic algebra A = 69?:_015@ with multiplication induced by

the natural maps £ ® L& — £%J and the map . We can then consider
Specg(A) — G.

If G = Buy, x X and X — @G is the map defined by the trivial torsor, then the

restriction of (£,¢) to X is an invertible sheaf L on X with an isomorphism

L®" ~ Oy and the restriction of A to X is just the cyclic algebra EB?:_OIL@

with s, acting L®' through the character u ~— wu’. It follows that the

projection Specg(A) — X is an isomorphism and hence defines a point of
Sec(G/X). We leave to the reader that this defines an inverse to C.26.1. &

Let ?z'cg( /B denote the stack over B which to any B—scheme T associates
the groupoid of Gp-twisted invertible sheaves on Xp (where Gr denotes
G xp T etc.).

Proposition C.27. (i) The stack ?z'cg(/B 1s an algebraic stack locally of
finite presentation over B.
(ii) The sheaf (with respect to the fppf topology) associated to the presheaf
T — {isomorphism classes in i]’z'cg(/B}

1s representable by a separated algebraic space locally of finite presentation
over B.
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Proof. This follows for example by the same argument used in [5, Appendix].

[ )

C.28. There is a natural morphism
(C.28.1) Pict, , — Picyp, L Lo

Denote by @i /B [n] the inverse image of the identity e = [Ox] € Picy/p.
Another description of this space is as follows. The map C.28.1 lifts naturally
to a morphism

T ’.Picg{/B — Picx/p, L+ Lo,
Let e : B — Picx/p be the morphism corresponding to Ox, and set

iPz'cg(/B[n] = iPz'cqu X Picxpe B-

The stack ’.Picg( /B [n] classifies pairs (£,t), where £ is a G-twisted sheaf
on X and ¢ : L% ~ Oy is an isomorphism. The space &i /B [n] is the
coarse moduli space of Tici /B [n] via the map sending (£, ¢) to the class of
L. In fact, ’Pz’ci /B [n] is a p,—gerbe over @i /S[n]. Indeed any point P of
mg( /B [n](B) can fppf-locally on B be represented by a G-twisted sheaf £
with £ ~ Ox. Conversely for any two pairs (£,¢) and (£',/) defining
the same point of @i / pln], the two G-twisted sheaves £ and £’ become
isomorphic after making an fppf base change on B. Then ¢ and // differ by a
section of f.OF ~ Gp,. After making another fppf base change on B so that
this unit becomes an n-th power, the two pairs (£,¢) and (£’,.) become

isomorphic. Moreover, this isomorphism is unique up to multiplication by
an element of p,(B).

Proposition C.29. The algebraic space @iw[n] is of finite type over B.

Proof. To prove this statement it suffices by a standard limit argument to
consider the case when B is a noetherian scheme. In this case by noetherian
induction it suffices to find a dominant morphism B’ — B such that the
restriction of @i /B to B’ is of finite type. We may therefore also assume
that B is a noetherian affine integral scheme. By Chow’s lemma there exists
a proper surjection P — G with P an algebraic space. After shrinking on B
we may assume that P is also flat over B. Then G x x P is trivial and by

C.15 the pullback map
Sec(G/X) ~ ’.Pz'cg(/B[n] — ’PichXP/P

is of finite type. Consequently the map

[n] =~ Sec(9 xx P/P)

E%B[n] - &JQD/B[TL]

is also of finite type. It therefore suffices to show E?D /B [n] is of finite type.

Now in the case when G = Bpu, x X there exists a globally defined G-
twisted sheaf £ with £&" trivial. Choose one such sheaf £. If p: G — X
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denotes the projection, then for any invertible sheaf M on X with M®" ~
Oyx, the sheaf £ ® p*M is also a G-twisted sheaf. Conversely, if N is
a G-twisted sheaf with A/®" trivial, then £ ® N ™! descends uniquely to
an n-torsion sheaf on X. Using this one sees that @i /B [n] is a trivial
torsor under Picy,p[n]. The proposition therefore follows from [22, 6.27
and 6.28]. A

C.30. Since Sec(G/X) ~ i]’z'cg(/B [n] is a p,—gerbe over Ei/B [n] this com-
pletes the proof of C.3 in the special case of C.24 and hence also the proof
in general. ®

Proof of C.4

C.31. Algebraicity of Hom(X,Y). By the case of algebraic spaces, the stack
Hom(X,Y') is an algebraic space locally of finite presentation over B. To
prove C.4 it therefore suffices, as in the proof of C.3, to show that for any
morphism f : X — Y the stack Sec(G/X) is algebraic locally of finite
presentation over B, where G denotes the pullback of ) along the morphism

X—>XL>Y.

This is shown exactly as in [30, 5.3-5.8] by verifying Artin’s conditions.
The key point is Grothendieck’s existence theorem for Artin stacks which is
shown in [30, A.1].

Note that this implies that if X' /B is a proper flat tame stack and G — X is
a morphism with G a tame stack of finite presentation over B, then Sec(G/X)
is an algebraic stack locally of finite presentation over B, as it is equal to
the fiber product of the diagram

Hom(X,G)
S Jdx, Hom(X, X).
C.32. The diagonal of Sec(G/X) is quasi-compact and separated.

Lemma C.33. If X/B is a proper and flat tame stack, and I — X is a
finite morphism, then Sec(I/X) is separated and of finite type over B.

Proof. For the quasi-compactness of the diagonal, it suffices to show that
given two sections s1,ss : X — I, the fiber product M of the diagram

S

lsl X 82

Sec(I/X) —2 Sec(I/X) x5 Sec(I/X)

is quasi-compact. For this we may assume that S is reduced, and further-
more by noetherian induction it suffices to show that the map M — S is
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quasi-compact over some dense open in S. Let Xy denote the fiber product
of the diagram
X

lsl XS89

I —>A I x X I.
Since [ is finite over X, the diagonal of I/X is a closed immersion which
implies that the projection 7 : Xy — X is also a closed immersion. The
S-space M represents the functor which to any scheme T'/S associates the
unital set if the base change

Xor — Xr

is an isomorphism, and the empty set otherwise. Now to prove that M is of
finite type over S, we may by shrinking if necessary also assume that Xj is
flat over S. In this case, if Z C X denotes the support of the ideal sheaf of
Xp, then M is represented by the complement of the closed (since X/S is
proper) image of Z in S. This proves the quasi-compactness of the diagonal
of Sec(I/X).

To verify that the diagonal of Sec(I/X) is proper, one verifies the valuative
criterion using the same argument as in the proof of C.13.

The proof that Sec(I/X) is of finite type over B now proceeds exactly as
in the proof of C.13. [

Now let X and ) be finite type tame B-stacks with X proper and flat over
B, and let X and Y be the coarse moduli space of X and ) respectively.
Fix a morphism f: X — Y, and let G — X be the pullback of ) along the
composite

X—)XAY.

Lemma C.34. The diagonal of Sec(G/X) is quasi-compact and separated.

Proof. Let s1,s9 : X — G be two sections, and let I denote the fiber product
of the diagram (which is a finite stack over X’ since G has finite diagonal)

X

lsl X 89
A

G — Gxx0.
Then the fiber product of the diagram

T
Sec(G/X) —2 Sec(G/X) xp Sec(G/X)

is isomorphic to Sec(I/X) which is quasi-compact and separated by C.33.
[ )
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C.35. Proposition C.15 still holds. Now an examination of the proof of
C.15, following [35, 4.13], shows that once we know that in the case when
X is tame the stack Sec(G/X) is locally of finite type with separated and
quasi-compact diagonal, then the proof of C.15 carries over also in the case
when X does not necessarily admit a finite flat surjection from an algebraic
space but instead is tame.

C.36. Completion of proof. To prove that Sec(G/X) is quasi-compact, it
suffices by noetherian induction to exhibit a dense open subset of B where
this is so. Furthermore, we may without loss of generality assume that B is
integral. By Chow’s lemma for Artin stacks [33, 1.1] there exists a proper
surjection X’ — X with X’ an algebraic space. After shrinking on B we
may assume that X' is flat over B. Applying C.15 to the stack Sec(G/X)
and using the case when X is an algebraic space we get that Sec(G/X) is
quasi-compact. This completes the proof of C.4.
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